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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

* Rigorous and consistent approach throughout

* Notation boxes explain key mathematical language and symbols

» Dedicated sections on mathematical proof explain key principles and strategies

» Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
» Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results
: : collect information
e Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and ] I
represent information

3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

* Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
mechanics
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Exercise questions are
carefully graded so they
increase in difficulty and
gradually bring you up
to exam standard

Problem-solving boxes
provide hints, tips and
strategies, and Watch
out boxes highlight
areas where students
often lose marks in their
exams

Exercises are packed
with exam-style
questions to ensure you
are ready for the exams

Exam-style questions
are flagged with (£)

Problem-solving
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you

@ Full worked solutions are

available in SolutionBank.

Download all the solutions —————————
as a PDF or quickly find the
solution you need online
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Access all the extra online content for free at:

www.pearsonschools.co.uk/p2maths

You can also access the extra online content by scanning this QR code:




Extra online content

Use of technology
Explore topics in more detail, visualise

problems and consolidate your understanding.

Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

GeoGebra

GeoGebra-powered interactives

@ Find the point of intersection O

graphically using technology.

CASIO

Graphic calculator interactives
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Simultan=ous equations
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[EXE]:Show coordinates

Interact with the maths you are
learning using GeoGebra's easy-to-
use tools

Explore the maths you are learning
and gain confidence in using a
graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to use
your calculator in the exams.
They cover both Casio's scientific
and colour graphic calculators.

@ Work out each coefficient %

quickly using the "C, and power
functions on your calculator.

Finding the value of the first derivative

to access the function press:

(uen) @ (swer) @

e _

P Pearson

Step-by-step guide with audio
instructions on exactly which
buttons to press and what should
appear on your calculator's screen
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Algebraic methods

After completing this chapter you should be able to:

® Use proof by contradiction to prove true statements - pages 2-5
® Multiply and divide two or more algebraic fractions - pages 5-7
® Add or subtract two or more algebraic fractions - pages 7-8
e (Convert an expression with linear factors in the

denominator into partial fractions - pages 9-11
e (Convert an expression with repeated linear factors

in the denominator into partial fractions - pages 12-13
e Divide algebraic expressions - pages 14-17

Convert an improper fraction into partial fraction form - pages 17-18

Prior knowledge check

Factorise each polynomial:
a x>’-6x+5 b x*-16
c 9x2-25 « Year 1, Section 1.3

2 Simplify fully the following algebraic

fractions.
x2-9 2x2+5x—-12
xX2+9x+18 bx—Tx— 3
Pl S
u « Year 1, Section 7.1
—x2+3x+18

3 Forany integers n and m, decide whether
the following will always be odd, always be
even, or could be either.

You can use proof by contradiction to
prove that there is an infinite number

of prime numbers. Very large prime
numbers are used to encode chip and pin
transactions. - Example 4, page 3

a 8n b n-m

¢ 3m d 2n-5
« Year 1, Section 7.6




Chapter 1

m Proof by contradiction

A contradiction is a disagreement between two statements, which means that both cannot be true.
Proof by contradiction is a powerful technique.

= To prove a statement by contradiction you start by assuming T
it is not true. You then use logical steps to show that this tHat aczeric the falsehood

assumption leads to something impossible (either a Sfatahe tHement
contradiction of the assumption, or a contradiction of a called the negation of
fact you know to be true). You can conclude that your that statement.
assumption was incorrect, and the original statement was true.

Prove by contradiction that there is no greatest odd integer.

Begin by assuming the original statement is false.

Assumption: there is a greatest odd
This is the negation of the original statement.

integer, n.
n+ 2is also an integer and n + 2 > n

You need to use logical steps to reach a
n+ 2 = odd + even = odd

contradiction. Show all of your working.
So there exists an odd integer greater than n.

This contradicts the assumption that the The existence of an odd integer greater than n
greatest odd integer is n. contradicts your initial assumption.

Therefore, there is no greatest odd integer ._L

Prove by contradiction that if »* is even, then n must be even.

Finish your proof by concluding that the original
statement must be true.

Assumption: there exists a number n such ————— This is the negation of the original statement.
that n? is even but n is odd.

nis odd so write n = 2k + 1 1 You can write any odd number in the form 2k + 1
02 = (2k + 1)2 = 4k2 + 4k + 1 where k is an integer.

= 2(2k? + 2k) + 1
Sone s odd. L All multiples of 2 are even numbers, so 1 more

This contradicts the assumption that #? is than a multiple of 2 is an odd number.

Even.
Finish your proof by concluding that the original

Therefore, if n2 is even then n must be even.
statement must be true.

® A rational number can be written as ¢, where a and b are integers. m Qisthe

b
a set of all rational
® An irrational number cannot be expressed in the form --, where a numbers.

and b are integers. b



Prove by contradiction that v2 is an irrational number.

Assumption: 2 is a rational number.

Then V2 = % for some integers, a and b. 1|

Also assume that this fraction cannot be
reduced further: there are no common factors — |
between a and b.

50 2 =L or 42 = 2b7
o —bzora—

-
This means that a@® must be even, so a is also
even.

If @ is even, then it can be expressed in the

form a = 2n, where n is an integer.

So a? = 2b? becomes (2n)2 = 2b2 which

means 4n® = 2b® or 2n* = b?,

This means that b? must be even, so b is also

ever.
If @ and b are both even, they will have a

common factor of 2.
This contradicts the statement that a and b
have no common factors.

Therefore V2 is an irrational number

Algebraic methods

Begin by assuming the original statement is false.
This is the definition of a rational number.

If @ and b did have a common factor you could just
cancel until this fraction was in its simplest form.

Square both sides and make «? the subject.

We proved this result in Example 2.

Again using the result from Example 2.

All even numbers are divisible by 2.

Finish your proof by concluding that the original
statement must be true.

Prove by contradiction that there are infinitely many prime numbers.

Assumption: there is a finite number of prime
numbers.

List all the prime numbers that exist:

P Pas Pas oo P

Consider the number

—

N=p xp,xpsx ... xp,+1
When you divide N by any of the prime
numbers py, ps, Pa, ..., P, You get a remainder
of 1. S0 none of the prime numbers p,, po, pa.
.- Pp 15 a factor of N.

So N must either be prime or have a prime
factor which is not in the list of all possible
prime numbers.

:

Therefore, there is an infinite number of prime «——

This is a contradiction.

numbers.

Begin by assuming the original statement is false.

This is a list of all possible prime numbers.

This new number is one more than the product of
the existing prime numbers.

This contradicts the assumption that the list
Pu P2 P3i - P, CONtains all the prime numbers.

Conclude your proof by stating that the original
statement must be true.



Chapter 1

® 1

Select the statement that is the negation of ‘All multiples of three are even’.
A All multiples of three are odd.
B At least one multiple of three is odd.

C No multiples of three are even.

Write down the negation of each statement.

a All rich people are happy.

b There are no prime numbers between 10 million and 11 million.

¢ If p and g are prime numbers then (pg + 1) is a prime number.

d All numbers of the form 2" — 1 are either prime numbers or multiples of 3.

e At least one of the above four statements is true.

Statement: If »? is odd then # is odd.
a Write down the negation of this statement.

b Prove the original statement by contradiction.

Prove the following statements by contradiction.

a There is no greatest even integer.

b If #’ is even then n is even.

¢ If pq is even then at least one of p and ¢ is even.
d

If p + ¢ 1s odd then at least one of p and ¢ is odd.

a Prove that if @b is an irrational number then at least one of ¢ and b is an irrational number.
(3 marks)

b Prove that if ¢ + b is an irrational number then at least one of ¢ and b is an irrational
number. (3 marks)

¢ A student makes the following statement:
If @ + b is a rational number then at least one of « and b is a rational number.

Show by means of a counterexample that this statement is not true. (1 mark)

Use proof by contradiction to show that there exist m e
no integers @ and b for which 21a + 14b = 1. nd then divide bot?mpsides by the'

highest common factor of 21 and 14.

a Prove by contradiction that if #? is a multiple of 3, m Ty
n is a multiple of 3. (3 marks) 3+ 1and 3k + 2

b Hence prove by contradiction that v3 is an
irrational number. (3 marks)



Algebraic methods

® 8 Use proof by contradiction to prove the statement: m e
‘There are no integer solutions to the equation TS moslihie clhce (o=t y
. positive, since (—x)2 = x2
D
9 Prove by contradiction that V2 is irrational. (5 marks)

10 This student has attempted to use proof by contradiction to show that there is no least positive
rational number:

Assumption: There is a least positive rational number. Problem-solving

Let this least positive rational number be n. You might have to
As 1 is rational, n = < where a and b are integers. analy.se s'.[uden.t
b working like this
n-1=9_q-9a-b in your exam. The
b b question says, ‘the

error’, so there should
only be one error in
This contradicts the statement that n is the least positive rational number. the proof.

Since a and b are integers, (% is a rational number that is less than n.

Therefore, there is no least positive rational number.

a Identify the error in the student’s proof. (1 mark)

b Prove by contradiction that there is no least positive rational number. (5 marks)

@ Algebraic fractions

Algebraic fractions work in the same way as numeric fractions. You can simplify them by cancelling
common factors and finding common denominators.

= To multiply fractions, cancel any common factors, then multiply the numerators and
multiply the denominators.

Simplify the following products:

a E X é b 2 X c c i X 3
579 b 4a 2 x2-1
'3 = B o191 1 Cancel any common factors and multiply
"B F Tx2 = numerators and denominators.

b p(lz bx1 b L Cancel any common factors and multiply
numerators and denominators.

l':)c+1>< ) _x+1 3
2 x2-1" 2 (x+TJ(x-1}'—L
Mg 2 3 Factorise (x2 — 1).
2 ST = 1)
3 Cancel any common factors and multiply
= 20x — 1) numerators and denominators.



Chapter 1

= To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.

Simplify:
g 4.4 I:'x+2;3x+6
b ¢ x+4 x2-16
a.a w_c Multiply the first fraction by the reciprocal of the
a - T =5 X— H
b ¢ b 4 second fraction. Cancel the common factor a.
= }) i ? Multiply numerators and denominators.
=t
B
X+2 ., 3XEE
x+4 x2-16
_Xx+2 x2 - 16 Multiply the first fraction by the reciprocal of the
T x+47 3x+6 second fraction.
x+2 (x+4)(x-4)
= X
X+ 4 3(x+2) L Factorise as far as possible.
_x+2 A -4
; I Sl L Cancel any common factors and multiply
R numerators and denominators.
2
1 Simplify:
2 48 pil G 2.x g3.8 e L. X 2.4
d” e ca “3*1 X" Xy Ty 5P
2 Simplify:
1 1 a-9 x2-3x y+l1
a(x+2)xx2_4 I),s.c2+6a+‘5'x p ¢ yz+yX *
y » X2 2x3 - 6x2 4x2=25 2x+5
d + e £ +
y+3 )2 +4y+3 37 x2-3x 4x-10 8
x+3 ¥+ S5x i Bl 3)46 . X2+2xp+y’ 4
& 2 10x+25 2+ 3x 0 15 : 2 =P
x2—64 64— x2
3 Show that 5 — + 5= =~1 (4 marks)
2x2—11x-40 x?+8x+16 = 8x2+20x—-48 «a
4 Show that o —4x—32 “6x?—3x—45  10x2— 45 145" b and find the values
of the constants a and b, where a and b are integers. (4 marks)
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2 - 2_
5 a Simplify fully x2;22-:l[}34 x — e (3 marks) m Simplify and then solve the

Xk 30— 18 logarithmic equation.

< Year 1, Section 14.6
b Given that

Inf(x2 + 2x — 24)(x2 — 3x)) = 2 + In((2x2 + 10x)(x2 + 3x — 18)) find x in terms of e. (4 marks)

B B s
6 f(x)= ¥ o 3x8 2 " m Differentiate each term

- 2 _
3x*+ 14x - 24 separately.
2 < Year 1, Section 12.5
a Show that f(x) = 2 ;113" il (4 marks)
b Hence differentiate f(x) and find f'(4). (3 marks)
= To add or subtract two fractions, find a common denominator.
Example o
Simplify the following:
- S T N - it
3 4 2x 3 x+3 x+1 x+1 x2-1
1 .3
. 372
()
:%+g
'g'—' The lowest common multiple of 3 and 4 is 12.
12
Bie i il The lowest common multiple of 2x and 3x is 6x.
2x 3%
_3a,2b . e
~e Ty | Multiply theaﬁrst fraction by 5 and the second
fraction by £
_3a+2b
T 6x
c 2 ! The lowest common multiple is (x + 3)(x + 1), so

+3) e ’— change both fractions so that the denominators

o 2(x+ ) 1(x + 3) are (x +3)(x +1).
T3+ (3 + 1)
2wl =l 3) Subtract the numerators.
T (x+3)x+1)
_2x+2-1x-3 Expand the brackets.
Tk +3)(x+1)

x =1 Simplify the numerator.

T x+3)x+1)
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3 4x

X+T__>c2—1

2t 4x
Tx+ 1 e+ Nx~1

_ 3= 4x

T Nx =1 k+ =1
_ 3(x -1 - 4x

(x+ Dix-1)

-x -3
(x+NDx-=1

Exercise @

1 Write as a single fraction:

| 3 2
"% T

o | —

a

2 Write as a single fraction:

3 2
x x+1

il e 2.0 — e 55
3 70

3 Write as a single fraction:

a 2 = 1
x2+2x+1 x+1
2 3

y-xy-x

d

6x + 1 4 : o, sosm
® 4 Express Tror_ 15 x_352 single fraction in its simplest form.

5 Express each of the following as a fraction in its simplest form.

a§+2+]
x x+1 x+2

42x-1)

7 . £y
® 6 Express 3627 — 1 te a2 single fraction in its simplest form.

P q dx  8x
2 3 3
x-1 x+2
3x 3 |
(x+4)? x+4
7 5 3
x2—-4 x+2
3 |

s X2+3x+2 xl+dx+4

42 1
3x x-2 2x+1

6 36
7 g(x)_x+x+2+x2_2x_8,xER,x¢—2,x¢4

x3I=2x2-2x+12

a Show that g(x) =

b Using algebraic long division, or otherwise, further show that g(x) =

(x+2x—-4)

Factorise x2 — 1 to (x + 1)(x — 1).

The LCM of (x + 1) and (x + 1)(x — 1) is (x + 1) (x = 1).

Simplify the numerator:3x — 3 —4x =—-x - 3.

. N | §ed oo
x? x 56 2b
c 2 + 2
2x+1 x-1
5 4

F3e+3 1 3G6-)

oo B 8
x24+6x+9 x2+4x+3

x+2 3 x+1
x2—x—-12 x2+5x+6

(4 marks)

3+2+4
x-1 x+1 x-=-3

Cc

(4 marks)
(4 marks)
5 RO
5————%%iiii (4 marks)



Algebraic methods

@ Partial fractions

= Asingle fraction with two distinct linear factors in the denominator can be split into two
separate fractions with linear denominators. This is called splitting it into partial fractions.

A and B are constants to be found.

[ [
5 _ A B
(x+1Dx-4) x ';‘ I x 3 4 The expression Is rewritten m Partial fractions are used for
I as the sum of two partial binomial expansions > Chapter 4
The denominator contains two fractions. and integration. - Chapter 11

linear factors: (x + 1) and (x — 4).

There are two methods to find the constants 4 and B: by substitution and by equating coefficients.

Example o

.6
PG+ 1)

w
—
-
I
b2

into partial fractions by: a substitution b equating coefficients.

6x -2 A B 6x—-2 . . A B
= Sl = [lofaile 1 1
5 (x=3)x+1 " x-3 +x+ 1 e ():—3)()c+1)I b c')c—3+x+1
_ Alx+ 1)+ B(x - 3)
= x-3)x+1) L Add the two fractions.
Gx—2=Ax+ 1)+ B(x - 3)
ExB-2=AB+N+BE3 -3 To find A4 substitute x = 3.
16 = 44 This value of x eliminates B from the equation.
A=4
Ex(-)-2=AE1+1)+B(-1-3
el e ;B : ( : To find B substitute x = —1.
_B : ; This value of x eliminates 4 from the equation.
. GXt o, -
Bk ) T x—=3 x4+
6x—-2 _ A B

B (x—3}(x+TJ:x—3+x+1

_ Alx +1) + B(x - 3)

x-3)x+1)
Gx—2=Ax+ 1)+ B(x - 3)
=Ax+ A+ Bx - 3B
=(A+ B)x+ (A4 - SB

Expand the brackets.

Equate coefficients of x: Collect like terms.
c=A+ B
Repeteiconst ANt eRTe: Youwant (4 + B)x+ A -3B=6x-2.
S Hence coefficient of x is 6, and constant term is —2.
(M- (2):
5 =48
= B=72

Solve simultaneously.
5Ub5tituteB=2in(J=>6 A+ 2
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= The method of partial fractions can also be
used when there are more than two distinct
linear factors in the denominator.
7
(x=2)(x +6)(x +3)
. A B C
can be split into s st et s

The constants 4, B and C can again be found by
either substitution or by equating coefficients.

6x2+5x -2 =é+ B i L
X(x=D2x+1) x x-1 2x+

For example, the expression

Given that

) - ol
et EX2+5x—-2 A, B C

Xx—Next D% T %=1 Zx+1

g Alx = 1)2x +1) + Bx(2x + 1) + Cx{x - 1)

x(x = N2x+1)

L EBX2+5x-—2=Ax-12x + 1)
+ Bx(2x + 1)+ Cx(x-1)

tetao="1:
CiE e Bxixaio |
=328
B=3
Petici=iE:
0O+0=-2=Ax(-1)x1+0+0
-2 =-4
A=2
let x = —5:
€ 5 : 3
$-3-2=0+0+Cx (-3 x(-3)
-3=32C
C=-4
5 GXz+5x =2 _2,.3 4

Cxx—NEx+1) _x x-1 2x+1

SoAd=2,B=3and C=-4.

10

m This method cannot be used for a

repeated linear factor in the denominator.

For example, the expression———
P PreSS N+ &) (x — 1)2

cannot be rewritten as - + = + <
x+4 x-1 x-1

because (x — 1) is a repeated factor. There is
more on this in the next section.

find the values of the constants 4, B and C.

r The denominators must be x, (x — 1) and (2x + 1).

Add the fractions.

The numerators are equal.

Proceed by substitution OR by equating
coefficients.
Here we used the method of substitution.

Finish the question by listing the coefficients.
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1 Express the following as partial fractions:

a 6x -2 b 2x + 11 . -Tx-12
(x=2)(x+3) (x+ I)(x+4) 2x(x — 4)
2x-13 6x+6 , . .
e First factorise the denominator.
2x + D(x - 3) %9 D '
7-3x 8-x h 2x-14
x2-3x-4 gx2+4x x24+2x-15
-2x-5 : : A B
® 2 Show that @+002-) can be written in the form S + e . where 4 and B are
constants to be found. (3 marks)
® 3 The expression e e can be written in partial fractions as + s
(x —4)(x+8) x—-4 x+8

Find the values of the constants 4 and B.

2x2 - 12x - 26
® 4 0= Do a5yt 2
Given that h(x) can be expressed in the form 4 + £ + & , find the values of
x+1 x-2 x+5

A, Band C. (4 marks)

o 2
® 5 Given that, for x < -1, 0 e e b where D, E and F are

F
X2x+DBx-2) - x T2x+13x-2"
constants. Find the values of D, £ and F. (4 marks)

6 Express the following as partial fractions:

-5x2-19x - 32
(x+ D(x +2)(x - 5)

® 7 Express the following as partial fractions:

2 —
a Gt Nes b oo SE T m First factorise the denominator.
X=X 10x? +3x - 4

Challenge

5x2—-15x -8

as a sum of fractions with linear denominators.
X—-4xX2+x+6

Express

11
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m Repeated factors

= A single fraction with a repeated linear factor in the denominator can be split into two or
more separate fractions.

In this case, there is a special method for dealing with the repeated linear factor.
Aand Band Care

l ! 1 constants to be found.
2x+9 _ A N B 4 ¢ -
(x=5)(x+32 x-5 x+3 (x+3)
The denominator contains three linear I { { o )
factors: (x — 5), (x + 3) and (x + 3). The expression is rewritten
(x + 3) is a repeated linear factor. L as the sum of three partial
fractions. Notice that

E L (x —5), (x +3) and (x + 3)?
S @ are the denominators.

1Ix2+ 14x+ 5 s : A B e
Show that m can be written in the form o s T s where A, Band C

are constants to be found.

Let
Mx2+14x+5_ A B & You need denominators of (x + 1), (x + 1)2 and

x+ Pex+N) x+D)  x+1Z  @x+1) @x + 1).

_Alx + )2x +1) + B2x +1) + Cx + 1)2
N (x + 1)2(2x + 1)

Add the three fractions.

Hence 11x2 + 14x + 5

=Alx +1)(2x+ 1)+ B2x + 1) + Clx + 1) (1) The numerators are equal.

fet x =1
MNM=-14+5=Ax0+Bx-1+Cx0——— Tofind Bsubstitute x = -1.

=-1B

= -2
let x = —%:

%—7+5=AXO+BXO+CX% ToﬁndCsubstitutex:—%

3 1

a =70

=3 e e

'ei5d 4 iquazteztergns mzx in (1). Terms in x2 are

M=24+3 X exc+ Wk

gdepe L Substitute C = 3.

A=4

ey x?+14x+5 Finish the question by listing the coefficients.
(x + 12(2x + 1)
2
S T = @ Check your answer using the
x+1 (x+172 2x+ 1) : . :
simultaneous equations function on your

SoA=4,B=-2and C=3. calculator.

12
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®1

® 2

376 +x+l

flx) = l) xz0, x=-1
A B C
Given that f(x) can be expressed in the forrn o T ﬁnd the values of
A, Band C. x? (4 marks)
- 10x — 5
Bx) = (r+1)2(x TRt
‘ b E F
Find the values of the constants D, E and F such that g(x) = + S+ (4 marks)
x+1 (x+D?> x-1
Given that, for x <0 Dy -18, P + 9 - R _ where P, Q and R are constants
’ o X-3F X S93 (—3p ' '
find the values of P, Q and R. (4 marks)
2_ —
Show that 2t el } can be written in the form L% + D + where C, D and E
x3 - x? ¥ x x=l
are constants to be found. (4 marks)
Pl = )Z,x # 2.
Find the values of the constants 4 and B such that p(x) = - + i (4 marks)
P = v 2T x+ 22
10x2-10x+17 _ A N B + & 53
2x+1D)(x-3)2 2x+1 x-3 (x-3)%
Find the values of the constants 4, B and C. (4 marks)
39x2 + 2x + 59 . 3 A B C
Show that x+5)0x 1) can be written in the form cas G + Gx - 1) where
A, B and C are constants to be found. (4 marks)

Express the following as partial fractions:

a 4x + 1 b 6x2—x+2
X2+ 10x + 25 4x3 —4x2 4+ x

13



Chapter 1

@ Algebraic division

= An improper algebraic fraction is one whose numerator has a degree equal to or larger than
the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

2 3 -
e and —* o are both improper fractions.
ge= X3 —4x2+7x -3
The degree of the The degrees of the numerator
numerator is greater and denominator are equal.

than the degree of the
denominator. m The degree of a polynomial
is the largest exponent in the expression.

. For example, x? + 5x — 9 has degree 3.
= You can either use: P g

« algebraic division
« or the relationship F(x) = Q(x) x divisor + remainder ballLY The divisor and
the remainder can be numbers

to convert an improper fraction into a mixed fraction. :
or functions of x.

Method 1
Use algebraic long division to show that: QW
l -
F(x) ——— X +5x+8 22
sy =A+7+x—21 remainder
divisor '[ I
Method 2
Multiply by (x — 2) and compare coefficients to show that: o)
l J\,
F) ———— x2+5x+8=x+Nx -2+ 22 remainder
divisor ]

. 34+x2-7
Given that % =Ax2+Bx+C+ xl_) 3 find the values of A4, B, Cand D.
Using algebraic long division: Problem-solving
YAy g D Solving this problem using algebraic long division

SaaEEE e U= 7 will give you an answer in the form asked for in
> the question.

x3 — 3x7
4x2 + Ox
4x% - 12x
12x- 7
12x — 36
29

14
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3 2 _
Bsz,\‘2+4x+12
Xo=3

The divisor is (x — 3) so you need to write the

ith a remainder of 29.
Sl remainder as a fraction with denominator (x — 3).
-3 2
il 2 el ST P —J

x-3 x'=3
S04 =1/B=4.C=12and D= 29

Given that x3 + x2 - 7= (4x2 + Bx + C)x - 3) + D, find the values of 4, B, C and D.

let x = 3: Problem-solving

It's always a good idea to list the value of each
unknown asked for in the question.

27 +9-7=9A+3B+C)x0+ D The identity is given in the form F(x) = Q(x) x
D =29 divisor + remainder so solve the problem by
R equating coefficients.
0+0-7=(Ax0+Bx0+C(C)
x(O0-3)+D Set x = 3 to find the value of D.
-7==-3C+D
By SRRV g L Set x = 0 and use your value of D to find the
FE=FE value of C.
G =2
You can find the remaining values by equating
Compare the coefficients of 13 and x2. coefficients of x3 and x2.
Compare coefficients in x> 1 =4 ~——————— Remember there are two x? terms when you
Compare coefficients in x2:  1=-34+ B expand the brackets on the RHS:
T S x3 terms: LHS = x3, RHS = Ax?
Therefore A =1, B=4, C=12 and D = 29 x? terms: LHS = x? RHS = (=34 + B)x?

and we can write
X34+ x2-7=xT+4x+12Ix-3)+ 29

This can also be written as:

M e Y 2o
P =x +4x+12+x—3

xt+x34+x-10
fx) = x2+2x-3

Dx+ E

2055 and find the values of 4, B, C, D and E.

Show that f(x) can be written as Ax 2+ Bx+ C +

15
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Using algebraic long division:

X2~ X+ B
2+2x-3[x*+ x*+0x2+ x-10
xt+ 2x3 - 3x7

- x*+3x7+ x
- x3-2x7+ 3x
5x2 - 2x -10
5x% + 10x — 15
-12x+ 5

x4+x3+x—10= —-12x+ 5

m When you are dividing by a

quadratic expression, the remainder can be a
constant or a linear expression. The degree of
(=12x + 5) is smaller than the degree of

(x% + 2x — 3) so stop your division here.

The remainder is —=12x + 5.

Write the remainder as a fraction over the whole

= =x?—-x+5+—
X+ 2x-3 X+ 2x-3

S0Ad=1,B=-],C=5,D=-12 and E=5,

Exercise @

®1

X3I+2x2+3x-4

divisor.

=Ax?+Bx+ C+
x+1 x+1
Find the values of the constants 4, B, C and D. (4 marks)
3 2 _ Ay
Given that Ll =ax?+bx+c+ find the values of @, b, c and d. (4 marks)
xXx+3 x+3
x3-8
fix) = x=-2
Show that f(x) can be written in the form px? + gx + r and find the values of
p,gandr. (4 marks)
2 ” nx +
Given that W =m+—5— f find the values of m, n and p. (4 marks)
Find the values of the constants 4, B, C and D in the following identity:
8x3+2x2+5=(Ax+B)(2x2+2)+ Cx+ D (4 marks)
4x3 - 5x2+3x-14 _ Cx+D
x2+2x-1 =Ax+B+x2+2x—l
Find the values of the constants 4, B, C and D. (4 marks)
x*+3x2-4 . . N sX + ¢
g(x) = 2+1 " Show that g(x) can be written in the form px? + gx + r + 211
and find the values of p, ¢, r, s and ¢. (4 marks)
4 23 D42 P o
Given that Ll e . =ax?+bx+c+ _dxte find the values
x2+x-2 xX2+x-2
of a, b, ¢, dand e. (5 marks)

16
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® 9 Find the values of the constants 4, B, C, D and E in the following identity:

3x*—4x3 - 8x2+ 16x-2=(Ax*+ Bx+ O)(x2-3)+ Dx + E (5 marks)
10 a Fully factorise the expression x* — 1. (2 marks)
4_
b Hence, or otherwise, write the algebraic fraction 2 7 l] in the form
(ax + b)(ex? + dx + ¢) and find the values of a, b, ¢, d and e. (4 marks)

In order to express an improper algebraic fraction in partial fractions, it is first necessary to divide the
numerator by the denominator. Remember an improper algebraic fraction is one where the degree of
the numerator is greater than or equal to the degree of the denominator.

Given that 3x?-3x-2 =A+ L + 9 , find the values of 4, Band C.
(x=1)x-2) x-1 x-2
IxF—=38x =2 3x2=3x—72 r Multiply out the denominator on the LHS.
== xE-BxiP
3
-3x+2|3x2-3x-2 Divide the denominator into the numerator.
3x2-9x+6 J It goes in 3 times, with a remainder of 6x — 8.
6x -8
Therefore
3x2-3x-2_5, 6x-6 Write 3X2=3X =2 .o mixed fraction.
[~ Hik—2) X2 = 3x+ 2 (1= E]
= __bx-56
= (x = 1)(x — 2)————— Factorise x2 - 3x + 2.
ag Gx - & = B (8

x—Nx-2) (x=1  (x-2)——L  The denominators must be (x — 1) and (x - 2).

i Blx-2)+Cx-1)
(= Nix-—=2) L Add the two fractions.

6x-8=Bx-2)+ C( x—1)-—L
The numerators are equal.
let x=2: 12 -8 =Bx 0+ Cx|——7F

Ci=4
L— Substitute x = 2 to find C.
letx=1: 6-86=Bx-1+(Cx0
Biie — Substitute x =1 to find B.
3x2—3x—2=3+ Ex -8
(x-Nx-2)~ (x=Nke= 2)
Write out the full solution.
=3+ 2 - . r
- Eei=il) i =i 2)
SoAd=3 B=2and C=4. Finish the question by listing the coefficients.

17
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Exercise @

® 1

® 10

18

x2+3x-2 : : B c
g(x) = G=Dx=2)" Show that g(x) can we written in the form 4 + 1ty .2
and find the values of the constants 4, B and C. (4 marks)
2 _
Given that ) | =A+ B _ + < , find the values of the constants 4, B
(x=2)(x+1) x=2 x+1
and C. (4 marks)

Find the values of the constants 4, B, C and D in the following identity:

x3P-x?=-x-3_ C .. D
c=1) =AA+B+x+x_] (5 marks)
=3x3—-4x2+19x+ 8 : 4 D
Show that 21 or_3 can be expressed in the form 4 + Bx + = + Gty
where A, B, C and D are constants to be found. (5 marks)
= 4x2 + 25
S T
: : B
Show that p(x) can be written in the form A4 + R where A, Band C
are constants to be found. (4 marks)
: 2x2 -1 B
Giventhat ——————=4 + + ————, find the values of the constants 4, B
x2+2x+1 x+1 (x+1)2?
and C. (4 marks)

By factorising the denominator, express the following as partial fractions:

4x2+ 17x =11 bx4—4x3+9x2—1?x+12
x2+3x-4 x3—4x2+4x
5. D
Given that oy v =Ax+ B+ . + L, find the values of the constants
3x2+x-10 3x-5 x+2
A, B, Cand D. (6 marks)
(x) = 8x3+1
T = “ax + 1
. : 8, D
Show that q(x) can be written in the form Ax + B + 721" Ox 2 and find the
values of the constants 4, B, C and D. (6 marks)
x4+ 2x2-3x+8
al= x2+x-2
Show that h(x) can be written as Ax> + Bx + C + = e and find the values of
A, B, C,Dand E. (5 marks)
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Mixed exercise o

EP 1
®z

3

®6

® 7

o fils . .
Prove by contradiction that V'% is an irrational number. (5 marks)
Prove that if ¢ is an irrational number then ¢ is an irrational number.

Simplify:

. x—4x 2x +8 b x2—3x—10X 6x2+ 24 5 4x2+12x+9; 4x2-0
6 x2-16 3x2-21 X2+ 6x+8 x2+6x  2x249x-18

o 4x2-8x x2+6x+5
a Simplify fully B Dk 0%

(3 marks)

b Given that In((4x2 — 8x)(x2 4+ 6x + 5) = 6 + In((x2 = 3x — 4)(2x2 + 10x)) find x in terms
of e. (4 marks)

(Y)_4x3—9x2—9x; x2-3x
BYV="30x+24  Tex2-13x-5
a Show that g(x) can be written in the form ax? + bx + ¢, where a, b and ¢ are constants
to be found. (4 marks)

b Hence differentiate g(x) and find g'(-2). (3 marks)

6x +1 S5x+3

Express ~_5 " o3, _1022 single fraction in its simplest form. (4 marks)
3 12
f(x)=x+x_1—x2+2x_3,xER,x>l
X2+3x+3
Show that f(x) = 13 (4 marks)
x-3
= )
Show that f(x) can be written in the form % + xf_; 0 where 4 and B are constants to be found.
(3 marks)
~15x+21 _ P Q@ R
(x=2)x+1)(x=-5 x-2 x+1 x-=5
Find the values of the constants P, Q and R. (4 marks)
16x — 1 . . D E
Show that Gr+2)02x—1) can be written in the form R T and find the
values of the constants D and E. (4 marks)
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7x2+2x—2=é i C

Xx+ D) Toax Cx2 x+ld
Find the values of the constants 4, Band C. (4 marks)

. 21518
(x) = (x +5)(3x - 12

- = + £
x+5 (Bx-1) (Bx-1)?
F are constants to be found. (5 marks)

Show that h(x) can be written in the form where D, E and

Find the values of the constants 4, B, C and D in the following identity:

xX—6x2+11x+2=(x-2)(Ax*+Bx+C)+ D (5 marks)
3_Ey2 s _
Show that el Mo can be put in the form Ax> + Bx+ C +
2x + 1 2x+ 1
Find the values of the constants 4, B, C and D. (5 marks)
x4+2
Show that 2 =Ax2+ Bx+ C+ 2 where A, B, C and D are constants to
be found. (5 marks)
% s D E
Bl ROt e T
Find the values of the constants 4, B, C, D and E. (5 marks)
2x2+2x -3
h(z) = x+2x-3
Show that h(x) can be written in the form A4 + xf e where A, B and C are
constants to be found. (5 marks)
: x2+ 1 Q R
Given that = P+ — + —, find the values of the constants P, Q and R. (5 marks)
x(x=2) X x-=2

Given that f(x) = 2x% + 9x2 + 10x + 3:

a show that -3 is a root of f(x)

b express as partial fractions.

10
f(x)

Challenge m In a right-angled

triangle, the side opposite

The line L meets the circle C with 4 the right-angle is always
centre O at exactly one point, A4. the longest side.

Prove by contradiction that the L

line L is perpendicular to the

radius OA. -
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Algebraic methods

Summary of key points

1

10

To prove a statement by contradiction you start by assuming it is not true. You then

use logical steps to show that this assumption leads to something impossible (either a
contradiction of the assumption or a contradiction of a fact you know to be true). You can
conclude that your assumption was incorrect, and the original statement was true.

A rational number can be written as %, where @ and b are integers.

An irrational number cannot be expressed in the form 4

b!
To multiply fractions, cancel any common factors, then multiply the numerators and multiply
the denominators.

where @ and b are integers.

To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.
To add or subtract two fractions, find a common denominator.

A single fraction with two distinct linear factors in the denominator can be split into two
separate fractions with linear denominators. This is called splitting it into partial fractions:

5 _ A . B
x+1(x-4) x+1 x-4

The method of partial fractions can also be used when there are more than two distinct linear
factors in the denominator:

7 4 B C
x-2(x+6)(x+3) x—-2 x+6 x+3

A single fraction with a repeated linear factor in the denominator can be split into two or
more separate fractions:
2x+9 A B &
= +
(x=-5{x+3)2 x-5 x+3 (x+32

An improper algebraic fraction is one whose numerator has a degree equal to or larger than
the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

You can either use:

- algebraic division

« or the relationship F(x) = Q(x) x divisor + remainder
to convert an improper fraction into a mixed fraction.
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Functions and graphs

After completing this chapter you should be able to:

e Understand and use the modulus function - pages 23-27
e Understand mappings and functions, and use domain

and range - pages 27-32
e Combine two or more functions to make a composite

function - pages 32-35
e Know how to find the inverse of a function graphically

and algebraically -> pages 36-39
® Sketch the graphs of the modulus functions y = |f(x)|

and y = f(|x]) -> pages 40-44
® Apply a combination of two (or more) transformations to

the same curve - pages 44-48
e Transform the modulus function - pages 48-52

1 Make y the subject of each of the
following:
_2y+8x

5
€ 5x-8y=4+9y « GCSE Mathematics

abx=9-Ty b p

Write each expression in its simplest form.

a b 54

« GCSE Mathematics

Sketch each of the following graphs. Label

any points where the graph cuts the x- or .

y-axis. 5 Code breakers at Bletchley Park used inverse

ay=e* b y=x(x+4)(x-5) functions to decode enemy messages during
World War Il. When the enemy encoded a

I message they used a function. The code

f(x) = x? - 3x. Find the values of: breakers’ challenge was to find the inverse

a f(7) b f(3) c f(=3) « Year 1 function that would decode the message.

¢ y=sinx, 0= x =< 360° « Year 1




@ The modulus function

The modulus of a number «, written as |a|, is its non-negative numerical value.

So, for example, |5| = 5 and also |-5| = 5.

The modulus

® A modulus function is, in general, a function of the

type y = |f(x)]. absolute value function. On a

« When f(x) = 0, |f(x)| = f(x) calculator, the button is often
labelled ‘Abs'".

* When f(x) <0, |f(x)]| = —f(x)

Write down the values of

1 4
a |-2| b |6.5] ¢ |3 g‘
a |-2] =2 The positive numerical value of -2 is 2.
v len] =ik L 6.5is a positive number.
f3-31-1%- 8-+
g 571 Gl

‘_1
Bl1E L Work out the value inside the modulus.

S ETE

fix)=]2x-3|+1
Write down the values of

2 i) b f(-2) ¢ f(1)
a f(5)=|2x5-3| +1 m The modulus function acts like a
=|7] +1=7+1=8 pair of brackets. Work out the value inside the

modulus function first.
b f(-2)=1]2(-2)- 3| +1

= |-Z|$1=7£1=5

Functions and graphs

function is also known as the

& fi= |2 X 1=3]+1 @ Use your calculator to work out %

T e values of modulus functions.

® To sketch the graph of y = |ax + b|, sketch YA yp=x e VA
»y = ax + b then reflect the section of the
graph below the x-axis in the x-axis. re:et;t:d
|
» x-axis
0 % \ 1o X

23



Chapter 2

Sketch the graph of y = |3x — 2|.

¥ / y=23x

i

@ Explore graphs of f(x) and O

[f(x)] using technology.

Step 1

|y

|

i

X

]
UINE

Solve the equation |[2x — 1| = 5.

Sketch the graph of y =3x - 2.
(Ignore the modulus.)

Step 2
For the part of the line below the x-axis (the

For example, this will change the y-value -2 into

i i
\ y=|3x-2] ’7 negative values of y), reflect in the x-axis.
5 the y-value 2.
> ‘ You could check your answer using a table of
z X

values:
it -1 0 | 2
y=|3x-2| 5 2 1 4

Start by sketching the graphs of y = [2x — 1] and

\B}’d\ A/ y= B
/1

\\/J.-=|2x‘—1|

At 4, 2x-1=5

At B —(2x-1)=5

The solutions are x = 3 and x = =2.

24

o} X

2x =6
Xi=13

-2x+1=5
2x = -4
x=-2

Yy =15

L The graphs intersect at two points, 4 and B, so

there will be two solutions to the equation.

A is the point of intersection on the original part
of the graph.

Bis the point of intersection on the reflected
part of the graph.

m The function inside the modulus

is called the argument of the modulus. You
can solve modulus equations algebraically by
considering the positive argument and the
negative argument separately.



Solve the equation [3x — 5| =2 - lx.

Functions and graphs

]
@ Explore intersections of

straight lines and modulus graphs
using technology.

First draw a sketch of the line y = [3x — 5| and the

. 1
liney=2-=x.

The sketch shows there are two solutions, at 4

and B, the points of intersection.

This is the solution on the original part of the

2
N py=13x-5]
BN
L] -
2y ==
y=2—%.\‘
AtA:3x—5=2—%x
%\‘:7
=2
At B: —{3x—5}=2—%x
—3x+5=2—%x
——%x:—f}
L6
5
The solutions are x:2andx:§

Solve the inequality [5x — 1] > 3x.

VA

graph.

t When f(x) <0, [f(x)| = —f(x), 50 —Bx - 5) =2 %x

gives you the second solution.

]_ This is the solution on the reflected part of the

graph.

First draw a sketch of the line y = [5x — 1| and the

\

[@)

=Y

At A, 5x - 1=3x

Z2x:=

e

-
At B, —-(5x — 1) = 3x
-5x+ 1= 3x

line y = 3x.

Solve the equation |5x — 1| = 3x to find the
x-coordinates of the points of intersection, 4 and B.

| Thisis the intersection on the original part of the

graph.

Consider the negative argument to find the point

ax="]
=]
= 0

of intersection on the reflected part of the graph.
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Chapter 2

The points of intersection are x = i and Problem-solving

5
Sl Look at the sketch to work out which values of
g 1 x satisfy the inequality. y = |5x — 1| is above
So the solution to [5x = 11 >3x is x < 8 y =3x when x> % orx< % You could write the
o 1
Rhdieig solution in set notation as {x:x > %—} U {x:x < é-}
1 Write down the values of
a % b |-0.28] c 13-111 d|%—%| e [20-6x 4| f 42x2-3x7|
2 f(x)=|7 - 5x| + 3. Write down the values of:
a f(1) b f(10) c f(-6)
3 g(x)=|x* - 8x|. Write down the values of:
a g(4) b g(-5) c g8
4 Sketch the graph of each of the following. In each case, write down the coordinates of any
points at which the graph meets the coordinate axes.
ay=Ix-1l b y=12x+3| c y=Kdx-17| dyz‘%x—S‘
e y=17-x f y=16-4xl
¢ i m v =—|x]is a reflection of y = |x|
g y=—|x| h y=—I3x-1| in the x-axis. « Year 1, Chapter 4
5 glx)= ‘4 — %x and h(x)=5
a On the same axes, sketch the graphs of y = g(x) and y = h(x).
b Hence solve the equation |4 — %x =5.
6 Solve:
a Bx-1]=5 b ";5‘=1 ¢ Mx+3l=-2
4 - 5x x
d [7x-31=4 e‘ ] =2 f|6 1|_3
7 a On the same diagram, sketch the graphs y = —2x and y = %x = 2‘.
b Solve the equation —2x = %x = 2‘.
(®) 8 Solve[3x-5|=11-x. (4 marks)
9 a On the same set of axes, sketch y =16 — x| and y = %x -5.
b State with a reason whether there are any solutions to the equation |6 — x| = lx - 5.

2
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Functions and graphs

® 10 A student attempts to solve the equation |3x + 4] = x. The student writes the following working:

3x+4=x -3x+4)=x
4 =—-2x or -3x—-4=x
x=-2 -4 = 4x
x=-1
Solutions are x = =2 and x = -

Explain the error made by the student.

11 a On the same diagram, sketch the graphs of y = —I3x + 4l and y = 2x - 9.
b Solve the inequality —|3x + 4] <2x - 9.

® 12 Solve the inequality [2x + 91 < 14 — x. (4 marks)
13 The equation |6 — x| = %x + k has exactly one solution. Problem-solving
a Find the value of k. (2 marks) The solution must be at the vertex of
b State the solution to the equation. (2 marks) diie e il Ol

Challenge

f(x) =1x?+9x+8land g(x) =1 - x
a On the same axes, sketch graphs of y = f(x) and y = g(x).
b Use your sketch to find all the solutions to [x2+9x + 8/ =1 — x.

@ Functions and mappings

A mapping transforms one set of numbers into a different set of numbers. The mapping can be
described in words or through an algebraic equation. It can also be represented by a graph.

® A mapping is a function if every input has a distinct output. Functions can either be one-to-
one or many-to-one.

A B >4 —
> i L
> - LS
one-to-one many-to-one not a function
function function

Many mappings can be made into functions by changing the domain. Consider y = Vx:

YA
peeles The domain is the set of all possible
e inputs for a mapping.
The range is the set of all possible outputs for
0 > the mapping.
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Chapter 2

If the domain were all of the real numbers, R, then y = /x would not be a function because values of
x less than 0 would not be mapped anywhere.

If you restrict the domain to x = 0, every element in the domain is mapped to exactly one element in
the range.

We can write this function together with its m You can also write this function as:
% . =
domainas f(x) =vVx, xeR, x = 0. fixmVx,xeR, x=0

For each of the following mappings:
i State whether the mapping is one-to-one, many-to-one or one-to-many.
ii State whether the mapping is a function.

a b VA C 1 d

a i Every element in set A gets mapped to

two elements in set B, so the mapping . You couldn’t write down a single value for f(9).
i one-to-many.

I Theunapring i cka:icuion, For a mapping to be a function, every input in the

b i Every value of x gets mapped to one domain must map onto exactly one output.
value of y, so the mapping is one-to-one.

TSl A i o The mapping in part ¢ could be a function if

¢ i The mapping is one-to-one. x = 0 were omitted from the domain. You could

i x =0 does not get mapped to a valve write this as a function as f(x) = )l(, xeR, x=0.
of y so the mapping is not a function.

d i On the graph, you can see that x and —x
both get mapped to the same value of y.
Therefore, this is a many-to-one mapping.

ii The mapping is a function.

Find the range of each of the following functions:
a f(x)=3x-2,domain {x=1, 2, 3, 4} b g(x) =x2, domain {xeR,-5<x <5}
¢ h(x) =%, domain {xeR, 0 < x = 3}

State if the functions are one-to-one or many-to-one.
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Functions and graphs

The domain contains a finite number of elements,

ardixy=Bx =i =284}

Range of f(x) is {1, 4, 7, 10}
f(x) is one-to-one.

so you can draw a mapping diagram showing the
whole function.

The domain is the set of all the x-values that

b g(x) = x5 {-5 < x =< 5}

-5 0 5 X

Range of g(x) is O = g(x) < 25.
g(x) is many-to-one.

¢ hx) =1, {xeR, 0 < x < 3]

y = h(x)

correspond to points on the graph. The range is
the set of y-values that correspond to points on
the graph.

0 3 X

Range of h(x) is h(x) =
h(x) is one-to-one.

The function f(x) is defined by

. 5-2x,x<1
e x2+3,x=1

e
3

a Sketch y = f(x), and state the range of f(x).
b Solve f(x) = 19.

Calculate h(3) =%to find the minimum value in

the range of h. As x approaches 0, ! approaches
oo, 50 there is no maximum value in the range of h.

w This is an example of a piecewise-

defined function. It consists of two parts: one
linear (for x < 1) and one quadratic (for x = 1).

!_\,
w Explore graphs of functions =

on a given domain using technology.
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Chapter 2

m Although the graph jumps at x =1,

the function is still defined for all real values of x:
f(09) =5-2(09 =32
f)=Q1)2+3=4

Sketch the graph of y =5 — 2x for x < 1, and the
graphof y=x?+3forx = 1.

f(1) lies on the quadratic curve, so use a solid dot
on the quadratic curve, and an open dot on the

a VA
v =f(x)
5
o=
3p-%
S o line.

The range is the set of values that y takes

and therefore f(x) = o
b VA
y=5-2x y=x+3
19
5 i

=y

o
The positive solution is where
X3 =19
x? =16
x=z4
x=4
The negative solution is where
5-2x=19
-2x =14
x==7

The solutions are x = 4 and x = =7.

Note that f(x) 3 atx=1
SO =1
not f(x) =3

There are 2 values of x such that f(x) = 19.

Problem-solving

Use x2 + 3 = 19 to find the solution when
x = 1and use 5 - 2x =19 to find the solution
when x < 1.

L Ignore x = —4 because the function is only equal

tox2+3forx=1.

Exercise @

1 For each of the following functions:
i draw the mapping diagram
ii state if the function is one-to-one or many-to-one
iii find the range of the function.
a f(x) =5x -3, domain {x =3,4,5, 6}
b g(x)=x?- 3, domain {x=-3,-2,-1,0,1, 2, 3}
¢ hix)=

7 ;
4_ 3y domain {x=-1,0, 1}
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Functions and graphs

2 For each of the following mappings:

i State whether the mapping is one-to-one, many-to-one or one-to-many.

ii State whether the mapping could represent a function.
a Vi b <‘ [ V4

N /

_—
) X 0 X Q X
\ .l

d YA e VA _ f VA
4R 1 e \ L !
A 2 o : N @
3 Calculate the value(s) of a, b, ¢ and d given that:
a pla)=16wherep:x—3x-2, xeR b q(b)=17whereq:x—~ x2-3,x€R
¢ r(c)=34wherer:x—2(29+2, xeR d s(d)=0wheres:x—~ x2+x—-6,x€R

4 For each function:

i represent the function on a mapping diagram, writing down the elements in the range

ii state whether the function is one-to-one or many-to-one.
a f(x)=2x + 1 for the domain {x =1, 2, 3, 4, 5}
b g: x ~ Vx for the domain {x = 1,4, 9, 16, 25, 36} A ——
¢ h(x) = x? for the domain {x =-2, -1,0, 1, 2} the positive square root of x.
d jixm %for the domain {x=1,2,3,4, 5}
e k(x)=e*+ 3 for the domain {x=-2,-1,0, 1, 2}

5 For each function:
i sketch the graph of y = f(x)
ii state the range of f(x)
iii state whether f(x) is one-to-one or many-to-one.
a f:x — 3x+ 2 for the domain {x = 0} b f(x)=x2+ 5 for the domain {x = 2}
¢ £ x  2sinx for the domain {0 <x < 180} d f x — Vx + 2 for the domain {x = -2}

e f(x)=e" for the domain {x = 0} f f(x) = 7logx, for the domain, {x € R, x > 0}

6 The following mappings f and g are defined on all the real numbers by

() = 4—x, x<4 _ | 42x x<=4d
(x) = x2+9, x=4 g(x) = X249, x>4

a Explain why f(x) is a function and g(x) is not. b Sketch y = f(x).
¢ Find the values of: i f(3) i f(10) d Solve f(a) = 90.

31



® 7

EP) 8

® 10

®11
@EP) 12

Chapter 2

The function s is defined by
{ 2-6, x<0
s(x) =

10-x, x=0 Problem-solving

a Sketch y = s(x). The solutions of s(x) = x are the values in the
b Find the value(s) of a such that s(a) = 43. domain that get mapped to themselves in the
range.

¢ Solve s(x) = x.

The function p is defined by
e, S=x<0
p(")z{x3+4, 0<x<4
a Sketch y = p(x). (3 marks)
b Find the values of «, to 2 decimal places, such that p(a) = 50. (4 marks)

The function h has domain —10 = x =< 6, and is linear from (-10, 14) to (-4, 2) and from

(-4, 2) to (6, 27).

a Sketch y = h(x). (2 marks)

b Write down the range of h(x). (1 mark) The graph of y = h(x) will consist of two
¢ Find the values of a, such that h(a) = 12. (4 marks) line segments which meet at (-4, 2).

The function g is defined by g(x) = cx + d where ¢ and d are constants to be found.
Given g(3) = 10 and g(8) = 12 find the values of ¢ and d.

The function f is defined by f(x) = ax® + bx — 5 where ¢ and b are constants to be found.
Given that f(1) = =4 and f(2) = 9, find the values of the constants a and b.

The function h is defined by h(x) = x2 — 6x + 20 and has Problem-solving

domain x = a. Given that h(x) is a one-to-one function find

; First complete the square for h(x).
the smallest possible value of the constant a. (6 marks)

@ Composite functions

Two or more functions can be combined to make a new function. The new function is called a
composite function.

® fg(x) means apply g first, then apply f.
= fg(x) = f(g(x))

g f \"ELLLRIT® The order in which the functions are

combined is important: fg(x) is not necessarily
the same as gf(x).

Given f(x) = x2and g(x) = x + 1, find:
a fg(1) b gf(3) ¢ fi(-2)
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Functions and graphs

a fg(1) = f(1 + 1) gl)=1+1
= 22
=4 L f(2) = 22
b gf(3) = g(32
o =2((9)} L f(3) = 32
=3 +1
=10 L g9)=9+1
c ff(-2) = f((-2)?)
= Z‘Eﬂ L f(-2) = (-2
=16 L f(4) = 42

The functions f and g are defined by f(x) = 3x + 2 and g(x) = x> + 4. Find:
a the function fg(x)
b the function gf(x)

¢ the function f2(x) m f2(x) is fF(x).

d the values of b such that fg(b) = 62.

a fg(x) = f(x2 + 4) g acts on x first, mapping it to x° + 4.
=3x2+4)+2 L
=3x2 + 14 facts on the result.
b gf(x) = g(3x + 2) Simplify answer.
=(3x+22+4 L
=9%2 + 12x + 8 facts on x first, mapping it to 3x + 2.
c B(x) =f3x+ 2) L gactson the result.
=3(3x+2)+2
=9x+5 L fmapsxto3x+2.
d fg(x) = 3x% + 14 f acts on the result.
If fg(b) = 62
then 352 + 14 = 62 Set up and solve an equation in .
b% =16
b=+4

The functions f and g are defined by

f: x> [2x - 8l
x+1
2
a Find fg(3). b Solve fg(x) = x.

g X
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Chapter 2

= H y ol
a fg(3) = {{22]) g0 =23
=f(2)
=|2x2-8| f2) =2 x2-8|
= |-4]
=4
b First find fg(x):
fq(x) = f(x ; 1) g acts on x first, mapping it to %
x+1
= ‘2( 2 ) - 8‘ f acts on the result.
= ||
fglx) = x L— Simplify the answer.
[ei=szili =
VA y =X
\ — Drawasketchof y=|x-7]and y = x.
7 y=|x=7| The sketch shows there is only one solution to
the equation |x — 7| = x and that it occurs on the
0 - X reflected part of the graph.
When f(x) <0, |f(x)| = -f(x). The solution is on the
—{x-7)=x [ reflected part of the graph so use -(x — 7).
-x+7=x
S This is the x-coordinate at the point of
s [ intersection marked on the graph.

Exercise @

1

34

Given the functions p(x) = 1 — 3x, q(x) = % and r(x) = (x — 2)%, find:

a pq(-8) b qr(5) ¢ rq(6) d p(=5) e pqr(8)

Given the functions f(x) =4x + 1, g(x) = x> — 4 and h(x) = %, find expressions for the functions:
a fg(x) b gf(x) ¢ gh(x) d fh(x) e f2(x)

The functions f and g are defined by

f(x)y=3x-2,xeR

gx)=x3, xeR

a Find an expression for fg(x). (2 marks)
b Solve fg(x) = gf(x). (4 marks)

The functions p and q are defined by

1
p(A)_x_2,xeR,x=2

gx)=3x+4,xeR
a Find an expression for qp(x) in the form j;—:g (3 marks)

b Solve qp(x) = 16. (3 marks)
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Functions and graphs

The functions f and g are defined by:

f: x> 19 — 4xl

3x-2
gxe =
a Find fg(6). (2 marks)
b Solve fg(x) = x. (5 marks)
Given f(x) = P x# -1
a Prove that f2(x) = II ; b Find an expression for f3(x).

The functions s and t are defined by
s(x) =2 xeR
t(x)=x+3,xeR

m Rearrange the equation in part ¢
into the form 2* = k where k is a real

number, then take natural logs of both
a Find an expression for st(x). sides. &« Year 1, Section 14.5

b Find an expression for ts(x).

¢ Solve st(x) = ts(x), leaving your answer in the form lhr:_;;

Given f(x) = e°* and g(x) = 4 Inx, find in its simplest form:

a giv) (2 marks)

b fa(x) (2 marks)
The functions p and q are defined by Hint

The range of p will be the set of possible

p:xe>In(x+3), xER, x> -3 inputs for g in the function gp.

Qgxe—er-1L,xeR

a Find gp(x) and state its range. (3 marks)
b Find the value of qp(7). (1 mark)
¢ Solve gp(x) = 124. (3 marks)
The function t is defined by

t: x—»5-2x

Solve the equation t%(x) — (t(x))> = 0. (5 marks)

Problem-solving

You need to work out the intermediate steps for this problem yourself, so plan
your answer before you start. You could start by finding an expression for tt(x).

The function g has domain -5 = x = 14 and is linear from 1;“

(=5, -8) to (0, 12) and from (0, 12) to (14, 5). y=g(x)

A sketch of the graph of y = g(x) is shown in the diagram.

a Write down the range of g. (1 mark) :

b Find gg(0). 2 mark . i
in gg( ) ‘ e 2 (2 marks) ol 8-

The function h is defined by h: x — 10— :

¢ Find gh(7). (2 marks) ; -3
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@ Inverse functions

The inverse of a function performs the opposite operation YA fy=f)

to the original function. It takes the elements in the range B SY=x

of the original function and maps them back into elements 2

of the domain of the original function. For this reason, i

inverse functions only exist for one-to-one functions. 2 =i

® Functions f(x) and f-1(x) are inverses of each other. / /

-1(x) =f1 =X. - ——

ff-1(x) = fF1f(x) = x 456X

® The graphs of y = f(x) and y = f-1(x) are
reflections of each another in the line y = x.

® The domain of f(x) is the range of f-1(x).
® The range of f(x) is the domain of f-(x).

Find the inverse of the function h(x) =2x2 -7, x = 0.

The inverse of
f(x) is written
as f1(x).

square i =T

An inverse function
— can often be found
using a flow diagram.

square root +2 +7
Range of h(x) is h(x) = =7, s0 domain of h™'(x) is x = =7.
& : [ L The range of h(x) is
Therefore, h™'(x) = \T x=-7 the domain of h=2(x).

Find the inverse of the function f(x) =

{x € R, x # 1} by changing the subject of the formula.

x=1
Let y = f(x) You can rearrange to find an inverse function.
o i Start by letting y = f(x).
=] L
yx-=1)=23 Rearrange to make x the subject of the formula.
yx-y=3
yx=3+y Define f=1(x) in terms of x.

= 3+y

3
Range of f(x) is f(x) # O, so domain of f-'(x) is
TFEQ,

Check to see that at least one element works. Try 4.
Note that f~!f(4) = 4.

Therefore fﬁm=3:?x=o
B ..o o i)
F(4): :—:1 /""_"‘K‘
4—1" 3 V ;
f“(1j=3+T=i=4 \h______/
1 1 i(x)
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Functions and graphs

The function, f(x) =vx -2, x € R, x = 2.
a State the range of f(x). b Find the function f~!(x) and state its domain and range.
¢ Sketch y = f(x) and y = f~!(x) and the line y = x.

a Therange of f(x)isy € R, y = 0. f(2) = 0. As x increases from 2, f(x) also increases
b y=yJx-2 without limit, so the range is f(x) = 0, or y = 0.
e S
X2 = s P
y=x2+2 Interchange x and y.

The inverse function is f~(x) = x% + 2. -—L
The domain of f(x)isx € R, x = Q. Always write your function in terms of x.

The range of f(x)isye R, y = 2.
The range of f(x) is the same as the domain of f~2(x).

c y=fx)=x2+2
Va

1 e The range of f~!(x) is the same as the domain of f(x).
5_

£l ¥ The graph of f-1(x) is a reflection of f(x) in the line
S Sy =) =vx=2 » = x. This is because the reflection transforms y
21 i toxand x to y.

1_

O = T T T T T T

The function f(x) is defined by f(x) =x2-3,x€R, x = 0.

a Find f~'(x). b Sketch y = f~!(x) and state its domain. ¢ Solve the equation f(x) = f~!(x).
a  Let y=iix)
B —‘
Y& 3 =" Change the subject of the formula.
= \,-“'y + 3
Fix)=yx+3

_‘_/'
@ Explore functions and their

inverses using technology.

¥4

First sketch f(x). Then reflect f(x) in the line y = x.

-é /9/ X
i g

e The range of the original function is f(x) = -3.
The domain of Fl{x)is x € R, x = =3, »—|7
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c When f(x) =f"(x) Problem-solving

1

® 5

EP 6

38

flx) = x y =f(x) and y = f~1(x) intersect on the line y = x.
X2 -3 =x This means that the solution to f(x) = f-1(x) is the
e U same as the solution to f(x) = x.
1+ /13
Sox= :
2 L From the graph you can see that the solution
must be positive, so ignore the negative solution

to the equation.

For each of the following functions f(x):
i state the range of f(x)
ii determine the equation of the inverse function f~!(x)
iii state the domain and range of f~!(x)
iv sketch the graphs of y = f(x) and y = f~!(x) on the same set of axes.

X+5
a fix—2x+3,xeR b fix— 7 L XER
¢c fx—»4-3x,xeR d fixox}-7,xeR
Find the inverse of each function:
a flx)=10-x,xeR . .
i Two of these functions are self-
b g(x)= 5 xeR inverse. A function is self-inverse if f~1(x) = f(x).

3 In this case ff(x) = x.
¢ h(x)=L,x#0,xeR

d k(x)=x-8,xeR
Explain why the function g: x — 4 — x, {x € R, x > 0} is not identical to its inverse.

For each of the following functions g(x) with a restricted domain:
i state the range of g(x)
ii determine the equation of the inverse function g=!(x)
iii state the domain and range of g~!(x)
iv sketch the graphs of y = g(x) and y = g~!(x) on the same set of axes.

a g(x =%,{xeR,x23} b glx)=2x-1,{xeR,x=0}
¢ g(x):%,{xeﬂ%,x:@} d glx)=Vx-3,{xeR,x=7}
e gx)=x2+2, {xeR, x>2} f glx)=x"-8,{xeR, x=2}

The function t(x) is defined by

m First complete the square for the function t(x).
tx)=x2-6x+5, xeR,x=35

Find t~!(x). (5 marks)
The function m(x) is defined by m(x) = x2 + 4x + 9, x € R, x > a, for some constant a.

a State the least value of a for which m~!(x) exists. (4 marks)
b Determine the equation of m~'(x). (3 marks)
¢ State the domain of m~!(x). (1 mark)



7

8

EP 12

2x +

_21, {xeR, x*2}.
a What happens to the function as x approaches 2?
b Find h~!(3).

¢ Find h~!(x), stating clearly its domain.

The function h(x) is defined by h(x) = "

Functions and graphs

d Find the elements of the domain that get mapped to themselves by the function.

The functions m and n are defined by
mxe—2x+3, xeR
x—3

nx———xeR
2

a Find nm(x)

b What can you say about the functions m and n?

The functions s and t are defined by

3
s(x)_x+1,x;¢—1
t(x)=3;x,x¢0

Show that the functions are inverses of each other.

The function f(x) is defined by f(x) = 2x2 - 3, {x € R, x < 0}.

Determine:
a f!(x) clearly stating its domain
b the value(s) of a for which f(a) = f~!(a).

The functions f and g are defined by
fix—e'-5,xeR

gx—Inx-4),x>4

State the range of f.

=

Find f-!, the inverse function of f, stating its domain.

e

=

Find g!, the inverse function of g, stating its domain.

o

The function f is defined by
3(x+2) 9
x >4

E X e x_20 x—4"°

a Show that f: x — , x>4.

1
xX+5
b Find the range of f.

¢ Find f-!(x). State the domain of this inverse function.

Solve the equation g~!(x) = 11, giving your answer to 2 decimal places.

(4 marks)
(4 marks)

(1 mark)
(3 marks)

On the same axes, sketch the curves with equation y = f(x) and y = f-!(x),
giving the coordinates of all the points where the curves cross the axes.

(4 marks)
(3 marks)
(3 marks)

(4 marks)

(2 marks)
(4 marks)
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€ »=f()] and y = (lx]
® To sketch the graph of y = |f(x)|:
» Sketch the graph of y = f(x).

» Reflect any parts where f(x) <0
(parts below the x-axis) in the x-axis.

* Delete the parts below the x-axis.

® To sketch the graph of y = f(|x|):
» Sketch the graph of y = f(x) for x = 0.
* Reflect this in the y-axis.

f(x)=x2-3x-10
a Sketch the graph of y = f(x).
¢ Sketch the graph of y = f(|x]).

a fx)=x2-3x-10=(x-5)x+2)
flx) = O implies (x - S)(x + 2) =0

Iy y=f) .
N
fZ—lY/Z» x =2 -10

-6

Y4y =f(x)
N

-6

b Sketch the graph of y = [f(x)|.

The graph of y = x% — 3x — 10 cuts the x-axis at

Soxi=b orxi==7

—2 and 5.

f(O) = =10

Va

=3

L The graph cuts the y-axis at -10.

This is the sketch of y = x2 - 3x - 10.

The sketch includes the points where the graph
intercepts the coordinate axes.

A sketch does not have to be to scale.

)
m Explore graphs of modulus

functions using technology.

|
N
]
w

Y

40

t Reflect the part of the curve where y = f(x) <0
(the negative values of y) in the x-axis.



e p=ixbh= |x2=a]x| =10

YA
y=1H(x|)

g(x) = sinx, -360° = x = 360°

a Sketch the graph of y = g(x).
b Sketch the graph of y = |g(x)|.
¢ Sketch the graph of y = g(|x|).

a VA

/\ 1 y=sinx
—360 —180 0 180\?5;
_

y=|sinx|

—-360 —180 O 180 360x

y =sin| x|

—360\1&% 0 180\ 360
—1

Functions and graphs

Reflect the part of the curve where x = 0 (the
positive values of x) in the y-axis.

The graph is periodic and passes through
the origin, (180, 0) and (+360, 0).
« Year 1, Section 9.5

Reflect the part of the curve below the
x-axis in the x-axis.

Reflect the part of the curve where
x = 0in the y-axis.
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The diagram shows the graph of y = h(x), with five
points labelled.

Sketch each of the following graphs, labelling the
points corresponding to 4, B, C, D and E, and any
points of intersection with the coordinate axes.

a y = |h(x)|
b y=h(lx])
a VA
B(-2.5,15)
11 E'(6,5)
A D y=|h(x)]
7 0 g x
b VA
i o [
y=nh(]x])
D D "
B = X
E' (-6, -5) E(6,-5)

1 f(x)=x2-7x-8
a Sketch the graph of y = f(x).
¢ Sketch the graph of y = f(]x]).

2 g x P cosx, —360° = x = 360°

=]

Sketch the graph of y = g(x).
Sketch the graph of y = g(|x]).

e

3hxes(x-1Dx-2)(x+3)
a Sketch the graph of y = h(x).
Sketch the graph of y = h(|x]).

e

42

VA
B(-25, 15)

11
A D
/ -7 0 3\/ x
E(6,-5)

The parts of the curve below the x-axis are
reflected in the x-axis.

-

The points 4, B, C and D are unchanged.

The point E was reflected, so the new
coordinates are E'(6, 5).

The part of the curve to the right of the y-axis
is reflected in the y-axis.

The old points 4 and B had negative x-values
so they are no longer part of the graph.

The points C, D and E are unchanged.

There is a new point of intersection with the
x-axis at (=3, 0).

The point E was reflected, so the new
coordinates are E'(—6, =5).

b Sketch the graph of y = [f(x)|.

b Sketch the graph of y = |g(x)|.

b Sketch the graph of y = |h(x)|.



® 4

The function k is defined by k(x) = %, a>0,xeR, x#0.
a Sketch the graph of y = k(x).
b Explain why it is not necessary to sketch y = |k(x)| and y = k(|x|).

The function m is defined by m(x) = %, a<0,xeR, x#0.
¢ Sketch the graph of y = m(x).

d State with a reason whether the following statements are true or false.

Functions and graphs

ik(x)|=m(x)| i k(x])=m(x]) iii m(x)=m(x])
The diagram shows the graph of y = p(x) with 5 points 74 )
labelled.
Sketch each of the following graphs, labelling the points i
corresponding to A, B, C, D and E, and any points of
intersection with the coordinate axes. A C EQ2,1)
a y=|p(x)| (3 marks) E 2 *
b y=p(x) (3 marks)
B(-4,-5)
VA
y=qlx)

The diagram shows the graph of y = q(x) with 7 points
labelled.

Sketch each of the following graphs, labelling the points
corresponding to A, B, C, D and E, and any points of

intersection with the coordinate axes.
a y=|q(x)
b y=q(x])

(4 marks)
(3 marks)

k(x)=% a>0,x#0

a Sketch the graph of y = k(x).
b Sketch the graph of y = |k(x)|.
¢ Sketch the graph of y = k(|x]).

m(x)z%,a<0,x¢0
a Sketch the graph of y = m(x).

X

b Describe the relationship between y = |m(x)| and y = m(

0

f(x) =e*and g(x) = e>

a Sketch the graphs of y = f(x) and y = g(x) on the same axes.

b Explain why it is not necessary to sketch y = |f(x)| and y = |g(x)|.
¢ Sketch the graphs of y = f(|x|) and y = g(|x|) on the same axes.

|
=l
]
(e
L
S
IS o
\\b
oy
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10 The function f(x) is defined by
“2x-6,-5=x<-1
Ha= { x+12 -1<x<2

Problem-solving

A piecewise function like this
does not have to be continuous.

a Sketch f(x) stating its range. (5 marks) Work out the value of both
b Sketch the graph of y= |f(x)|_ (3 marks) expression.s when x = -1 to
¢ Sketch the graph of y = f(|x]). (3 marks) help you with your sketch.

@ Combining transformations

You can use combinations of the following transformations of a function to sketch graphs of more

complicated transformations.

® f(x + a) is a translation by the vector (_;l )
® f(x) + ais a translation by the vector (g)
= f(-x)

m —f(x)

The diagram shows a sketch of the graph of y = f(x).
The curve passes through the origin O, the point
A(2, -1) and the point B(6, 4).

reflects f(x) in the y-axis.

reflects f(x) in the x-axis.

Sketch the graphs of:
a y=2f(x)-1 b y=f(x+2)+2
c y=%f(2x) d y=1f3x-12)

® f(ax) is a horizontal stretch of scale factor L

a

m gf(x) is a vertical stretch of scale factor a

@ You can think of f(=x) and —f(x) as stretches

with scale factor —1. « Year 1, Sections 4.6, 4.7
yll

B(6, 4)

y=f)

=

A2, -1)

In each case, find the coordinates of the images of the points O, 4 and B.

a y=2f(x)-1

(2,-3)

The images of O, 4 and B are (O, —1),
(2, =3) and (6, 7) respectively.

44

Apply the stretch first. The dotted curve is the
graph of y = 2f(x), which is a vertical stretch with
scale factor 2.

Next apply the translation. The solid curve is
the graph of y = 2f(x) — 1, as required. This is a
translation of y = 2f(x) by vector ( 01).

LGN The order is important. If you

applied the transformations in the opposite order
you would have the graph of y = 2(f(x) — 1) or
y=2f(x) - 2.



Functions and graphs

Apply the translation inside the brackets first.
The dotted curve is the graph of y = f(x + 2),

which is a translation of y = f(x) by vector (_02)

The images of O, 4 and B are (-2, 2), (O, 1)

and (4, 6) respectively.
cy= f}—f(zxj

V4

L]
L}
1
L}
1
1
1
L]
1
1
A}
1
1
A]
i

[
i
[
'
i
[
[
[
[
'
2 1

-

L
A

Next apply the translation outside the brackets.

The solid curve is the graph of y = f(x + 2) + 2, as
required. This is a translation of y = f(x + 2) by

vector (g)

Apply the stretch inside the brackets first. The

dotted curve is the graph of y = f(2x), which is a
horizontal stretch with scale factor%

¢ —?.25}/\
(G, 00}

L
* s
s s
~e?

(1,-1)

The images of O, 4 and B are (O, O),
(1, —0.25) and (3, 1) respectively.
d y=13x-12)
y=1f3(x-4))

C > - e
- 5

=Y

The images of O, 4 and B are (4, O),
(1; =1) and (€, 4) respectively.

Then apply the stretch outside the brackets. The
solid curve is the graph of y = %f(Zx), as required.
This is a vertical stretch of y = f(2x) with scale
factor ;

Problem-solving

To sketch a transformation of the form

y = f(ax + b) rewrite itas y = f(a(x i gn

Carry out the horizontal stretch first, then the
translation.

Write y = f(3x — 12) as y = f(3(x — 4)), and apply
the horizontal stretch. The dotted curve is the

graph of y = f(3x), which is a horizontal stretch by
scale factor 1.

Then apply the translation. The solid curve is the
graph of y = f(3(x — 4)), as required. This is a

translation of y = f(3x) by vector (g)
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f(x)=Inx, x>0

Sketch the graphs of

a y=2f(x)-3 b y = |f(—x)|

Show, on each diagram, the point where the graph meets or crosses the x-axis.
In each case, state the equation of the asymptote.

N
a L I, @ Explore combinations of O 23

y=lInx transformations using technology.

Problem-solving

0 1 b You have not been asked to sketch y = f(x) in this
question, but it is a good idea to do this before
sketching transformations of this graph.

Sketch y = f(x), labelling its asymptote and the
coordinates of the point where it crosses the

Inx—3=0 X-axis. « Year 1, Section 14.3
Inx = <
2
x=e?

Solve this equation to find the x-intercept of
=448 (3 sf) y = 2f(x) - 3.

The graph y = 2In x — 3 will cross the

X-axis at (4.48, Q).

J.In)( =13,

2Inx-3

The original graph underwent a vertical stretch by
> a scale factor of 2 and then a vertical translation

by vector (_03)

=

o] /448

b The graph of y = f(=x) is a reflection of
y = f(x) in the y-axis.
Y

x=0
y=In(=x) y=lInx,
The original graph is first reflected in the y-axis.
) The x-intercept becomes (-1, 0).
—No— > The asymptote is unchanged.
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)

1 The diagram shows a sketch of the graph y = f(x).
The curve passes through the origin O, the point
A(-2, -2) and the point B(3, 4).

On separate axes, sketch the graphs of:

a y=3f(x)+2 b y=f(x-2)-5
c yzif(x+ 1) d y=-f(2x)
e y=|[f(x)] f y=|f(-x)

In each case find the coordinates of the images of the
points O, A and B.

The diagram shows a sketch of the graph y = f(x).
The curve has a maximum at the point A(-1, 4) and
crosses the axes at the points (0, 3) and (-2, 0).

On separate axes, sketch the graphs of:

a y=3f(x-2) b yzéf(%x)
c y=-f(x)+4 d y=-2f(x+1)
e y=2f(x]) f y=12x-6)

For each graph, find, where possible, the coordinates
of the maximum or minimum and the coordinates of
the intersection points with the axes.

The diagram shows a sketch of the graph y = f(x).
The lines x = 2 and y = 0 (the x-axis) are asymptotes
to the curve.

On separate axes, sketch the graphs of:

a y=3f(x)-1 b y=f(x+2)+4
¢ y=-f(2x) d y=1(x])
For each part, state the equations of the asymptotes
and the new coordinates of the point A.

X

Functions and graphs

To sketch the graph of y = |f(—x)| reflect any
negative y-values of y = f(—x) in the x-axis.

y Iy
B(3,4)
0 X
A(=2,-2) y=1(x)
yJ\
A(-1.4)
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® 4 The function g is defined by
gx(x-2P2-9,xeR.
a Draw a sketch of the graph of y = g(x), labelling the turning point and the x- and

y-intercepts. (3 marks)
b Write down the coordinates of the turning point when the curve is transformed

as follows:

i 2g(x—-4) (2 marks)

ii g(2x) (2 marks)

iii |g(x)| (2 marks)
¢ Sketch the curve with equation y = g(|x|). On your sketch show the coordinates of all

turning points and all x- and y-intercepts. (4 marks)

5 h(x) =2sinx, —180° = x =< 180°.
a Sketch the graph of y = h(x).
b Write down the coordinates of the minimum, A4, and the maximum, B.
¢ Sketch the graphs of:
i h(x-90°) +1 ii %h(%x) iii %|h(—x)|
In each case find the coordinates of the images of the points O, 4 and B.

6 The diagram shows the curve with equation y = f(x).

_J(' A
y="fx)
f/ .
[9] 7 X
A (43 _2)

Find the coordinates of the points to which O, 4 and B are transformed on the curve with
equation y = f(%x - 2). (3 marks)

m Solving modulus problems

You can use combinations of transformations together with |f(x)| and f(
domain and range to solve problems.

Given the function t(x) =3|x - 1| -2, x € R,
a sketch the graph of the function

x|) and an understanding of

b state the range of the function
¢ solve the equation t(x) = %x + 3.
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Functions and graphs

ya Problem-solving

v =|x]| Use transformations to sketch the graph of
y=3x-1 -2

Sketch the graph of y = |x|.

Step 1
A : 1
Horizontal translation by vector (0)

Y y=3|x-1|
= Step 2
Vertical stretch, scale factor 3.
X

ol 1

& y=3|x-1]-2
Step 3
—— 1§ | i - 0
Vertical translation by vector ( )
| \ ¥

N

T2l

b The range of the function t(x) is y € R,
y=-2. The graph has a minimum at (1, —2).

c I
First draw a sketch of y =3|x — 1| — 2 and the line
\e —T

h
N/
The sketch shows there are two solutions, at 4
(1.22) and B, the points of intersection.

49



Chapter 2

This is the solution on the original part of the

graph.

L When f(x) <0, |f(x)| = —f(x), souse -(3x - 1) — 2 to
find the solution on the reflected part of the graph.

This is the solution corresponding to point B on

AtA,3(x—1}—2=§x+3
3% 5:—12;x+3
Lol
g
AtB,—S(x—TJ—2=—1éx+3
—3x+3-2=%x+3
0,
SX =
pi
& 7
The solutions are x:%and t:—%

The function f is defined by f: x = 6 — 2|x + 3.

A sketch of the graph of the function is shown in the diagram.

a State the range of f.
b Give a reason why f~! does not exist.

¢ Solve the inequality f(x) > 5.

the sketch.

a The range of f(x) is f(x) = 6.

b f(x) is a many-to-one function.
Therefore, = does not exist.

c f(x) =5 at the points 4 and B.
f(x) > 5 between the points 4 and B.
_}‘J

y="fx)

The greatest value f(x) can take is 6.

For example, f(0) = f(-6) = 0.

Problem-solving

3 0 X
y = f(x)

Only one-to-one functions have inverses.
Add the line y = 5 to the graph of y = f(x).

Between the points 4 and B, the graph of y = f(x)

At4,6-2(x+3)=5
=2(x + 3) = -1

1
x+3—2

is above the line y = 5.

This is the solution on the original part of the

E}
2

X ==

50
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Functions and graphs

At B,G - (-2(x+3))=5
2(x+ 3) = -1 L When f(x) <0, |f(x)| = —f(x), so use the negative

1 argument, —2(x + 3).
X+3=—-—
2
i ot This is the solution on the reflected part of the
2 graph.

The solution to the inequality f(x) > 5 is

)
_g < -% m Explore the solution using O

technology.

® 1 For each function
i sketch the graph of y = f(x)

ii state the range of the function.

m For part b transform the graph of y = |x] by:

+ Atranslation by vector (_02)

« Avertical sketch with scale factor%—

afix—4x-3, xeR

b f(x)z%
¢ flx)==2]x-1+6,xeER

x+2-1,xeR

5 + A translation by vector ( 01)
d f:xn—>—§|x|+4,xeﬂ%

2 Given that p(x) =2
a sketch the graph of y = p(x)

x+4|-5x€eR,

b shade the region of the graph that satisfies y = p(x).

3 Given that q(x) = -3|x| + 6,x € R,
a sketch the graph of y = q(x)
b shade the region of the graph that satisfies y < q(x).

4 The function f is defined as
fix-4x+6/+1, xeR.
a Sketch the graph of y = f(x).

b State the range of the function.

¢ Solve the equation f(x) = —%x + 1.

5 Given that g(x) = —%|x -2|+7,x €R,

a sketch the graph of y = g(x)
b state the range of the function

¢ solve the equation g(x) = x + 1.
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6 The functions m and n are defined as

m(x) = —2x + k, x € R Problem-solving

n(x)=3x-4/+6, xR m(x) = n(x) has no real roots means that y = m(x)
’ and y = n(x) do not intersect.

where k is a constant.

The equation m(x) = n(x) has no real roots.

Find the range of possible values for the constant k. (4 marks)
7 The functions s and t are defined as
s(x)=-10-x,xeR
tx)=2x+h -8, xeR
where b is a constant.
The equation s(x) = t(x) has exactly one real root. Find the value of 5. (4 marks)
8 The function h is defined by -
h(x) =%|x— l|-7,xeR
The diagram shows a sketch of the graph y = h(x).
a State the range of h. (1 mark) 0 /i-
b Give a reason why h~! does not exist. (1 mark)
¢ Solve the inequality h(x) < -6. (4 marks)
d State the range of values of k for which the =R
equation h(x) = %x + k has no solutions. (4 marks)
9 The diagram shows a sketch of part of the graph Y4
» = h(x), where h(x) =a - 2|x + 3|, x € R.
The graph intercepts the y-axis at (0, 4). 4
a Find the value of a. (2 marks) \Q .
b Find the coordinates of P and Q. (3 marks) / g %
¢ Solve h(x) = %x + 6. (5 marks) y=h(x)
10 The diagram shows a sketch of part of the graph y = m(x), i
where m(x) = —4|x + 3|+ 7, x € R.
a State the range of m. (1 mark) /\
b Solve the equation m(x) = %x +2. (4 marks) 0 =
Given that m(x) = k, where k is a constant, has two distinct \
roots = \y= $5(%)
¢ state the set of possible values for k. (4 marks)
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Challenge

1 The functions f and g are defined by
f(x) =2|x-4|-8,xeR

gx)=x-9,xeR
The diagram shows a sketch of the graphs of y = f(x) and y = g(x).

VA

Functions and graphs

y=1(x)
0 > y=gx)
A R/P
/
a Find the coordinates of the points 4 and B.
b Find the area of the region R.
2 The functions f and g are defined as: VA y=28x)
f)=—|x-3|+10,xeR
glx)=2|x-3|+2xeR \
Show that the area of the shaded region is o
33 /
y=fx)
0 X
1 a On the same axes, sketch the graphs of y =2 — xand y = 2|x + 1|.
b Hence, or otherwise, find the values of x for which 2 — x = 2|x + 1.
2 The equation [2x — 11| = %x + k has exactly two distinct solutions.
Find the range of possible values of k. (4 marks)
3 Solve|5x - 2| = —%x +8. (4 marks)
4 a On the same set of axes, sketch y = |12 — 5x| and y = —2x + 3. (3 marks)
b State with a reason whether there are any solutions to the equation
12 -5x|=-2x+3 (2 marks)
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Chapter 2

For each of the following mappings:

i state whether the mapping is one-to-one, many-to-one or one-to-many

ii state whether the mapping could represent a function.

a K b VA

P4

h

A

=y

I
el o
/

=y

/O

i

“y

d VA e VA :
> —1 >
/ 0 % 0 ! /x

The function f(x) is defined by
-x, x<1
() = { ¥ X

x-2, x>1
a Sketch the graph of f(x) for-2 = x =

6.
b Find the values of x for which f(x) = —%
The functions p and q are defined by
p:x—x2+3x-4,xeR
gx—2x+1,xeR

a Find an expression for pq(x).

b Solve pq(x) = qq(x).

The function g(x) is defined as g(x) =2x+ 7, {x € R, x = 0}.

a Sketch y = g(x) and find the range.

b Determine y = g-!(x), stating its domain.

¢ Sketch y = g7!(x) on the same axes as y = g(x), stating the relationship between the

two graphs.

The function f is defined by

f:XHM, {(xeR, x>1}
x-1
a Find f-!(x).

b Find: i the range of f~!(x)

ii the domain of f~!(x)

=y

(4 marks)
(3 marks)

(2 marks)
(3 marks)

(3 marks)
(3 marks)

(2 marks)

(4 marks)

(2 marks)



Functions and graphs

10 The functions f and g are given by

L 1
x2-1 x+10

f:.x'—) {XERJ‘X>1}

g:xH% {xeR, x>0}

a Show that f(x) = m

b Find the range of f(x). (1 mark)
¢ Solve gf(x) = 70. (4 marks)

(3 marks)

® 11 The following functions f(x), g(x) and h(x) are defined by
f(x)=4(x-2), {xeR,x=0}
gx)=x3+1, {xeR}
hi(x) = 3% {xeR}
a Find f(7), g(3) and h(-2). b Find the range of f(x) and the range of g(x).
¢ Find g'(x). d Find the composite function fg(x).
e Solve gh(a) = 244. f Solve f-1(x)=- %

12 The function f(x) is defined by f:x — x2 + 6x — 4, x € R, x > q, for some constant a.
a State the least value of a for which f-! exists. (4 marks)
b Given that @ = 0, find f~!, stating its domain. (4 marks)

13 The functions f and g are given by
fix—4x-1, {x e R}

3 1
g.xn—>2x_ l,{AER,A=2}
Find in its simplest form:
a the inverse function f-! (2 marks)
b the composite function gf, stating its domain (3 marks)

¢ the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places. (4 marks)

@ 14 The functions f and g are given by

fix =

x’_‘z, (xER, x #2}

g:xH%, {xeR, x=0}
a Find an expression for f~!(x). (2 marks)
b Write down the range of f~!(x). (1 mark)
¢ Calculate gf(1.5). (2 marks)

d Use algebra to find the values of x for which g(x) = f(x) + 4. (4 marks)

15 The function n(x) is defined by

S—-x, x=0
n(x) = x2, x>0

a Find n(-3) and n(3). b Solve the equation n(x) = 50.
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16 g(x)=tanx, —180° = x = 180°

® 17

® 18

EP) 19

EP) 20
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a
b

C

The diagram shows the graph of f(x).

The points A(4, —3) and B(9, 3) are turning points on the
graph.

Sketch on separate diagrams, the graphs of

Sketch the graph of y = g(x).
Sketch the graph of y = [g(x)|.
Sketch the graph of y = g(|x|).

):J
B(9,3)

/N

a y=f2x)+1 (3 marks) 5 >
b y=[f(x)] (3 marks) \/

c y=—f(x-2) (3 marks) A(4,-3)

d y= f(%x + 2) (3 marks)

Indicate on each diagram the coordinates of any turning points on your sketch.

Functions f and g are defined by

a
b

C

fix—4-x, {x e R}

g:x - 3x2, {(xeR}
Write down the range of g. (1 mark)
Solve gf(x) = 48. (4 marks)

Sketch the graph of y = [f(x)| and hence find the values of x for which |f(x)| = 2. (4 marks)

The function f is defined by f:x — [2x — d, {x € R}, where «a is a positive constant.

a

-}

Sketch the graph of y = f(x), showing the coordinates of the points where the graph

cuts the axes. (3 marks)
On a separate diagram, sketch the graph of y = f(2x), showing the coordinates of the

points where the graph cuts the axes. (2 marks)
Given that a solution of the equation f(x) = %x is x = 4, find the two possible

values of a. (4 marks)

Sketch the graph of y = [x — 2a|, where « is a positive constant. Show the coordinates
of the points where the graph meets the axes. (3 marks)

Using algebra solve, for x in terms of a, |x — 24| = éx. (4 marks)

On a separate diagram, sketch the graph of y = a — |x — 2a|, where a is a positive constant.
Show the coordinates of the points where the graph cuts the axes. (4 marks)

Sketch the graph of y = |2x + a|, @ > 0, showing the coordinates of the points where
the graph meets the coordinate axes. (3 marks)

On the same axes, sketch the graph of y =% (2 marks)

Explain how your graphs show that there is only one solution of the equation
X2x+al-1=0 (2 marks)
2x+a|-1=0. (3 marks)

Find, using algebra, the value of x for which x



22 The diagram shows part of the curve with equation y = f(x), where
f(x)=x2-7x+5Inx+8, x>0

@ »

25

The points A and B are the stationary points of the curve.

a Using calculus and showing your working, find the
coordinates of the points 4 and B. (4 marks)

b Sketch the curve with equation y = =3f(x — 2). (3 marks)
¢ Find the coordinates of the stationary points of the
curve with equation y = =3f(x — 2). State, without
proof, which point is a maximum and which point
is a minimum. (3 marks)

The function f has domain —=5 = x = 7 and is linear from
(=5, 6) to (-3, -2) and from (-3, -2) to (7, 18).
The diagram shows a sketch of the function.

a Write down the range of f. (1 mark)
b Find ff(-3). (2 marks)
¢ Sketch the graph of y = [f(x)|, marking the points at

which the graph meets or cuts the axes. (3 marks)
The function g is defined by g: x = x? — 7x + 10.
d Solve the equation fg(x) = 2. (3 marks)

The function p is defined by
p:xe— 2x+4[+10
The diagram shows a sketch of the graph.

a State the range of p. (1 mark)
b Give a reason why p~! does not exist. (1 mark)
¢ Solve the inequality p(x) > —4. (4 marks)

d State the range of values of k& for which the equation

p(x) = —%x + k has no solutions. (4 marks)

f(x) =3x2-12x+20, x€R

a Write f(x) in the form a(x + b)?>+ ¢, where a, b and ¢
are integers to be found. (3 marks)

b Hence find the range of the function

1
- . xeR P
8 =3 1arTa0 *€ (Zmaxks)

Challenge

a Sketch, on a single diagram, the graphs of y = a2 — x2and y = |x + 4|,

where ¢ is a constant and a > 1.

Functions and graphs

b Write down the coordinates of the points where the graph of y = @ — x?

cuts the coordinate axes.

¢ Given that the two graphs intersect at x = 4, calculate the value of a.

y.i
A y=1Ix)
B
0 / x
r4 (7.18)
y=1(x)
(_Ss 6)
N O v
(-3,-2)
yl
“\
0 Y
y=p)
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Summary of key points

1

O 0 =~ & wun

10

11
12
13
14
15
16

58

A modulus function is, in general, a function of the type y = |f(x)].
® When f(x) = 0, |f(x)| = f(x)
® When f(x) <0, |f(x)] = —f(x)

To sketch the graph of y = |ax + b|, sketch y = ax + b then reflect the section of the graph
below the x-axis in the x-axis.

A mapping is a function if every input has

> 4 X
a distinct output. Functions can either be . . =
one-to-one or many-to-one. [5-R
one-to-one many—to-one not a function
function function

fg(x) means apply g first, then apply f.
fg(x) = f(g(x))

g f

fg
Functions f(x) and f-1(x) are inverses of each other. ff-1(x) = x and f-f(x) = x.
The graphs of y = f(x) and y = f-1(x) are reflections of each another in the line y = x.
The domain of f(x) is the range of f-1(x).
The range of f(x) is the domain of f-1(x).

To sketch the graph of y = |f(x)|

® Sketch the graph of y = f(x)

® Reflect any parts where f(x) < 0 (parts below the x-axis) in the x-axis
® Delete the parts below the x-axis

To sketch the graph of y = f(|x])
® Sketch the graph of y = f(x) forx =0
o Reflect this in the y-axis

f(x + a) is a horizontal translation of —a.
f(x) + a is a vertical translation of +a.

f(ax) is a horizontal stretch of scale factoré
af(x) is a vertical stretch of scale factor a.
f(—x) reflects f(x) in the y-axis.

—f(x) reflects f(x) in the x-axis.



Sequences and series

After completing this chapter you should be able to:

® Find the nth term of an arithmetic sequence - pages 60-62
® Prove and use the formula for the sum of the first
n terms of an arithmetic series - pages 63-66
Find the nth term of a geometric sequence - pages 66-70
Prove and use the formula for the sum of a finite
geometric series -> pages 70-73
® Prove and use the formula for the sum to infinity of
a convergent geometric series - pages 73-76
Use sigma notation to describe series -> pages 76-78
Generate sequences from recurrence relations - pages 79-83

Model real-life situations with sequences and series - pages 83-86

Write down the next three terms of each
sequence.
ar 2n 20T b 11,8,5,2
¢ -15,-9,-3,3 d 3,6,12 24
ab ol Sk ik ok
€ Ve f—ten-14
« GCSE Mathematics

Sequences and series can be
found in nature, and can be used
to model population growth or

decline, or the spread of a virus.  *
- Exercise 31,Q12 ZINARE € 4x3¥=78732 « Year 1, Section 14.6

« N\l

Solve, giving your answers to 3 s.f.:
a 2x=50
b 0.2*=0.0035




Chapter 3

@ Arithmetic sequences

® In an arithmetic sequence, the difference ) ) )
An arithmetic sequence is

between consecutive terms is constant. : ; : ;
sometimes called an arithmetic progression.

B T 9 11
NN N L

2 42 42 This sequence is arithmetic. The difference between

125 10, 75, 5 consecutive terms is +2. The sequence is increasing.
e L M b S
-25 -25 -25 L This sequence is arithmetic. The difference between

consecutive terms is —2.5. The sequence is decreasing.

4, 1, 12, 19,
NS S A L

+3  +5 4T The difference is not constant so the sequence is

not arithmetic.

® The formula for the nth term of an arithmetic sequence is: m e o
u,=a+(n-1)d sequences and series:

where a is the first term and d is the common difference. ® u,is the nth term
e ¢ is the first term

e (is the common difference

The nth term of an arithmetic sequence is u, = 55 — 2. @ T e
a Write down the first 5 terms of the sequence. on your calculator to generate

terms in the sequence for this

b Find the 99th term in the sequence.
function, or to check an nth term.

¢ Find the first term in the sequence that is negative.

a u,=55-2n R b sth T
- . B j B emember, n is the position in the sequence, so
=l =22 s elll= 33 for the first term substitute n = 1.
n=2 — u2=55~2(2j=51>—L
B=3 — #Hz=35-2(3)=43 For the second term substitute n = 2.
n=4 — u,=55-2(4)=47
n=5 — us=55-2(5)=45
b uso=55-2(99) =-143 For the 99th term substitute n = 99.

c 55-2n<0Q

P Problem-solving

n>=275 To find the first negative term, set u,, < 0 and
n=28 solve the inequality. n is the term number so it
Upg = 55 — 2(28) = —1 must be a positive integer.
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Find the nth term of each arithmetic sequence.
a 6,20, 34, 48, 62

b 101, 94, 87, 80, 73

aa=6,d=14

u,=6 + 14(n - 1)
=6+ 14n - 14

u
u,=14n -8

ba=101,d=-7
u,=101 - 7(n - 1)
U, =101 -7n+7

=108 — 7n

i

A sequence is generated by the formula u, = an + b
where a and b are constants to be found.

Given that iy = 5 and g = 20, find the values of
the constants ¢ and b.

uz = 5,50 3a+ b=>5.

Sequences and series

Write down the values of ¢ and d.

Substitute the values of @ and d into the formula
a+ (n—1)d and simplify.

m If the sequence is decreasing then d

is negative.

Problem-solving

You know two terms and there are two
unknowns in the expression for the nth term.
You can use this information to form two
simultaneous equations. ¢ Year 1 Section 3.1

I—'—J

;'—J
ug = 20, s0 &a + b=120.
(2) — (1) gives:
5d:=15
a=3
Substitute a= 3 in (1):
9+b=5
b=-4

Constants are @ = 3 and b = —4. |

1 For each sequence:
i write down the first 4 terms of the sequence

ii write down ¢ and d.

a u,=5+2

Substitute n =3 and u; =5 in u, = an + b.

Substitute n = 8 and ug = 20 in u, = an + b.

b u,=9-2n

Solve simultaneously.

¢ u,=7+0.5n d u,=n-10
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Find the nth terms and the 10th terms in the following arithmetic progressions:

& 2519 1l B 58,1, 14,
¢ 24,21, 18,15, ... d -1,3,7,11, ...
e x,2x,3x, 4x, ... f a,a+d,a+2d a+3d, ...
Ce.llculat? the number of terms in each of the following Problem-solving
arithmetic sequences.
Find an expression for u,, and
a 3,711, ...,83,87 b 5.8 11, ..., 119,122 set it equal to the final term
¢ 90, 88, 80, ..., 16, 14 d 4,9, 14, ..., 224,229 in the sequence. Solve the
e x,3x,5x, ..., 35x equation to find the value of n.

f aa+da+2d,...,a+(n-1d

The first term of an arithmetic sequence is 14. The fourth term is 32. Find the common
difference.

A sequence is generated by the formula u, =pn + ¢ where p and ¢ are constants to be found.
Given that ;=9 and u, =11, find the constants p and q.

For an arithmetic sequence u; = 30 and u,= 9. Find the first negative term in the sequence.

The 20th term of an arithmetic sequence is 14. The 40th term is —6. Find the value of the 10th
term.

The first three terms of an arithmetic sequence are 5p, 20 and 3p, where p is a constant.
Find the 20th term in the sequence.

The first three terms in an arithmetic sequence are -8, k%, 17k ...

Find two possible values of k. (3 marks)
An arithmetic sequence has first term k2 and common Problem-solving

difference k, where k > 0. The fifth term of the sequence is 41.
Find the value of k, giving your answer in the form p + ¢v'5,
where p and ¢ are integers to be found. (4 marks)

You will need to make use
of the condition & > 0 in
your answer.

Challenge

The nth term of an arithmetic sequence is u, = In a + (n — 1) In b where
a and b are integers. u; = In 16 and u; = In 256. Find the values of a
and b.
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Sequences and series

@ Arithmetic series

- . . ..
Ar! arithn:letlc series is the sum of the terms of an m L
arithmetic sequence.

sum of the first n terms of a

5,7,9, 11 is an arithmetic sequence. series.

5+4+7+9+11is an arithmetic series.

Prove that the sum of the first 100 natural numbers is 5050.

Si00 = ) b— The natural numbers are the
positive integers: 1,2, 3, 4, ...
Sioo =

Adding (1) and (
2 % 85y =100 % 1o PrOblem-solvmg

100 x 107 Write out the sum longhand, then
Sio0 = ER T write it out in reverse. You can pair
= 5050 up the numbers so that each pair
has a sum of 101. There are 100
pairs in total.

® The sum of the first n terms of an arithmetic series
is given by the formula

=g(za+(n-1)d)

where a is the first term and d is the common difference.
You can also write this formula as

S,,=§(a+l)

where /is the last term.

; 3 g e R
Prove that the sum of the first n terms of an arithmetic series is 5 (2a + (n = 1)d).

S,=a+a+d) +(a+2d+ ..
+(a+n-2)d)+(a+(@n-1d (1) ——— Write out the terms of the sum.
S=a+mn-Nd)+a+n-2)d) + ...

H

+a+2d)+a+d +a (2) ——— This is the sum reversed.
Adding (1) and (2): L
2x 8, =n(2a+ (n-1)d) Adding together the two sums.

- n
S o casin=ig Problem-solving

You need to learn this proof for your exam.
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Find the sum of the first 50 terms of the arithmetic series 32 + 27 +22 + 17+ 12 + ...

a=32,d=-5 Write down « and .

. 18] = ;

S50 = R (2(32) + (50 = 1){-3)) Substitute into the formula.
S50 = -4525 Simplify.

Find the least number of terms required for the sum of 4 + 9 + 14 + 19 + ... to exceed 2000.

4+2+14+12 + ... > 2000 Always establish what you are given in a question.
] . oon As you are adding on positive terms, it is easier to
Using S, =7 (2a + (n—1)d) solve the equality S, = 2000.
2000 = %(2 x 4 + (n = 1)5)

28 terms are needed.

Knowing a = 4, d =5 and S, = 2000, you need to
find n.

Substitute into S, = g (2a + (n = 1)d).

4000 = n(& + 5n — 5)
4000 = n(5n + 3)
4000 = 5n® + 3n
O = 5n% + 3n — 4000
-3+ /9 + 80000 Solve using the quadratic formula.
10
n=2799 or -26.59

n=

n is the number of terms, so must be a positive

integer.
1 Find the sums of the following series.
a 3+7+11+15+...(20 terms) b 2+6+10+ 14+ ... (15 terms)
¢ 30+27+24+ 21+ ... (40 terms) d 5+1+-3+-7+...(14terms)
€1 O il 08, 40 m For parts e to h, start
f4+7+10+...+91 by using the last term to
g 34+29+24+19+ ... +-111 work out the number of
h (x+D+Qx+D+Gx+D+...+Qlx+1) Skl

2
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Find how many terms of the following series are needed to make the given sums.

as5+8+11+14+...=670
@ Set the expression for S, equal to the

b3+8+13+18+..=1575 total and solve the resulting equation to find .
c 64+62+60+...=0

d 34+30+26+22+...=112



EP 1

EP 12

Sequences and series

Find the sum of the first 50 even numbers.

Find the least number of terms for the sum of 7+ 12 + 17 + 22 + 27 +... to exceed 1000.

The first term of an arithmetic series is 4. The sum to 20 terms is —15. Find, in any order, the
common difference and the 20th term.

The sum of the first three terms of an arithmetic series is 12. If the 20th term is =32, find the
first term and the common difference.

Prove that the sum of the first 50 natural numbers Problem-solving

1s 1275. Use the same method as Example 4.

Show that the sum of the first 2# natural numbers is n(2n + 1).
Prove that the sum of the first » odd numbers is »n?.

The fifth term of an arithmetic series is 33. The tenth term is 68. The sum of the first
n terms is 2225.

a Show that 7n2 + 3n — 4450 = 0. (4 marks)
b Hence find the value of n. (1 mark)

An arithmetic series is given by (kK + 1)+ (2k +3) + 3k + 5) + ... + 303

a Find the number of terms in the series in terms of k. (1 mark)
b Show that the sum of the series is given by % (3 marks)
¢ Given that S, = 2568, find the value of 4. (1 mark)

a Calculate the sum of all the multiples of 3 from 3 to 99 inclusive,
3464+49+...+99 (3 marks)
b In the arithmetic series
4p + 8p + 12p +...+ 400
where p is a positive integer and a factor of 100,

i find, in terms of p, an expression for the number of terms in this series.

ii Show that the sum of this series is 200 + 20300 (4 marks)
¢ Find, in terms of p, the 80th term of the arithmetic sequence
GBp+2),5p+3),(Tp+4), ...,
giving your answer in its simplest form. (2 marks)
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13 Joanna has some sticks that are all of the same length. £
She arranges them in shapes as shown opposite and has made the Row 1 |_|
following 3 rows of patterns. VAN
She notices that 6 sticks are required to make the single pentagon in Row2 | | |
the first row, 11 sticks in the second row and for the third row she needs T
16 sticks. AVAVA
Row3 | [ | |

a Find an expression, in terms of #, for the number of sticks required ——i—
to make a similar arrangement of n pentagons in the nth row. (3 marks)

Joanna continues to make pentagons following the same pattern. She continues until she has

completed 10 rows.

b Find the total number of sticks Joanna uses in making these 10 rows. (3 marks)

Joanna started with 1029 sticks. Given that Joanna continues the pattern to complete

k rows but does not have enough sticks to complete the (k + 1)th row:

¢ show that k satisfies (5k — 98)(k + 21) = 0 (4 marks)
d find the value of k. (2 marks)

Challenge

An arithmetic sequence has nth term «, = In9 + (n — 1) In 3. Show that
the sum of the first n terms = a [n37*+3" where « is a rational number to
be found.

m Geometric sequences

® A geometric sequence has a common ratio between _
 Notation JUPHRUT:

consecutive terms. ) )
sequence is sometimes called

To get from one term to the next you multiply by the a geometric progression.
common ratio.
2, 4 8 16 This is a geometric sequence with common

x2 x2 X2 ratio 2. This sequence is increasing.

1 1 1 1 : . .
2 g 185G This is a geometric sequence A geometric sequence with
\{“fl’\f with common ratio L. This a common ratio |r| < 1 converges. This
b T T sequence is decreasing but means it tends to a certain value. You

will never get to zero. call the value the limit of the sequence.
5 =10, 20, -40, 80
LR U ... JO
x(=2) x(2) x(=2) x(2) Here the common ratio is —2. An alternating sequence

is a sequence in which terms are

The sequence alternates between
alternately positive and negative.

positive and negative terms.

® The formula for the nth term of a geometric sequence is:
u,=ar -1
where a is the first term and r is the common ratio.
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Find the i 10th and ii #th terms in the following geometric sequences:
a 3,6,12,24, ...
b 40, -20, 10, -5, ...

A Ba 2 Pd For this sequencea:Bandr:%:Z.
NN AN
i 10th term= 3 x 2°
1 wi — —
=3 x512 L For;t:)e 10th term use ar** witha =3, r=2 and
= 1536 s
i nth term = 3 x 27
L For the nth term use ar*! with a = 3 and r = 2.
b 20105 5 For this sequence a = 40 and r = -2 = -1
A A
i 10th term = 40 x (—5)°
TRECone- 40 f) L Use ar"! with a = 40, r =~ and n = 10,
=40 x —512
]
i nth term = 40 x (_—%)”_1 Use ar-t witha = 40, r =~ and n = n.
P11
=5x8x (-3 o At _ 1
s 1yt Use laws of indices — = x"-" = ——
=5x2°x (_E) L X P R
Y 2] i A
= (=11 x Py So 23 x e e

The 2nd term of a geometric sequence is 4 and the 4th term is 8. Given that the common ratio is
positive, find the exact value of the 11th term in the sequence.

nth term = ar™', so the 2nd term is ar, and Problem-solving

the 4th term is ar3 You can use the general term of a geometric
ke (1) sequence to write two equations. Solve these
- 2) simultaneously to find @ and r, then find the 11th

term in the sequence.
Dividing equation (2) by equation (1):

ar* _ 8
ar ~ 4
=2
: 5 You are told in the question that r > 0 so use the
)

positive square root.
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Substituting back into equation (1):

a\-"'2 =4
P &
Ve
a=2J2 Rationalise the denominator.

nth term = ar" -~ ', so
11th term = (2V2)(/2)"°

=642 Simplify your answer as much as possible.

The numbers 3, x and (x + 6) form the first three terms of a geometric sequence with all positive terms.
Find:

a the possible values of x, b the 10th term of the sequence.
Problem-solving
U Uz
@ s In a geometric sequence the ratio between
u u
Lo xX+6 consecutive terms is the same, so a-z- =2
3 X e : . I
ey Slmgllf}:.the algtv..ebralc fraction tc‘JrforT:; .
uadratic equation. , .
o 3x + 18 q q €« Year ection
x2-3x-16=0
(x-6)x+3)=0 Factorise.
x=6or-3
So x is either 6 or =3, but there are no
negative terms 5o x = 6. If there are no negative terms then -3 cannot be
an answer.
b 10th term = ar®
= 3 > 29
L Use the formula nth term = ar*! with n = 10,
=:3 x:512 q x 6
= 1536 a=3an r—§—§—2.
The 10th term is 1536.
Example @
What is the first term in the geometric progression 3, 6, 12, 24, ... to exceed 1 million?
o e Problem-solving
=3 x on! Determine a and r, then write an inequality using
the formula for the general term of a geometric

We want nth term > 1000 000 sequence.

Sequencehasa=3and r=2.
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So 3 x 2" > 1000000 Divide by 3
ont > 1000000 ’7
3 To solve this inequality take logs of both sides.
4 1000000 r
log 2™ > log 3
1000000 log a"=nloga « Year 1, Chapter 14
(n—1)log2 = Iog(f)
Iog(@) ’* Divide by log 2.
ni= >
log(2)
n-1>1835 (2 dp)
n>19.35 r n has to be an integer.
n=20

The 20th term is the first to exceed @ Use your calculator to check %

1000 000. your answer.

1

Which of the following are geometric sequences? For the ones that are, give the value of the
common ratio, r.

a 1,2,4,8,16,32, ... b 2,58, 11,14, ...

¢ 40,36,32,28, ... d 2,6,18,54,162, ...

e 10,5,2.5,1.25, ... £ 5,-5,5,=5,5, ...

g 3,3,3,3,3,3,3,.. h 4, -1,0.25, —-0.0625, ...

Continue the following geometric sequences for three more terms.

a 5,15,45, ... b 4,-8,16, ...
¢ 60,30, 15, ... d 1,15 ...
e 1,p,p? ... fox, =2x2,4x3, ...

If 3, x and 9 are the first three terms of a geometric Problem-solving

sequence, find: :

In a geometric sequence the common
Uy
u;

a the exact value of x,

; U,
b the exact value of the 4th term. ratio can be calculated by m d

Find the sixth and nth terms of the following geometric sequences.
a 2,6,18,54, ... b 100, 50, 25, 12.5, ...
c 1,-2,4, -8, ... d| 1L L21LLa3 ...

The nth term of a geometric sequence is 2 x 5. Find the first and 5th terms.

The sixth term of a geometric sequence is 32 and the 3rd term is 4. Find the first term and the
common ratio.
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7 A geometric sequence has first term 4 and third term 1. Find the two possible values of the
6th term.

8 The first three terms of a geometric sequence are given by 8 — x, 2x, and x? respectively where

x> 0.

a Show that x> —4x2=0. (2 marks)
b Find the value of the 20th term. (3 marks)
¢ State, with a reason, whether 4096 is a term in the sequence. (1 mark)

9 A geometric sequence has first term 200 and a common ratio p where p > 0.
The 6th term of the sequence is 40.

a Show that p satisfies the equation 5 log p + log 5 = 0. (3 marks)

b Hence or otherwise, find the value of p correct to 3 significant figures. (1 mark)

® 10 A geometric sequence has first term 4 and fourth term 108. Find the smallest value of k for
which the kth term in this sequence exceeds 500 000.

® 11 The first three terms of a geometric Problem-solving

sequence are 9, 36, 144. State, with a
: . Determine the values of @ and r and find the general
reason, whether 383 616 1s a term in :
th term of the sequence. Set the number given equal
cEequenes to the general term and solve to find n. If nis an
integer, then the number is in the sequence.

® 12 The first three terms of a geometric sequence are 3, —12, 48. State, with a reason, whether
49152 is a term in the sequence.

® 13 Find which term in the geometric progression 3, 12, 48, ...is the first to exceed 1000 000.

@ Geometric series

A geometric series is the sum of the terms of a geometric sequence. 3, 6, 12, 24, ... is a geometric
sequence. 3+ 6+ 12 + 24 + ... is a geometric series.

® The sum of the first n terms of a geometric series is given by the formula

a(l-rm
S, = a0y " rzl @ These two formulae are equivalent.
It is often easier to use the firstone if r< 1
a(r"—-1 ;
i S,, - (r - ) re1 and the second one if r > 1.

where a is the first term and r is the common ratio.
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A geometric series has first term ¢ and common difference . Prove that the sum of the first » terms
a(l — 1)
1-7

of this series is given by S, =

let S,=a+ar+ar®+ard+ ... ar?+ ar’

(1

’S,=ar + ar® + ar® + ... a" + am (2)

(1) = (2) gives S, — rS, = a — ar"

S(1—-r)=all-r)

o all — r")

T -y

Find the sums of the following geometric series.

a 2+6+ 18+ 54+ ... (for 10 terms)
b 1024 -512+256- 128 + ... + 1

a Series is
2+6+ 185+ 54 + ... (for 10 terms)
5oa=2,r=g=33ndn=10

2(310 — 1
Shisie &8 = s E5ide

3=
b Series is
1024 - 512 + 256 - 128 + ... + 1

Soa=1024,r = —1501224 = —%

and the nth term =1

1024 (—z)"" = 1
(=2)1' = 1024
21 = 1024
o log 1024
= log 2
n—-1=10
n="

g o

1-(-3)
1
1024(1 + 5o53)

1
1+§

1024.5

2
2

=683

Sequences and series

Multiply by r.
Subtract rS, from S,
Take out the common factor.

Divide by (1 - 7).

Problem-solving

You need to learn this proof for your exam.

As in all questions, write down what is given.

When r > 1 it is easier to use the formula

a(r —1)

= r—1

First solve ar"~' =1 to find n.

(-2)"! = (-1)"}(2"1) = 1024, so (-1)"-! must be
positive and 2"! = 1024.

1024 = 210

When r < 1, it is easier to use the formula

_a(l—ﬂ‘)
o =0
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Find the least value of n such that the sumof 1 + 2 +4 + 8 + ... to n terms exceeds 2 000 000.

©O e ©

Sumto n terms is S, =

12" = 1) Problem-solving

2 -1 Determine the values of ¢ and r, then use the
=24 — formula for the sum of a geometric series to form
If this is to exceed 2 000 000 then an inequality.
S, > 2000000
2" - 1> 2000000
2" > 2 000001 Add 1.
nlog 2 > log(2 000 001) L
. log(2 000 001) Use laws of logs: log a” = nlog a.
log(2)
n>20.9

It needs 21 terms to exceed 2 000 000. ————— Round # up to the nearest integer.

1

72

Find the sum of the following geometric series (to 3 d.p. if necessary).
al+2+4+8+ ... (8terms) b 32+ 16+ 8+ ... (10 terms)
2 4 8 256
¢ 3+ 5t75 %+t 531375 d 4-12+36-108 + ... (6 terms)
1 5. 5 3 5
8729—243+81—...—§ f—§+z—§...—m

A geometric series has first three terms 3 + 1.2 + 0.48... Evaluate S,,, giving your answer
to4d.p.

. . e 2
A geometric series has first term 5 and common ratio 3 Find the value of Sg.

The sum of the first three terms of a geometric series is 30.5. If the first term is 8, find possible
values of r.

Find the least value of » such that the sum 3 + 6 + 12 + 24 + ... to n terms exceeds 1.5 million.
Find the least value of » such that the sum 5 + 4.5 + 4.05 + ... to n terms exceeds 45.
A geometric series has first term 25 and common ratio %
Given that the sum to k terms of the series is greater than 61,

RS 4 mark
a show tha log(0.6) (4 marks)
b find the smallest possible value of k. (1 mark)
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8 A geometric series has first term ¢ and common ratio r. Problem-solving

The sum of the first two terms of the series is 4.48.
The sum of the first four terms is 5.1968. Find the two
possible values of r. (4 marks)

One value will be positive and
one value will be negative.

9 The first term of a geometric series is « and the common ratio is v3.

Show that S;,= 121a(/3 + 1). (4 marks)

10 A geometric series has first term ¢ and common ratio 2. A different geometric series has

first term b and commeon ratio 3. Given that the sum of the first 4 terms of both series

is the same, show that ¢ = % b. (4 marks)

11 The first three terms of a geometric series are (k — 6), k, (2k + 5), where k is a positive constant.

a Show that k2 — 7k — 30 =0. (4 marks)
b Hence find the value of k. (2 marks)
¢ Find the common ratio of this series. (1 mark)

d Find the sum of the first 10 terms of this series, giving your answer to the nearest
whole number. (2 marks)

@ Sum to infinity

You can work out the sum of the first n terms of a geometric _
o TS ORI fth I You can write the sum to
series. As n tends to infinity, the sum of the series is calle OO e e

the sum to infinity.
Consider the sum of the first n terms of the geometric series 2 + 4 + 8 + 16 +...

The terms of this series are getting larger, so as n tends to infinity, S, also tends to infinity. This is
called a divergent series.

Now consider the sum of the first # terms of the geometric series 1+ 3 + 7 + 3 + 76 + ...

The terms of this series are getting smaller. As n tends to infinity, S, gets closer and closer to a finite

value, S... This is called a convergent series.
m You can also write this

N . g & ; :
A geometric series is convergent if and only if |r]| < 1, condltionas.1 <r<i.

where r is the common ratio.

a(l =
1-r

a(l —r ; f - ,
When || <1, ,E'_E[l( ( )) = a m lim means ‘the limit as n tends to oo’

L—~r -r You can't evaluate the expression when 1 is oo,
This is because 1" — 0 as 1 — oo. but as n gets larger the expression gets closer to
a fixed (or limiting) value.

The sum of the first n terms of a geometric series is given by S, =

= The sum to infinity of a convergent geometric m e on e I T

s e a S
series is given by S, = 1 for a convergent series, i.e. when |r| < 1.
-r
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The fourth term of a geometric series is 1.08 and the seventh term is 0.233 28.

a Show that this series is convergent.

b Find the sum to infinity of the series.

a ar® =108 (1)

ar® = 0.233 286 (2)

Dividing (2) by (1):
arc 0.23325

ar? 108
P =0216
r=0.6

The series is convergent as |r| = 0.6 <1.

Substituting the value of 13 into equation
(1) to find a

0.216a = 1.086
om0
0.216
g=:h
Substituting into S., formula:
a

LS““ZT—r

1-06

A —
S.=125b

For a geometric series with first term ¢ and common ratio r, S, = 15 and S, = 16.

a Find the possible values of r.

Use the nth term of a geometric sequence ar” !
to write down 2 simultaneous equations.

Divide equation (2) by equation (1) to eliminate a.

Problem-solving

To show that a series is convergent you need to
find r, then state that the series is convergent if
[f]E=i

b Given that all the terms in the series are positive, find the value of a.

74

a(l — rf) 1-p
T 15 (1) , = 15 so use the formula S,,=a(1 = )withn=4.
@ . a
S.. =16 so use the formula S.. = Ty with S, = 16.
16(1 = ¥4 =15
1-rt= }_E Solve equations simultaneously.
ceals =
= Replace ﬁ by 16 in equation (1).
o= i%

— Take the 4th root of ¢
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b As all terms are positive, r = +3

1 L. -=16 Substitute r = + into equation (2) to fnd a.
=<2
16(1 - S)=a

a=58

The first term in the series is &.

1

S U R WM

EP) 10

For each of the following series:
i state, with a reason, whether the series is convergent.

ii If the series is convergent, find the sum to infinity.

a 1+0.1+0.01 +0.001+ ... b1+2+4+8+16+... ¢ 10-5+25-125+...
d2+6+10+14+ ... e l+l+l+1+1+.. f 3+1+3+35+...
g 04+08+1.2+1.6+... h 9+8.1+7.29+6.561 + ...

A geometric series has first term 10 and sum to infinity 30. Find the common ratio.
A geometric series has first term —5 and sum to infinity —3. Find the common ratio.
A geometric series has sum to infinity 60 and common ratio % Find the first term.
A geometric series has common ratio —% and S. = 10. Find the first term.

Find the fraction equal to the recurring decimal 0.23. m ] 2,
% ~ 100

10000 T 1000000

For a geometric series a + ar + ar* + ..., Sy=9 and S, = 8, find the values of @ and r:

Given that the geometric series 1 — 2x + 4x? — 8x3 +... is convergent,
a find the range of possible values of x (3 marks)
b find an expression for S, in terms of x. (1 mark)

In a convergent geometric series the common ratio is r and the first term is 2.
Given that S, =16 x §;,

a find the value of the common ratio, giving your answer to 4 significant figures (3 marks)
b find the value of the fourth term. (2 marks)
The first term of a geometric series is 30. The sum to infinity of the series is 240.

a Show that the common ratio, r, is % (2 marks)
b Find to 3 significant figures, the difference between the 4th and 5th terms. (2 marks)

¢ Calculate the sum of the first 4 terms, giving your answer to 3 significant figures. (2 marks)
The sum of the first n terms of the series is greater than 180.
d Calculate the smallest possible value of n. (4 marks)
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11 A geometric series has first term ¢ and common ratio r. The second term of the series is % and

the sum to infinity of the series is 8.

a Show that 6412 — 64r + 15 =0. (4 marks)
b Find the two possible values of . (2 marks)
¢ Find the corresponding two possible values of a. (2 marks)

Given that r takes the smaller of its two possible values,
d find the smallest value of » for which S, exceeds 7.99. (2 marks)

Challenge

The sum to infinity of a geometric series is 7. A second series is formed
by squaring every term in the first geometric series.

a Show that the second series is also geometric.

b Given that the sum to infinity of the second series is 35, show that
the common ratio of the original series isé

m Sigma notation

= The Greek capital letter ‘sigma’ is used to signify a sum. You write it as Y _. You write limits
on the top and bottom to show which terms you are summing.

This tells you that are summing 5 Substituter=1,r=2,r=3,
the expression in brackets with —[Z {2r—3)=i—1 + L4 3+k 241 r=4,r=5to find the five

r=1
r=1,r=2,...uptor=>5. terms in this arithmetic series.

To find the terms in this

o . i
Lookatithe limits caretully: (5 x 21) = 40 + 80 + 160 + 320 + 640 —— geometric series, you
they don't have to start at 1. r=3 cubstitiieyre:3 =g p=5

r=6,r=7.

You can write some results that you already know using sigma notation:

n
'211=" Zl=1+1+1+...+1

r= r=1 e e ——

i nn+1) n times
. =

r=1 2

20
Calculate > (4r + 1)

r=1

20 .
Y(4r+10)=5+9+13 + ... + &1 SEURIENESoRINE

rel Substitute r = 1, 2, etc. to find the terms in the
a=5,d=4and n=20 Sotloe
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Use the formula for the sum to n terms of an

oW i
S= 2(2{: + (n = 1)d)

_ 20
S

=10(10 + 12 x 4)
=10 x 86
= 860

Find the values of:

(2 x5+ (20 - 1)4)

12 12
a > 5x3k-1 b > 5x3k-1
k=1 k=5
12
a ».5 x 31
k=1
=5+15+45 +...

arithmetic series.
Substitute a = 5, d = 4 and n = 20 into
S = g(z.a +(n - 1)d).

@ Check your answer by using

your calculator to calculate the sum of
the series.

5

Substitute k = 1, k = 2 and so on to write out the

a=5,r=3 and n=12

a(rm —1)

first few terms of the series. This will help you
determine the correct values for a, r and n.

St r—1
} 5(3'2 - 1)
=gy
S, =13286600
12 12 4
b Y 5x3k1=35x3k1_-%"5x 3k1
k=5 k=1 k=1
o ABE ]
S, = U E 200

12
Y 5x3k1=1328600 - 200 = 1328400
k=5

1 For each series:
i write out every term in the series
ii hence find the value of the sum.
5 6
a > (3r+1) b > 3
r=1 r=1
2 For each series:

i write the series using sigma notation
ii evaluate the sum.

a2+4+6+8

b2+6+18+54+162

r—1

a@rt'-1
t Since r > 1 use the formula S, = g and
substituteina=5r=3andn=12.

Problem-solving

When we are summing series from & to n, we can
consider the sum of the terms from 1 to n and
subtract the terms from 1 to k — 1.

5
¢ Y _sin(90r°)

r=1

¢ £2-3)

c 6+45+3+1.5+0-1.5
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For each series:
i find the number of terms in the series
ii write the series using sigma notation.

1. 2. 4 64
a 7+ 13+19+...+157 b§+E+%+'”+m
Evaluate:
20 10 100
a > (7-2r) b > 3x4" ¢ >.(2r-198)
r=1 r=1 r=1
Evaluate:
30 1 200 100
a Z(Sr-—) b Y (3r+4) c > .3x0.5
r=9 2 r=100 r=3
15
Find the value of Z,(r+2") (3 marks)
r=1
12 :
Find the value of )_ (2-"—5 +3 ) (4 marks)
r=1
Find in terms of k:
k k k
a > 4-2) b > (100 - 2r) c Y. (7-2r)
r=1 r=1 r=10

Find the value of i 200 x (%) g
r=10

k
Given that Y _(8 + 3r) = 377,

r=1
a show that (3k + 38)(k —13)=0
b hence find the value of k.

k
Given that Y2 x 3" = 59046,

r=1

log19 683
4 ghowthaik=—————
log3
13
b For this value of k, calculate »_ 2 x 3".

r=k+l

A geometric series is given by 1 + 3x + 9x7 +.

The series is convergent.

a Write down the range of possible values of x.

Given that i(?yx)’_] =2
r=1

b calculate the value of x.

Challenge

10 14
Giventhat Y (a+ (r—1)d) = > _ (a + (r - 1)d), show that d = 6a.
r=1 =il

78

d D1
i=5

¢ 8-1-10-19...-127

@ $705)

Problem-solving

n n k=1
u=>u->u

= r=1 =1

100

Problem-solving

You can split up terms inside the
sigma notation:
12

> (2r-5 +3’)=§:1(2r—5)+§3’

r=1

(3 marks)
(1 mark)

(4 marks)

(3 marks)

(3 marks)

(3 marks)
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m Recurrence relations

If you know the rule to get from one term to the next in a sequence you can write a recurrence relation.

= Arecurrence relation of the form u, . , = f(u,) defines each term of a sequence as a function
of the previous term.

For example, the recurrence relation u,,, , = 2u, + 3, u; = 6 produces the following sequence:

[ |
6,15,33,69, ... Up=2u; +3=2(6) +3=15 m In order to generate a sequence

from a recurrence relation like this, you need to
Example @

know the first term of the sequence.
Find the first four terms of the following sequences.

au,,+|=u,,+4,u]=? bun+1=un+4aul:5

a U, =uU, +4,u =7
Substitutingn =1L u,=u, + 4 =7 + 4 =11
Substitutingn =2, us =u, + 4 =1 + 4 =15,
Substitutingn =3, uy, =u; + 4 =15 + 4 =19.
Sequence is 7, 11,15, 19, ...

Substitute n =1, 2 and 3. Use u; to find u;,
and then u, to find u;.

This is the same recurrence formula.
b u,,,=u,+4,u,=5 It produces a different sequence because u,
Substitutingn =1, u,=u; + 4 =5+ 4 =9, is different.
Substitutingn =2, uz =u, + 4 =9 + 4 =13,
Substitutingn =3, uy =uz + 4 =13 + 4 =17
Sequence is 5, 9,13, 17, ...

A sequence ay, a,, as, ... is defined by
a=p
ay 41 =(aﬂ)2_ 1: n=l1

where p < 0.
a Show that ay = p* — 2p°. b Given that a, = 0, find the value of p.
200
¢ Find >_a, d Write down the value of a,y,
r=1
a a=p
as = (@) - 1=p? -1 Use a, = (a,)>— 1 and substitute a, = p.
as = (az)® =1
=(pZ-1)72 -1 L Now substitute the expression for a, to find as.
=pt-2p7 +1-1
=pl=EpF
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b pP-1=0 Set the expression for a, equal to zero and solve.
p?=1
p = £1 but since p < O is given, p = -1 Since this is a recurrence relation, we can see that

c a,=-1,a, =0, as = -1 series alternates

the sequence is going to alternate between -1
and 0. The first 200 terms will have one hundred

ESECH=InGi® —1s and one hundred Os.

In 200 terms, there will be one hundred

—1s and one hundred Os. Problem-solving

200 4 + 5
S = S100 For an alternating series, consider the sums of the

r=1 odd and even terms separately. Write the first few

d ag9 = -1 25 199 is odd terms of the series. The odd terms are —1 and the

1

80

even terms are 0. Only the odd terms contribute
to the sum.

Find the first four terms of the following recurrence relationships.

a U, =u,+3u=1 b w,,,=u,-5u=9
€ W1 =2u,u=3 d w,,,=2u,+1,u,=2
i,
¢ “n+1=75“1=10 fou,,=0)-1u=2
Suggest possible recurrence relationships for the following sequences. (Remember to state the
first term.)
a3 5% L% b 20,17,14,11, ;. ¢ 1,2:4, 8.
d ‘100, 25, 6.25, 1.5625, ... e 1,-1,1,-1,1, ... £ 3,7 15; 31,
g 0,1,2,5,26, ... h 26,14,8,5,3.5, ...
By writing down the first four terms or otherwise, find the recurrence formula that defines the
following sequences:
a u,=2n-1 b u,=3n+2 ¢ u,=n+2
dunzn;-l e u,=n f u,=3"-1

A sequence of terms is defined for n = 1 by the recurrence relation u, . | = ku,, + 2, where k is a
constant. Given that u; = 3,

a find an expression in terms of k& for u,
b hence find an expression for u;

Given that u; = 42:

¢ find the possible values of k.

A sequence is defined for n = 1 by the recurrence relation
Uy 1 = Pliy+ g, Uy =2

Given that u, = —1 and u; = 11, find the values of p and g. (4 marks)
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Sequences and series

A sequence is given by
Xl = 2
Xps1= xn(p - 3X”)

where p is an integer.

a Show that x; = —10p? + 132p — 432. (2 marks)
b Given that x; = =288 find the value of p. (1 mark)
¢ Hence find the value of x,. (1 mark)

A sequence a,, @,, ds, ... is defined by
al - k
a,,1=4a,+5

a Find a; in terms of £. (2 marks)

4
b Show that Y _a, is a multiple of 5. (3 marks)
r=1

A sequence is increasing ifu,, , > u,foralln e N,

A sequence is decreasingifu,,, <u,foralln e N.

A sequence is periodic if the terms repeat in a cycle. m
G . . The order of
For a periodic sequence there is an integer & such that corderora

u,,,=u,forall n € N. The value & is called the order
of the sequence.

periodic sequence is sometimes
called its period.

2,3,4,5... isanincreasing sequence.

—-3,-6,-12, —24... is a decreasing sequence.
-2,1,-2,1,-2, 1is a periodic sequence with a period of 2.
1,-2,3,-4,5,—6... is not increasing, decreasing or periodic.

For each sequence:

i

state whether the sequence is increasing, decreasing, or periodic.

ii If the sequence is periodic, write down its order.

. - - 2 1 wsval o
a MJ':+1_HJ':"'&;ul_’;||r b 14!”4_1—(1{”),“]—2 c un_SIrl(gon)

a 70018160, Write out the first few terms of the sequence.

u, .1 > u, for all n, so the sequence is
increasing. State the condition for an increasing sequence.
You could also write that & + 3 > k for all

numbers k.
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1 1 1 1

. 2 4 1 25677 The starting value in the sequence makes a
Uy, < u, for all n, so the sequence is —————— big difference. Because u, < 1 the numbers get
decreasing. smaller every time you square them.

c uy = sin(90° =1
uy = sin(160°) = O

Uz = sin(270°) = m Although every even term of the

(
Ua = 51n§360 )= 10 sequence is 0, the period is not 2 because the

L To find u, substitute n = 1 into sin (90n°).

us = sin(450°) = odd terms alternate between 1 and —1.
u; = sin(540°) = O
4, = sin(630°) = —1

The graph of y = sin x repeats with period 360°.

The sequence is periodic, with order 4. So it 1BEnsle iy « Year 1, Chapter 9

1

(E/P) 4

EP) 5

For each sequence:
i state whether the sequence is increasing, decreasing, or periodic.

ii If the sequence is periodic, write down its order.

111

a 2,58, 11,14 b Sl e ¢ 5,9,15,23,33 £8~48-413

For each sequence:

i write down the first 5 terms of the sequence

ii state whether the sequence is increasing, decreasing, or periodic.

iii If the sequence is periodic, write down its order.

a u,=20-3n b u,=2"" ¢ u,=cos(180n°)

d u,=(-1)" e U 1=u,—5 u =20 f u, o 1=5-u,u; =20

2
g un+1=§um lek

The sequence of numbers u, u,, us, ... is given by u,, , | = ku,, u; = 5.
Find the range of values of k for which the sequence is strictly decreasing.

The sequence with recurrence relation u; , | = pu;, + ¢, u, = 5, where p is a constant and ¢ = 13,
is periodic with order 2.
Find the value of p. (5 marks)

A sequence has nth term a, = cos(90n°), n = 1.

a Find the order of the sequence. (1 mark)

444
b Find > _a, (2 marks)

r=1
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Challenge

The sequence of numbers uy, up, us, ..

.is given by u,,,=
u, = a, u; = b, where a and b are positive integers.

ilas Upy

Sequences and series

m Each term in this

sequence is defined in
terms of the previous
two terms.

u, '

a Show that the sequence is periodic for all positive @ and b.

b State the order of the sequence. o

¢ Inthe case wheret=2and h=9, find Z u,

r=1

@ Modelling with series

You can model real-life situations with series. For example if a person’s salary increases by the same
percentage every year, their salaries each year would form a geometric sequence and the amount they
had been paid in total over n years would be modelled by the corresponding geometric series.

Bruce starts a new company. In year 1 his profits will be £20 000. He predicts his profits to increase
by £5000 each year, so that his profits in year 2 are modelled to be £25 000, in year 3 £30 000, and
so on. He predicts this will continue until he reaches annual profits of £100000. He then models his

annual profits to remain at £100 000.

a Calculate the profits for Bruce’s business in the first 20 years.

b State one reason why this may not be a suitable model.

¢ Bruce’s financial advisor says the yearly profits are likely to increase by 5% per annum.
Using this model, calculate the profits for Bruce’s business in the first 20 years.

a Year 1 P=20000, Year 2 P= 25000, +——
Year 3 P= 30000

a =20000, d = 5000
u,=a+ (n-1d
100000 = 20000 + (rn — 1)(5000)
100000 = 20000 + 5000n — 5000
65000 = 5000n

S

_ 85000 _
~5op0 It
S = g(2(20 000) + (17 - 1)(5000))
=1020000
Sop= 1020000 + 3(100 000)
=1320000
So Bruce’s total profit after 20 years is
£1320000.

This is an arithmetic sequence as the difference is
constant.

Write down the values of @ and d.

Use the nth term of an arithmetic sequence to
work out n when profits will reach £100 000.

Solve to find n.

You want to know how much he made overall in
the 17 years, so find the sum of the arithmetic
series.

In the 18th, 19th and 20th year he makes
£100 000 each year, so add on 3 x £100000 to the
sum of the first 17 years.
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b It is unlikely that Bruce’s profits will

increase by exactly the same amount each

year.

This is a geometric series, as to get the next term
you multiply the current term by 1.05.

c a=£20000, r =105

alrt = 1)

Sn = P
S 20000(1.052° — 1) Use the formula for the sum of the first n terms
0= -1
PR = of a geometric series S, = %

S}U = 661 31908
So Bruce’s total profit after 20 years is
£661312.086.

A piece of A4 paper is folded in half repeatedly. The thickness of the A4 paper is 0.5 mm.
a Work out the thickness of the paper after four folds.
b Work out the thickness of the paper after 20 folds.

¢ State one reason why this might be an unrealistic model.

a a=05mm,r=2 L This is a geometric sequence, as each time we
After 4 folds: fold the paper the thickness doubles.
us = 0.5 x 24 = Bmm

b Aftsh 20 olde Since u, is the first term (after 0 folds), u, is after

e 1 fold, so us is after 4 folds.

c It is impossible to fold the paper that many Problem-solving

fneseatieyiedeimpned S5 If you have to comment on the validity of a model,

always refer to the context given in the question.
Exercise @

1 An investor puts £4000 in an account. Every month
. At the start of the 6th
thereafter she deposits another £200. How much money m esmartortne
in total will she have invested at the start of a the 10th month
and b the mth month?

® 2 Carol starts a new job on a salary of £20000. Problem-solving

She is given an annual wage rise of £500 at the end of . . L

til sh fiss b . al £ This is an arithmetic series with
every year until she reaches her maximum salary o 4 = 20000 and d = 500. First find
£25000. Find the total amount she earns (assuming how many years it will take her
no other rises), a in the first 10 years, b over 15 years to reach her maximum salary.
and c state one reason why this may be an unsuitable model.

month she will have only
made 5 deposits of £200.
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3 James decides to save some money during the six-week holiday. He saves Ip on the first day, 2p
on the second, 3p on the third and so on.

a How much will he have at the end of the holiday (42 days)?

b If he carried on, how long would it be before he has saved £100?

4 A population of ants is growing at a rate of 10% a year. Problem-solving

If there were 200 ants in the initial population,

write down the number of ants after: This is a geometric sequence.

a=200andr=1.1
a 1 year b 2 years ¢ 3years d 10 years.

5 A motorcycle has four gears. The maximum speed in bottom gear is 40 km h~! and the
maximum speed in top gear is 120 km h-!. Given that the maximum speeds in each successive
gear form a geometric progression, calculate, in km h-! to one decimal place, the maximum
speeds in the two intermediate gears.

6 A car depreciates in value by 15% a year. Problem-solving
After 3 years it is worth £11054.25.
Use your answer to part a to write an

b Ny n bl
8 What was the car’s initial price! inequality, then solve it using logarithms.

b When will the car’s value first be less than £5000?

7 A salesman is paid commission of £10 per week for each life insurance policy that he has sold.
Each week he sells one new policy so that he is paid £10 commission in the first week,
£20 commission in the second week, £30 commission in the third week and so on.

a Find his total commission in the first year of 52 weeks. (2 marks)

b In the second year the commission increases to £11 per week on new policies sold, although
it remains at £10 per week for policies sold in the first year. He continues to sell one policy
per week. Show that he is paid £542 in the second week of his second year. (3 marks)

¢ Find the total commission paid to him in the second year. (2 marks)

@ 8 Prospectors are drilling for oil. The cost of drilling to a depth of 50 m is £500. To drill a further

50 m costs £640 and, hence, the total cost of drilling to a depth of 100 m is £1140.
Each subsequent extra depth of 50 m costs £140 more to drill than the previous 50 m.

a Show that the cost of drilling to a depth of 500 m is £11 300. (3 marks)
b The total sum of money available for drilling is £76 000. Find, to the nearest 50 m,
the greatest depth that can be drilled. (3 marks)

® 9 Each year, for 40 years, Anne will pay money into a savings scheme. In the first year she pays in

£500. Her payments then increase by £50 each year, so that she pays in £550 in the second year,
£600 in the third year, and so on.

a Find the amount that Anne will pay in the 40th year. (2 marks)
b Find the total amount that Anne will pay in over the 40 years. (3 marks)

¢ Over the same 40 years, Brian will also pay money into the savings scheme. In the first year
he pays in £890 and his payments then increase by £d each year. Given that Brian and Anne
will pay in exactly the same amount over the 40 years, find the value of d. (4 marks)
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A virus is spreading such that the number of people infected increases by 4% a day.
Initially 100 people were diagnosed with the virus. How many days will it be before 1000 are
infected?

I invest £4 in the bank at a rate of interest of 3.5% per annum. How long will it be before I
double my money?

The fish in a particular area of the North Sea are being reduced by 6% each year due to
overfishing. How long will it be before the fish stocks are halved?

The man who invented the game of chess was asked to name his reward. He asked for 1 grain
of corn to be placed on the first square of his chessboard, 2 on the second, 4 on the third and
so on until all 64 squares were covered. He then said he would like as many grains of corn as
the chessboard carried. How many grains of corn did he claim as his prize?

A ball is dropped from a height of 10 m. It bounces to a height
of 7m and continues to bounce. Subsequent heights to which
it bounces follow a geometric sequence. Find out:

a how high it will bounce after the fourth bounce

b the total vertical distance travelled up to the point when the ball hits the ground for the sixth
time.

Richard is doing a sponsored cycle. He plans to cycle 1000 miles over a number of days.
He plans to cycle 10 miles on day 1 and increase the distance by 10% a day.
a How long will it take Richard to complete the challenge?

b What will be his greatest number of miles completed in a day?

A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the plan.
Alan wants to save up £20 000. He works out that he can afford to save £500 every year, which
he will deposit on 1 January. If interest is paid on 31 December, how many years will it be
before he has saved up his £20 000?

Mixed exercise o

1

86

A geometric series has third term 27 and sixth term 8.

a Show that the common ratio of the series is % (2 marks)
b Find the first term of the series. (2 marks)
¢ Find the sum to infinity of the series. (2 marks)

d Find the difference between the sum of the first 10 terms of the series and the sum
to infinity. Give your answer to 3 significant figures. (2 marks)

The second term of a geometric series is 80 and the fifth term of the series is 5.12.

a Show that the common ratio of the series is 0.4. (2 marks)
Calculate:
b the first term of the series (2 marks)



Sequences and series

¢ the sum to infinity of the series, giving your answer as an exact fraction (1 mark)

d the difference between the sum to infinity of the series and the sum of the first
14 terms of the series, giving your answer in the form a x 10", where | < a < 10
and n is an integer. (2 marks)

3 The nth term of a sequence is u,, where u, = 95 2 n, n=1,2,3, ...
q 5

a Find the values of u, and u,. (2 marks)
Giving your answers to 3 significant figures, calculate:
b the value of w5, (1 mark)
15
c 2 u (2 marks)
n=1
d the sum to infinity of the series whose first term is #; and whose nth term is u,,. (1 mark)

4 A sequence of numbers u,, i, ... , U,, ... is given by the formula u, = 3(%)” — 1 where n
is a positive integer.

a Find the values of u,, u, and u;. (2 marks)
15
b Show that > u, =-9.014 to 4 significant figures. (2 marks)
n=1
2u, — 1

¢ Prove thatu,, = 3 (2 marks)
5 The third and fourth terms of a geometric series are 6.4 and 5.12 respectively. Find:

a the common ratio of the series, (2 marks)

b the first term of the series, (2 marks)

¢ the sum to infinity of the series. (2 marks)

d Calculate the difference between the sum to infinity of the series and the sum of

the first 25 terms of the series. (2 marks)

6 The price of a car depreciates by 15% per annum. Its price when new is £20 000.

a Find the value of the car after 5 years. (2 marks)

b Find when the value will be less than £4000. (3 marks)
7 The first three terms of a geometric series are p(3g + 1), p(2¢ + 2) and p(2¢g — 1),

where p and ¢ are non-zero constants.

a Show that one possible value of ¢ is 5 and find the other possible value. (2 marks)

b Given that ¢ = 5, and the sum to infinity of the series is 896, find the sum of the

first 12 terms of the series. Give your answer to 2 decimal places. (4 marks)
8 a Prove that the sum of the first » terms in an arithmetic series is
S= %(Zcz +(n—1)d)

where a = first term and d = common difference. (3 marks)

b Use this to find the sum of the first 100 natural numbers. (2 marks)
9 Find the least value of » for which Y _ (4r — 3) > 2000. (2 marks)

r=1
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The sum of the first two terms of an arithmetic series is 47.
The thirtieth term of this series is —62. Find:

a the first term of the series and the common difference (3 marks)
b the sum of the first 60 terms of the series. (2 marks)

a Find the sum of the integers which are divisible by 3 and lie between 1 and 400. (3 marks)

b Hence, or otherwise, find the sum of the integers, from 1 to 400 inclusive, which are
not divisible by 3. (2 marks)

A polygon has 10 sides. The lengths of the sides, starting with the shortest, form an arithmetic
series. The perimeter of the polygon is 675 cm and the length of the longest side is twice that of
the shortest side. Find the length of the shortest side of the polygon. (4 marks)

Prove that the sum of the first 2z multiples of 4 is 4n(2n + 1). (4 marks)

A sequence of numbers is defined, for n = 1, by the recurrence relation u,,, = ku, — 4, where k is
a constant. Given that u, = 2:

a find expressions, in terms of k, for u, and us. (2 marks)
b Given also that u; = 26, use algebra to find the possible values of k. (2 marks)

The fifth term of an arithmetic series is 14 and the sum of the first three terms of the series is 3.
a Use algebra to show that the first term of the series is —6 and calculate the common
difference of the series. (3 marks)
b Given that the nth term of the series is greater than 282, find the least possible
value of n. (3 marks)

The fourth term of an arithmetic series is 3k, where k is a constant, and the sum of the first six
terms of the series is 7k + 9.

a Show that the first term of the series is 9 — 8%. (3 marks)
b Find an expression for the common difference of the series in terms of 4. (2 marks)
Given that the seventh term of the series is 12, calculate:

¢ the value of k (2 marks)
d the sum of the first 20 terms of the series. (2 marks)

A sequence is defined by the recurrence relation

an+l:a_nna]=p

a  Show that the sequence is periodic and state its order. (2 marks)
1000
b Find > a,in terms of p. (2 marks)

r=1
A sequence a,, @,, a5, ... is defined by
a; =k
a,,1=2a,+6,n=1

where & is an integer.
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a Given that the sequence is increasing for the first 3 terms, show that k > p,

where p is an integer to be found. (2 marks)

b Find a4in terms of k. (2 marks)
4

¢ Show that > _a, is divisible by 3. (3 marks)

r=1

The first term of a geometric series is 130. The sum to infinity of the series is 650.

a Show that the common ratio, r, is % (3 marks)
b Find, to 2 decimal places, the difference between the 7th and 8th terms. (2 marks)
¢ Calculate the sum of the first 7 terms. (2 marks)

The sum of the first n terms of the series is greater than 600.
—log 13

d Show that n > 10g0.8

(4 marks)

The adult population of a town is 25000 at the beginning of 2012.
A model predicts that the adult population of the town will increase by 2% each year,
forming a geometric sequence.

a Show that the predicted population at the beginning of 2014 is 26 010. (1 mark)
The model predicts that after n years, the population will first exceed 50 000.

log2
b Show that n > log1.02 (3 marks)
¢ Find the year in which the population first exceeds 50 000. (2 marks)

d Every member of the adult population is modelled to visit the doctor once per year.
Calculate the number of appointments the doctor has from the beginning of 2012
to the end of 2019. (4 marks)

e Give a reason why this model for doctors’ appointments may not be appropriate. (1 mark)

Kyle is making some patterns out of squares. He has made 3 rows so far. H:I
a Find an expression, in terms of », for the number of squares Rowl
required to make a similar arrangement in the nth row. (3 marks) ]
b Kyle counts the number of squares used to make the pattern Row 2 [
in the kth row. He counts 301 squares. Write down the value
of k. (1 mark) |
¢ In the first ¢ rows, Kyle uses a total of p squares. Row 3 11
i Show that ¢*> +2¢—p=0. (3 marks)
ii Given that p > 1520, find the minimum number of rows
that Kyle makes. (3 marks)

A convergent geometric series has first term ¢ and common ratio r. The second term of the
series is —3 and the sum to infinity of the series is 6.75.

a Show that 272 -27r—-12=0. (4 marks)
b Given that the series is convergent, find the value of r. (2 marks)

¢ Find the sum of the first 5 terms of the series, giving your answer to
2 decimal places. (3 marks)
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Challenge

A sequence is defined by the recurrence relation u,,, ; = 5u,,. , — 6u,,.

a Prove that any sequence of the form u, = p x 3" + ¢ x 2", where p and
¢ are constants, satisfies this recurrence relation.

Given that u; =5 and u, = 12,

b find an expression for u, in terms of n only.

¢ Hence determine the number of digits in u;go.

Summary of key points

1

2

10

90

In an arithmetic sequence, the difference between consecutive terms is constant.

The formula for the nth term of an arithmetic sequence is u, = a + (n — 1)d, where a is the
first term and d is the common difference.
An arithmetic series is the sum of the terms of an arithmetic sequence.

The sum of the first n terms of an arithmetic series is given by S, = g (2a + (n — 1)d), where
where a is the first term and d is the common difference.

You can also write this formula as S, =%(a + [), where [ is the last term.
A geometric sequence has a common ratio between consecutive terms.

The formula for the nth term of a geometric sequence is u, = ar* -1, where a is the first term
and r is the common ratio.

The sum of the first n terms of a geometric series is given by
a(l-r =1
SH=¥,:-=1 or S,,=u,
1-r r—1

where a is the first term and r is the common ratio.

r#1

A geometric series is convergent if and only if |r| < 1, where r is the common ratio.

a
1-r

The sum to infinity of a convergent geometric series is given by S, =

The Greek capital letter ‘sigma’ is used to signify a sum. You write it as Y _. You write limits on
the top and bottom to show which terms you are summing.

A recurrence relation of the form u,, ; = f(i,) defines each term of a sequence as a function of
the previous term.

A sequence is increasing if u,, , > u, foralln € N.
A sequence is decreasing if u, ., <u, foralln € N.

A sequence is periodic if the terms repeat in a cycle. For a periodic sequence there is an
integer k such that u,, , = u, for all n € N. The value & is called the order of the sequence.



Binomial expansion

After completing this chapter you should be able to:

® Expand (1 + x)" for any rational constant #n and determine the range
of values of x for which the expansion is valid - pages 92-97

® Expand (a + bx)" for any rational constant n and determine the range
of values of x for which the expansion is valid - pages 97-100

® Use partial fractions to expand fractional expressions - pages 101-103

Expand the following expressions in ascending

>
Ld .
’ - . _ powers of x up to and including the term in x>.
e '
.

a (1+5x)7 b (5-2x)10 ¢ (1-x)2+x)8

. « Year 1, Chapter 8

Write each of the following using partial

The binomial expansion can :
fractions.

be used to find polynomial
approximations for expressions s —léx+17 24x -1

involving fractional and negative (1+2x)(1 - 5x) (1+2x)?

indices. Medical physicists use 24x2 + 48x + 24

these approximations to analyse £ (1 + x)(4 — 3x)2

magnetic fields in an MRI scanner. « Sections 1.3 and 1.4

F | S aRaae—"



Chapter 4

@ Expanding (1 + x)"

If nis a natural number you can find the binomial expansion for (a + bx)" using the formula:

@ Therearen + 1

n n o n A= n n=rpr 7
@+ b)"=d"+ (l)a” e (2)“ 2 e T (r)a b+...+b" (neN) terms, so this formula
produces a finite
number of terms.

If nis a fraction or a negative number you need to use a different
version of the binomial expansion.

= This form of the binomial expansion can be applied to negative or fractional values of n to
obtain an infinite series.
nin-1) 3 nn-1)(n-2) . (n(n—l)...(n—r+ 1))
X2+ X+ "
2! 3! r

1+x)"=1+nx+

= The expansion is valid when |x| <1, n € R.

When n‘is not a naturgl number, none of the LERLED This expansion is valid for any real
factors in the expression n(n = 1) ... (n—r+1) value of 7, but is only valid for values of x that
are equal to zero. This means that this version satisfy |x| < 1, or in other words, when -1 < x < 1.

of the binomial expansion produces an infinite
number of terms.

You can use a finite number of terms from the binomial expansion to approximate the value of the
original expression.

= Approximations based on the binomial expansion are more accurate:
» when more terms of the expansion are used
+ for values of x closer to 0

Find the first four terms in the binomial expansion of 0 j_ =
—T—_ =(1 +x)" Write in index form.
14+ x
-1)(-2)x?
=g EA —‘
2! Replace n by —1 in the expansion.
(=)(=2)(=3)x° .
3! As n is not a positive integer, no coefficient will
=1 —lx+ 1% - 1%+ .. ever be equal to zero. Therefore, the expansion is

oy S infinite.

For the series to be convergent, |x| < 1.

= The expansion of (1 + hx)”, where n is negative or a fraction, is valid for |hx| < 1, or |x| < T:’_|
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Find the binomial expansions of
a (1-x)s
1
h——
(1 +4x)?

up to and including the term in x3. State the range of values of x for which each expansion is valid.

a (1-x)

Binomial expansion

Replace 7 by 3, x by (-x).

1
=1+ (3)(x)
(35 = N=x)? — Simplify brackets.
+
21
(3G - NG - 2) (—x)? m Be careful working out whether each
i 3l term should be positive or negative:
)(=2)(=x)? + even number of negative signs means term is
=1+ (3)x) + ? ; —‘ positive
+ odd number of negative signs means term is
()=5)=2)(~x)? negative
. c s The x3 term here has 5 negative signs in total, so
' it is negative.
=1-3x— %xz =% ok

Expansion is valid as long as |-x| <1
=i (il
1

L Simplify coefficients.

Terms in expansion are (—x), (—x)?, (—x)*.

m: 1+ 4X)_2

=1+ (-2)(4x)

jibcise = 1(4x)?
21

(-2)(-2 = 1)(-2 - 2)}(4x)3
3] 2

+

=1+ (=2)4x)
(-2)(=3)16x2
N >

(=2)(=3)(-4)64x>
+ c +

=1—8x+48x2 - 256x% + ...

— |

Write in index form.

—— Replace n by -2, x by 4x.

Simplify brackets.

Simplify coefficients.

’, Terms in expansion are (4x), (4x)?, (4x)°.

!

Expansion is valid as long as |4x| <1

= |x| <%

N ]
m Use technology to explore

why the expansions are only valid
for certain values of x.
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a Find the expansion of v'1 — 2x up to and including the term in x3.

b By substituting in x = 0.01, find a decimal approximation to v2.

¢ Without further calculation, state how the accuracy of this approximation could be improved.

3o 2% =1~ 25

= T+ d-2x

K

(2% — N(-2x)2
o2 2l
@G = NG = 2)-2x)?
3] + ...
=1+ (3)(=2x) ]

@)—2)4x2)

2l
@ =2)=2)(-8x3)
g E Pril
. o e = i
=1-x- e + ...

Expansion is valid if |—ét|<1—|—

= |x| <3
, 2
b V1 -2 x 001 %1-—0.01—% =
_ 001
2 L
V0.98 = 1 - 0.01 - 0.00005

- 0.0000005

128 0.9899495 L

V100

[49 x 2

[Trog- ™ 09899495

10

~ 0.98699425

.. 0.9699495 x 10

Ve 7

V2 =2 1.414213571

¢ Use more terms from the binomial
expansion of V1 — 2x.

94

Write in index form.

Replace n by %, x by (-2x).

Simplify brackets.

Simplify coefficients.

Terms in expansion are (-2x), (—2x)?, (=2x)°.

x = 0.01 satisfies the validity condition x| <%

Substitute x = 0.01 into both sides of the
expansion.

Simplify both sides.
Note that the terms are getting smaller.

. 98
Write 0.98 as o

Use rules of surds.

This approximation is accurate to 7 decimal
places.



Binomial expansion

2+ x

f(x) =
) v1+ 5x

a Find the x? term in the series expansion of f(x).
b State the range of values of x for which the expansion is valid.

Write in index form.

a f(x)=(2 + (1 + 5x)=

(+505=14+ (-%){5)0

+ '2] (5x)?
-2)-2)-2)
g Bl . _— . B
+ T(Sx)- + ... Find the binomial expansion of (1 + 5x) 2
2
= ‘z‘x ok 2—5-’62 = —6165 x3 + Simplify coefficients.

=) 75 625
fix) =2+ 21 - =x+—x% ——x* )
e ’d(_ 3 s e m Use your calculator to calculate %

75 5 &5 the coefficients of the binomial expansion.
2 x —&— + 1 x —E = 7

v T Problem-solving

4
There are two ways to make an x? term.

b The expansion is valid if |5x| < 1 - -
= |x| < 13 Either 2 x —é—x-? or X X Zx. Add these together to
find the term in x2.

In the expansion of (1 + kx)~* the coefficient of x is 20.

a Find the value of %.
b Find the corresponding coefficient of the x? term.

a (1 +kx)y4=1+(-4tkx) +%(}cx}2 + ... |—— Find the binomial expansion of (1 + kx)=*.

=1 - 4kx + 10k2x2 + ...

-4k = 20 —‘
Solve to find k.
k=-5 |
b Coefficient of x2 = 10k = 10(=5)2 = 250
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1

2

3

96

For each of the following,

i find the binomial expansion up to and including the x* term
ii state the range of values of x for which the expansion is valid.
a (1+x)* b (1+x)° ¢ (1+x)
d (1+x) e (1+x)7 f (1+x)2

For each of the following,

i find the binomial expansion up to and including the x* term

ii state the range of values of x for which the expansion is valid.
-5 .

a (1+3x)73 b (1+3x] ¢ (1+2x):

5
Kl

d (1-5x) e (1+6x)> f (1-3x)

For each of the following,
i find the binomial expansion up to and including the x* term

ii state the range of values of x for which the expansion is valid.

1 1 :
A 1+ x)? b (1 +3x)4 ¢ Vl-x m In part f, write

the fraction as a single

- ——
d V1-3x e ! v1-2x power of (1 — 2x).
et 1 -2x
y +3X
1+x
) =1 2x
a Show that the series expansion of f(x) up to and including the m First rewrite f(x}
x3termis 1 + 3x + 6x2 + 12x°. (4 marks) S
b State the range of values of x for which the expansion is valid.
(1 mark)
—e 1 1
f(x)=\-1+3x,—§<x€§
a Find the series expansion of f(x), in ascending powers of x, up to and including
the x? term. Simplify each term. (4 marks)
1 . V103
b Show that, when x = 100° the exact value of f(x) is T (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate
the value of f(0.01). Give your answer to 2 significant figures. (3 marks)

In the expansion of (1 + ax)~: the coefficient of x2is 24.
a Find the possible values of a.

b Find the possible coefficients of the x? term.



Binomial expansion

® 7 Show that if x is small, the expression VII x is small’ means we can assume
1-x the expansion is valid for the x values
is approximated by 1 + x + %xz. being considered, as high powers become

insignificant compared to the first few terms.

6 4
=T e T 0

a Find the series expansion of h(x), in ascending powers of x, up to and including

the x2 term. Simplify each term. (6 marks)
b Find the percentage error made in using the series expansion in part a to estimate

the value of h(0.01). Give your answer to 2 significant figures. (3 marks)
¢ Explain why it is not valid to use the expansion to find h(0.5). (1 mark)

Find the binomial expansion of (1 — 3x): in ascending powers of x up to and including

o
0

the x3 term, simplifying each term. (4 marks)
is Shiow iy whemp=s—. t val f1-3)%‘9?"@ (2 marks)
how that, when x = 70, the exact value o ( X)? 18 7500 marks

¢ Substitute x = ﬁ into the binomial expansion in part a and hence obtain an approximation
to V97. Give your answer to 5 decimal places. (3 marks)

d Without further calculation, state how the accuracy of this approximation could be improved.

(1 mark)
Challenge
heo =(1+2) " Ix>1
a Find the binomial expansion of h(x) in ascending powers of x up to Hint Replace x with %
and including the x? term, simplifying each term.
3/10

b Show that, when x = 9, the exact value of h(x) is S0

¢ Use the expansion in part a to find an approximate value of v10.
Write your answer to 2 decimal places.

@ Expanding (a + bx)"

The binomial expansion of (1 + x)” can be used to expand (a + bx)" for any constants a and b.

You need to take a factor of " out of the expression:

" : Watch out iply a
G b= (a(l i %\)) _ a”(l i %x) - Make sure you multiply a” by every

n

term in the expansion of (1 + éx) :
a
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= The expansion of (a + hx)", where n is negative or a fraction, is valid for |gx| <1lor|x|< |%|

Find the first four terms in the binomial expansion of a Vv4+x b

1
(2 + 3x)?

State the range of values of x for which each of these expansions is valid.

a VA+x=04+x)z

98

2

—2(T+£— N A )
_l & 128 1024 /) _|
e Bl

ety e e

Expansion is valid if ‘%l <]

= |x| <4

Write in index form.

Take out a factor of 4.

Write 47 as 2.

Expand (1 + %)E using the binomial expansion

S 1 X
W|thn=5andx=z

Simplify coefficients.

Multiply every term in the expansion by 2.

The expansion is infinite, and converges when
X
‘Z' <1,0r|x| <4



a@: (2.4 3x) s
vl 351\ 2
'(2(1 k) ))
s
=221+
1 ( 2 )
i B
- 4(1 Ny )
S
) s 22 9(F)
=—\1+ (—2)(?) + 2T
3x\°
-2)-2 - -2 - 2 %)
b 3] =
Dx? il
(—2)(—3J( )
1 3% 4
2 z(“ + 2[5 + 2
(—@(—3)(—4)(2;";))
- 2 -
oo g2fx - Sy
_4(T—3x+ 5 - +)
1
2l sy B EERE TR
ity L = T
Expansion is valid if ‘%& <
= x| = 2
' 3

® 1 For each of the following,

Binomial expansion

Write in index form.

Take out a factor of 2-2.

—

Wiitez 2= =1
22

B~

-2
Expand (1 + 3_x) using the binomial

2
expansion withn =-2 and x = 37‘*

Simplify coefficients.

Multiply every term by

The expansion is infinite, and converges

3x 2
when ‘—‘ = <=
2 %<3

i find the binomial expansion up to and including the x* term

ii state the range of values of x for which the expansion is valid.

a V4 +2x b 2-3-*{ cﬁ
o 1 f 5 1+ x
V2 + x 3+ 2x € 24 x

d vO+x

@ Write part g
e 1 h I||2+.?C
X+2 I1-x
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Chapter 4

f(x) = (5 + 4x)2, |x| < %

Find the binomial expansion of f(x) in ascending powers of x, up to and including the

term in x*. Give each coefficient as a simplified fraction. (5 marks)
m(x) =v4 - x, x| <4
a Find the series expansion of m(x), in ascending powers of x, up to and including
the x2 term. Simplify each term. (4 marks)
=
b Show that, when x = l the exact value of m(x) is % (2 marks)

¢ Use your answer to part a to find an approximate value for v35, and calculate the percentage
error in your approximation. (4 marks)

| |
are3+-x+-—x2+ ...

The first three terms in the binomial expansion of
va + bx 3 18

a Find the values of the constants ¢ and b.

b Find the coefficient of the x* term in the expansion.

34 2x—x2
W="a—x
Prove that if x is sufficiently small, f(x) may be approximated by % + %x - %xz.
1 3 ; ; : s g
a Expand s where |x| < 7, in ascending powers of x up to and including the term in x?,
X
giving each coefficient in simplified surd form. (5 marks)
b Hence or otherwise, find the first 3 terms in the expansion of ,zx; as a series in ascending
powers of x. V3 +2x (4 marks

16 . ;
< =5~ in ascending powers of x,

a Use the binomial theorem to expand (16 — 3x)%, |x 3
up to and including the term in x2, giving each term as a simplified fraction. (4 marks)
b Use your expansion, with a suitable value of x, to obtain an approximation to V157
Give your answer to 3 decimal places. (2 marks)
(x) = S x|< L
B =2 3+ 5x°F

2

a Show that the first three terms in the series expansion of g(x) can be written
L 107 719,

as 75+ o5 X = ot (5 marks)
b Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate

the value of g(0.01). Give your answer to 2 significant figures. (3 marks)
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@ Using partial fractions

Partial fractlons can bg used to simplify the expansions of m I,
more difficult expressions.

expressing algebraic fractions as
sums of partial fractions.

4« Chapter 1
S ET G o
a Express Las artial fractions,
PR s -0 P :
b Hence show that the cubic approximation of ﬁ is2— % + 14—1x2 - 2?53(3
¢ State the range of values of x for which the expansion is valid.
a £-5% = ! + = The denominators must be (1 + x) and (2 — x).
1+ x)(2 = x) 1T+x 2-Xx
=2 Add the fractions.
(1 + x)(2 — x)
4 —-5x= A2 - x)+ B(1 + x) Set the numerators equal.
Substitute x = 2:
4-10=4Ax0+Bx3 Set x =2to find B.
-6 =3B
B=-2
Substitute x = —1:
4+45=4Ax3+Bx0 Setx=-1tofind 4.
9=34
4.=3
4 - 5x 3 2
RN aNE =5 Ahe 2%
i ’ : ’ Write in index form.
i S o s
M+x)2-x) 1+x 2-x Problem-solving
=301+ x)7" - 2(2 - x) Use headings to keep track of your working.
This will help you stay organised and check your
The expansion of 3(1 + x)~ answers.
YZ
=311+ (-Nx + (-1}(—2}'—|
2l Expand 3(1 + x)~! using the binomial expansion

+ (-1)(—2J(—3}§ + ) J with n=-1.

=301 -x+x%—-x>+..)

=3 -3x+3x2-3x3+ ...
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The expansion of 2(2 — x)™'

-efi-3)

=2 x 2—1(1 - %)_1 Take out a factor of 2-1.
o enea(-3) i
=1x11+ (—1)(—5) +—2 Expand (1 -2 1usin the binomial expansion
2 2! pand (1-3) g P
.3 ; __ — &
(_1)(_2){_&(_%) withn = -1and x >
+ 30 + =4
1 (1 N S o )
=HN =+ > +i—k g +
1 2 .’C3
=1+=+=+ 5
Bicas SR
(1+ x)(2 - Xx)
=31+ x)"-22-x)" ‘Add’ both expressions.

= (3 — 3x + 3x% — 3x3)

( X x3)
1 +=+—=+ =

2 e
wom o Bgen Wop 29 g The expansion is infinite, and converges when
2 4 & F x| <1.

. = valid if x| <1

The expansion is infinite, and converges when
|§| <lor|x|<2.

s H <1=|x| <2
-X 2

o—0

o o
I R m You need to find the range of values

1 |
-2 -1 0 1 2 of x that satisfy both inequalities.

The expansion is valid when |x| < 1.

Exercise @

8x +4 3 :
® 1 a Express m as partial fractions.
. 8x+4 . . ) o o
b Hence or otherwise expand —(1 )2+ in ascending powers of x as far as the term in x?.

¢ State the set of values of x for which the expansion is valid.
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a Express — as partial fractions.

226
2+ x)?

b Hence prove that — 2+

)2 can be expressed in the form —%,\ + Bx? + Cx3 where constants B
and C are to be determined.

¢ State the set of values of x for which the expansion is valid.

6+ 7x + 5x2
1+ (1 -0)2+x)

a Express as partial fractions.

6+ 7x + 5x2
1+ -02+x)

¢ State the set of values of x for which the expansion is valid.

b Hence or otherwise expand in ascending powers of x as far as the term in x°.

e 12x -1 1] <
B =0+ 200 - 3x)
Given that g(x) can be expressed in the form g(x) = - o+ g
’ 1+2x 1-3x
a Find the values of 4 and B. (3 marks)
b Hence, or otherwise, find the series expansion of g(x), in ascending powers of x,
up to and including the x2 term. Simplify each term. (6 marks)
2 —
a Express G in partial fractions. m First divide the numerator
(x+5)(x-4) )
232 4 T by the denominator.
b Hence, or otherwise, expand ——————- in ascendin
PR+ 5)(x - 4) ¢

powers of x as far as the term in x2.

¢ State the set of values of x for which the expansion is valid.

3x2+4x -5 4+ B N (84
(x+3)(x-2) x+3 x-=2
a Find the values of the constants 4, B and C. (4 marks)
b Hence, or otherwise, expand % in ascending powers of x, as far as the term in x2.
Give each coefficient as a simplified fraction. (7 marks)
2x% + 5x + 11 1
A B &)
f(x) can be expressed in the form f(x) = T ox_ 12 Lo
a Find the values of 4, Band C. (4 marks)
b Hence or otherwise, find the series expansion of f(x), in ascending powers of x,
up to and including the term in x?. Simplify each term. (6 marks)

¢ Find the percentage error made in using the series expansion in part b to estimate
the value of (0.05). Give your answer to 2 significant figures. (4 marks)
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Mixed exercise o

® 1 For each of the following,

i find the binomial expansion up to and including the x* term

ii state the range of values of x for which the expansion is valid.

— 1 4
_ 3
a (1-4x) b V16 + x ¢ 1oy d T
o 4 g d¥x (1+x)2 " x—3
VE—x 1+ 3x E T~ (1= x)(1 - 2x)

® 2 Use the binomial expansion to expand (1 - %A) , |x] < 2 in ascending powers of x,

up to and including the term in x3, simplifying each term. (5 marks)

3 a Give the binomial expansion of (1 + x)z up to and including the term in x3.

b By substituting x = %, find an approximation to v'5 as a fraction.

4 The binomial expansion of (1 + 9x)7 in ascending powers of x up to and including the term in
x3is 1+ 6x + ex? + dx3, |x| < %

a Find the value of ¢ and the value of d. (4 marks)
b Use this expansion with your values of ¢ and d together with an appropriate value
of x to obtain an estimate of (1.45):. (2 marks)

¢ Obtain (1 45)3 from your calculator and hence make a comment on the accuracy
of the estimate you obtained in part b. (1 mark)

® 5 1In the expansion of (1 + ax): the coefficient of x? is —2.
a Find the possible values of a.

b Find the corresponding coefficients of the x3 term.

geaglt
M <3

@ 6 f(x)=(1+3x)",

a Expand f(x) in ascending powers of x up to and including the term in x3. (5 marks)

b Hence show that, for small x:

I +x
1+ 3x

~ 1 —2x+ 6x2 - 18x3. (4 marks)

¢ Taking a suitable value for x, which should be stated, use the series expansion in
part b to find an approximate value for %, giving your answer to 5 decimal places. (3 marks)

7 When (1 + ax)"is expanded as a series in ascending powers of x, the coefficients of x and x? are
—6 and 27 respectively.

a Find the values of a and n. (4 marks)
b Find the coefficient of x°. (3 marks)
¢ State the values of x for which the expansion is valid. (1 mark)
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Show that if x is sufficiently small then

Binomial expansion

can be approximated by ; 2 —X+ i,\cz.

V4 + x 16~ 256
Expand v’4l , where |x| < 4, in ascending powers of x up to and including the term in x2.
N
Simplify each term. (5 marks)

: . ; 1+ 2x Sl
Hence, or otherwise, find the first 3 terms in the expansion of as a series in

V4 — x

ascending powers of x. (4 marks)

Find the first four terms of the expansion, in ascending powers of x, of
2+3x)", x| <3 (4 marks)

Hence or otherwise, find the first four non-zero terms of the expansion, in ascending powers
of x, of:

LA oo 3

333y x| <3 (3 marks)
Use the binomial theorem to expand (4 + x)2, |x| < 4, in ascending powers of x,
up to and including the x* term, giving each answer as a simplified fraction. (5 marks)

Use your expansion, together with a suitable value of x, to obtain an approximation

to % Give your answer to 4 decimal places. (3 marks)

qx) = (G +4%)3, x| <3

Find the binomial expansion of q(x) in ascending powers of x, up to and including
the term in the x?. Give each coefficient as a simplified fraction. (5 marks)

8= Gt D+ ) (x—8)’

g(x) can be expressed in the form g(x) =

39x+ 12

x| =1

A+B+C
x+1 x+4 x-8

a Find the values of 4, B and C. (4 marks)
b Hence, or otherwise, find the series expansion of g(x), in ascending powers of x,
up to and including the x? term. Simplify each term. (7 marks)
_12x+ 5
For x # - 31 (]121 ;32 1 -:-44x + g +B4x)2° where 4 and B are constants.
a Find the values of 4 and B. (3 marks)

b Hence, or otherwise, find the series expansion of f(x), in ascending powers of Xx,

up to and including the term x2, simplifying each term. (6 marks)
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<1

X

9x? + 26x + 20

L 9= 2o en’
a Show that the expansion of q(x) in ascending powers of x can be approximated

to 10 — 2x + Bx? + Cx3 where B and C are constants to be found. (7 marks)

b Find the percentage error made in using the series expansion in part a to estimate
the value of q(0.1). Give your answer to 2 significant figures. (4 marks)

Challenge

Obtain the first four non-zero terms in the expansion, in ascending

powers of x, of the function f(x) where f(x) = Gl

V1 +3x2

Summary of key points

1 This form of the binomial expansion can be applied to negative or fractional values of n to
obtain an infinite series:

u nn—-1x2 nn-1kn-2)x° nn—=1)..(n—r+ 1)x"

Q+x)"=1+nx+ + + ...+ +
2! 3! r!

The expansion is valid when |x| < 1,n € R.

2 Approximations based on the binomial expansion are more accurate:
» when more terms of the expansion are used
« for values of x closerto 0

3 The expansion of (1 + bx)", where n is negative or a fraction, is valid for |bx| < 1, or |x| < é

i

4 The expansion of (a + bx)", where n is negative or a fraction, is valid for |%x| <lor|xl= |b
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Review exercise

EP 1

@» 2

Prove by contradiction that there are
infinitely many prime numbers.

(C))

« Section 1.1

Prove that the equation x* — 2 = () has no
rational solutions.

You may assume that if »” is an even
integer then n is also an even integer.

C))

« Section 1.1

Express — as a single
X

b -—2x—3+x3+x
4)

« Section 1.2

fraction in its simplest form.

3

f(X): 1 —x+2 +(X+2)2,X?—'—2
xX+x+1
a Show that f(x) = Gt xz-=2.

b Show that x> + x + 1 > 0 for all values of
X, x #-2.

¢ Show that f(x) > 0 for all values of x,
x -2,

« Section 1.2

2x-1 :
Show that m can be written
in the form o + v_3 where 4 and

3

« Section 1.3

B are constants to be found.

Given that
3x+7 P 0 R

G+ D)x+2)(x+3) x+1 x+2%x+3
where P, O and R are constants, find the
values of P, O and R. )

« Section 1.3

® 7

® 9

® 10

C)ll
@ 1

2
() =G 90+9

2,x¢—1,x;¢2.

Find the values of 4, B and C such that

A B C
f(x) = 2-x l+x+(]+x}2 “)
« Section 1.4
14x*+ 13x+2
(x+ D(2x + 1)
A B (&4

Tx+l T2+l T ns 1y
Find the values of the constants 4, B
and C.

« Section 1.4

ex+f
x*+4

Ixt+bx—-2
x*+4 N
find the values of d, e and f.

Given that d+

4

¢« Section 1.5
o 9-3x-12x?
PO = o v 20

Show that p(x) can be written in the form

B
1-x 1+2x
constants to be found.

A+ + , Where A, B and C are

C))

« Sections 1.3, 1.5

Solve the inequality [4x + 3| > 7 -2x. (3)

« Section 2.1

The function p(x) is defined by

) dx+5 x <=2
R -x2+4 x=-2

a Sketch p(x), stating its range. 3)
b Find the exact values of a such that
p(a) = -20. 4)

« Section 2.2
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Review exercise 1

The functions p and q are defined by

1
x+4°

p(x) = xeR, x=-4

gx)=2x-5,xeR

a Find an expression for qp(x) in the

ax+b
form ey 3)
b Solve qp(x) = 15. 3)

Let r(x) = gp(x).
¢ Find r!(x), stating its domain. 3)

« Section 2.3

The functions f and g are defined by:
f:xn—>¥,xe R, x#0
gx—In(2x-5),x e R,x>%

a Sketch the graph of f. 3)
b Show that f2(x) = 3;‘:22 3)
¢ Find the exact value of gf (%)

2
d Find g'(x), stating its domain. 3
« Section 2.3, 2.4

The functions p and q are defined by:
p(x)=3x+b,xER
gx)=1-2x,xeR

Given that pq(x) = qp(x),

a show that b = —% 3)
b find p~'(x) and q'(x) 3)
¢ show that o
pq7(x) = g'p(x) = 2, where a,
b and c are integers to be found. “4)

« Section 2.3, 2.4

Va

M(2,4)

5 0 \5' X
The figure shows the graph of
y=fx),-5=x=35
The point M (2, 4) is the maximum
turning point of the graph.

Sketch, on separate diagrams, the graphs
of:

a y=flx)+3 ?2)
b y=If(x)| 2)
c y=1(x|) (2)
d y=f2x-1) 2)

Show on each graph the coordinates of
any maximum turning points.

« Sections 2.5, 2.6

The function h is defined by
hix—2x+3°’-8, xeR
a Draw a sketch of y = h(x), labelling
the turning points and the x- and
y-intercepts. @)
b Write down the coordinates of the
turning points on the graphs with
equations:

i y=3h(x+2) ()
ii y=h(-x) 2
iii y = [h(x)| (2)

¢ Sketch the curve with equation
v = h(—|x]). On your sketch show the
coordinates of all turning points and
all x- and y-intercepts. @)
¢« Sections 2.5, 2.6
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VA

d.-1) !

The diagram shows a sketch of the graph
of y = f(x).

The curve has a minimum at the point

A (1, -1), passes through x-axis at

the origin, and the points B(2, 0) and

C (5, 0); the asymptotes have equations
x=3and y=2.

a Sketch, on separate axes, the graphs of:

iy=|fx) ()
iiy=—fx+1) 2)
iii = f(=2x) 2)

in each case, showing the images of the
points 4, B and C.

b State the number of solutions to each
equation.
i 3f(x) =2
i 2If(x)| = 3. 2)

« Sections 2.6, 2.7

The diagram shows a sketch of part of
the graph y = q(x), where

q(x)=3lx+bl -3, <0

VA
09N s

Q
<ba

The graph cuts the y-axis at (0, %)

a Find the value of 5. 2)

@ 21

Review exercise 1

b Find the coordinates of 4 and B.
¢ Solve q(x) = —%x + 5.

3
(3

« Section 2.7

The function f is defined by
f(x) =—%|x+4|+8, xER

The diagram shows a sketch of the graph

=1l
Va
\ >
/N
y=1(x)

a State the range of f. 1)
b Give a reason why f~'(x) does not exist.
(1)
¢ Solve the inequality f(x) > %x +4. (5

State the range of values of k for which

the equation f(x) = %x + k has no
solutions.

2

« Section 2.7

The 4th, 5th and 6th terms in an
arithmetic sequence are:

12 = 7k, 3k, k* — 10k

a Find two possible values of £. 3)
Given that the sequence contains only
integer terms,

b find the first term and the common
difference.

2

« Section 3.1

The 4th term of an arithmetic sequence
is 72. The 11th term is 51. The sum of the
first n terms is 1125.
a Show that 3n* — 165n + 2250 = 0.

“4)
b Find the two possible values for n.

(2)

« Section 3.2
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Review exercise 1

a Find, in terms of p, the 30th term of
the arithmetic sequence

(190 - 18), (17p - 8), (15p + 2), ...
giving your answer in its simplest form.
2
b Given S;, =0, find the value of p.  (3)

« Sections 3.1, 3.2

The second term of a geometric sequence
is 256. The eighth term of the same
sequence is 900. The common ratio is r,
r=0.

a Show that r satisfies the equation

ﬁ) _
6Inr + ln(225 =0 3)
b Find the value of r correct to

3 significant figures. 3)

« Section 3.3

The first three terms of a geometric

250

50
sequence are 10, - and 5.

a Find the sum to infinity of the series.

3
Given that the sum to k terms of the
series is greater than 55,
(12
log iB)
b show that k > “4)

o)

¢ find the smallest possible value of k. (1)

<« Sections 3.4, 3.5

A geometric series has first term 4 and
common ratio r. The sum of the first
three terms of the series is 7.

a Show that4r* +4r -3 =0.
b Find the two possible values of r.

3
2
Given that r is positive,

¢ find the sum to infinity of the series. (2)

<« Sections 3.4, 3.5

The fourth, fifth and sixth terms of a
geometric series are x, 3 and x + 8.

@EP) 28

@ »

a Find the two possible values of x
and the corresponding values of the

common ratio. @)
Given that the sum to infinity of the
series exists,
b find the first term 1

¢ find the sum to infinity of the series. (2)

« Sections 3.3, 3.5

A sequence a,, d,, @, ... is defined by
al - k:

a,,,=3a,+5 n=1

where k is a positive integer.

a Write down an expression for a, in

terms of k. 1

b Show that a, = 9k + 20. 2)
4

¢ i Find ) g, in terms of k. ?2)
r=1

ii Show that ia,_ is divisible by 10. (2)
r=l1

« Sections 3.6, 3.7

At the end of year 1, a company employs
2400 people. A model predicts that the

number of employees will increase by 6%
each year, forming a geometric sequence.

a Find the predicted number of
employees after 4 years, giving your
answer to the nearest 10. A3)

The company expects to expand in this

way until the total number of employees

first exceeds 6000 at the end of a year, N.
b Show that (N - 1)logl.06 > log2.5 (3)
¢ Find the value of N. ?2)

The company has a charity scheme
whereby they match any employee charity
contribution exactly.

d Given that the average employee
charity contribution is £5 each year,
find the total charity donation over
the 10-year period from the end of
year 1 to the end of year 10. Give your
answer to the nearest £1000. A3)

« Section 3.8
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® 33

A geometric series is given by
6 —24x +96x> — ...

The series is convergent.

a Write down a condition on x. 1)
L] r—1 5

Given that Y 6 x (<4x) =3
r=1

b Calculate the value of x. 5

« Sections 3.5, 3.6

gx)=

\-l—x

a Show that the series expansion of g(x)

up to and including the x* term is

X 0% 9%
L+35+ T )
b State the range of values of x for which

the expansion is valid. 1)

« Section 4.1

When (1 + ax)" is expanded as a series in
ascending powers of x, the coefficients of
x and x? are —6 and 45 respectively.

a Find the value of ¢ and the value of n.
b Find the coefficient of x*.

¢ Find the set of values of x for which

the expansion is valid.
¢« Section 4.1

a Find the binomial expansion of
(1 + 4x)* in ascending powers of
x up to and including the x* term,
simplifying each term.

(C))

b Show that, when x = %, the exact

112v112

value of (1 +4x)>1s 1000

¢ Substitute x = % into the binomial

expansion in part a and hence obtain
an approximation to v112. Give your
answer to 5 decimal places. 3)

d Calculate the percentage error in your
estimate to 5 decimal places. 2)

« Section 4.1

Review exercise 1

(©) 34 f(x)=(1+x)B+207 x| <3

® 35

@

@ 37

Find the binomial expansion of f(x)
in ascending powers of x, up to and
including the term in x°. Give each
coefficient as a simplified fraction.

)

« Section 4.2

h(x) =4 -9x, |x| <3

a Find the series expansion of h(x),
in ascending powers of x, up to and
including the x* term. Simplify each
term.

4

1
—— the exact

b Show that, when x = 100°

V391
10

¢ Use the series expansion in part a

value of h(x) is 2)

- LY
to estimate the value of h( 100 and

state the degree of accuracy of your
approximation.

3)

« Section 4.2

Given that (¢ + bx)~? has binomial
expansion %+ %x +ex?+..

a Find the values of the constants

a, b and c. 4)
b Find the coefficient of the x* term in
the expansion. )

« Section 4.2

3+5x b
(I143x)(1=x)""" 3
Given that g(x) can be expressed in the

B

formg(x) = Teae T o

a find the values of 4 and B.

b Hence, or otherwise, find the series
expansion of f(x), in ascending powers
of x, up to and including the x? term.
Simplify each term. (6)

« Sections 4.1, 4.3

g(x) =

3)
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Review exercise 1

3x-1 A4 B 1
B AT -5 G- My
a Find the values of 4 and B. 3)
b Hence, or otherwise, expand %

in ascending powers of x, as far as the

term in x*. Give each coefficient as a

simplified fraction. (6)
« Sections 4.1, 4.3

25 _
S S Dy e =

f(x) can be expressed in the form

A N B N 5
3+42x  3+42x) 1-x
a Find the values of 4, B and C. )
b Hence, or otherwise, find the series
expansion of f(x), in ascending powers

of x, up to and including the term in
x%. Simplify each term. (6)

« Sections 4.1, 4.2, 4.3

40 4x3+30x+3.l=A+ B i C
(x+4)(2x+3) x+4 2x+3
a Find the values of the constants 4, B
and C. 4)

b Hence, or otherwise, expand

HE ok X 00 in ascending powers of
(x+4)(2x +3) Ep

x, as far as the term in x%. Give each
coefficient as a simplified fraction. (7)

« Sections 4.1, 4.2, 4.3
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Challenge

1 The functions f and g are defined by

f(x) =-3|x+3|+15xeR

g =—3x+3,xeR

The diagram shows a sketch of the graphs
y=f(x) and y = g(x), which intersect at points 4
and B. M is the midpoint of 4B.

The circle C, with centre M, passes through
points 4 and B, and meets y = f(x) at point P as
shown in the diagram.

B y
/ \_Q/Ni g(x)

a Find the equation of the circle.
b Find the area of the triangle 4 PB.
<« Section 2.6

Giventhata,, =a,+k, a,=mand f:ﬂ,- = iﬂ:
=6

i=12

show that m = %k. <« Section 3.6

The diagram shows a sketch of the functions
p(x) = |x* — 8x + 12| and q(x) =|x* - 11x + 28|.

Va

0 %

Find the exact values of the x-coordinates of
the points 4, Band C. « Section 2.5

Show that Z‘“ilchg-;l (Zn * 1) =4 ¢ Section 3.6
= Ziji= |l

The graph of y = f(x) is transformed to the

graph of y = f(ax + b).

Prove that any invariant points under this

transformation satisfy x = IL
—d



Radians

After completing this unit you should be able to:
e (onvert between degrees and radians and apply
this to trigonometric graphs and their transformations
- pages 114-116
e Know exact values of angles measured in radians
- pages 117-118

Find an arc length using radians - pages 118-122
Find areas of sectors and segments using
radians - pages 122-128

Solve trigonometric equations in radians - pages 128-132

Use approximate trigonometric values when € is small
- pages 133-135

Prior knowledge check

1 Write down the exact values of the
following trigonometric ratios.

a cos120° b sin225° ¢ tan(-300°)

d sin (—480°) « Year 1, Chapter 10
g 2 Simplify each of the following expressions.
: a (tanf@cosf)? + cos2d

1 ' | _sin.‘)cosﬂ
cos2f | tand

<« Year 1, Chapter 10

3 Show that
a (sin2f + cos20)2=1+ 2sin26 cos20
2 . 2 cos?f
b — -2sinf=
sind ! sinf

<« Year 1, Chapter 10

4 Solve the following equations for @ in the
interval 0 = # = 360°, giving your answers
to 3 significant figures where they are not
exact.

a 4cosf+2=3 b 2sin20=1

¢ 6tan%d + 10tanf — 4 =tand

Radians are units for measuring angles.
They are used in mechanics to describe
circular motion, and can be used to work out
the distances between the pods around the d 10+ 5cosf = 12sin%6

edge of a Ferris wheel. - Exercise 5B Q13 « Year 1, Chapter 10
RN Y N Y A Ny =@ WA




Chapter 5

@ Radian measure

So far you have probably only measured angles in degrees, with one degree representmg —1— of a
complete revolution or circle.

You can also measure angles in units called radians. 1 radian is the angle subtended at the centre of
a circle by an arc whose length is equal to the radius of the circle.

If the arc AB has .
Links -
length r, then ZAOB - You always use radian measure when you

A
. . are differentiating or integrating trigonometric
is 1 radian. . & g & g-
functions. - Sections 9.1, 11.1
i
B/ m You can write 1 radian as 1 rad.

The circumference of a circle of radius r is an 2rr
arc of length 27 r, so it subtends an angle of
27 radians at the centre of the circle.

® 27 radians = 360° m This means that

® 7 radians = 180° 1 radian = 57.295...°
(]

® 1 radian = 1?1_0

Convert the following angles into degrees.

T 4
a — rad b — rad
8 15
7 A
! b — rad
E B 15 " 1 radian _& so multiply by&
7 " 180°
_8x180 =4 x 5 %'rxlé’;ro :%xlSO“
=/1575 =

Convert the following angles into radians. Leave your answers in terms of .

a 150° b 110°
a 150° =150 x —— rad
- 180 1° = —— radians, so multiply b
e 260 ™ ultiply by 725
= _6_ rad
b 1M0° =10 x ——=rad
180 ; :
Mo Your calculator will often give you exact answers
="5.md [ interms of m.
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® 180° = 7 radians

You should learn these important angles in radians:

m 30°= % radians B 60° = % radians
B 45°= % radians m 90°= -zﬂ—- radians ® 360° = 27 radians
 Online JNTRRV
calculator to evaluate
trigonometric functions in

Example o
a sin(0.3rad) b cos(wrad) ¢ tan(2rad)
Give your answers correct to 2 decimal places where appropriate. radians.

Find:
a sin(0.3rad)=0.30 (2 dp)

m You need to make sure your
b cos(mrad) = ~1 calculator is in radians mode.

c tan(2rad) = -2.19 (2 dp)
If the range includes values given in terms of ,
you can assume that the angle has been given in

S ET G o
Sketch the graph of y = sinx for 0 = x < 27.
radians.

L sin(g) =5in90° = 1

VA
)'l 1 5 1
' y=sinx
0.5 ,
o 7 &
2
-0.51
B
Example o
Sketch the graph of y = cos(x + m) for 0 = x < 27.
The graph of y = cos (x + @) is a translation of the
—d
o)

» y=cos (x +m)
graph y = cos x by the vector (

11+
‘\
v
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Chapter 5

Exercise @

1

Convert the following angles in radians to degrees.

Ti' T Sm Sm 3r
a % b E Cc Tz— d —4— e ? f 3w
Convert the following angles to degrees, giving your answer to 1 d.p.
a 0.46rad b 1rad ¢ 1.135rad d V3 rad
Evaluate the following, giving your answers to 3 significant figures.
a sin(0.5rad) b cos(v2rad) ¢ tan(1.05rad) d sin(2rad) e sin(3.6rad)
Convert the following angles to radians, giving your answers as multiples of .
a §° b 10° e 22,57 d 30° e 112.5°
f 240° g 270° h 315° i 330°
Convert the following angles to radians, giving your answers to 3 significant figures.
a 50° b 75° ¢ 100° d 160° e 230° f 320°
Sketch the graphs of:
a y=tanxfor 0= x=<2r b y=cosxfor-r=x=<mn«

Mark any points where the graphs cut the coordinate axes.

Sketch the following graphs for the given ranges, marking any points where the graphs cut the
coordinate axes.
a y=sin(x—-mfor-r=x=<mx b y=cos2xfor)=x=<2n
m .
c y=tan(x+ 5) for-rsx=nw d y=sm-§-x+ 1 for0=x=6m

. , : 27
The diagram shows the curve with equation y = cos (x - ?T) =21 = x = 2m.

Y4

Problem-solving

Make sure you write down the coordinates of all
/ 0 / x four points of intersection with the x-axis and the
coordinates of the y-intercept.

Write down the coordinates of the points at which the curve meets the coordinate axes. (3 marks)

Challenge

Describe all the angles, 6, in radians, that satisfy: @ You can use n, where n is an integer, to
a cosf=1 describe any integer multiple of .
b sinf=-1

¢ tan#is undefined.
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Radians

You need to learn the exact values of the trigonometric ratios of these angles measured in radians:

.1 T V3 T 1 V3
L —_——=— L —_——= — L —_———=—
sin =3 cos =" tan 6-73-3
. V3 T 1 T
®sin_=-—- ®COs_ == ® tan_ =3
372 372 37
. 1 V2 ™ 1 V2 ™
®sin—-=—=— BCoS—=—=— ®tan—-=1
2 2 4 2 2 4
You can use these rules to find sin, cos or tan of any VA
positive or negative angle measured in radians using
the corresponding acute angle made with the x-axis, 0. s i g A P
® sin(mw - 0) =siné [ ]
® sin (7 + 0) = —sinf \ 6 D d X
® sin (27 - 0) = —sin@ m+0 T C 2m -9
B cos(m—0) =—-cosO

B cos(m+0)=—-cosO

® cos (27 — 0) =cosO The CAST diagram shows you which trigonometric

® tan (mr — 0) = —tan0 ratios are positive !n which qu.adrant. You can also u§e the
symmetry properties and periods of the graphs of sin, cos

® tan(m + 6) =tan6 and tan to find these results. « Year 1, Chapter 10

® tan (27 - 0) = -tan@

Example o Problem-solving

You can also use the symmetry properties of
W=icos o
VA

Find the exact values of:

47 . =T
a 003—3— b sm(.-Ts—)

y=cos x

ISIE]

1 _
C,os;f]r—?I = cos (’r + E) = —cos—
3 : 3 =3
- by, w .
So cos fg% = —% I melsis bigger than .

Use cos (r + #) = —cos .

117



Chapter 5

b h—
et
=]
T \ »()
P
[
3
2
6”‘(.__6;_7) = em—é— = 5‘|r1—;E
So sin (——7@{) —;—

Exercise @

1 Express the following as trigonometric ratios of either %, g— or
. m . m
a sin”" b sin (—?)
d cos 22 e cosir-
3 A
g tan}—ﬂ. h tan (—S—W)
4 - 4

Use sin (r — @) = sin 6.

m

3 and hence find their exact values.

c sin“—ﬂ'
6

2 Without using a calculator, find the exact values of the following trigonometric ratios.

a Sin?—Tr b sin (—S—W)
3 .3
117 S

d 005—4— e tan?

® 3 The diagram shows a right-angled triangle ACD on another
2/6

3
Show that DC = kv2, where k is a constant to be determined.

right-angled triangle ABC with AD = and BC=2.

@ Arc length

Using radians greatly simplifies the formula for arc length.

® To find the arc length / of a sector of a circle use the
formula / = r0, where r is the radius of the circle and 8
is the angle, in radians, contained by the sector.

118
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Example o
Find the length of the arc of a circle of radius 5.2cm, @ B e ne S e O

given that the arc subtends an angle of 0.8 rad at the

. of a sector using GeoGebra.
centre of the circle.

Arc length = 5.2 x 0.8 = 416 cm Use /=r#, with r=5.2 and ¢ = 0.8.

An arc AB of a circle with radius 7cm and centre O has a length of 2.45cm. Find the angle Z40B
subtended by the arc at the centre of the circle.

A
7em
2.45ecm
7em
B

[=r0 Use l=r#, with[=2.45and r=T.
245 =740
245 _
i
# = 0.35rad Using this formula gives the angle in radians.

An arc AB of a circle, with centre O and radius r cm, subtends an angle of f radians at O.
The perimeter of the sector AOB is Pcm. Express r in terms of P and 6.

Problem-solving

A
= When given a problem in words, it is often a good
idea to sketch and label a diagram to help you to
S visualise the information you have and what you
B

need to find.
P=r0+ 2r L
=r(2 +0) The perimeter = arc AB + OA + OB, where
P L arc AB = rf.
D= ——
(2 + 0) Factorise.
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Chapter 5

:

The border of a garden pond consists of a straight edge A B of length

2;

4m, and a curved part C, as shown in the diagram.

The curved part is an arc of a circle, centre O and radius 2 m.
Find the length of C.

A 2.4m B

0
@ Explore the area of a sector O

2 using GeoGebra.

e B Problem-solving

Look for opportunities to use the basic

sin X =—- trigonometric ratios rather than the more
complicated cosine rule or sine rule. AOB is

an isosceles triangle, so you can divide it into
congruent right-angled triangles. Make sure your

x=0.6435...rad
Acute ZAOB = 2x rad

=& X0e433.., calculator is in radians mode.
=126 ):mrad
=hl2 =l
e U e L C subtends the reflex angle # at O,
= 4.9961...rad

so length of C=26.
So length of C=9.92m (3 sf)

¢ + acute LAOB =27 rad

— e

1

An arc AB of a circle, centre O and radius rcm, subtends an angle ¢ radians at O.
The length of AB is /cm.

a Find /when: i r=6,0=045 ii r=4.5,0=045 iii =20, 9=%

b Find rwhen: i /=10,0=0.6 ii /=1.26,0=0.7 iii /= 1.57r,!5'=1—527r

¢ Find@when: i/=10,r=7.5 ii /=4.5r=5.625 i /=v12,r=V3

A minor arc AB of a circle, centre O and radius
10cm, subtends an angle x at O. The major arc m The minor arc 4B is the shorter
AB subtends an angle 5x at O. Find, in terms arc between points 4 and B on a circle.

of m, the length of the minor arc AB.

An arc AB of a circle, centre O and radius 6¢cm, has length /cm. Given that the chord 4B has
length 6 cm, find the value of /, giving your answer in terms of 7.

The sector of a circle of radius v'10 cm contains an angle of V5 radians,
as shown in the diagram. Find the length of the arc, giving your answer

in the form p,/qg cm, where p and ¢ are integers.
v10cm MCm
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Referring to the diagram, find:

i : 3cm 5
a the perimeter of the shaded region Problem-solving

when 6 = (.8 radians. 0 The radius of the larger

b the value of @ when the perimeter of arcis3 +2=>5cm.
the shaded region is 14 cm.

2cm

A sector of a circle of radius rcm contains an angle of 1.2 radians. Given that the sector has
the same perimeter as a square of area 36 cm?, find the value of r.

A sector of a circle of radius 15cm contains an angle of 0 radians. Given that the perimeter of
the sector is 42 cm, find the value of 6.

In the diagram A4 B is the diameter of a circle,
centre O and radius 2cm.
The point C'is on the circumference such that

/COB = gﬁ radians.
3 A
g . o 2cm
a State the value, in radians, of ZCOA. (1 mark)

The shaded region enclosed by the chord AC, arc CB and AB is the template for a brooch.

b Find the exact value of the perimeter of the brooch. (5 marks)

The points A and B lie on the circumference of a circle with centre O and radius 8.5cm.

The point C lies on the major arc AB. Given that ZACB = 0.4 radians, calculate the length of
the minor arc AB.

In the diagram OAB is a sector of a circle, centre O and radius Rcm, and
ZAOB = 20 radians. A circle, centre C and radius rcm, touches the arc
AB at T, and touches OA4 and OB at D and E respectively, as shown.

a Write down, in terms of R and r, the length of OC. (1 mark)
b Using AOCE, show that Rsinf) = r (1 + sinf). (3 marks)

¢ Given that sinf) = % and that the perimeter of the sector OAB is

21cm, find r, giving your answer to 3 significant figures. (7 marks) “

The diagram shows a sector AOB.
The perimeter of the sector is twice the length of the arc 4B.

Find the size of angle AOB. i

B
A circular Ferris wheel has 24 pods equally spaced on its circumference.
Given the arc length between each pod is 32—Wm, and modelling each pod as a particle,

a calculate the diameter of the Ferris wheel.
Given that it takes approximately 30 seconds for a pod to complete one revolution,

b estimate the speed of the pod in km/h.
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13 The diagram shows a triangular garden, POR, with
PO=12m, PR=Tm and £LQOPR = 0.5 radians. The curve SR is
a small path separating the shaded patio area and the lawn, and
is an arc of a circle with centre at P and radius 7m.
Find:
a the length of the path SR (2 marks)

b the perimeter of the shaded patio, giving your answer
to 3 significant figures. (4 marks)

14 The shape X' YZ shown is a design for an earring.
s

Smm Smm

Y V4

The straight lines XY and XZ are equal in length. The curve YZ is an arc of a circle with centre
O and radius Smm. The size of £ YOZ is 1.1 radians and XO = 15mm.

a Find the size of ZX0Z, in radians, to 3 significant figures. (2 marks)

b Find the total perimeter of the earring, to the nearest mm. (6 marks)

@ Areas of sectors and segments

Using radians also greatly simplifies the

formula for the area of a sector. m L
® To find the area A of a sector of a portion of a circle enclosed by two
1 4 radii and an arc. The smaller area is
circle use the formula 4 = 'z'l'z 0, known as the minor sector and the

where r is the radius of the circle larger Is known as the major sector.
and @ is the angle, in radians,
contained by the sector.

Find the area of the sector of a circle of radius 2.44cm, given that the sector subtends an angle of
1.4 radians at the centre of the circle.

Area of sector = — x 2.442 x 1.4 Use 4 =%r29 with r = 2.44 and # = 1.4.

2
2
A7 em2 (3 s.f)

122



A

In the diagram, the area of the minor sector AOB is 28.9 cm?.
Given that ~ZAOB = 0.8 radians, calculate the value of r.

B
269 = %r x 0.6 = 0.4r2
Bcaa %@Z@ — 7005 L Let area of sector be 4 cm? and use A = %;26'.
r=y72:25 =85
t Use the positive square root in this case as a

length cannot be negative.

A plot of land is in the shape of a sector of a circle of radius 55m. The length of fencing that is
erected along the edge of the plot to enclose the land is 176 m. Calculate the area of the plot of land.

@ Explore the area of a segment O

using GeoGebra.

A

Draw a diagram including all the data and let the
angle of the sector be 6.

55m

B
Problem-solving

Arc AB =176 — (55 + 55)
—EEm In order to find the area of the sector, you
B need to know #. Use the information about the

. perimeter to find the arc length 4 B.
S0 8 =12 radians

1 = ]
e 552 x 1.2 As the perimeter is given, first find length of arc AB.
815m?

Area of plot =

Use the formula for arc length, / = 6.

—— Use the formula for area of a sector, 4 :%rZ 8.

You can find the area of a segment by subtracting the area of triangle OPQ from the area of sector OPQ.

P
a Using %rzf} for the area of the sector and %ab sin@ for the area of a triangle:
1o Lo
A= > 0 >1°sin 0
=L -sing
2

0

® The area of a segment in a circle of radius ris A = -;-rz (0 —sin0)
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The diagram shows a sector of a circle. Find the area of the shaded segment.

Tecm

Tem

Area of segment = —;— x 72(1.2 = sin1.2)

" % x 49 % 0.26796..

= 6.57cm? (3 s.f)

4m 4m

In the diagram above, OAB is a sector of a

circle, radius 4m. The chord AB is Sm long.

Find the area of the shaded segment.

Calculate angle AOB first:

Use A = %rz(ﬁ —sin#) with r =7 and # = 1.2 radians.

Make sure your calculator is in radians mode
when calculating sin 6.

Problem-solving

In order to find the area of the segment you need
to know angle 4A0B. You can use the cosine rule
in triangle AOB, or divide the triangle into two
right-angled triangles and use the trigonometric
ratios.

: 42 442 52
cos£AOB = A
el
=30

So £AOB = 1.3502...

Area of shaded segment
1

= 42(1.3502... — sin1.3502...)

= -12- x 16 x 0.37448..

= 3.00m? (3 =.f)

Use the cosine rule for a non-right-angled
triangle.

m Use unrounded values in your

calculations wherever possible to avoid rounding
errors. You can use the memory function or
answer button on your calculator.



In the diagram, A B is the diameter of a circle of radius rcm, and ZBOC = § radians. Given that the
area of AAOC is three times that of the shaded segment, show that 30 — 4sinf = 0.

&
b
A =2 78

Area of segment = area of sector — area of triangle.

Area of segment = —1—1'2(19 — sinf)
’ :

2
1
Area of AAOC = 2;."25‘”‘1(’:1' - f)

ZAOB = 7 radians.

il

Area of AAOC =3 x area of shaded segment.

= —12—1'25‘”1 0 ’7
: r Problem-solving
5 —r2sinf = 3 x =r2(f — sinf
9 g R L L You might need to use circle theorems or
sin@ = 3(0 — sinf) properties when solving problems. The angle in a
S0 30-4sn8=0 semicircle is a right angle so zACB =%

Exercise

;

1 Find the shaded area in each of the following circles. Leave your answers in terms of 7 where
appropriate.

a

e
QE
N

2 Find the shaded area in each of the following circles with centre C.
b

4cm 0.2rad

a

C 4dcm Secm

(&
B
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For the following circles with centre C, the area A of the shaded sector is given. Find the value
of x in each case.

a b c

& e &

The arc AB of a circle, centre O and radius 6cm, has length 4cm.
Find the area of the minor sector AOB.

The chord AB of a circle, centre O and radius 10cm, has length 18.65cm and subtends an angle
of 0 radians at O.

a Show that cos = —0.739 (to 3 significant figures).
b Find the area of the minor sector AOB.

The area of a sector of a circle of radius 12cm is 100 cm?. Find the perimeter of the sector.
The arc AB of a circle, centre O and radius rcm, is such that ZAOB = 0.5 radians.

Given that the perimeter of the minor sector AOB is 30cm,

a calculate the value of r

b show that the area of the minor sector AOB is 36 cm?

¢ calculate the area of the segment enclosed by the chord AB and the minor arc AB.

The arc AB of a circle, centre O and radius xcm, is such that angle AOB = -1% radians.

Given that the arc length 4B is /cm,

a

a show that the area of the sector can be written as %
The area of the full circle is 3600w cm?.

b Find the arc length of AB.

¢ Calculate the value of x.

In the diagram, 4B is the diameter of a circle of
radius rcm and ZBOC = # radians.

Given that the area of ACOB is equal to that of the
shaded segment, show that # + 2sinf = .

In the diagram, BC is the arc of a circle, centre O
and radius 8 cm. The points A and D are such that
OA = OD = 5cm. Given that ZBOC = 1.6 radians,
calculate the area of the shaded region.




® u

® 13
® 14

In the diagram, AB and AC are tangents to a circle, centre O B
and radius 3.6cm. Calculate the area of the shaded region, 4
given that ZBOC = 2—3?Tradians. 36em
o0
b
In the diagram, AD and BC are arcs of circles with centre O, such that B

OA=0D=rcm, AB=DC=8cm and ZBOC = # radians.

a Given that the area of the shaded region is 48 cm?, show that
r= % -4 (4 marks)
b Given also that r = 100, calculate the perimeter of the shaded
region. (6 marks)

A sector of a circle of radius 28 cm has perimeter Pcm and area A cm?.
Given that 4 = 4P, find the value of P.

The diagram shows a triangular plot of land. The sides 4B, BC
and CA have lengths 12m, 14m and 10m respectively. The lawn
is a sector of a circle, centre 4 and radius 6 m.

a Show that /BAC = 1.37 radians, correct to 3 significant figures.

b Calculate the area of the flowerbed.

The diagram shows OPQ, a sector of a circle with centre O,
radius 10cm, with £ZPOQ = 0.3 radians.

The point R is on OQ such that the ratio OR: RQ is 1:3.
The region S, shown shaded in the diagram, is bounded by
OR, RP and the arc PQ.

Find:
a the perimeter of S, giving your answer to 3 significant figures (6 marks)
b the area of S, giving your answer to 3 significant figures. (6 marks)

The diagram shows the sector OA B of a circle with centre O,
radius 12cm and angle 1.2 radians.

The line AC is a tangent to the circle with centre O, and OBC'is a
straight line.

The region R is bounded by the arc AB and the lines AC and CB.

a Find the area of R, giving your answer to 2 decimal places. (8 marks)
The line BD is parallel to AC.
b Find the perimeter of DAB. (5 marks)
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The diagram shows two intersecting sectors: 4ABD, with radius Scm and angle 1.2 radians,
and CBD, with radius 12cm.
Find the area of the overlapping section.

Challenge

Find an expression for the area of a sector of a
circle with radius r and arc length £

@ Solving trigonometric equations

In Year 1, you learned how to solve trigonometric equations in degrees. You can solve trigonometric
equations in radians in the same way.

Find the solutions of these equations in the interval 0 < 0 < 2
a sinfl=0.3 b 4cosf=2 ¢ Stanf+3=1

a sinfl =03

S0 6 = 0.304692654...

by Draw the graph of y = sin ¢ for the given
interval.

0 T

Find the first value using your calculator in
radians mode.

sinfl = 0.3 where the line y = 0.3 cuts the curve. Since the sine curve is symmetrical in
Hence 8 = 0.305rad or 2.84rad (3 s.f) the interval 0 < @ <, the second value is
obtained by = — 0.30469...
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b 4cosfl =2

cosf =

2
So =

w3

N

m When the interval is given in
radians, make sure you answer in radians.

First rewrite in the form cosé =

Use exact values where possible.
57 -
3 Putting — in the four positions shown gives
24 o g m 2w AT 5t T
S o=t T v i D ;3_. ot Jal the angles 3373 and T but cosine is only
positive in the 1st and 4th quadrants.
c Stanf + 3 =1
Stanfd = -2
i For the 2nd value, since we are working in
. radians, we use 27 — @ instead of 360° — 6.
Draw the graph of y = tan @ for the interval
y=tanf —% < 6 < 27 since the principal value given
: : by tan=!(-0.4) is negative.
_i i (3 "3|7r 2 0
2 2 2
§ y=-0.4

Curve.

tanf = —0.4 where the line y = —0.4 cuts the

tan™'(-0.4) = -0.3805... rad
So 6=276108..
or

rad (2.76rad to 3 s.f)
8 =5.902C7..

Use the symmetry and period of the tangent
graph to find the required values.
rad (5.90rad to 3 s.f)

m Always check that your final

values are within the given range; in this case
0 < f < 2w (remember 27 ~ 6.283...)
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Solve the equation 17cos@ + 3sin’f = 13 in the interval 0 = # = 2.

Problem-solving

17 cosfl + 3 sin?fl = 13
17 cosf + 3(1 = cos2f) =13

17cosfl + 3 — 3cos?l =13

0O =3cos?0 — 17 cosfl + 10

0=3Y2-17Y+ 10

O0=(3Y-2)(Y-5) —|
S503Y-2=0 or Y-5=0

Y:% or: Y=h J
: 2 i
Le. cosﬁzg or cosfl=5
2
.9:__
cos 3

So # = 0.841068...rad

VA

y=cosf

-1

Second solution is 27 — 0.8641068...
=5.44211¢6...
0 =08410r 544 (3 =)
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Use the trigonometric identity
sin?f + cos?@ = 1. Trigonometric identities
work the same in radians as in degrees.

This is a quadratic so rearrange to make one
side 0.

If Y= cos#, then ¥2 = cos26.

Solve the quadratic equation.

The value of cosf is between —1 and 1, so
reject cosf = 5.

Solve this equation to find 6.

Since the interval is given in radians, answer
in radians.



. . 2 .
Solve the equation sin 36 = \7, in the interval 0 < § < 27.
let X = 36 , Replace 36 by X and solve as normal.
S0 sinX = \—23—

Remember to transform the interval:

As X = 36, then the interval for Xis O = X = G D adu g

Vi
V3
2
0
T 2m 7m &m 13w 147 5 ivi

X‘g' 3°3°3° 3° 3 ’— Remember X = 36 so divide each value by 3.
e 319_1 _21 s EJ_”I 13""14_7
' e B3 st 233 Always check that your solutions for ¢ are in
5 é 7w 2r 7w &m 137 14w the given interval for 6, in this case 0 < 6 < 2.
o] S

]
O]
w0
]
O]
]

1 Solve the following equations for 6, in the interval 0 < # < 27, giving your answers to
3 significant figures where they are not exact.

a cosf=0.7 b sinfl=-0.2 ¢ tanf =5 d cosfl=-1

2 Solve the following equations for #, in the interval 0 =< § < 27, giving your answers to
3 significant figures where they are not exact.

a 4sinf =3 b 7tanf =1 ¢ 8tanf =15 d VScosf =2

3 Solve the following equations for #, in the interval 0 =< § < 27, giving your answers to
3 significant figures where they are not exact.

a Scosf+1=3 b /Ssinf+2=1 ¢ 8tanf-5=5 d V7cosf-1=2

4 Solve the following equations for #, giving your answers to 3 significant figures where
appropriate, in the intervals indicated:

a V3tand-1=0,-r<f=<n b Ssinf=1,-7r<60<2r
¢ 8cosf=5-2n==60=<2x d 3cos0-1=0.02, -7r=0=<37
e 0.4tanf-5=-7,0<0<d4r f cos()—lz—O.SZ,%é()s%
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5 Solve the following equations for #, in the interval 0 =< 0 < 27, giving your answers to
3 significant figures where they are not exact.

a Scos20=4 b 5sin30+3=1
¢ V3tandh-5=-4 d V10cos20 + V2 =3V2

6 Solve the following equations for , giving your answers to 3 significant figures where
appropriate, in the intervals indicated.

a V2sin30-1=0, -7 <O<n b 2cosdf=-1, —r<f§<2r
¢ 8tan20 =7, “2r=s=0<2x d 6cos20-1=0.2, —vr =0 =37

7 Solve the following equations for #, in the interval 0 =< 0 < 27, giving your answers to
3 significant figures where they are not exact.

a 4cos?f) =2 b 3tan?# + tanf =0
¢ cos?f—2cosf=3 d 2sin?20 — Scos20 =-2

8 Solve the following equations for #, in the interval 0 =< 0 < 27, giving your answers to
3 significant figures where they are not exact.

a cosf+2sin?6+1=0 b 10sin%0 = 3cos?d
¢ 4cos?f + 8sin?f = 2sin?f — 2cos?f d 2sin?f -7+ 12cosf =0

9 Solve, for 0 = x < 27,

/ T 1 ; 1
a cos (x - 12) =5 b sin 3.x ==2
¢ cos (20 +0.2) =—0.2,—%s ) s% d tan(29+ %) =1,0<0 <2
10 a Solve, for—-mr=0<m, (1 +tan@ )(5sinfl - 2) =0. (4 marks)
b Solve, for 0 < x <2m, 4tanx = Ssinx. (6 marks)

11 Find all the solutions, in the interval 0 = x = 27, to the equation 8cos’x + 6sinx — 6 = 3
giving each solution to one decimal place. (6 marks)

12 Find, for 0 = x = 2, all the solutions of cos?x -1 = %sinzx — 2 giving each solution to
one decimal place. (6 marks)

13 Show that the equation 8sin’x + 4sinx — 20 = 4 has no solutions. (3 marks)

14 a Show that the equation tan?x — 2tanx — 6 = 0 can be written as tan x = p * /¢ where
p and ¢ are numbers to be found. (3 marks)

b Hence solve, for 0 = x = 3, the equation tan’x — 2tan x — 6 = 0 giving your answers to
1 decimal place where appropriate. (5 marks)
15 In the triangle ABC, AB=5cm, AC=4cm, ZABC = 0.5 radians and ZACB = x radians.
a Use the sine rule to find the value of sin.x, giving your answer to 3 decimal places. (3 marks)
Given that there are two possible values of x,

b find these values of x, giving your answers to 2 decimal places. (3 marks)
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@ Small angle approximations

You can use radians to find approximations for
the values of sin@, cos@ and tan@.

® When @ is small and measured in radians:

* sinf@=@

« tanf =0

92
e cosf=1-—
2

You can see why these approximations work by looking
at the graphs of y =sin#, y = cos# and y = tan 6 for

values of # close to 0.

y=sin#

y=4

When @ is small, find the approximate value of:

=¥

J.‘Jl

m In mathematics ‘small’ is a relative

concept. Consequently, there is not a fixed set of
numbers which are small and a fixed set which
are not. In this case, it is useful to think of small
as being really close to 0.

@ Use technology to

explore approximate values
of sin 6, cos @ and tan @ for values
of # close to 0.

y=tanf

a sin2f + tan# cos4d — 1
20 6sin26
sin26 + tanf 260 + 0 : ;
>0 o If sin@ = 6 then sin26 = 26
g B
20 2
When 6 is small, 2" 20 + tanf 3 !\Jote that this approxmjnatmn. is only valid when @
260 2 is small and measured in radians.
1 M.
cos46 — 1 = 2 40)2
Gsin20 £ 0 x 20 cosﬁzl—%socosé&zl—(z)
S
LS e
26°
—1662
- -
T 202 262
=-4
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a Show that, when 0 is small, sin 560 + tan 260 — cos20 = 202+ 70 — 1.

b Hence state the approximate value of sin 50 + tan 26 — cos 26 for small values of #.

a For small values of 8: .

in50 + tan 260 — cos 26 = 56 + 26 — (1 _ (26 ) Use the small angle approximations for sin,
- 2 cos and tan.
462
=70-1+ 5
=70-1+ 202
When 6 is small,
sin5@ + tan 20 — cos 20 = 207 + 76 — 1
When 6 is small, terms in #2and ¢ will also be
b So, for small 6, sin56 + tan26 — cos26 = =1 ————— small, so you can disregard the terms 262 and
76.
1 When @ is small, find the approximate values of:
. sin4f — tan20 b 1 — cos26 g 3tanf — 0
30 tan20 sinf sin26

2 When 0 is small, show that:
sin3¢ 3 cost -1

B tan4dd + 62
fsindd ~ 40 tan20

€ 3g_sn2g 1Y

FES

Find cos(0.244 rad) correct to 6 decimal places.
Use the approximation for cos @ to find an approximate value for cos(0.244 rad).
Calculate the percentage error in your approximation.

Calculate the percentage error in the approximation for cos 0.75 rad.

o /& 60 T o=

Explain the difference between your answers to parts ¢ and d.

® 4 The percentage error for sin# for a given value of ¢ is 1%. Show that 1000 = 101 sin 6.

5 a When 6 is small, show that the expression 4005319__5;42- 95 BIHG can be written as 96 + 2. (3 marks)

b Hence write down the value of 4COS31’9__§i2n;95 il when 6 is small. (1 mark)
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Challenge

1 The diagram shows a right-angled triangle ABC. 2BAC = 6. An arc, CD, of
the circle with centre 4 and radius AC has been drawn on the diagram in

blue.

= =
a Write an expression for the arc length CD in terms of AC and 6.

Given that # is small so that, AC= AD ~ ABand CD = BC,
b deduce that sin# ~ ¢ and tan =~ 6.

2 a Using the binomial expansion and ignoring terms in x* and higher
powers of x, find an approximation for v1 — x2, |x| < 1.

2
b Hence show that for small 8, cos# ~ 1 — % You may assume that
sinfl = 6.

Mixed exercise o

® 1 Triangle ABC is such that AB = 5cm, AC = 10cm and ZABC = 90°.
An arc of a circle, centre 4 and radius 5cm, cuts AC at D.

a State, in radians, the value of Z/BAC.
b Calculate the area of the region enclosed by BC, DC and the arc BD.

2 The diagram shows the triangle OCD with OC= OD =17cm 4
and CD = 30cm. The midpoint of CD is M. A semicircular . 196
arc A,, with centre M is drawn, with CD as diameter.
A circular arc A, with centre O and radius 17c¢m, is drawn
from C to D. The shaded region R is bounded by the arcs
A, and A,. Calculate, giving answers to 2 decimal places:

a the area of the triangle OCD (4 marks)

b the area of the shaded region R. (5 marks)

3 The diagram shows a circle, centre O, of radius 6cm.
The points 4 and B are on the circumference of the circle.
The area of the shaded major sector is 80cm?.
Given that ZAOB = 0 radians, where 0 < # < 7, calculate:

A
a the value, to 3 decimal places, of 6 (3 marks)
b the length in cm, to 2 decimal places, of the minor
arc AB. (2 marks) B
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4 The diagram shows a sector OAB of a circle, centre O and radius rcm.
The length of the arc AB is pcm and ZAOB is 0 radians.

a Find 0 in terms of p and r. (2 marks)
b Deduce that the area of the sector is %pr cm?. (2 marks) 0
Given that r = 4.7 and p = 5.3, where each has been measured to
1 decimal place, find, giving your answer to 3 decimal places:
¢ the least possible value of the area of the sector (2 marks)
d the range of possible values of 6. (3 marks)
® 5 The diagram shows a circle centre O and radius 5cm.
The length of the minor arc ABis 6.4cm.
a Calculate, in radians, the size of the acute angle AOB. (2 marks)
The area of the minor sector AOB is R,cm? and the area of the
shaded major sector is R,cm?.
b Calculate the value of R,. (2 marks)
¢ Calculate R,: R, in the form 1:p, giving the value of p to
3 significant figures. (3 marks)
6 The diagrams show the cross-sections of two
drawer handles. Shape X is a rectangle ABCD
joined to a semicircle with BC as diameter.
The length AB =dcm and BC = 2dcem.
Shape Y is a sector OPQ of a circle with 0

centre O and radius 2dcm. Angle POQ is
f radians.

Given that the areas of shapes X and Y are equal,

m
4 (5 marks)

Using this value of 6, and given that d = 3, Shape X
find in terms of =

a provethatf =1+

b the perimeter of shape X
¢ the perimeter of shape Y.

d Hence find the difference, in mm, between the perimeters of shapes X and Y.

7 The diagram shows a circle centre O and radius 6 cm.
The chord PQ divides the circle into a minor segment R, of area
A,cm? and a major segment R, of area 4,cm?”. The chord PO
subtends an angle f radians at O.

R
a Show that 4, = 18(f — sin#). (2 marks)
Given that 4, = 34,,
b show thatsin =0 — % (4 marks)
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AC at P and Q respectively, as shown in the diagram.

8 Triangle ABC has AB =9cm, BC = 10cm and CA = Scm. 4
A circle, centre 4 and radius 3cm, intersects 4B and / \

a Show that, to 3 decimal places, S5em 21
/BAC = 1.504 radians. (2 marks) /
b Calculate:
i thearea, in cm?, of the sector APQ C. i B
ii the area, in cm?, of the shaded region BPQC
iii the perimeter, in cm, of the shaded region BPQC. (8 marks)

9 The diagram shows the sector OA B of a circle of radius rcm.
The area of the sector is 15cm? and ZAOB = 1.5 radians.

a Prove that r = 2//5. (2 marks)
b Find, in cm, the perimeter of the sector OAB. (3 marks)

The segment R, shaded in the diagram, is enclosed by the
arc AB and the straight line 4AB.

¢ Calculate, to 3 decimal places, the area of R. (2 marks)

10 The shape of a badge is a sector ABC of a circle with centre 4
and radius 4B, as shown in the diagram. The triangle ABC is
equilateral and has perpendicular height 3 cm.

a Find, in surd form, the length of 4B. (2 marks)
b Find, in terms of =, the area of the badge. (2 marks)
¢ Prove that the perimeter of the badge is %(fr + 6)cm. (4 marks)

@ 11 There is a straight path of length 70 m from the point A Railway track
to the point B. The points are joined also by a railway
track in the form of an arc of the circle whose centre is
C and whose radius is 44 m, as shown in the diagram. 4 Path B

a Show that the size, to 2 decimal places, of ZACB s
is 1.84 radians. (2 marks)

b Calculate:
i the length of the railway track
ii the shortest distance from C to the path
iii the area of the region bounded by the railway track and the path. (6 marks)

E

44m 44 m

® 12 The diagram shows the cross-section A BCD of a glass prism. i dem D
AD = BC =4cm and both are at right angles to DC. ¥
AB is the arc of a circle, centre O and radius 6¢cm.
Given that ZAOB = 20 radians, and that the perimeter of the 0_@
cross-section is 2(7 + m)cm, S

a show that (20 + 2sinf — 1) = % B
b verify that § = ul ~
6 B d4cm C

¢ find the area of the cross-section.
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Two circles C, and C,, both of radius 12cm have centres O, and O, respectively. O, lies on the
circumference of C,; O, lies on the circumference of C,. The circles intersect at 4 and B, and
enclose the region R.

a Show that ZAO\B = 2%

b Hence write down, in terms of 7, the perimeter of R.

¢ Find the area of R, giving your answer to 3 significant figures.

A teacher asks a student to find the area of the following sector.
The attempt is shown below.

Area = %!‘29 @

= % x 3% x 50 3cm
= 225cm?
a Identify the mistake made by the student. (1 mark)
b Calculate the correct area of the sector. (2 marks)
When @ is small, find the approximate values of:
cosf — 1 b 2(1 —cosf) - 1
8 0 tan20 tanf) — 1
a When 6 is small, show that the expression T o0 can be written as 3 — 20. (3 marks)
tan20 + 3
2
b Hence write down the value of i k2 cosi8 when @ 1s small. (1 mark)
tan20 + 3
a When # is small, show that the equation
32cos 50 + 203 tan 100 = 182
can be written as
40602 - 2030 +15=0 (4 marks)
b Hence, find the solutions of the equation
32cos 560 + 203tan 100 = 182 (3 marks)
¢ Comment on the validity of your solutions. (1 mark)

When @ is small, find the approximate value of cos*@ — sin*6.

Solve the following equations for 6, giving your answers to 3 significant figures where
appropriate, in the intervals indicated.

a 3sinf=2,0s0<=n b sinf=—-cosl,-n=s0=m

c tan9+-l—=2,0£ 0<2xw d 2sin?f—sinf—1=sin?f,-r<0=nm
tan#



20 a

Sketch the graphs of y = 5sinx and y = 3cosx on the same axes (0 = x = 27), marking on all
the points where the graphs cross the axes.

Write down how many solutions there are in the given range for the equation 5sin x = 3cos x.

¢ Solve the equation 5sin.x = 3cos.x algebraically, giving your answers to 3 significant figures.

® 21

@ »

@

a Express 4sinf — cos (% - 9) as a single trigonometric function. (1 mark)
b Hence solve 4sin# — cos (% - 9) =1 in the interval 0 = 6 = 2. Give your answers to
3 significant figures. (3 marks)
Find the values of x in the interval 0 < x < ?ﬁ which satisfy the equation
sin2x + 0.5
—_— = 6 marks
1 —sin2x ( )
A teacher asks two students to solve the equation 2cos’x = 1 for -7 = x = 7.
The attempts are shown below.
Student A: Student B:
——_ i,i 2costx =1
7
1 cosXx = +l
Reject ——2 as cosine cannot be negative TT T2
N
i o oz _x2r _2n
RS Sy 3" 33" 3
a Identify the mistake made by Student A. (1 mark)
b Identify the mistake made by Student B. (1 mark)
¢ Calculate the correct solutions to the equation. (4 marks)

A teacher asks a student to solve the equation 2tan2x = 5 for 0 = x =< 27,

The attempt is shown below.

x =0.595rad or 217 rad (3 s.f)

2tan2x =5 Problem-solving
tan2x = 2.5 Solve the equation yourself then compare your
2x =112, 4.33

working with the student’s answer.

a Identify the mistake made by the student. (1 mark)
b Calculate the correct solutions to the equation. (4 marks)
a Show that the equation

Ssinx =1+ 2cos’x

can be written in the form

2sin?x + 5sinx-3=0 (2 marks)
b Solve, for 0 = x < 2m,

2sinx + 5sinx-3=0 (4 marks)
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26 a Show that the equation
4sin’x + 9cosx —6=0

can be written as
4cos?x—-9cosx+2=0 (2 marks)
b Hence solve, for 0 = x <4,
4sin’x +9cosx—-6=0

giving your answers to 1 decimal place. (6 marks)

(E/P) 27 a Show that the equation
tan2x = 5sin 2x
can be written in the form
(I =5cos2x)sin2x =0 (2 marks)
b Hence solve, for0 = x = 7,
tan2x = 5sin2x

giving your answers to 1 decimal place where appropriate. You must show clearly
how you obtained your answers. (5 marks)

® 28 a Sketch, for 0 = x = 27, the graph of y = cos (x + %) (2 marks)
b Write down the exact coordinates of the points where the graph meets the
coordinate axes. (3 marks)

¢ Solve, for 0 = x = 27, the equation
25 BN
y =cos (,\ + 6) = (.65,

giving your answers in radians to 2 decimal places. (5 marks)

® 29 Solve, for 0 = x = 7, the equation

sin (3x 4 %) =0.45

giving your answers in radians to two decimal places. (5 marks)

Challenge

Use the small angle approximations to determine whether the following
equations have any solutions close to # = 0. In each case, state whether
each root of the resulting quadratic equation is likely to correspond to a
solution of the original equation.

a 9sinftanf + 25tanf =6
b 2tanf + 3 =5cos4d
€ sin4fl =37 — 2cos 20
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Summary of key points

1 .

Z .

.

2 radians = 360°
w
BUE = radians

w
90° = radians

« 7 radians = 180°
T
« 45° = radians

« 180° = 7 radians

180°

+ 1 radian =
T
- 60° = radians

« 360° = 27 radians

Radians

3 You need to learn the exact values of the trigonometric ratios of these angles measured in radians.

.

.

.

e 1

sin—==

6 2

sinz—E
372

LT 1 V2

sin—=—=—
A

T V3
.« cosE =12
6 2
- gosi=2
3T
T 1 V2
g ==
40z

T 1 V3
s faht=— =12

6 13 3
S

3

T
« tan>=1

4

4 You can use these rules to find sin, cos or tan of any positive or negative angle measured in
radians using the corresponding acute angle made with the x-axis, 6.

.

.

.

.

.

sin(m —6) =sinf
sin(m + 6) = —sin@
sin (2w — 6) = —sin6
cos (mr—6) = —cos @
cos (m+ 0) = —cosf
cos (2w — ) = cosf
tan (r — ) = —tané®
tan(m + ) = tand
tan (2w — 0) = —tand

5 To find the arc length / of a sector of a circle use the formula / = r6,
where r is the radius of the circle and 0 is the angle, in radians,

contained by the sector.

6 To find the area A4 of a sector of a circle use the formula 4 = %rzf?,

where r is the radius of the circle and 0 is the angle, in radians,

contained by the sector.

7 The area of a segment in a circle of radius r is

A=1r20 - sinb)

8 When @ is small and measured in radians:

.

sinf =0

» tanf=¢

92
» cosf=1-—
2
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Trigonometric functions

After completing this chapter you should be able to:

e Understand the definitions of secant, cosecant and cotangent and
their relationship to cosine, sine and tangent -> pages 143-145

e Understand the graphs of secant, cosecant and cotangent and their
domain and range - pages 145-149

e Simplify expressions, prove simple identities and solve equations
involving secant, cosecant and cotangent -» pages 149-153

® Prove and use sec?x =1 + tan?x and cosec?x = 1 + cot?x
- pages 153-157

e Understand and use inverse trigonometric functions and their
domain and ranges. - pages 158-161

Prior knowledge check

1 Sketch the graph of y = sinx for
—180° = x = 180°. Use your sketch to
solve, for the given interval, the equations:
a sinx=038 b sinx=-04

<« Year 1, Chapter 10

1 1
sinx cosx tanx

<« Year 1, Chapter 10 e

2 Prove that

=

Trigonometric functions can be used to
model oscillations and resonance in bridges.
You will use the functions in this chapter
together with differentiation and integration
in chapters 9 and 12.

3 Find all the solutions in the interval
0 = x = 27 to the equation 3 sin%(2x) = 1.
« Section 5.5

— e
S e e



Trigonometric functions

@ Secant, cosecant and cotangent

Secant (sec), cosecant (cosec) and cotangent (cot) are known as the reciprocal trigonometric
functions.

B secx= o (undefined for values of x for which cos x = 0)
B cosec x = # (undefined for values of x for which sin x = 0)
® cotx= g (undefined for values of x for which tan x = 0)

You can also write cot x in terms of sin x and cos x.

cos x
sin x

Use your calculator to write down the values of:

B cotx=

a sec 280° b cot 115°
a sec 260° = T = 5.76 (3 s.f) —————— Make sure your calculator is in degrees mode.
cos 2860°
o _ 1 o 55
b cot 115° = ——m5 = 0,466 (3 5f)

Work out the exact values of:

a sec 210° b cosec ‘1—“ Exact here means give in surd form.
a sec 210° = . -
~ cos 210°
Ya
S A
30° R
30210 0
@ c
[ 210°is in 3rd quadrant, so cos 210° = —cos 30°.
cos 30° = i3 so —cos 30° = —ﬁ
2 Or sec 210° = ——— if you rationalise the
S0 sec 210° = —— 3
V3 denominator.
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4 (3w
Sm(4) Ao . 3 :
o is in the 2nd quadrant, so sin S +sin
VA
7 s
® A
g E
4 4 _
O (
T G
1
S0 cosec — = : (ﬁ)
SN —
4
SIH(E) = L
4/ 2

Exercise @

1 Without using your calculator, write down the sign of the following trigonometric ratios.

@ 4
® s
® 6

a sec 300° b cosec 190° ¢ cot 110°
d cot 200° e sec 95°

Use your calculator to find, to 3 significant figures, the values of:

a sec 100° b cosec 260° ¢ cosec 280°
d cot 550° e cot 4% f sec2.4rad
g cosec 111_5 h sec 6rad

Find the exact values (in surd form where appropriate) of the following:

a cosec 90° b cot 135° ¢ sec 180°

d sec 240° e cosec 300° f cot(-45°)
g sec 60° h cosec (-210°) i sec225°

L An L (2
i cot 3 k sec 6 I cosec n

Prove that cosec(m — x) = cosec x.

Show that cot 30° sec 30° = 2.

Show that ccnsecz—Tr + secz—TT = a + b/3 where a and b are real numbers to be found.

3 3

144
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Challenge

The point P lies on the unit circle, centre O. The radius OP makes an
acute angle of # with the positive x-axis. The tangent to the circle at P
intersects the coordinate axes at points 4 and B.

L

N

Prove that

a OB=sect

b OA=cosect
¢ AP=cotd

@ Graphs of sec x, cosec x and cot x

Trigonometric functions

You can use the graphs of y = cos x, y = sin x and y = tan x to sketch the graphs of their reciprocal

functions.

Sketch, in the interval —180° = 6 =< 180°, the graph of y = sec 6.

y=sect

First draw the graph y = cos 6.

For each value of 8, the value of sec 8 is the
reciprocal of the corresponding value of cos 6.
In particular:cos 0° =1, so sec0° = 1;

and cos 180° = -1, so sec 180° = —1.

As @ approaches 90° from the left, cos @ is +ve but
approaches zero, and so sec f is +ve but becomes
increasingly large.

At # =90°, sec # is undefined and there is a
vertical asymptote. This is also true for @ = —90°.

As @ approaches 90° from the right, cos @ is —ve
but approaches zero, and so sec £ is —ve but
becomes increasingly large negative.
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® The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cos x = 0.

y=secx

IUI | y‘/ IUI
: : \ : : ! m The domain can also be given as

—4:500 —270°

90° 2:?00 450° @n+ 1w

5 3 5 % xe[R,xaeiz e 2

|
x
2 2 2

| e G | | Z is the symbol used for integers, i.e.
; ; ; ; ; positive and negative whole numbers
5 5 5 including 0.

* Thedomainof y =secxisx € R, x #90°, 270°, 450°,... or any odd multiple of 90°

* Inradians thedomainisx € R, x =z =

w 3w 57w . T
37 51 5 e Orany odd multiple ofE

* Therangeof y=secxisy<=-l1lory=1

® The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at
all the values of x for which sin x = 0.

-360°  -180°

¥ =C0sec x
y U :\
180° 360°
T 2r X

m The domain can also be given as

xeR xznmnel.

?r 0

+ The domain of y = cosec x is x € R, x # 0°, 180°, 360°,... or any multiple of 180°
* Inradians the domainis x € R, x # 0, m, 27,... or any multiple of =
* Therangeof y=cosecxisy=-1lory=1

® The graph of y = cot x, x € R, has period 180° or 7 radians. It has vertical asymptotes at all
the values of x for which tan x = 0.

-360°\ -180°

y=cotx

180° \  360°

w 2m
i i



* The domain of y = cotx is x € R, x = 0°, 180°,
360°,... or any multiple of 180°

+ Inradians the domainisx € R, x 20, 7, 27,...
or any multiple of =

* Therangeof y=cotxisy € R

a Sketch the graph of y =4cosec x, -t = x = 7.

b On the same axes, sketch the line y = x.

¢ State the number of solutions to the equation 4 cosec x — x

a. b

él y=dcosecx i |
rag
4
2 y=x
- i 0 1 X
2 2 a
-4
W_

c 4cosecx —x=0
4cosec X =X
y =4cosec x and y = x do not intersect
for —m = x =< 7 s0 the equation has no

solutions in the given range.

Trigonometric functions

The domain can also be given as

xeR xznmnel.

v =4cosec x is a stretch of the graph of
v = cosec x, scale factor 4 in the y-direction.
You only need to draw the graphfor-n = x = .

Problem-solving

The solutions to the equation f(x) = g(x)
correspond to the points of intersection of the
graphs of y = f(x) and y = g(x).

Sketch, in the interval 0 =< 6 = 360°, the graph of y =1 + sec 26.

: i

360° 6

V4
T-/

180°  270°
_T' : /—‘\ i

m Explore transformations O

of the graphs of reciprocal
trigonometric functions using technology.

Step 1

Draw the graph of y = sec 6.
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y =sec 28

/ | | \/ i | \ Stretch in the #-direction with scale factor%

45° 90° 135°180° 225°270° 315°360° 4

AN

y=1+sec 26

t : : 5 Step 3
/ \/ \ Translate by the vector ([1))

=y

45° BONI35° 180° 225°870K 315° 3G0°

Exercise @

1

148

Sketch, in the interval —540° < # < 540°, the graphs of:

a y=secft b y =cosect ¢ y=cotd

a Sketch, on the same set of axes, in the interval —m =< x = 7, the graphs of y = cot x and
y=-X.
b Deduce the number of solutions of the equation cot x + x = 0 in the interval -7 = x = 7.

a Sketch, on the same set of axes, in the interval 0 = @ =< 360°, the graphs of y = sec and
y=—cosf.

b Explain how your graphs show that sec # = —cos # has no solutions.

a Sketch, on the same set of axes, in the interval 0 = # = 360°, the graphs of y = cot # and
y =sin 26.

b Deduce the number of solutions of the equation cot # = sin 26 in the interval 0 = 0 = 360°.

a Sketch on separate axes, in the interval 0 =< § < 360°, the graphs of y = tan # and
y =cot(f + 90°).

b Hence, state a relationship between tan # and cot(€ + 90°).



® ¢

@ 10

Trigonometric functions

a Describe the relationships between the graphs of:

iy= tan(r‘? + g) and y =tan ii y=cot(-#)and y=cotd
iii y= cosec(9 + %) and y = cosec iv y= sec(6' - %) and y = sect

b By considering the graphs of y = tan(f? + %) y=cot(-0), y = cosec(9 + %) and y = sec(9 - %),

state which pairs of functions are equal.

Sketch on separate axes, in the interval 0 < 6 < 360°, the graphs of:

a y=sec20 b y=—cosecd ¢ y=1+secd
d y=cosec(f — 30°) e y=2sec(#-60° f y=-cosec(20 + 60°)
g y=—cot (20) h y=1-2secd

In each case show the coordinates of any maximum and minimum points, and of any points at
which the curve meets the axes.

Write down the periods of the following functions. Give your answers in terms of .

a sec3d b cosec %9 ¢ 2cotf d sec(-0)

Sketch, in the interval —2n = x < 27, the graph of y = 3 + 5cosec x. (3 marks)

b Hence deduce the range of values of k for which the equation 3 + 5cosecx =k

has no solutions. (2 marks)
a Sketch the graph of y =1 + 2 secf in the interval -7 = 6 = 2. (3 marks)
b Write down the f-coordinates of points at which the gradient is zero. (2 marks)

: : 1 ,
¢ Deduce the maximum and minimum values of s and give the smallest

2sect’
positive values of # at which they occur. (4 marks)

@ Using sec x, cosec x and cot x

You need to be able to simplify expressions, prove identities and solve equations involving sec x,
cosec x and cot x.

m secx = k and cosec x = k have no solutions for -1 < k < 1.

Simplify:

a sind cot secl

b sinf cosf(sect + cosect)
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a sinf cotfl sech

Write the expression in terms of sin and cos,

. cpfrﬁy 1
Mxilﬂ'ffxcpsrﬁ‘

=1

1 1
+

b secl + cosecl =

using cotd = LSG and secf =

il
l sinf | cos

Write the expression in terms of sin and cos,

cosfl  sinf
sinfl + cos !
sinfl cos

So sinfl cosB(zect + cosec )
=sinfl + cosf

cot ) cosect
sec2 @ + cosec? —

a Prove that

cot f cosect

. 1 1
using sec# = ——and cosecl = —
ng cos 6 sinf

— Put over common denominator.

= cos? 0.

—— Multiply both sides by sin @ cos 6.

= 8 has no solutions.

b Hence explain why the equation

a Consider LHS:
The numerator cot f cosec

_cosf 1 _ cosb

sec2@ + cosec2(

Write the expression in terms of sin and cos,

= sinf " sinf "~ sin2d
The denominator sec?f + cosec?f
1 1

. cosf 1
using cot # = ——and cosecf = ——
& sinf sinf

—  —
cos?l  sin?d

sin?f# + cos? 6

Write the expression in terms of sin and cos,
. 1.V 1
using sec?f = (—) =
] & cosf cos2f

cos? 6 sin?
i S
cos? 0 sin® 0

cotf cosecl
sec?fl + cosec?

e (co59) b ( 1 )
T \sin2@) " \cos20 sin? 6

So

_cosfl  cos?f sin®f

1
sinZf

cosecifl =

— Remember that sin?# + cos?d = 1.

Remember to invert the fraction when changing

= x
sin2 1
= cos
; cotf cosech :
b Since =cos’ 0 we are

sec?f + cosec?

required to solve the equation cos36 = &.

cos30 =8 = cosl = 2 which has no

solutions since =1 = cosfl = 1.

150

from =+ sign to x.

Problem-solving

Write down the equivalent equation, and state
the range of possible values for cos 6.



Solve the equations

a secl=-25 b cot20=0.6
in the interval 0 = ¢ = 360°.

= -2.
& cosfl 2
cosfl = % =-04
Vo
; y=cos x
113.6° 246,4"/ _
0 90° 270° 360° 0
AR e N IR e 2
-1
f = 113.6° 246.4° = 114°, 24¢€° (3 =.1)
7% S R
tan20 =
e B
tan 260 = 0c=3

Let X = 26, so that you are solving
tan X = %, in the interval 0 = X = 720°

r 3

5 ®

59.0°

¥

59107

M G

Xi= 5207 23907 419.08,5699.0°7
20:0:=22.5%120%.210% 300° (3 51)

Trigonometric functions

: il T
Substitute sy for secf and then simplify to get

an equation in the form cosé = k.

Sketch the graph of y = cos x for the given
interval. The graph is symmetrical about 8 = 180°.
Find the principal value using your calculator
then subtract this from 360° to find the second
solution.

You could also find all the solutions using a CAST
diagram. This method is shown for part b below.

Calculate angles from the diagram.

: 1 T
Substitute ey for cot 26 and then simplify to

get an equation in the form tan26 = k.

Draw the CAST diagram, with the acute angle
X =tan! % drawn to the horizontal in the 1st and
3rd quadrants.

Remember that X = 26.
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Exercise @

1

152

Rewrite the following as powers of sec ), cosec 6 or cot 6.

a 1 4 . 1 d 1 —sin?0
sin® 0 tan®d 2cos?0 sin? 0
2 2
secd f Vcosec3# cotf secl g - 2 h cosec*d tan”§
costf Jtan @ cos

Write down the value(s) of cot x in each of the following equations.

SINX _ COSX
cosXx  sinx

a Ssinx=4cosx b tanx=-2

Using the definitions of sec, cosec, cot and tan simplify the following expressions.

a siné cotd b tan@cotd
¢ tan 26 cosec?2d d cos@sin® (cotd + tan )
e sin’x cosecx + cos? x secx f secA —secAsin?A

g sec?x cos® x + cot x cosec x sin* x

Prove that:
a cosf +sinf tanf = secl b cotf + tan = cosec f secl
¢ cosecl —sinf = cosd cotd d (1 —cosx)(l + secx)=sinx tanx
cos X 1 -sinx _ cosf) _  sinf
- — =2secx =
1 —sinx Cosx l1+cotf 1+tand

Solve, for values of ¢ in the interval 0 = # = 360°, the following equations.
Give your answers to 3 significant figures where necessary.

a secd=v2 b cosect =-3 ¢ Scotf=-2 d cosec =2
e 3sec?f-4=0 f Scosf=3cotd g cot?’d—8tanf=0 h 2sinf = cosec?

Solve, for values of ¢ in the interval —180° = # = 180°, the following equations:

a cosecf =1 b sect =-3 ¢ cotfl=345
d 2cosec?f —3cosec =0 e sect =2cosl f 3cot@=2sinf
g cosec20=4 h 2cot?f—cotf-5=0

Solve the following equations for values of 6 in the interval 0 =< § < 2x. Give your answers in
terms of .

a secfl=-1 b cotd=-/3

2y
3

|

d sech= v"ftanﬁ(ﬁ#%, 9%3—“)

P
¢ cosecz0 = 3



8

EP) 10
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In the diagram 4B = 6 cm is the diameter of the circle and BT is the
tangent to the circle at B. The chord AC is extended to meet this
tangent at D and ZDAB = 0.

a Show that CD = 6(secf — cos /) cm. (4 marks)
b Given that CD = 16 cm, calculate the length of the
chord AC. (3 marks)

Problem-solving

AB is the diameter of the circle,
so ZACB = 90°.

cosecx —cotx
a Prove that ————— = cosec x.
l —cosx

: : . cosecx —cotx
b Hence solve, in the interval —w < x =< 7, the equation —————— =

1 —cosx
sin x tan x
a Prove that ———— -1 =secx.
l —cosx
: . sinxtanx :
b Hence explain why the equation E pa—— L= —% has no solutions.

1 +cotx B
1 +tanx

Problem-solving

Solve, in the interval 0 =< x < 360°, the equation

Trigonometric functions

(4 marks)

(3 marks)

(4 marks)

(1 mark)

(8 marks)

Use the relationship cot x = ﬁ to form a quadratic

equation in tan x.

m Trigonometric identities

You can use the identity sin® x + cos? x = 1 to prove the following identities.

m 1+tan?x=sectx

m 1+ cot?x =cosec’x prove the identity sin®x + cos® x = 1.

a Prove that | + tan?x = sec? x.

b Prove that 1 + cot? x = cosec? x.

<« Year 1, Section 10.5

m You can use the unit circle definitions of sin and cos to

<« Year 1, Section 10.5
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a sinfx+cosfx=1 A Unless otherwise stated, you can assume the
sin?x  cos?x 1 identity sin?x + cos? x = 1 in proofs involving
CcOEx | CcOSEX = cos2 x cosec, sec and cot in your exam.

sinx \? S A° o _ ) _
oS X 1= o5 X Divide both sides of the identity by cos? x.
so 1+ tanfx =sec?x
. Silnize —
‘ Use tanx:cosxand Secx = o

b sinx +cos?x =1

sinfx  cosfXx 1 . . . . .
i e =T Divide both sides of the identity by sin? x.
SIN= X st X Sin= x
eoe ‘)L = ( 1 ]2 oS x 1
( nx/! — \sinx Use cot x = ——and cosecx = ——
SInx SN X ¥ sin x
so 1+ cotZx = cosec?x

Given that tan 4 = —%, and that angle A is obtuse, find the exact values of:

a secA b sin A4

a Using 1+ tan®4 =sec?4

secta =1+ 25 =18
SSCAIi% taﬂA:%
A
5 / A
Problem-solving
o You are told that A is obtuse. This means it lies
in the second quadrant, so cos 4 is negative, and
T C sec A4 is also negative.
secA = —%
sin A
b Using tand =
SII"Ig an o A
sind =tanAd cos A
So sind =(-3) x (-35) cos A = -1, since cos 4 =

5
i3
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Trigonometric functions

Prove the identities:

1 + cos?d
1 —cos?d

b sec?0 — cos?f = sin? (1 + sec? )

a cosectf) —cot*f =

a LHS = cosectl — cottd This is the difference of two squares, so factorise.
= (cosec?fl + cot?B)(cosec? f — cot? )
= cosec2l + cot? { As 1 + cot?26 = cosec?d, so cosec? ) — cot2f = 1.
] s cos?
sin“f ~ sin“f L Usingcosec&zﬁ, cot&z%’“g
B = co=2 8 : :
T sin?d
et — Usingsin?6 + cos?6 = 1.
=———=RHMS
1 —cosf
b RHS =sin?f + sin?fl sec?f Write in terms of sin # and cos #.
20 |
= 5in20 + —1 =
sin Y Use secd T
= sin?f + tan®f
. , .
=(1-cos?f) + (secf — 1) L= QE(SIHQ) = tanZ4.
cos? cosf

1l

sec?fl — cos?
LHS

1l

Look at LHS. It is in terms of cos? @ and sec?d,
so use sin?fl + cos? =1and 1 +tan?f = sec?f.

Problem-solving

You can start from either the LHS or the RHS when
proving an identity. Try starting with the LHS using
cos?2f =1 -sin?2# and sec2f = 1 + tan?0.

Solve the equation 4 cosec? ) — 9 = cot #, in the interval 0 < # < 360°.

| This is a quadratic equation. You need to write it
The equation can be rewritten as

in terms of one trigonometrical function only,
A1 + cot?28) — 9 = cotd so use 1 + cot? # = cosec? 6.

So 4cot?fl —cotl —5=0

(4cotf — S)cotf +1) =0 Factorise, or solve using the quadratic formula.
So cotf = ZJ or cotf = —1

tanfl = i) or tanfl = =1
For tanf = 2

=)
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B = 357% 212° (3 sf)

A
S A
o 38.7° > As tan @ is +ve, @ is in the 1st and 3rd quadrants.
38.7 The acute angle to the horizontal is
tan™' =38.7°.
T &

If e is the value the calculator gives for tan—t %

then the solutions are & and (180° + a).

For tanf = -1
A
As tanflis —ve, f is in the 2nd and 4th quadrants.
S A ' The acute angle to the horizontal is tan-1 1 = 45°.
45° 9
45° = If e is the value the calculator gives for tan=* (-1),
— then the solutions are (180° + «) and (360° + ),
T E as e is not in the given interval.

#.=.135%.315" @ Solve this equation ﬁ

numerically using your calculator.

Exercise @

Give answers to 3 significant figures where necessary.

|

156

Simplify each of the following expressions.

a |+ tan? %9 b (sec — 1)(sec + 1) ¢ tan?f(cosec?d — 1)
d (sec?f —1)cotf e (cosec?f — cot?h)? f 2—tan?6 + sec?6
tan 0 sec . 5 5 cosec ) cotf)
1 + tan26 i (=Sl San 1) 1 + cot2d
j (sec*@—2sec?d tan?0 + tan*0) k 4cosec?20 + 4 cosec? 26 cot? 26
Given that cosec x = - where k > 1, find, in terms of k, possible values of cot x.

cosec X’

Given that cot§ = —/3, and that 90° < 6 < 180°, find the exact values of:

a sinf b cos@

Given that tan @ = %, and that 180° < 6 < 270°, find the exact values of:

a sect b cos@ ¢ sinf

Given that cosd = %, and that @ is a reflex angle, find the exact values of:

a tanf b cosect
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Prove the following identities.

Trigonometric functions

a sec*f — tan*f = sec?f + tan? ¢ b cosec?x —sin?x = cot?x + cos?x
¢ sec? A(cot? A — cos? A) = cot? 4 d 1-cos?f = (sec?f - 1)(1 —sin?6)
2
e w =1-2sin24 f sec?f + cosec? ) = sec? 0 cosec?
1 +tan* 4
g cosec A sec’ A = cosec A + tan A sec A h (secf — sin #)(sec § + sin 0) = tan? 6§ + cos>

Given that 3 tan?6 + 4sec?f = 5, and that @ is obtuse, find the exact value of sin @.

Solve the following equations in the given intervals.

a sec2f/=3tanf, 0 < 0 < 360° b tan20-2secd+1=0,-r<fl<n

¢ cosec?f + 1 =3coth, —180° = A = 180° d cotf=1-cosec?d,0=0<2r

e 35ec%9=2tan2%9,0£9£360° f (secl—cosf)Y’=tanf—sin’f,0<f <
g tan220=sec20-1,0 <6< 180° h sec2f0—-(1+V3)tanf+V3=1,0<6<2x

Given that tan2k = 2 seck,
a find the value of seck
b deduce that cosk =v2 — 1.

(4 marks)
(2 marks)

¢ Hence solve, in the interval 0 < k < 360°, tan? k = 2seck, giving your answers to

1 decimal place.

Given that « =4 secx, b = cosx and ¢ = cot x,

a express b in terms of a

16
a-16

b show that ¢2 =

Given that x = secf + tan /),
1
a show that - =secf — tan®.
1 . S
b Hence express x> + — + 2 in terms of 0, in its simplest form.
X

2':

Given that 2 sec?f — tan? § = p show that cosec? ) = f)T PiE2

(3 marks)

(2 marks)

(3 marks)

(3 marks)

(5 marks)

(5 marks)
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@ Inverse trigonometric functions

and their graphs.
m The inverse function of sin x is called arcsin x.

y=arcsinx

=y

.
=

e @
Sketch the graph of y = arcsin x.

You need to understand and use the inverse trigonometric functions arcsin x, arccos x and arctan x

@ The sin=! function on your
calculator will give principal

values in the same range as

arcsin.

e Thedomainof y=arcsinxis-1sx=<1.
e The range of y = arcsinx is - < arcsin x < T or -90° < arcsin x < 90°.

Step 1
Draw the graph of y = sin x, with the restricted

i _Es‘ =
domain of > o >

Restricting the domain ensures that the inverse
function exists since y = sin x is a one-to-one

function for the restricted domain. Only one-to-
« Section 2.3

one functions have inverses.

. m
LGN X pme R S
i _— >
Va
1 ¥y = sinx
¥ N
2 2
<.
) = arcsinx
Vi
z Yy = arcsinx

=¥

Step 2
Reflect in the line y = x.
The domain of arcsin x is -1 = x = 1; the range is

i =
2 2

Remember that the x and y coordinates of points

interchange when reflecting in y = x. For example

71~ (13)
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Trigonometric functions

m The inverse function of cos x is called arccos x.

YA
w4

=

¥ =arccos x

-1 O 1

=Y

e Thedomainof y=arccosxis-1<sx=<1.

e The range of y = arccos x is 0 =< arccos x =< 7 or 0° << arccos x < 180°.

m The inverse function of tan x is called arctan x.
Vi

L S e y=arctanx
Unlike arcsin x and

N arccos x, the function arctan x is
o X defined for all real values of x.

e The domain of y =arctanxis x € R.

e Therange of y = arctanx is —% <arctanx < % or -90° < arctan x < 90°.

Work out, in radians, the values of:

a arcsin(—g) b arccos(-1) ¢ arctan(v/3)

S A You need to solve, in the interval — < x < g

2
V2

the equation sin x = -

¥

4 The angle to the horizontal is U and, as sin is —ve,
it is in the 4th quadrant.
T © g
e
@ m Use your calculator to evaluate
arcsin »‘?) = ~% inverse trigonometric functions in radians.

159



Chapter 6

b YA

s ¥y = cosx
You need to solve, in the interval 0 = x = 7, the

equation cos x = —1.

I

T

k
= 4
-y

Draw the graph of y = cos x.

arccos(-1) =

c T4
= ; . LS
& @ You need to solve, in the interval = S >
- the equation tan x = V3.
< > The angle to the horizontal is % and, as tan is +ve,
it is in the 1st quadrant.
T C
e

i T You can verify these results using the sin~!, cos™
arctan(v3) = = E :
3 and tan-! functions on your calculator.

Exercise @

In this exercise, all angles are given in radians.

1 Without using a calculator, work out, giving your answer in terms of :

a arccos(0) b arcsin(1) ¢ arctan(-1) d arcsin(—%)
3 arocos(—l) f arctan(—i) arcsin(sinz) h arcsin(sinﬁ)
2 73 g 3 3
2 Find:
. (1 1 1
a arcsm(g) +arcsm(—5) b arccos(g) —arccos(—g) ¢ arctan(l) — arctan(-1)

® 3 Without using a calculator, work out the values of:
a sin(arcsin %) b sin(arcsin (—%))

¢ tan(arctan(-1)) d cos(arccos 0)

® 4 Without using a calculator, work out the exact values of:

. 1 8 1 \/E

a sm(arccos(g)) b cos(arcsm(—g)) ¢ tan(arccos(—j))
oy : : . (V2
d sec(arctan(v3)) e cosec(arcsin(—1)) f sin|2arcsin 5
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® 5 Given that arcsin k = o, where 0 < k < 1 and « is in radians, write down, in terms of «, the first
two positive values of x satisfying the equation sin x = k.

6

9

Given that x satisfies arcsin x = k, where 0 < k < E,

state the range of possible values of x

b express, in terms of Xx,

i cosk ii tank
Given, instead, that —% <k<0,

¢ how, if at all, are your answers to part b affected?
Sketch the graphs of:

a y=%+ 2 arcsin x b y=m - arctanx
¢ y=arccos(2x + 1) d y=-2arcsin(—x)

(1 mark)

(4 marks)

(2 marks)

The function f is defined as f : x — arcsin x, =1 = x = 1, and the function g is such that
g(x) = f(2x).

= "I T — o ]

Sketch the graph of y = f(x) and state the range of f.
Sketch the graph of y = g(x).
Define g in the form g: x — ... and give the domain of g.

Define g-! in the form g1 x +— ...

Prove that for 0 =< x < 1, arccos x = arcsinv1 — x2

Give a reason why this result is not true for -1 = x = 0.

Challenge

a Sketch the graph of y = sec x, with the restricted domain

b Given that arcsec x is the inverse function of secx, 0 = x = m x # >

m
(===t v

2

sketch the graph of y = arcsec x and state the range of arcsec x.

(3 marks)
(2 marks)
(3 marks)
(2 marks)

(4 marks)

(2 marks)

w
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Mixed exercise o

Give any non-exact answers to equations to 1 decimal place.

1

@@ 006

4

@ B

10

162

Solve tan x = 2 cot x, in the interval —180° = x = 90°.

2 Given that p = 2secf and ¢ = 4 cos 0, express p in terms of g.

3 Given that p = sin @ and ¢ = 4 cot , show that p2¢*> = 16(1 — p?).

a Solve, in the interval 0 < # < 180°,
i cosecf=2cotf

b Solve, in the interval 0 < @ = 360°,
i sec(20 — 15°) = cosec 135°

¢ Solve, in the interval 0 < x < 2x,

g w
1 COSBC(.X + _l) = —\-’5

i sec?x=12
15 T3

Given that 5sin x cos y + 4 cos x sin y = 0, and that cot x = 2, find the value of cot y.

Prove that:

a (tan0 + cot#)(sinf + cos #) = sec § + cosecl

e}

(1 = sinx)(1 + cosec x) = cos x cot x

| |
¢ cosecl —1 cosecl +

1 =2secf tand

ii sec2f +tanf =3

ii 2cot?f = 7cosech — 8

(4 marks)
(4 marks)
(4 marks)
(5 marks)
cosec X 5
——————— =s8ec’ X
cosec .x — sin x
cotx COS X = 2 tan x

cosecx—1 1 +sinx

(secd — tanf)(secd + tan d)

= cos2d
1 + tan?d

(4 marks)

sin x 1 +cosx
a Prove that - = 2 cosec Xx.
1 +cosx sin x
: . sin x
b Hence solve, in the interval -27 = x = 2,
I + cosx
1 +cosf
Prove that ———— = (cosec 6 + cot #)2
1 —-cosf

Given that sec 4 = -3, where % <A<,

a calculate the exact value of tan 4

3V2

4

b show that cosec 4 =

1 +cosx _

prE (4 marks)

P J
V3

(4 marks)

(3 marks)

(3 marks)

Given that secf = k, |k| = 1, and that 0 is obtuse, express in terms of k:

a cosf b tan?é ¢ cotf

d cosect
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11

12

13

14

15

16

17

18

19

20

21

22

23

Solve, in the interval 0 = x = 27, the equation sec(x +—W) = 2, giving your answers in

4
terms of .

Find, in terms of m, the value of arcsin(%) - arcsin(—%).
: ; R 2\;‘@
Solve, in the interval 0 = x = 27, the equation sec’® x — 3 tanx —-2=0,

giving your answers in terms of .

a Factorise sec x cosec x — 2secx — cosec x + 2.

b Hence solve sec x cosec x — 2secx — cosec x + 2 = 0, in the interval 0 < x < 360°.
Given that arctan(x — 2) = —%, find the value of x.

On the same set of axes sketch the graphs of y = cosx, 0 = x = 7, and y = arccos x,
-1 = x = 1, showing the coordinates of points at which the curves meet the axes.

a Given that sec x + tan x = =3, use the identity 1 + tan’ x = sec’ x to find the value
of secx — tan x.

b Deduce the values of:
isecx ii tanx

¢ Hence solve, in the interval —180° < x =< 180°, sec x + tan x = 3.

|-

Given that p = secf — tan ) and ¢ = sec @ + tan #, show that p =

a Prove that sec*d — tan* 0 = sec?f + tan2 4.

b Hence solve, in the interval —180° = # = 180°, sec*d = tan*f + 3 tan 6.

Sketch the graph of y = sin x and shade in the area representing J:sin x dux.

1
b Sketch the graph of y = arcsin x and shade in the area representing J; arcsin x dx.

H 1
¢ By considering the shaded areas explain why J;'sin xdx+ fo arcsin xdx = %
Show that cot 60° sec 60° = 2\:;3

a Sketch, in the interval 27 < x < 2, the graph of y =2 — 3secx.

b Hence deduce the range of values of k for which the equation 2 — 3 sec x = k has
no solutions.

a Sketch the graph of y = 3 arcsin x — %, showing clearly the exact coordinates
of the end-points of the curve.

b Find the exact coordinates of the point where the curve crosses the x-axis.

Trigonometric functions

(5 marks)

(4 marks)

(5 marks)

(2 marks)
(4 marks)

(3 marks)

(4 marks)

(3 marks)

(3 marks)
(3 marks)

(4 marks)

(3 marks)
(4 marks)

(3 marks)

(2 marks)

(4 marks)
(3 marks)
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R
V1 — X2

24 a Prove that for 0 < x < 1, arccos x = arctan

b Prove that for —1 < x < 0, arccos x = k + arctan

Summary of key points

X

x2

!
V1=
X

, where k is a constant to be found.

1 - secx= T (undefined for values of x for which cos x =0)
+ COSecx = ﬁ (undefined for values of x for which sin x =0)
« cotx= ta; p (undefined for values of x for which tan x = 0)
COS X
3 fdefiior ==
sinx

2 The graph of y = secx, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cos x = 0.

y=5ecx
. . g : :

-4$0° -2:?00 ~90° 9:00 2:700 450°
_5m 37 70| = 3w 5T X
5 2 2 2 2 2
: : P14 : :

the values of x for which sin x =0.

¥ = cosec x
}”\U :\
14 i :

—3E:>0° -1$0° 1$0° 3:60"

A

m
i

em

-1

164

« The domain of y =secxisx € R,
x # 90°, 270°, 450°, ... or any odd
multiple of 90°.

+ In radians the domain is x € R,

7T 37 5w .
X - = oo or any odd multiple
T
of =
2

« Therangeof y=secxisy=-lory=1.

The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at all

+ The domain of y = cosecx is x € R,
x # 0°,180°, 360°, ... or any multiple of
180°.

+ In radians the domainis x € R, x #0, ,
2m, ... or any multiple of 7

+ The range of y =cosecxisy =-1or
y=1
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4 The graph of y = cotx, x € R, has period 180° or 7 radians. It has vertical asymptotes at all the

values of x for which

Lahibe="1

« The domain of y=cotxis x € R, x # 0°,
180°, 360°, ... or any multiple of 180°.

+ In radians the domainis x € R, x # 0, «, 2,
... or any multiple of .

« Therangeof y=cotxisy e R.

" y=cotx

! : 1F : )
~360°\ -180° 180° \  360°
—Z?TI' —%r (0] TIr 2}; X

—
T

5 secx =k and cosec x = k have no solutions for-1 <k < 1.

6 You can use the identity sin® x + cos? x = 1 to prove the following identities:

+ 1+tan2x=sectx

+ 1+ cot?x = cosec?x

7 The inverse function of sin x is called arcsin x.
+ The domain of y=arcsinxis-1=x=1

o - ™ a w
+ The range of y = arcsin x is —— = arcsinx = > or

—90° = arcsin x = 90°

8 The inverse function of cos x is called arccos x.
+ The domain of y=arccosxis-1=x=<1

+ The range of y = arccos x is 0 < arccos x = w or
0° < arccos x =< 180°

9 The inverse function of tan x is called arctan x.
+ The domain of y = arctanx is x € R

+ The range of y = arctan x is —% <arctanx < %

or —90° < arctan x < 90°

YA
TI— .
7 y=arcsinx
T Tt
-1 0 1 X
=)
Z
VA
4
o
2 y=arccosx
1 O 1 S
YA
=
""'"""z‘ """""""" y=arctanx
0 x
e U
Z
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Trigonometry and
modelling

After completing this unit you should be able to:
® Prove and use the addition formulae - pages 167-173
e Understand and use the double-angle formulae - pages 174-177

® Solve trigonometric equations using the double-angle and addition
formulae - pages 177-181
® Write expressions of the form a cos @ + bsinf in the forms
Rcos(f = a) or Rsin(f = «) -» pages 181-186

® Prove trigonometric identities using a variety of identities
- pages 186-189

® Use trigonometric functions to model real-life situations
- pages 189-191

Prior knowledge check

1 Find the exact values of:

4 T m
a sin45° b cos = ¢ tan 3‘ « Section 5.4

2 Solve the following equations in the interval 0 = x < 360°.
a sin(x +50° =-09 b cos(2x -30°) =3
¢ 2sinfx—-sinx—-3=0 « Year 1, Chapter 10

The strength of microwaves
at different points within

" a microwave oven can be
modelled using trigonometric
functions. -» Exercise 7G Q7

W ma AN T — . Y

3 Prove the following:
a cosx+sinxtanx=secx b cotxsecxsinx=1

CosZx + sin2x

= sinZx « Section 6.4
1+ cot?x
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€5 Addition formulae

The addition formulae for sine, cosine and
tangent are defined as follows:

» sin(A + B) =sinA cos B+ cos AsinB
= cos(A+ B)=cosAcosB-sinAsinB

tan A + tan B
1-tanAtanB

= tan(4 + B) =

Trigonometry and modelling

m The addition formulae are sometimes

called the compound-angle formulae.

sin(4 - B) =sinA cos B—-cos AsinB
cos(A - B) =cos A cos B+sinAsinB
tan4 -tan B

tan(4 - B) =

l1+tanAtanB

You can prove these identities using geometric constructions.

In the diagram /BAC = a, /CAE = 3and AE=1.
Additionally, lines 4B and BC are perpendicular,
lines 4B and DE are perpendicular, lines AC and
EC are perpendicular and lines EF and FC are
perpendicular.

Use the diagram, together with known properties
of sine and cosine, to prove the following identities:

a sin(a + [3) = sin @ cos 3 + cos a sin 3

b cos(a + () = cos a cos 3 — sin v sin 3

The diagram can be labelled with the following
lengths using the properties of sine and

\
 p—

sin @ sin G

cosine.

cos (a+ 3)

PR

<« COSasing

G

sinacos 3 —L

B

«———CcO50Co5 [ —— >

[

ic

1

| Intriangle ACE, cos 3 = j—g — (/6=

So AC = cos f3.

LACF=a = /FCE=90°-a.50 ZFEC= qa.

: ; L@ EC
In triangle ACE, sin 3 = 1E = SN g= 1
So EC=sinf.
: FE FE
In triangle FEC, cosa =—— = (0Sax = ———
iang C, cosa FC = s Y
So FE = cos a sin 3.
In triangle FEC, sina = g—g = sina = —Sﬂ%
So FC =sina sin 3.
In triangle ABC, sina = ﬁ—g = siha= cgfﬁ

So BC =sina cos 3.

In triangle ABC, cos a = 23 coso= CA—B

AC os 3
So AB = cos a cos 3.
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a Using triangle ADE
DE = sin(a + 3)
AD = cos(a + )
DE = DF + FE

= sin(a + () = sina cos 3 + cosa sin 3

as required

b AD = AB - DB

= cos(a + 3) = cosa cos 3 — sina sin 3

as required

Problem-solving

You are looking for a relationship involving
sin (e + /3), so consider the right-angled triangle
ADE with angle (o + 3). You can see these
relationships more easily on the diagram by
looking at AG = DE and GE = AD.

:

Use the results from Example 1 to show that

a cos(4A - B)=cosAcosB+sinAdsinB

tanA +tan B
b tan(4+B)= Il —tanA tan B

a Replace B by =B in

cos(Ad + B) =cosA cosB - sind sinB

cos (A + (-B)) = cos A cos{=B) — sin A sin(—B)

cos{A - B)=cosAcosB +sind sinB

sin(4 + B)

tan(A e o BJ — m

sind cos B+ cos A sinB
cosA cosB - sind sinB

Divide the numerator and denominator by
cos A cos B.

5inA;95*B’+ cosAsinB
_ cosAcosB cesA cosB

@ Explore the proof step-by-step O

Substitute the lengths from the diagram.

using GeoGebra.

cos(—B) = cos B and sin (-B) = —sin B

4 Year 1, Chapter 9

o cosAcosB  sindsinB
cesA cesB cosAdcosB

— AT, as required
" 1—tandtanB i

Prove that

cos A B sin A4 _ cos (4 + B)
sinB cosB sinBcosB

Cancel where possible.
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cosA  sind Write both fractions with a common denominator.

e sinB  cos B

cosAcosB sindsinB Problem-solving

sinBcosB ~ sinBcosB When proving an identity, always keep an eye
T on the final answer. This can act as a guide as to
= what to do next.

sin B cos B
_cos{d + B)
= enBcosB RAS | Use the addition formula in reverse:

cos A cos B —sin A sin B=cos (4 + B)

Given that 2 sin (x + y) = 3cos (x — »), express tan x in terms of tan y.

Expanding sin (x + ») and cos (x — ) gives Remember tan x = %
i

Dividing each term by cos x cos y

2sinx cosy + 2cosx siny = 3cosx cosy + 3sinx siny
j will produce tan x and tan y terms.

2sinx cosy  2c¢coswsiny 3gcosxcosy  3sinx siny
%0 Cosx cosy " COSX COSy . LCOSX cosy t cosx cosy

2tanx + 2tany = 3 + 3tanx tany
Collect all tan x terms on one side

2tanx — 3tanx tany=3 - 2tany )
of the equation.

tanx(2 — 3tany) =3 - 2tany
3 - 2tany L .
=" Factorise.
So tanx SR T

1 In the diagram /BAC =3, /CAF=«a - $and AC=1.
Additionally lines AB and BC are perpendicular.

a Show each of the following:
i ZFAB=« ii ZABD=caand ZECB=«
iii AB=cosfj iv BC=sinj
b Use AABD to write an expression for the lengths
i AD ii BD
¢ Use ABEC to write an expression for the lengths
i CE ii BE

d Use AFAC to write an expression for the lengths
i FC ii FA

e Use your completed diagram to show that:
i sin(a-3)=sinacos /- cosa sin 3
ii cos(a—(@)=cosacos+sinasinf
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Use the formulae for sin (4 — B) and cos (A4 — B) to show that

tanA4 —tan B
] +tan 4 tan B

tan(4 - B) =

By substituting 4 = P and B = —Q into the addition formula for sin (4 + B), show that
sin (P — Q) = sin P cos Q — cos P sin Q.

A student makes the mistake of thinking that o
This is a common

sin(4 + B) =sinA +sin B. mistake. One counter-example is
Choose non-zero values of 4 and B to show that sufficient to disprove the statement.

this identity is not true.

Using the expansion of cos(4 — B) with 4 = B = 0, show that sin?@ + cos?0 = 1.

a Use the expansion of sin (4 — B) to show that sin (% - 9) = cos 0.

m

b Use the expansion of cos(A4 — B) to show that cos ( >

9) =sin 6.

Write sin (x + %) in the form psin x + ¢ cos x where p and ¢ are constants to be found.

Write cos (x + %) in the form a cos x + b sin x where ¢ and b are constants to be found.

Express the following as a single sine, cosine or tangent:
a sin 15° cos 20° + cos 15° sin 20° b sin 58° cos23° — cos 58° sin 23°

tan 76° — tan 45°
1 + tan 76° tan 45°

¢ cos 130° cos 80° — sin 130° sin 80° d

e co0s20cosf +sin20sind f cos4d cos 36 — sin 46 sin 30

tan 20 + tan 30
1 — tan 26 tan 30

g sin %9 cos 2%9 + cos %9 sin 2%9
i sin(A4+ B)cosB-cos(A4+ B)sinB

. (3x+2y) (3x—2y) _ (3x+ Zy) ) (3x—2y)
j cos 3 cos 5 —sin 5 sin 5

Use the addition formulae for sine or cosine to write each of the following as a single

trigonometric function in the form sin (x + ) or cos (x + 6), where 0 < 6 < %
a L (sin x + cos x) b .3 (cos x — sin x) c l(sin X + /3 cos x) d ol (sinx — cos x)
V2 V2 ) 2y ) V2 )
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® 11 Given that cos y = sin (x + y), show that tan y = secx — tan x.

® 12 Given that tan (x — y) = 3, express tan y in terms of tan x.

® 13 Given that sin x(cos y + 2sin y) = cos x(2 cos y — sin y), m iy

find the value of tan (x + y). out the brackets

® 14 In each of the following, calculate the exact value of tan x.
a tan(x —45°) = % b sin(x — 60°) = 3 cos (x + 30°) ¢ tan(x—60°) =2

(E/P) 15 Given that tan (x + E) = show that tan x = 8 — 5/3. (3 marks)

3/ 2
16 Prove that

cos@+cos(9+%)+ces(9+4%)=0

You must show each stage of your working. (4 marks)

Challenge

This triangle is constructed from two
right-angled triangles 7; and 7.

m For part a your

expressions should all
involve all four variables.
You will need to use the
formula Area = $ab sin 6 in
each case.

a Find expressions involving x, v,
A and B for:
i theareaof T}
ii theareaof T,
iii the area of the large triangle.

b Hence prove that
sin (A4 + B) =sin A cos B+ cos A sin B

m Using the angle addition formulae

The addition formulae can be used to find exact values of trigonometric functions of different angles.

; ; . 6 -2

Show, using the formula for sin (4 — B), that sin 15° = %

sin15° = sin (45° — 30°) You know the exact values of sin and cos for many
= sin45° cos 30° — cos45° sin 30° L angles, e.g. 30°, 45°, 60°, 90°, 180° ..., so write
TN, (1 1) 15° using two of these angles. You could also use
= (V2)(zV3]) - (3v2)(%
(2 \I )(Z v ) I (2 v J(z] Sin (600 i 450)

= 2lV3v2 - V2|
= V6 — 2
-4
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Given that sin 4 = —% and 180° < 4 < 270°, and that cos B = —% and B is obtuse, find the value of:
a cos(4A-B) b tan(4 + B) ¢ cosec(4 - B)

a cos(A—-B)=cosAcosB +sind sinB You know sin 4 and cos B, but
need to find sin B and cos A.

cosflAd =1-sin?A sinfB =1 - cos?
2 i 2
e = (‘%] =1- [,—%) Use sin?x + cos? x = 1 to

= O i A determine cos A and sin B.
- 25 - &2
5 28
=5 g Problem-solving
cos A = ij sin B = 7%

i Remember there are two
1860°<A<270° s0 cos 4 = —% B is obtuse so sin B = % “— possible solutions to

05?2 A = %—S-. Use a CAST diagram

cos(Ad - B) = —%)(—:—2] + (—%)(+%) to determine which one to use.
48 _ 15 _ 33
%5 T e TEs
cos x is negative in the third
B tand + tan B quadr'ant, so choose thf -
1 —tand tanB negative square root —z. sin x is
3 5 ~ positive in the second quadrant
2t (‘E]
So tan(4 + B) = = = (obtuse angle) so choose the
1= (z)(—é) positive square root.
1
N (R
Siop =3 M2l 65 Substitute the values for sin 4,
] L sin B, cos A4 and cos B into the
(A4-B) = 1 formula and then simplify.
C COSEC == i (A _ B)
: L 3z g =3
sin(d — B) =sind cosB —cos A sinB tanA:s'nA=—5=%
s A _%
sin(4 - B) = (3)[F) - (F)%) = & —
sinB 13 5
1 B B =g
cosec(d - B) = —— =& e
&)
Remember cosec x = L

sin x

1 Without using your calculator, find the exact value of:
a cosl5° b sin75° ¢ sin(120° + 45°) d tan165°
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Without using your calculator, find the exact value of:

a sin 30° cos 60° + cos 30° sin 60° b cos 110° cos 20° + sin 110° sin 20°
¢ sin33°cos27° + cos 33°8in 27° d cos™ cos— — sin— sin—
8 8 8 8
e sin 60° cos 15° — cos 60° sin 15° f cos70° (cos 50° — tan 70° sin 50°)
tan45° + tan 15° 1 —tan15°
& 1-tan45° tan 15° I +tan 15°
tan % —tan %
i j V3cosl15°—sin15°
I + tan L tan —
12 3
a Express tan (45° + 30°) in terms of tan 45° and tan 30°. (2 marks)
b Hence show that tan 75° = 2 + /3. (2 marks)

Given that cot 4 = % and cot (A4 + B) = 2, find the value of cot B.

a Using cos (f + o) = cos @ cos a — sin @ sin «, or otherwise, show that cos 105° = ﬁ; i
(4 marks)
b Hence, or otherwise, show that sec 105° = —/a(1 + /b), where ¢ and b are constants to
be found. (3 marks)
Given that sin 4 = % and sin B = %, where A and B are both acute angles, calculate the exact
value of:
a sin(4 + B) b cos(A4 - B) ¢ sec(4 - B)

Given that cos A = —%, and A is an obtuse angle measured in radians, find the exact value of:

a sinA4 b cos(m+ A) c sin(%+A) d tan(%+A)

Given thatsin 4 = %, where A is acute, and cos B = —%, where B is obtuse, calculate the exact
value of*

a sin(4 - B) b cos(4 - B) ¢ cot(4-B)

Given that tan 4 = %, where A is reflex, and sin B = %, where B is obtuse, calculate the exact
value of:

a sin(4 + B) b tan(4 - B) ¢ cosec(A + B)

Given that tan 4 = % and tan B = % calculate, without using your calculator, the value of 4 + B
in degrees, where:

a A and B are both acute,

b A is reflex and B is acute.
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@ Double-angle formulae

You can use the addition formulae to derive the following double-angle formulae.

m sin24 =2sinAcos A
m cos24=cos?2A-sinfA=2cos2A-1=1-2sin2A4

2tan A
1-tan24

Use the double-angle formulae to write each of the following as a single trigonometric ratio.

s tan2A4d =

w
2tan— o
a cos250° — sin2 50° b —6?1. o A4sin 7{1
1 — tan? 3 sec 70

a cos?50° — sin?50° = cos (2 x 50°) ~————————— Use cos24 = cos? A — sin 4 in reverse, with A4 = 50°.

= cos 100°
2tanL~ Pt
b — =tan(2 x &~ Use tan2A4 = elaltru in reverse, with 4 =T
']—tanzg ( 6) 1-tan24 6
m
= tan—
31‘]3
4 sin 70° : = = _ =
e 70° = 4 5in70° cos 70 SECX =5 SOCOS X = o

= 2(25in70° cos 70°) '—L
Recognise this is a multiple of 2 sin 4 cos 4.

= 2sin(2 x 70°) = 2 sin 14O°———L
Use sin24 = 2sin A4 cos A in reverse with 4 = 70°.

Given that x = 3sinf and y = 3 — 4 cos 26, eliminate # and express y in terms of x.

The equations can be written as m Be careful with this manipulation.

5= i
L ¥ Many. errors can occur in the early part of a
S 4 solution.

As cos 26 = 1 — 2 sin?f for all values of 8,

S=p . 2(5)2 6 has been eliminated from this equation. We still

4 3 need to solve for y.
Dosisioye 3

52 7725 =2
or y= 5(§)d -1 The final answer should be in the form y = ...
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Given that cos x

_3
a sin2x b tan2x

a sinfd=1-cosA

-1-6)
7
&

180° < 4 < 360°, s0 sind = -%

sin2x = 2sinx cosx

732
V7

Trigonometry and modelling

=7, and that 180° < x < 360°, find the exact value of:

Use sin? A + cos? A = 1 to determine sin A.

sin A4 is negative in the third and fourth quadrants,
so choose the negative square root.

Find tan x in simplified surd form, then substitute

inx 4
b tanx = ;';5} = this value into the double-angle formula for
4 tan 2x.
s IV
=
207
2tanx 3 Make sure you square all of tan x when working
L 1—ta?x 7 out tan? x:
o (_i)z 7
27 9 3 5
= - X =
3 2
=-3y7
® 1 Use the expansion of sin(A4 + B) to show that sin24 = 2sin 4 cos A. @ _—

® 2 a Using the identity cos (4 + B) = cos A cos B — sin A sin B, show that cos 24 = cos? 4 — sin? 4.

b Hence show that:
i cos24=2cos24-1
ii cos24=1-2sin24

Problem-solving

Usesin?A +cos?A=1

® 3 Use the expansion of tan (4 + B) to express tan 24 in terms of tan 4.
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Write each of the following expressions as a single trigonometric ratio.

a 2sin 10° cos 10° b 1-2sin?25° ¢ cos’40° — sin’40°
2tan 5° 1 .
1 - tan25° © 25in(24.5)° cos (24.5)° Y REesF =0
sin 8°

L |
& Secs® h cos*1¢ —sin* ¢

Without using your calculator find the exact values of:

a 2sin22.5° cos 22.5° b 2cos?15° -1
2 tan%
¢ (sin75° — cos 75 d——
1 - tan?
8
a Show that (sin 4 + cos A)> = 1 + sin 24. (3 marks)
2
b Hence find the exact value of (sin% + cos %) . (2 marks)

Write the following in their simplest form, involving only one trigonometric function:

‘ . 2 tang
a cos? 36 — sin? 36 b 65sin 26 cos 26 c 7
1 - tanzi
d2-4 sinzg e V1+cos20 f sin?6 cos?f
tan 6

g 4sind cosf cos 26 i sin*f - 2sin?f cos®d + cos* 6

sec’f -2
Given that p = 2 cosf and ¢ = cos 20, express ¢ in terms of p.

Eliminate # from the following pairs of equations:
a x=cos?f,y=1-cos20 b x=tand, y =cot2d

¢ x=sinf, y =sin20 d x=3cos20+1,y=2sinf

Given that cos x = %, find the exact value of cos 2x.
Find the possible values of sin # when cos 20 = %

Given that tan 6 = %, and that 0 is acute,

a find the exact value of: i tan20 ii sin 20 iii cos?2d
b deduce the value of sin 46.
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Given that cos 4 = —%, and that A is obtuse,

a find the exact value of: i cos24 ii sin A iii cosec24
b show thattan2A4 = 4\;2
Given that w < 0 < 3??, find the value of tan% when tan @ = % (4 marks)

Given that cos x + sin x = m and cos x — sin x = n, where m and n are constants, write down,
in terms of m and n, the value of cos2x. (4 marks)

In APOR, PO=3cm, PR=6cm, QR =5cmand ZQPR = 20.
a Use the cosine rule to show that cos 20 = % (3 marks)

b Hence find the exact value of sin 6. (2 marks)

The line /, with equation y = %x, bisects the angle between the x-axis and the line y = mx, m > 0.
Given that the scales on each axis are the same, and that / makes an angle @ with the x-axis,

a write down the value of tan ¢ (1 mark)
b show that m = % (3 marks)

a Use the identity cos (4 + B) = cos A cos B — sin A4 sin B, to show that cos24 = 2cos? 4 — 1.
(2 marks)

The curves C; and C, have equations
C:y=4cos2x
Cy: y=6cos?x —3sin2x

b Show that the x-coordinates of the points where C; and C, intersect satisfy the equation

cos2x+3sin2x-3=0 (3 marks)
Use the fact that tan24 = M to derive th
R B S g RS m Use the identities for sin24

and cos 24 and then divide both the
numerator and denominator by cos?A4.

formula for tan 24 in terms of tan A.

m Solving trigonometric equations

You can use the addition formulae and the double-angle formulae to help you solve trigonometric
equations.
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Solve 4 cos (€ — 30°) = 8V2 sin # in the range 0 < # < 360°. Round your answer to 1 decimal place.

4cos (@ — 30° = 8V2 sinf
4 cosf cos30° + 4 sinf sin 30° = 82 sinb———— Use the formula for cos (4 — B).

/ .
4 cos 9(%) + 4 =in 9(%] =8v2sind .—L A :
' Substitute cos30° = = and sin 30° =

2
2J3cosf + 2sinf =8/2 =ind

2V3cosf = (82 - 2)sinf
L Gather cosine terms on the LHS and sine terms
2v3 on the RHS of the equation.
——— = tané
&je2 -2
tanf = 0.3719... — Divide both sides by cos # and by (8/2 — 2).

0 = 20.4°, 200.4°

Use a CAST diagram or a sketch graph to find all

the solutions in the given range.
Example @

Solve 3cos2x —cosx+ 2 =0 for 0 = x = 360°.

Problem-solvin
Using a double angle formula for cos 2x

Choose the double angle formula for
cos 2x which only involves cos x:

3cos2x —cosx+2=0

becomes 0s2x =2cos?x — 1
32cos?x -1 —cosx+2=0 This will give you a quadratic equation
6cos?x —3 —cosx+2=0 in cos x.
Gecos?x —cosx—1=0
S0 (Bcosx+ N)2cosx-1)=0 L This quadratic equation factorises:
Solving: cosx = —% or cosx = % 6X°-X-1=03BX+1)(2X-1)
YA

y=cCosx

=

1

c05‘1[:—§) =109.5° 605_1{%) = 60°
S =IGRLIB2 5 250558002

178



Trigonometry and modelling

Solve 2tan 2y tan y = 3 for 0 < y < 2. Give your answers to 2 decimal places.

2tan2y tany = 3

2tany
2 e tany =3 Use the double-angle identity for tan.
1 —tancy
4tan?y -
1 —tan2y o . o
This is a quadratic equation in tan y. Because
4tanfy =3 - 3tan®y there is a tan? y term but no tan y term you can
7tan?y = 3 solve it directly.
tan?y = %
[E]
tany = 7 M Remember to include the positive

y= 0.58, 2.56, 372, 570 and negative square roots.

a By expanding sin (24 + 4) show that sin 34 = 3sin 4 — 4sin’ A.

b Hence, or otherwise, for 0 < 6 < 27, solve 16sin30 — 12sin @ — 2y/3 = 0 giving your answers in
terms of .

a LHS =sin34 =sin(24 + A)
sin24 cos A+ cos2A4 sind «— Use the addition formula for sin (4 + B).
(2sinAd cos A)cos A

+ (1 - 2sin?4)sin4 L Subsitute for sin 24 and cos 24. As the answer is
= 2sind cos?A + sind — 2sin3 4 in terms of sin 4, cos24 = 1 — 2sin? 4 is the best

= 25in A(1 — 5in 4) + sin A — 2 sin’ 4 identity to use.
=2sind — 2sinAd +sind - 2sin® A
= 3sind - 4sin®4 =RHS

b 16sin30 — 12sinf - 2y3 =0 Problem-solving

Use sin? A + cos? A = 1 to substitute for cos? A4.

165in30 — 12sinf = 2/3 The question says ‘hence’ so look for an
—4sin30=2/3 opportunity to use the identity you proved in
/3 part a. You need to multiply both sides of the
sin360 = e identity by —4.
392 4m 5m 10w tm 16w 17n
E ST B NeE Use a CAST diagram or a sketch graph to find all
4n S7 10w Nxn 1em 17w answers for 3.0 < # < 2w s0 0 < 36 < 6m.
=99 999 9
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® 1 Solve, in the interval 0 = § < 360°, the following equations. Give your answers to 1 d.p.

©)

® @

6

6

180

a 3cosf =2sin(f + 60°) b sin (6 + 30°) + 2sinf =0

¢ cos(f+25°) +sin(f +65°) =1 d cosf = cos(f + 60°)

a Show that sin (6‘ -+ E) = - (sin @ + cos 0) (2 marks)

Wz
b Hence, or otherwise, solve the equation 4 (sinf + cos ) = l 0=0=2m. (4 marks)
V2 V2

¢ Use your answer to part b to write down the solutions to sin § + cos # = 1 over the same

interval. (2 marks)

a Solve the equation cos # cos 30° — sin 6 sin 30° = 0.5, for 0 =< 4 < 360°.

b Hence write down, in the same interval, the solutions of v3 cos@ —sinf = 1.

a Given that 3sin(x — y) — sin(x + y) = 0, show that tanx = 2tan y.
b Solve 3sin (x — 45°) —sin(x + 45°) =0, for 0 = x = 360°.

Solve the following equations, in the intervals given.

a sin20=sinf,0<0<2r b cos20=1-cosf, —180° < 0 < 180°
¢ 3cos20=2cos?f, 0 =0 < 360° d sindf=cos20,0<=0<nx

e 3cos€—sin%—1=0,059<720° f cos?f—sin20 =sin?0,0==0<n

g 2sinf=sech,0=0=<2r h 2sin20=3tanf, 0 < 0 < 360°

i 2tan@=V3(1 —tanf)(1 + tan6),0 <0 < 2« j sin?f=2sin26, —180° < § < 180°
k 4tanfl =tan20, 0 = 0 < 360°

In AABC, AB=4cm, AC=5cm, ZABC =20 and ZACB = 6. Find the value of 6, giving your
answer, in degrees, to 1 decimal place. (4 marks)

a Show that 5sin 26 + 4 sin 6 = 0 can be written in the form asin# (hcosf + ¢) = 0,

stating the values of a, b and c. (2 marks)
b Hence solve, for 0 = # < 360°, the equation 5sin 20 + 4sin§ = 0. (4 marks)
a Given that sin 26 + cos 26 = 1, show that 2 sin # (cos # — sin0) = 0. (2 marks)
b Hence, or otherwise, solve the equation sin 26 + cos 20 = 1 for 0 < # < 360°. (4 marks)
a Prove that (cos 20 — sin 20)> = 1 — sin 46. (4 marks)
b Use the result to solve, for 0 = 6 < 7, the equation cos 26 — sin 20 = %

Give your answers in terms of . ' (3 marks)
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Show that:
2 tan g 1 — tan? g

. 2 - _ 2
isinf=——— ii cosl=——

1+ tarlZE 1+ tanzﬂ

2 2

By writing the following equations as quadratics in tan g, solve, in the interval 0 = 6 = 360°:
isinfd+2cosd=1 ii 3cosfl—4sinfl=2
Show that 3 cos?x —sin?x = 1 + 2 cos 2.x. (3 marks)

Hence sketch, for —r < x < 7, the graph of y = 3 cos? x — sin? x, showing the

coordinates of points where the curve meets the axes. (3 marks)

Express 2 coszg -4 sinzg in the form a cos # + b, where a and b are constants. (4 marks)
0 : gl : .

Hence solve 2 cos? 5~ 4 sin? 5= -3, in the interval 0 = 0 << 360°. (3 marks)

Use the identity sin2 4 + cos? 4 = 1 to show that sin* 4 + cos* 4 = %(2 —sin22A4). (5 marks)

Deduce that sin* 4 + cos* 4 = %(3 + cos4A). (3 marks)
Hence solve 8 sin*d + 8cos*d =7, for 0 < 0 < 7. (3 marks)

m Start by squaring (sin? 4 + cos? A).
By writing 360 as 20 + 0, show that cos 30 = 4 cos’ 6§ — 3 cos 6. (4 marks)
Hence, or otherwise, for 0 < 6 < m, solve 6 cos # — 8 cos*# + 1 = 0 giving your answer

in terms of . (5 marks)

@ Simplifying a cos x + b sin x

You can use the addition formulae to simplify some trigonometric expressions:

= For positive values of @ and b,

with R>0and 0 < o« < 90° (or%)

where Rcosa=aand Rsina=band R = a2 + h2.

e asinx = b cos x can be expressed in the form R sin (x £ «) w The symbol F
e acosx + bsinx can be expressed in the form R cos (x = ) means that a cos x + b sin x

will be written in the
form R cos (x — a), and
acos x — b sin x will be
written in the form

Use the addition formulae to expand sin (x + a) or cos (x F «), Rcos (x + a).
then equate coefficients.
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Show that you can express 3 sin x + 4 cos x in the form:

a Rsin(x + o)

b Rcos(x-3)

where R> 0,0 < a <90°, 0 < 3 < 90° giving your values of R, o and (3 to 1 decimal place when
appropriate.

Use sin (4 + B) = sin 4 cos B + cos A sin B and

a Rsin(x +a)= Rsinxcosa + Rcosx sina

multiply through by R.
Let 3sinx + 4cosx = Rsinx cosa
+ Rcosx sina
S0 Rcosa = 3 and Rsina = 4 Equate the coefficients of the sinx and cos x terms.
Rsina
— =tana =
Rcosa 3 L Divide the equations to eliminate R and use tan—!
4 to find v
a = tan™ (g)

Soa=531°1.dp)
B ad Pldha gty iae Square and add the equations to eliminate & and

find R2

RZ(cos? o + sinfa) = 25

R2=25s0R=5 Use sinfa + cos?a = 1.
3sinx + 4cosx = 5sin(x + 53.1°

b Rcos(x - 8) = Rcosx cos B + Rsinx sin 8 Heteal b Bl ety Aicos LI B and

multiply through by R.
Let 3sinx + 4cosx = Rcosx cos 3
+ Rsinx sinj
So Rcos3=4 and Rsin3=3 Equate the coefficients of the cos x and sin x terms.
Rsin 3 tanf = 3
Rcos T4 L Divide the equations to eliminate R.

So f=36.2°01dp)
R2cos? 3+ R?s5in?2 3 = 32 + 42
R?(cos? 3 + sin23) = 25

R =25 80R=5 Remember sin?ax + cos?a = 1.

3sinx + 4cosx = 5cos(x — 36.99
8
@ Explore how you can

transform the graphs of y = sin x and
y = cos.x to obtain the graph of y =3 sinx + 4 cos x
using technology.

Square and add the equations to eliminate a and
find R
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a Show that you can express sin.x — V3 cos x in the form Rsin (x — a), where R> 0,0 < o <

s
— 2
b Hence sketch the graph of y = sin x — v3 cos x.

a Setsinx —vV3cosx = Rsin(x — a)
sinx — V3 cosx = Rsinx cosa — Rcosx sina

Expand sin (x — ) and multiply by R.

So Rcosax=1 and Rsina =3

Dividing, tana = V3, so a = Lt L Equate the coefficients of sinx and cos x on

5 . L
Squaring and adding: R = 2 both sides of the identity.

So sinx = V3 cosx = 2 sin (x - %)

b y=sinx —V3cosx = 25in(x - %)
b

94

You can sketch y =2 sin (x - g) by

translating y = sin x by % to the right and

then stretching by a scale factor of 2 in the
y-direction.

a Express 2cos f + Ssin (0 in the form R cos (0 — a), where R > 0, 0 < a < 90°.
b Hence solve, for 0 < 8 < 360°, the equation 2cos 6 + 5sinf = 3.

a Set 2cosf + 5sinfl = Rcosf cosa
+ Rsinf sina

O T Equate the coefficients of sin x and cos x on both

5 sides of the identity.
Dividing, tana = S s0a= cH.2°
Squaring and adding: R =29 Use the result from part a:

So 2cosf + 5sinfl =23 cos (B — 68.2°) |_‘ 2cos 0 +55sin§ = 29 cos (0 - 68.2°).
b V29 cos(@ - 68.2° =3

Divide both sides by v29.

Baioall = b=t

V29
- As 0 < # < 360°, the interval for (6 — 68.2°) is
cos™ |l —=]| = 56.1...° 68.2° < ) — 68.2° &
V29 L— 2° < —68.2° <291.8°.
So @ - 68.2° = -56.1..° 561..° % is positive, so solutions for # — 68.2° are in
# =12.1° 124.3° (to the nearest 0.1°) the 1st and 4th quadrants.
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f(#) = 12cos 0 + 5sin 6

vy
a Write f(0) in the form Rcos (0 — ). m Use technology to explore O

b Find the maximum value of f(#) and the

maximums and minimums of curves
in the form R cos (f — ).

smallest positive value of # at which it occurs.

a Set 12cosf + 5sinfl = Recos (f - «)

Equate sin x and cos x terms and then solve for
Rand o

So 12cosf + 5sinfl = Rcosf cos

+ Rsinf sina

So Rcosa =12 and Rsina=5

R

=13 and tana = é = a=226°

So 12cosf + 535infl = 13 cos (f — 22.6°)

The maximum value of cos x is 1 so the maximum

The maximum value of 13 cos (6 — 22.6°)

value of cos (¢ — 22.6°) is also 1.

is 13.
This occurs when cos (0 — 22.6°) =1
9 — 22.6° = ..., -360°, 0°, 360", ... Solve the equation to find the smallest positive

value of 4.

The smallest positive value of 6 is 22.6°

Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in surd form.

1 Given that 5sinf + 12cosf = Rsin (f + «), find the value of R, R > 0, and the value of tan a.

2 Given that V3 sin @ + V6 cos # = 3 cos (f — ), where 0 < a < 90°, find the value of a.

3 Given that 2sinf — /5 cosf = -3 cos (f + o), where 0 < a < 90°, find the value of a.

4

® 5
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Show that cos @ — /3 sin @ can be written in the form Rcos(f + ), with R>0and 0 < « <%

E, giving the coordinates of points of

Hence sketch the graph of y = cosf —v3sinf, 0< 0 < >

intersection with the axes.

Express 7 cos @ — 24 sin # in the form Rcos (0 + «), with R >0 and 0 < o < 90°.
The graph of y = 7 cos # — 24 sin § meets the y-axis at P. State the coordinates of P.
Write down the maximum and minimum values of 7 cosf — 24 sin 0.

Deduce the number of solutions, in the interval 0 < # < 360°, of the following equations:
i 7cosf —24sinf =15 ii 7cosf—24sinf =26 iii 7cosf —24sinf =-25

f(0) =sinf + 3cos
Given f(#) = Rsin (6 + «), where R > 0 and 0 < o < 90°.

a
b

Find the value of R and the value of a. (4 marks)
Hence, or otherwise, solve f(#) = 2 for 0 = # < 360°. (3 marks)
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L3
2
Give the value of « to 3 decimal places. (4 marks)

a Express cos 20 — 2 sin 20 in the form Rcos (26 + «), where R >0 and 0 < o <

b Hence, or otherwise, solve for 0 = # < 7, cos 26 — 2sin 26 = —1.5, rounding your
answers to 2 decimal places. (4 marks)

Solve the following equations, in the intervals given in brackets.
a 6sinx + §cosx = 5/3, [0, 360°] b 2cos30 - 3sin36 =-1, [0, 90°]

¢ 8cosf + 15sind = 10, [0, 360°] d Ssin % —~ 12cos % = -6.5, [-360°, 360°]

a Express 3sin 360 — 4 cos 36 in the form Rsin (30 — a), with R >0and 0 < a <90°. (3 marks)

b Hence write down the minimum value of 3 sin 36 — 4 cos 36 and the value of 6

at which it occurs. (3 marks)
¢ Solve, for 0 = @ < 180°, the equation 3sin 30 — 4cos 36 = 1. (3 marks)
a Express 5sin?f — 3 cos?6 + 6sin 6 cos @ in the form asin 20 + bcos 20 + ¢,

where a, b and ¢ are constants to be found. (3 marks)

b Hence find the maximum and minimum values of 5sin?f — 3 cos?d + 6sinf cos . (4 marks)

¢ Solve 5sin?# — 3 cos?# + 6sin ) cos @ = —1 for 0 = # < 180°, rounding your
answers to 1 decimal place. (4 marks)

A class were asked to solve 3cosf = 2 — sinf for 0 = 0 < 360°. One student expressed the
equation in the form Rcos (# — a) =2, with R >0 and 0 < a < 90°, and correctly solved the
equation.

a Find the values of R and « and hence find her solutions.

Another student decided to square both sides of the equation and then form a quadratic
equation in sin 6.

b Show that the correct quadratic equation is 10sin?@ — 4sinf — 5 = 0.
¢ Solve this equation, for 0 = 6 < 360°.
d Explain why not all of the answers satisfy 3cos = 2 — sin 6.

a Given cotf + 2 = cosec ), show that 2sinfl + cos 6 = 1. (4 marks)
b Solve cot@ + 2 = cosec for 0 < 0 < 360°. (3 marks)
a Given v2 cos (9 - g) + (V3 = 1)sinf = 2, show that cos§ + V3 sinf = 2. (4 marks)
b Solve V2 cos (9 - %) +(/3-1)sinf=2for0<0<2m (2 marks)
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14 a Express 9 cos @ + 40sin @ in the form Rcos(f — a), where R > 0 and 0 < o < 90°.

Give the value of « to 3 decimal places.
18
b &l0) =50 9cos + 40sin 0’
Calculate:
i the minimum value of g(0)
ii the smallest positive value of # at which

0=0=360°

p(#) =12 cos 26 — 5sin 26

(4 marks)

(2 marks)

the minimum occurs. (2 marks)

Given that p(f) = Rcos (20 + ), where R > 0 and 0 < o < 90°,

a find the value of R and the value of a.

b Hence solve the equation 12 cos 26 — 5sin 20 = 6.5 for 0 = 6 < 180°.

(3 marks)
(5 marks)

¢ Express 24 cos26 — 10sin # cos @ in the form acos 26 + bsin 20 + ¢, where a, b

and ¢ are constants to be found.

d Hence, or otherwise, find the minimum value of 24 cos?8 — 10 sin # cos 6.

m Proving trigonometric identities

You can use known trigonometric identities to prove other identities.

a Show that 2sin 0 cosﬁ

1
cosf = 2sm 20.

2 2

b Show that 1 + cos4f = 2 cos? 20.

a

b

186

sin2A = 2sinAd cos A
7}

(3 marks)
(2 marks)

’—- Substitute 4 = g into the formula for sin 2A4.

sinf = 25’|r1E cos—

2 2

LHS = 251ng cos;g cos

Problem-solving

= sinfl cosf

= L sin 26

2
= RHS

LHS =1 + cos 40
=1+ 2cos220 -1

Always be aware that the addition formulae can

Use the above result for 2 sin g cosg

Remember sin 26 = 2 sin# cos 6.

= 2cos? 20
= RHS

be altered by making a substitution.

Use cos 24 = 2cos? A — 1 with 4 = 26.



Prove the identity tan 20 =

2
cotf —tanf

2tand
1 —tanf
Divide the numerator and denominator by
tan .

So tan26 =

LHS = tan26 =

2

1
A tan®

e S
cotf — tanf

Prove that v3 cos 46 + sin4f = 2 cos (46‘ -

RHS = 2cos (49 - %)

=3 cos40 + sin48 = LHS

® 1 Prove the following identities.

cos2A4 - :
cosdiend= cos A —sin A
1 —cos20
sin20 tang

e 2(sin’f cos @ + cos?f sin ) = sin 20

g cosec —2cot2f cosf = 2sinf

):l—sin2x

i tan (E -Xx
4 T cos2x

= 260543605% - 25m495m% j
V3 . 1
250549(?) + 25m46‘(2)

Trigonometry and modelling

Problem-solving

Dividing the numerator and denominator by
a common term can be helpful when trying to
rearrange an expression into a required form.

Problem-solving

Sometimes it is easier to begin with the RHS of
the identity.

Use the addition formulae.

Write the exact values of cos% and sin%

sinB cosB
sind cosA

= 2cosec2A sin(B - A)

sec2 @)

—_— = 20
1 —tan?4d see

sin30 cos3f

sinf  cosf =2
secOd-1_ .0
secB+l:tan 2
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® 2 Prove the identities:

EP) 3

(E/P) 4

(E/P) 6
EP 7
EP) s

@EP 9
®10

188

cosA sind cos(4+B)

a sin(4 + 60°) +sin(4 — 60°) =sin 4 b B B saBiced
sin(x+y) . cos(x +y) -
¢ Cosx cosy = tanx + tany sin x sin y + 1 =cotxcoty
T\ Aind— o s _cotdcotB-1
e cos(9+ 3) +v3 51n9_sm(9+ 6) f cot(4A+ B) = ot A+COlB
g sin?(45° + 6) +sin2(45° - 0) = 1 h cos(4 + B) cos(A4 — B) =cos’ A —sin’ B
a Show that tan # + cot § = 2 cosec 20. (3 marks)
b Hence find the value of tan 75° + cot 75°. (2 marks)
a Show that sin 30 = 3 sin 6 cos? — sin? 6. (3 marks)
b Show that cos 30 = cos?*# — 3 sinf cos 6. (3 marks)
- 3
¢ Hence, or otherwise, show that tan 30 = M (4 marks)
1-3tan*0
: : I 102
d Given that 0 is acute and that cos § = 5, show that tan 30 = >3 (3 marks)
a Using cos24 =2cos?4 — 1 =1 - 2sin? 4, show that:
icc'52521+cosx i Sinzizl—cosx
2 2 2" @
b Given that cos@ = 0.6, and that 0 is acute, write down the values of:
i cosE ii sing iii tanE
2 2 2
A 1
¢ Show that 00543 — §(3 +4cosA +cos2A).
Show that cos*f = % + %cos 20 + %cos 46. You must show each stage of your
working. (6 marks)
Prove that sin? (x + y) — sin(x — y) = sin 2x sin 2y. (5 marks)
Prove that cos 20 — 3 sin 20 = 2 cos (29 + %) (4 marks)
Prove that 4 cos (29 - %) = 2/3 —4/35in20 + 4sin  cos 6. (4 marks)
Show that:
a cosf +sinf =2 sin (9 + %) b V3sin26 — cos26 = 2sin (29 - %)
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Challenge

1 a Show that cos(4 + B) — cos (4 — B) = -2sin A sin B.

2 P-
b Hence show that cosP—cost—Zsin( ;Q) sin( ZQ)'

¢ Express 3 sin x sin 7x as the difference of cosines.
P- Q)
>

b Hence, or otherwise, show that 2 5inH cos il 3+v2

26 24 2

, , B
2 a Prove thatsin P +sin Q = 2sin 5| cos

m Modelling with trigonometric functions

You can use trigonometric functions to model real-life situations. In trigonometrical modelling

questions you will often have to write the model using R sin (x + «) or Rcos (x + &) to find maximum
or minimum values.

The cabin pressure, P, in pounds per square inch (psi) on an aeroplane at cruising altitude can be
modelled by the equation P = 11.5 — 0.5 sin (¢ — 2), where 7 is the time in hours since the cruising
altitude was first reached, and angles are measured in radians.

a State the maximum and the minimum cabin pressure.

b Find the time after reaching cruising altitude that the cabin first reaches a maximum pressure.

¢ Calculate the cabin pressure after 5 hours at a cruising altitude.

d Find all the times during the first 8 hours of cruising that the cabin pressure would be exactly 11.3 psi.

a Maximum pressure = 11.5 — 0.5 x (-1) = 12 psi —1 = sin(f — 2) = 1. Use the maximum and
minimum values of the sine function to find the
maximum and minimum pressure.

Minimum pressure = 11.5 = 0.5 x 1 = 11 psi

b 1.5 -05sin{t - 2) =12
—-0.5sin(t — 2) = 0.5

L Set the model equal to 12, the maximum pressure.

sin(t = 2) = =1
T 37 .
t—-2=.., 5 o Remember the model uses radians.
t = 043 hours = 26 min Multiply 0.43 by 60 to get the time in minutes.

c P=15-05sin(5 - 2)
11.5 - 0.070...
11.43 psi

L— Substitute r = 5.

@ Explore the solution to this

modelling problem graphically using

technology.
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d 1.5 -05sin(t-2)=1.3 Set the model equal to 11.3.
-05sin(t - 2) =-0.2
sin(t — 2) =04 Use sin—1(0.4) to find the principal solution, then
{ -2 =-3553...,0415..., 273..., ————— use the properties of the sine function to find
G.CO47. .. other possible solutions in the range 0 = ¢ = 8.
t = 2.41 hours, 4.73 hours.
t=2h 25min, 4h 44 min L 0=r=8s0-2=1-2=6.There are two

solutions in the required range.

® 1 The height, &, of a buoy on a boating lake can be modelled by /2 = 0.25 sin (18007)°, where 4 is
the height in metres above the buoy’s resting position and ¢ is the time in minutes.

a State the maximum height the buoy reaches above its resting position according to this model.

b Calculate the time, to the nearest tenth of a second, at which the buoy is first at a height of
0.1 metres.

¢ Calculate the time interval between successive minimum heights of the buoy.

® 2 The angle of displacement of a pendulum, 6, at time ¢ seconds after it is released is modelled
as 0 = 0.03 cos (25¢), where all angles are measured in radians.

a State the maximum displacement of the pendulum according to this model.
b Calculate the angle of displacement of the pendulum after 0.2 seconds.
¢ Find the time taken for the pendulum to return to its starting position.

d Find all the times in the first half second of motion that the pendulum has a displacement of
0.01 radians.

® 3 The price, P, of stock in pounds during a 9-hour trading window can be modelled by
P =174+ 2sin(0.7¢ — 3), where ¢ is the time in hours after the stock market opens, and angles
are measured in radians.

a State the beginning and end price of the stock.
b Calculate the maximum price of the stock and the time when it occurs.

¢ A day trader wants to sell the stock when it firsts shows a profit of £0.40 above the day’s
starting price. At what time should the trader sell the stock?

® 4 The temperature of an oven can be modelled by the equation 7'= 225 — (.3 sin (2x — 3), where
T is the temperate in Celsius and x is the time in minutes after the oven first reaches the desired
temperature, and angles are measured in radians.

a State the minimum temperature of the oven.
b Find the times during the first 10 minutes when the oven is at a minimum temperature.

¢ Calculate the time when the oven first reaches a temperature of 225.2°C.

5 a Express 0.3 sin# — 0.4 cos # in the form Rsin (6 — «)°, where R > 0 and 0 < o < 90°. Give the
value of « to 2 decimal places. (4 marks)
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b i Find the maximum value of 0.3 sin@ — 0.4 cos 0. (2 marks)
ii Find the value of @, for 0 < @ < 180 at which the maximum occurs. (1 mark)

Jack models the temperature in his house, 7°C, on a particular day by the equation
T=23+0.3sin(18x)° - 0.4cos(18x)°, x =0

where x is the number of minutes since the thermostat was adjusted.

¢ Calculate the minimum value of 7 predicted by this model, and the value of x, to 2 decimal

places, when this minimum occurs. (3 marks)
d Calculate, to the nearest minute, the times in the first hour when the temperature is predicted,

by this model, to be exactly 23 °C. (4 marks)
a Express 65 cos f — 20sin # in the form Rcos (6 + «), where R >0 and 0 < a < %

Give the value of « correct to 4 decimal places. (4 marks)

A city wants to build a large circular wheel as a tourist attraction. The height of a tourist on the
circular wheel is modelled by the equation

H=70-65c0s0.2¢t + 20sin 0.2¢
where H is the height of the tourist above the ground in metres, ¢ is the number of minutes after
boarding and the angles are given in radians. Find:

b the maximum height of the wheel (2 marks)
¢ the time for one complete revolution (2 marks)
d the number of minutes the tourist will be over 100 m above the ground in each

revolution. (4 marks)
a Express 200sin # — 150 cos # in the form Rsin (6 — a), where R >0 and 0 < v <%

Give the value of a to 4 decimal places. (4 marks)

The electric field strength, £ V/m, in a microwave of width 25 cm can be modelled using the
equation
E = 1700 + 200 sin (ﬂ) ~ 150 cos (ﬂ)
25 25

where x is the distance in cm from the left hand edge of the microwave oven.

b i Calculate the maximum value of E predicted by this model.
ii Find the values of x, for 0 = x < 25, where this maximum occurs. (3 marks)

¢ Food in the microwave will heat best when the electric field strength at the centre of the food is
above 1800 V/m. Find the range of possible locations for the centre of the food. (5 marks)

Challenge

Look at the model for the electric field strength in a microwave oven
given in question 7 above. For food of the same type and mass, the
energy transferred by the oven is proportional to the square of the
electric field strength. Given that a square of chocolate placed at a point
of maximum field strength takes 20 seconds to melt,

a estimate the range of locations within the oven that an identical
square of chocolate will take longer than 30 seconds to melt.

b State two limitations of the model.
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Mixed exercise o

®

®

©)

1

192

Without using a calculator, find the value of:

a sin40° cos 10° — cos 40° sin 10° b écos 15° - lsin | [ c 1—#1‘1150
J2 V2 I +tan 15

Skl
2

Given that sin x = \% where x is acute and that cos (x — y) = sin y, show that tan y = Y

The lines /, and /,, with equations y = 2x and 3y = x — 1 respectively, are drawn on the same set
of axes. Given that the scales are the same on both axes and that the angles /; and /, make with
the positive x-axis are 4 and B respectively,

a write down the value of tan 4 and the value of tan B;

b without using your calculator, work out the acute angle between /; and /..

In AABC, AB=5cm and AC=4cm, ZABC = (0 — 30°) and ZACB = (0 + 30°). Using the sine
rule, show that tan 6 = 3//3.

The first three terms of an arithmetic series are v3 cos 6, sin (9 — 30°) and sin 6, where @ is acute.
Find the value of 6.

|

Two of the angles, 4 and B, in A4 BC are such that tan A = %, tan B =5
a Find the exact value of: i sin(A4 + B) ii tan2B.
b By writing C as 180° — (4 + B), show that cos C = —%

(]

. 2 3
The angles x and y are acute angles such that sin x = ——=and cos y = —
g ¥ g /5 y /10

a Show that cos2x = —%
b Find the value of cos 2y.
¢ Show without using your calculator, that:

itan(x+y)=7 iix—y=%
Given that sinx cosy = % and cosxsiny = %,
a show that sin (x + y) = 5sin(x — y).
Given also that tan y = k, express in terms of k:
b tanx
¢ tan2x
a Given that v3 sin 20 + 2sin2 6 = 1, show that tan 26 = % (2 marks)

J

b Hence solve, for 0 < 0 < T, the equation v3 sin 20 + 2sin20 = 1. (4 marks)
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10 a Show that cos 20 = 5sin # may be written in the form asin?6 + bsin 0 + ¢ = 0, where a, b

and ¢ are constants to be found. (3 marks)
b Hence solve, for -7 = § = 7, the equation cos 26 = 5sin 6. (4 marks)
11 a Given that 2sin x = cos (x — 60)°, show that tan x = p : 3 (4 marks)
—
b Hence solve, for 0 = x = 360°, 2sin x = cos (x — 60°), giving your answers to
1 decimal place. (2 marks)
12 a Given that 4sin (x + 70°) = cos (x + 20°), show that tan x = —% tan 70°. (4 marks)

b Hence solve, for 0 = x = 180°, 4sin (x + 70°) = cos (x + 20°), giving your answers
to 1 decimal place. (3 marks)

® 13 a Given that o is acute and tan o = %, prove that
3sin(f + a) +4cos(f+ a)=5cosf

b Given that sin x = 0.6 and cos x = —0.8, evaluate cos (x + 270°) and cos (x + 540°).

14 a Prove, by counter-example, that the statement
sec(A + B) =sec A +sec B, forall A and B
is false. (2 marks)

b Prove that tan @ + cot# = 2cosec 20, 0 # n_;r, nez. (4 marks)

: ~ 2tanf . ’
® 15 Using tan20 = T vz with an appropriate value of 6,

a show that tan % =2 -1.

b Use the result in a to find the exact value of tan%r

16 a Express sinx — V3 cos x in the form Rsin (x — ), with R> 0 and 0 < a < 90°. (4 marks)

b Hence sketch the graph of y = sin x — /3 cos x, for —=360° < x < 360°, giving the coordinates
of all points of intersection with the axes. (4 marks)

17 Given that 7cos 20 + 24sin 20 = Rcos (20 — a), where R >0 and 0 < a < ., find:
a the value of R and the value of «, to 2 decimal places (4 marks)

b the maximum value of 14 cos?6 + 48 sin # cos 6. (1 mark)

¢ Solve the equation 7 cos 26 + 24sin 26 = 12.5, for 0 =< 0 < 7, giving your answers to
2 decimal places. (5 marks)
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18 a Express 1.5sin 2x + 2 cos 2x in the form Rsin (2x + a), where R>0and 0 < a < E,

giving your values of R and « to 3 decimal places where appropriate.

b Express 3 sin x cos x + 4 cos? x in the form asin2x + b cos 2x + ¢, where a, b and ¢

are constants to be found.

¢ Hence, using your answer to part a, deduce the maximum value of
3sinx cos x + 4 cos? x.

(4 marks)

(3 marks)

(1 mark)

19 a Given that sin? o = 25sin 6, show that V17 sin (§ + o) = 1 and state the value of «, where

7}

0=0a=90°.

b Hence, or otherwise, solve sinzg =2sinf for 0 < 0 < 360°.

(3 marks)

(4 marks)

20 a Given that 2cosf =1 + 3sin @, show that Rcos (6 + o) = 1, where R and « are constants

to be found, and 0 < a < 90°. (2 marks)
b Hence, or otherwise, solve 2cosfl =1 + 3sinf for 0 < 0 < 360°. (4 marks)
21 Using known trigonometric identities, prove the following:
_ L A LI,
a sect cosec ) = 2cosec 20 b tan (4 - x) tan (4 x) = 2tan2x
¢ sin(x+ y)sin(x — y) = cos?y — cos?x d 1 +2cos20+ cos40 =4cos?f cos 20
l—gesa.
22 a Use the double-angle formulae to prove that —————— = tan’ x. (4 marks)
1 + cos2x
. 1 — cos2x .
b Hence find, for -7 = x = 7, all the solutions of ————— = 3, leaving your answers
1 + cos2x
in terms of 7. (2 marks)
23 a Prove that cos* 26 — sin* 20 = cos 46. (4 marks)
b Hence find, for 0 = 6 =< 180°, all the solutions of cos*26 — sin* 26 =% (2 marks)
24 a Prove that ﬂ =tand. (4 marks)
sin 26
b Verify that 0 = 180° is a solution of the equation sin 26 = 2 — 2 cos 26. (1 mark)
¢ Using the result in part a, or otherwise, find the two other solutions, 0 < # < 360°,
of the equation sin 26 = 2 — 2 cos 26. (3 marks)
25 The curve on an oscilloscope screen satisfies the equation y = 2 cos x — /5 sin x.
a Express the equation of the curve in the form y = Rcos (x + o), where R and
« are constantsand R>0and 0 = a < % (4 marks)
b Find the values of x, 0 =< x < 2, for which y = -1. (3 marks)
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26 a Express 1.4sinf) — 5.6 cos # in the form Rsin (f — ), where R and « are constants,
R>0and 0 < a<90° Round R and « to 3 decimal places. (4 marks)

b Hence find the maximum value of 1.4sin @ — 5.6 cos # and the smallest positive value
of 0 for which this maximum occurs. (3 marks)

The length of daylight, d(¢) at a location in northern Scotland can be modelled using the equation

3601 360:) i

365) + 1'45“’( 365

diy=12-5.6 cos(

where 7 is the numbers of days into the year.

¢ Calculate the minimum number of daylight hours in northern Scotland as given by
this model. (2 marks)

d Find the value of ¢ when this minimum number of daylight hours occurs. (1 mark)

27 a Express 12sinx + 5cos x in the form Rsin (x + «), where R and « are constants,
R>0and 0 <a <90° Round « to 1 decimal place. (4 marks)

A runner’s speed, v in m/s, in an endurance race can be modelled by the equation
50

v(x) = = 5, 0=x=300
12sin (2—A) + 5cos (Z—A)
5 5
where x is the time in minutes since the beginning of the race.
b Find the minimum value of v. (2 marks)
¢ Find the time into the race when this speed occurs. (1 mark)

Challenge

1 Prove the identities:
c9529+cF)5495 ot
sin 26 — sin 40

b cosx+ 2cos3x + cos5x = 4cos? x cos 3x

2 The points 4, B and C lie on a circle with centre O and radius 1. ACis a
diameter of the circle and point D lies on OC such that ZODB = 90°.

B
@ Find expressions

for ZBOD and AB,
then consider the
lengths OD and DB.

Use this construction to prove:
a sin20=2sinfcosf b cos20=2cos?6 -1
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Summary of key points

1

196

The addition (or compound-angle) formulae are:

» sin(4+ B) =sinA4 cosB+cosAsinB sin(4 — B) =sinAd cosB—-cosAsinB

» cos(A+ B)=cosAcosB-sinAdsinB cos(4 - B)=cosAcosB+sinAdsinB
__ tanA +tanB __ tanA-tanB
tan(A+B):1—tanAtanB il B):1+tanAtanB

The double-angle formulae are:

+ sin24 =2sin Acos A

« 0524 =c052A -sinfA=2c0s2A-1=1-2sin?4
2tan A4

s tanzgd = ———
1-tanA4

For positive values of a and b,
« asinx =+ b cos x can be expressed in the form Rsin (x + )
« acosx = b sin x can be expressed in the form Rcos (x F )

with R >0 and O<a<90°(or%)

where Rcosa =aand Rsina=band R =Va? + b2



Parametric equations

Objectives

After completing this chapter you should be able to:
e (Convert parametric equations into Cartesian form by substitution
= pages 198-202
e (Convert parametric equations into Cartesian form using
trigonometric identities -» pages 202-206
e Understand and use parametric equations of curves and sketch
parametric curves - pages 206-208
® Solve coordinate geometry problems involving parametric
equations - pages 209-213

® Use parametric equations in modelling in a variety of contexts
= pages 213-220

Prior knowledge check

1 Rearrange to make ¢ the subject:
a x=4t-kt by=3f ¢ y=2-4Int dx=1+2e¥
<« GCSE Mathematics; Year 1, Chapter 14
2 Write in terms of powers of cos x:
a 4+3sin?x b sin2x
¢ cotx d 2cosx+ cos2x « Section 7.2
State the ranges of the following functions.
Parametric equations ay=ln(x+1),x>0 b —fsncU<x-—n
can be used to describe

1
C y=x?+4x-2,-4<x<l1 d y= L X > =2
the path of a ski jumper 2 b5

from the point of « Section 2.2
leaving the ski ramp to & Acircle has centre (0, 4) and radius 5. Find the coordinates of the
the point of landing. points of intersection of the circle and the line with equation

- Exercise 8E, Q8 2y—-x—-10=0. « Year 1, Chapter 6
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m Parametric equations

You can write the x- and y-coordinates of each point on a curve as functions of a third variable.
This variable is called a parameter and is often represented by the letter .

® A curve can be defined using parametric equations x = p(7) and y = q(f). Each value of the
parameter, #, defines a point on the curve with coordinates (p(7), q(?)).

These are the parametric equations of the curve.

The domain of the parameter tells you the values
i of ¢ you would need to substitute to find the
o coordinates of the points on the curve.
3 =
o 22+1

Whent=2 x= =25andy=2x2=4,

This corresponds to the point (2.5, 4).

40| 1 21 %5 &34

05%2+1
m The value of the parameter ¢ is When 1=05, x = 05 =23 andy=2x05=1

generally not equal to either the x- or the This corresponds to the point (2.5, 1).
y-coordinate, and more than one point on
the curve can have the same x-coordinate.

® You can convert between parametric w e L e e e
. . . . | | [
equations and Cartesian equations by using dimensions involves the variables x and y only.

substitution to eliminate the parameter.
You can use the domain and range of the parametric functions to find the domain and range of the
resulting Cartesian function.
® For parametric equations x = p(f) and y = q(r) with Cartesian equation y = f(x):

e the domain of f(x) is the range of p(r)

e the range of f(x) is the range of q(r)

A curve has parametric equations

x=2f, y=t, -3<ix3
a Find a Cartesian equation of the curve in the form y = f(x).
b State the domain and range of f(x).
¢ Sketch the curve within the given domain for ¢.

A Cartesian equation only involves the variables x
and y, so you need to eliminate ¢.

-

)
y=t 2
Substitute (1) into (2):

a x=>~"t=sot=

|

ra

Rearrange one equation into the form ¢ =... then
substitute into the other equation.

)

= -5

L This is a quadratic curve.
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bioS 28 <SitiEs3
So the domain of f(x) is —6 < x < 6.

y=1,-3<tr<?3
5o the range of f(x) is O s y < 9.

L

c Va
x=2t
b y=1°
%
S ET G o

A curve has parametric equations

x=In(t+3) i t>-2
B T+ s

Parametric equations

The domain of f is the range of the parametric
function for x. The range of x = 2t over the
domain -3 <t<3is-6<x<6. « Section 2.1

The range of f is the range of the parametric
function for y. Choose your inequalities carefully.
vy =t?canequal 0in theinterval -3 <t < 3, so use
=, but it cannot equal 9, so use <.

The curveisa graph of y = %xz. Use your answers
to part b to help with your sketch.

m Pay careful attention to the domain

when sketching parametric curves. The curve is
only defined for -3 < ¢ < 3, or for -6 < x < 6. You
should not draw any points on the curve outside
that range.

a Find a Cartesian equation of the curve of the form y = f(x), x > k where k is a constant to be found.

b Write down the range of f(x).

a x=In(t+ 3)
e =t+3
Doer =3 =t
Substitute t = e¥ — 3 into

e 1 - 1 i 1
T T T A

Whent=-2: x=In(t+3)=h1=0

As t increases In(t + 3) increases, so the
range of the parametric function for x is
x>0

The Cartesian equation is

@ Sketch this parametric

Y+ 2 el
b Whent=-2: v—#—l
T on peh T 3

As tincreases y decreases, but is always
positive, so the range of the parametric

- ' i,
function for yis O < y < 3

The range of f(x) is O < y < %

N

¢

curve using technology.

e* is the inverse function of n x.

Rearrange the equation for x into the form ¢ = ...
then substitute into the equation for y.

To find the domain for f(x), consider the range of
values x can take for values of 1 > —2.

You need to consider what value x takes when
t = —2 and what happens when ¢ increases.

The range of f is the range of values y can take
within the given range of the parameter.

You could also find the range of f(x) by considering
the domain of f(x). f(0) = % and f(x) decreases as x
increases, s0 0 < y <. « Section 2.1
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Exercise @

1

Find a Cartesian equation for each of these parametric equations, giving your answer in the
form y = f(x). In each case find the domain and range of f(x).

ax=t-2, y=£+1, -4<r<4 b x=5-1, y=£-1, teR

c x:%, y=3—4, t20 m If the domain of ¢ is given as ¢ = O, this

implies that ¢ can take any value in R other than 0.

d x=2t+1, yz%, = ex=i, y==8 t>2

1 1

“tem i 2

f x

For each of these parametric curves:

i find a Cartesian equation for the curve in the form y = f(x) giving the domain on which the
curve is defined

ii find the range of f(x).

a x=2In(5-1, y=-5, t<4 b x=In(t+3), ;:%, t>=-2

¢c x=¢, y=e¥, teR

A curve C is defined by the parametric equations x =7, y=1t9-1), 0=¢=<35.

a Find a Cartesian equation of the curve in the form y = f(x), and determine the domain and
range of f(x).

b Sketch C showing clearly the Problem-solving

coordinates of any turning : o _
v =19 - 1) is a quadratic with a negative ¢* term and roots at

oints, endpoints and intersections
p . . P . t=0and ¢ = 9. It will take its maximum value when ¢ = 4.5.
with the coordinate axes.

For each of the following parametric curves:

i find a Cartesian equation for the curve in the form y = f(x)
ii find the domain and range of f(x)

iii sketch the curve within the given domain of z.

ax=22-3 y=9-£ >0 b x=3t-1, y=(@-1(t+2), 4<t<4
c x=t+1, y:ﬁ, teR, t=#1 d x=vr-1, y=3/t, t>0

e x=In(4-1¢), y=t-2, t<3
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Parametric equations

® 5 The curves C, and C, are defined by the following parametric equations.

I S
Dpag 2 Grog

C: x=1+2t, y=2+3t 2<t<5 Gy x= 2<t<3

a Show that both curves are segments of the ) ) )
Straight lines and line segments can

same straight line. be referred to as ‘curves’ in coordinate geometry.
b Find the length of each line segment.

6 A curve C has parametric equations
x=%+2, y=2t-3-1, teR, tz0

a Determine the ranges of x and y in the given domain of . (3 marks)
b Show that the Cartesian equation of C can be written in the form
A(X2 + bx + ¢)

where A, b and c¢ are integers to be determined. (3 marks)

7 A curve has parametric equations

x=In(t+3), yzﬁ, t>-2

a Show that a Cartesian equation of this curve is y = f(x), x > k where k is a constant to be
found.

b Write down the range of f(x).

8 A diagram shows a curve C with parametric equations e
X=3i, y=£-2 0<t<2 o ”
a Find a Cartesian equation of the curve in the form
y = f(x), and state the domain of f(x). (3 marks)

dy _ 2

b Show that — =0 when == (3 marks) g
di V3 0 AR

¢ Hence determine the range of f(x). (2 marks)

9 A curve C has parametric equations
x=0r-t, y=4-£ teR

a Show that the Cartesian equation of C can be written in the form

xt=(a-y)b-y)?
where a and b are integers to be determined. (3 marks)

b Write down the maximum value of the y-coordinate for any point on this curve. (2 marks)
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Challenge

A curve C has parametric equations
1-¢ 2t

teR

1+
a Show that a Cartesian equation for this curve is x2 + y? = 1.
b Hence describe C.

@ Using trigonometric identities

You can use trigonometric identities to convert trigonometric parametric equations into Cartesian
form. In this chapter you will always consider angles measured in radians.

A curve has parametric equations x =sinz+ 2, y=cost—3, t€R
a Show that a Cartesian equation of the curve is (x —=2)>+ (y + 3)*= 1.

b Hence sketch the curve.

a x=sint+?2 Problem-solving

So sint=x-2 ) If you can write expressions for sin ¢ and cos ¢ in
terms of x and y then you can use the identity
sin? ¢ + cos? ¢ = 1 to eliminate the parameter, .

« Year 1, Chapter 10

y=cost—-3
cost=y+ 3 (2)
Substitute (1) and (2) into

a2 24—
sin“t + cos“t =1 Your equations in (1) and (2) are in terms of

(x—2F+{y+ 3P =1 | sinzand cosso you need to square them when
" you substitute. Make sure you square the whole
1A
2 expression.
0 £

(x —a)? + (y— b)2 =r?is the equation of a circle
with centre (¢, b) and radius r.

So the curve is a circle with centre (2, —3) and
radius 1. « Year 1, Chapter 6
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A curve is defined by the parametric equations N

yHtep 9 w You can graph the O se
x=sin{, y=sin2t, —~<t<= parametric equations using
2 2 technology.
a Find a Cartesian equation of the curve in the form
y=1fx), -k=x=<k
stating the value of the constant k.
b Write down the range of f(x).
a y=sin2t Use the identity sin 2t = 2 sin  cos ¢, then
= Dsintcost T substitute x = sin . « Section 7.2

= 2xcos5! (1)

Use the identity sin® ¢ + cos? = 1 together with

T 2 s
sinct + cos~t =1 : ' :
L— x=sinrto find an expression for cos 7 in terms

cos?t =1 - sint i
=1-x2
t=y1-x2 2 :
e i @ ; m Be careful when taking square
Substitute (2) into (1): y = 2xV1 - x? roots. In this case you don’t need to consider the
T T negative square root because cos ¢ is positive for
When t = ——, x = sin (m—) = -] : :
2 L 2 all values in the domain of the parameter.

When t = g, Xi= SIII"I(E) =
. To find the domain of f(x), consider the range of
The Cartesian equation is y = 2x/1 — X2, ’7 x = sin ¢ for the values of the parameter given.

-1=sx=s1s0k=1

Within —g << %,y = sin 21 takes a minimum

value of =1 and a maximum value of 1.

A curve C has parametric equations
x=cott+2 y=cosec’t—-2, O<it<m

a Find the equation of the curve in the form y = f(x) and state the domain of x for which the curve
is defined.

b Hence, sketch the curve.
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x=cott+2 Problem-solving

cott=x-2 (1) The parametric equations involve cot ¢ and

cosec? ¢ so you can use the identity

y = cosec?®t — 2
1 + cot?t = cosec?t. « Section 6.4

cosecit=y+ 2 (2)
Substitute (1) and (2) into
1+ cot?t = cosec?t
1+(x-2P=y+2
1T+x2-4x+4=y+2

L Rearrange to find expressions for cot t and
cosec? ¢ in terms of x and y.

Expand and rearrange to make y the subject.

r=x2 —4x + 3
- \ You could also write the equation as:
The range of x = cott + 2 over the domain y=(x-22-1

O <t < mis all of the real numbers, =o the
domain of f(x) is x € R.
y=x2-4x+3=(x-3)x—-1)is a

quadratic with roots at x = 3 and x = 1 and

This is the completed square form which is useful
when sketching the curve.

Consider the range of values taken by x over the

y-intercept 3. The minimum point is (2, ~1). domain of the parameter. The curve is defined

Y on all of the real numbers, so it is the whole
quadratic curve
&
NG
3 @ Explore this curve O se
\ (2’!_1} graphically using technology.
ol | 3 3

Exercise

1

204

Find the Cartesian equation of the curves given by the following parametric equations:

a x=2sint—-1, y=5cost+4, O0<t<2rm b x=cost, y=sin2t, O0<t<27w
¢ x=cost, y=2cos2t, O<t<2mw d x=sint, y=tan?2s, 0<t<%
e x=cost+2, y=4dsect, 0<t<% f x=3cott, y=cosect, O<t<m
A circle has parametric equations x =sin7—5, y=cos?+ 2

a Find a Cartesian equation of the circle.

b f}&l’;izrggvn the radius and the coordinates of the centre of

. . . ) Think about how x and y
¢ Write down a suitable domain of ¢ which defines one full change as  varies.

revolution around the circle.

A circle has parametric equations x =4sin7+ 3, p=4cos? - 1. Find the radius and the
coordinates of the centre of the circle.



A curve is given by the parametric equation x =cost — 2, y=sinf+ 3,
Sketch the curve.

Parametric equations

-T<I<T.

Find the Cartesian equation of the curves given by the following parametric equations.

. . w m m
a x=sint¢, y=sm(r+z), maRbE s
b x=3cost, y=2cos(r+%), O<t<% Hint

Use the addition formulae

and exact values.

¢ x=sint, y=3sin(t+x), O<t<2m

The curve C has parametric equations
1 m s
x=8cost, y=-sec?t, ——<t<—
8 ATGTE TG D
a Find a Cartesian equation of C.
b Sketch the curve C on the appropriate domain.

A curve has parametric equations

Y=3ebt22r y=3sin 2 04 s%

(4 marks)
(3 marks)

Find a Cartesian equation of the curve in the form y = f(x). State the domain on

which f(x) is defined.

A curve C has parametric equations

1 . . T
,\_35111:, y = sin 31, 0<t<2

a Show that the Cartesian equation of the curve is given by
y=ax(l - bx?)

where a and b are integers to be found.

b State the domain and range of y = f(x) in the given domain of ¢.

Show that the curve with parametric equations

u m
x=2cost, yzsm(t—gl), O<t<m

can be written in the form

f=%(«'12- 32 —x),2<x<2

A curve has parametric equations

x=tan’t+5, y=>5sint, 0<t<%

a Find the Cartesian equation of the curve in the form y?2 = f(x).

b Determine the possible values of x and y in the given domain of ¢.

(6 marks)

(5 marks)
(2 marks)

(6 marks)

(4 marks)

(2 marks)
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11 A curve C has parametric equations

x=tant,

y=3sin(t - 7),

Find a Cartesian equation of C.

Challenge

m
)

2

The curve Cis given by the parametric equations:

1 : T
=—=(05 21, =sinjt+—=], O<it<?2
X > y | ( 6) < g

Show that a Cartesian equation for C'is (4% — 2 + 2x)2 + 12x2 -3 =0.

@ Curve sketching

Most parametric curves do not result in curves you will recognise and can sketch easily. You can plot
any parametric curve by substituting values of the parameter into each equation.

Draw the curve given by parametric equations

x=3cost+4, y=2sint, 0=<t=2x
—_—
T ks 37 St | 3w | 7w

J ol i 2.2 4. "
x=3cost+4 | 7 |612| 4 |1.865 1.866| 4 |612 | 7
y = 2sint O 141 2 | 1.4 141 =2 |-141| O

s

3_ 37[ % E

_|1? T T O\
=24 o 7w

# S s7 8
L34 5
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(4 marks)

This parametric curve has
Cartesian equation

G

( 3 ) g =t

This isn't a form of curve
that you need to be able to
recognise, but you can plot

the curve using a table of
values.

Choose values for ¢ covering
the domain of «. For each
value of ¢, substitute to find
corresponding values for

x and y which will be the
coordinates of points on the
curve.

Plot the points and draw the
curve through the points.
The curve is an ellipse.



Draw the curve given by the parametric equations x =2¢, y=¢>, for-1=¢=25.

Parametric equations

NG
4 | 5 @ Use technology to graph O

the parametric equations.

t -1 0O 1 2
x=2t|-2| O 2 4
y= 12 1 O 4

bt

& |10
16 | 25
Only calculate values of x and y for values of ¢ in

the given domain.

This is a 'partial’ graph of the quadratic equation
)CZ

J’=Z

You could also plot this curve by converting to

1 A curve is given by the parametric equations

o o —

2,

S

:?,

t#0

Cartesian form and considering the domain of
and range of the Cartesian function.

The domain is —2 = x = 10 and the range is
0=y=25

Copy and complete the table and draw a graph of the curve for -5 = ¢ =< 5.

t 5] 4] 3] 2]-1]0s5]0os] 1 2]3]4]Ss
x=2t | -10 | -8 =]
y=2 | 41 |-1325 10

2 A curve is given by the parametric equations

o=

2

} o

2

Copy and complete the table and draw a graph of the curve for -4 = ¢t < 4,

t 4 B[220 az] 3] 4
x=p 16

3
y:% ~12.8

3 A curve is given by parametric equations

x=tant + 1,

y =sint,

™ ™
— <<=
3

4

Copy and complete the table and draw a graph of the curve for the given domain of ¢.
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w w T w w iy iy
t 4 62l Yzl | 4| 3
x=tant + 1 0
y =sint 0

Sketch the curves given by these parametric equations:
ax=t-2, y=r+1, -4d=1=4

b x=3/t, y=£-2t, 0=t=2

c x=£, y=Q2-0H(t+3), -5st<5

d x=2sint-1, y=5cost+1, 1 t 4

= g T
e x=sec’t—3, y=2sint+1, —letéé

f x=r-3cost, y=1+2sint, 0=¢=2r

The curve C has parametric equations

x=3-1, y=£-2, -2<t<3

a Find a Cartesian equation of C in the form y = f(x).

b Sketch the curve C on the appropriate domain.

The curve C has parametric equations

=[=

x=9cost—-2, y=9sinr+1, - %
a Show that the Cartesian equation of C can be written as
(x+al+(y+bP=c
where a, b and ¢ are integers to be determined.
b Sketch the curve C on the given domain of .

¢ Find the length of C.

Challenge

Sketch the curve given by the parametric equations on the given
domain of «:
v 9t - 9r?
1+8 1+
Comment on the behaviour of the curve as ¢ approaches -1 from the
positive direction and from the negative direction.

t#-1
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(4 marks)
(3 marks)

(4 marks)
(3 marks)
(2 marks)



m Points of intersection

You need to be able to solve coordinate geometry problems involving parametric equations.

The diagram shows a curve C with parametric equations
x=at’+t, y=a(+38), teR,whereaisanon-zero
constant. Given that C passes through the point (-4, 0), -4 o

a find the value of a

b find the coordinates of the points A and B where

the curve crosses the y-axis.

a At point (-4,0), x=-4and y =0

@ Explore curves with

Hence

-4 =ar® + 1t (4]
O=al®+ 8) 2)

Solving equation (2) for r:

O=a(®+8)

O=r+58

—8=1

-2 =1

So, at the point (-4, 0), t = -2.
Since t = =2 at (-4, Q). then, from
equation (1),

—4 = g(-2)7 + (=2)

-4 =4a -2
-2 =4a
—%:u

b At points 4 and B, the x-coordinate is O:

O=-%12+1t
0=t(-%t+1)
t=0 or —-%t+1=0
1=2
At 1=0,
y=-30°+8)
-
At1=2,
y=-323+8)
=-8
Therefore,

Ais (O, =4) and B is (O, —&).

Parametric equations

VA
Y

=Y

""-\.‘_

€ B

The point (-4, 0) lies on the curve. You can use
this to write two equations for 1.

parametric equations of this form
using technology.

Since a is non-zero, the factor (£ + 8) must equal 0.

The value of ¢ is the same in both equations at
any given point on the curve.

Substitute ¢ = -2 into equation (1).

Substitute x = 0 into the parametric equation

for x. You now know that a = —1

Solve this quadratic equation to find the two
values of ¢ corresponding to points @ and b.

Substitute each value for the parameter into
the parametric equation for y to find the
y-coordinates at these points.

You already know that these t-values will give you
an x-coordinate of 0. Use the diagram to work out
which point is 4 and which point is B.
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A curve is given parametrically by the equations x = 12, y = 4¢. The line x + y + 4 = 0 meets the
curve at A. Find the coordinates of A.

x+y+4 =0

Substitute:

P+4+4=0

(t+22=0

t+2=0
So t=-2
Substitute:
x=1t

= (-2

=4
y =4t

= 4(-2)
=-5
The coordinates of A are (4, —&).

The diagram shows a curve C with parametric equations VA

X=COSs/+sint f—(t—z)2 —£<t<£
= » Y=EAIT%) T2 3

a Find the point where the curve intersects the line y = 2.

b Find the coordinates of the points A and B where the

curve cuts the y-axis.

a Curve crosses the line y = w2 when

B e
i~z =%
I - g =asE T
B o B
=6 G
. D e o .
Reject t = “E since this is outside of the

domain of .

7

When t =—
en =

210

Find the value of  at A4.
Solve the equations simultaneously.
Substitute x = 2and y = 4tinto x + y + 4 = 0.

Factorise.

Take the square root of each side.

Find the coordinates of A.
Substitute ¢ = -2 into the parametric equations.

-y

S

For all points on the line y = w2 Substitute this
into the parametric equation for y and solve to
find ¢.

You are taking square roots of both sides so
consider the positive and negative values.

PP
2 z)

valid value for 1.

so only one of these solutions is a



Curve cuts the y-axis when x = O. So,

cost +sint=0

sint = —cost
tant = =1
5ince,—~§<f %
i S e T
s
el o T TN 2B
S O
e [ £)2_49ﬂ2
At="r={"4 "¢ 144
2 2
Ais (O, ﬁi;)and Bis (O,A:jz

Parametric equations

Substitute into the parametric equation for x.
Find an exact value for x.

Substitute x = 0 into the parametric equation for
x and solve the resulting trigonometric equation.

Consider the range of the parameter. There are
two solutions to tan ¢ = -1 in this range. These
correspond to the two points of intersection.

Substitute each value of ¢ into the equation for y
to find the y-coordinates.

Problem-solving

When you are given a sketch diagram in a
question, you can't read off values, but you can
check whether your answers have the correct
sign. The y-coordinates at both points of
intersection should be positive.

1 Find the coordinates of the point(s) where the following curves meet the x-axis.

a x=5+¢ yp=6-t

c x=0£, y=(1-0@+3)
2t

& X= y=it—9; I

-1

b x=2t+1,

y=2t-06
1

dx=7, p=(-DQr-1), %0

2 Find the coordinates of the point(s) where the following curves meet the y-axis.

a x=2t y=£-5

c x=£+2t-3, y=tt-1)

e \‘—u Y= 2 tz-1
TR Yo

b x=3r-4, y=l t#0

2

d x=27-7, y:ﬁ, t=1

® 3 A curve has parametric equations x = 4ar?, y =a(2t — 1), where a is a constant.

The curve passes through the point (4, 0). Find the value of a.

4 A curve has parametric equations x = b(2¢ — 3), y = b(1 — £2), where b is a constant.
The curve passes through the point (0, —5). Find the value of 5.

5 Find the coordinates of the point of intersection of the line with parametric equations

x=3t+2,y=1-tand theline y + x = 2.
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Find the values of ¢ at the points of intersection of the line 4x — 2y — 15 = ( with the parabola
x =1, y=2tand give the coordinates of these points.

Find the points of intersection of the parabola x = 12, y = 2¢ with the circle x2 + > - 9x + 4 = 0.

Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.
ax=£-1, y=cost, O<t<m

b x=sin2t, y=2cost+1, w<t<2m

¢ x=tan{, y=sint-cost, 0<t<%
Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.
a x=e+5 y=Int, >0

b x=Int, y=12-64, >0

c x=eX+1, y=2e'-1, -1<t<l1

Find the values of 7 at the points of intersection of the line y = =3x + 2 and the curve with
parametric equations x = ¢2, y = ¢, and give the coordinates of these points.

Find the value(s) of ¢ at the point of intersection of the line y = x — In 3 and the curve with
parametric equations x =In (£ - 1), y=In (2t - 5), t > %, and give the exact coordinates of this
point.

A curve C has parametric equations VA
x=6cost, y=4sin2t+2, =T gt
2 2 -

a Find the coordinates of the points where the curve

intersects the x-axis. (4 marks)
b Show that the curve crosses the line y = 4 where

T 5w 5

[= iB) and f = 1_2; (3 marks) 0 \j x
¢ Hence determine the coordinates of points where

v = 4 intersects the curve. (2 marks)

Show that the line with equation y = 2x — 5 does not intersect the curve with parametric
equations x =2¢, y =4t - 1). (4 marks)

Problem-solving

Consider the discriminant after substituting.

The curve C has parametric equations x =sin#, y=cos2t+ 1, 0=1t=2r.
Given that the line y = k, where k is a constant, intersects the curve,

a showthat 0=k =2 (3 marks)
b show that if the line y = k is a tangent to the curve, then k = 2. (3 marks)



Parametric equations

® 15 The curve C has parametric equations x =e*, y =e¢’— 1. The straight line / passes through the
points 4 and B where 7 = In 2 and ¢ = In 3 respectively.

a Find the points 4 and B.
b Show that the gradient of the line /is %

¢ Hence, find the equation for line / in the form ax + by + ¢ = 0.

(3 marks)
(2 marks)
(2 marks)

16 The curve C has parametric equations x =sin#, y = cos?. The straight line / passes through the

mn T
“andr=—~

points 4 and B where 7 = G >

ax+ by +c¢=0.

17 The diagram shows the curve C with parametric equations
t —_
Y=r—"

P y=t-4, t=0

The curve crosses the y-axis and the x-axis at points
A and B respectively.

a Find the coordinates of 4 and B. (4 marks)

respectively. Find an equation for the line / in the form

The line /; intersects the curve at points A and B.

A
The lines /, and /; are parallel to /; and are distinct A

tangents to the curve.
b Show that the two possible equations for /, and /; are
v=4x-4and y=4x-12

¢ Find the coordinates of the point where each tangent meets C.

Challenge

The curve C, has parametric equations
EEEE, peEras
The curve C; has parametric equations
=cim =] e
Find the coordinates of the points at which these two curves intersect.

@ Modelling with parametric equations

(7 marks)
A
L » X
0 } i
(6 marks)
(4 marks)

You can use parametric equations to model real-life situations. In mechanics you will use parametric

equations with time as a parameter to model motion in two dimensions.
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A plane’s position at time ¢ seconds after take-off can be modelled

with the following parametric equations:

x=(vcosf)tm, y=(vsinf)tm, t>0

where v is the speed of the plane, 6 is the angle of elevation of its
path, x is the horizontal distance travelled and y is the vertical

distance travelled, relative to a fixed origin.

When the plane has travelled 600 m horizontally, it has climbed 120 m

a Find the angle of elevation, 6.
Given that the plane’s speed is 50 ms~!,

b find the parametric equations for the plane’s motion

¢ find the vertical height of the plane after 10 seconds

d show that the plane’s motion is a straight line
e explain why the domain of ¢, ¢ > 0, is not realistic.

c00m

Angle of elevation

6 = tan-" (_gi'é%_] = 11.3° (1 d.p)
b x=(vcosit
= (50 x cos11.3...)t = 49.0tm (3 s.f)
y = (vainfit
= (50 x sin11.3...)t = 2.81tm (3 s.f)
c Atr=10,

y=981t=9081 x10=9281m

So, the plane has climbed 98.1m after L

10 seconds.

d x=491
5
So, E =1 (1)
y=981t (2)
So,

= e %
y =981 x 45 = 0.2x

Since this is a linear equation, the motion
of the plane is a straight line with
gradient 0.2
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The model assumes that the angle of elevation
will stay constant so the ratio will always be the
same regardless of how far along the journey the
planeis.

Substitute v =50 and 6 = 11.3 into the equations
for x and y. The units of length, metres, are given
with the model.

Substitute ¢ = 10 into y, as y represents the
vertical height.

Find a Cartesian equation for the plane’s path.
Rearrange the equation for x to make ¢ the
subject.

Substitute ¢ from (1) into (2).

The gradient in this context represents the height
gained for every metre travelled horizontally.



e ! > O is not realistic as this would mean
the plane would continue climbing forever
at the same speed and with the same
angle of elevation.

A stone is thrown from the top of a 25 m high cliff with an
initial speed of Sms-! at an angle of 45°. Its position after
t seconds can be described using the following parametric
equations

v

ngtm, y=(—4.9t2+522t+25) m 0st=k

where x is the horizontal distance from the point of projection,
y is the vertical distance from the ground and k is a constant.

Given that the model is valid from the time the stone is
thrown to the time it hits the ground,

a find the value of k

Problem-solving

If you have to comment on a modelling
assumption or range of validity, consider whether
the assumption is realistic given the context of
the question. Make sure you refer to the real-life
situation being modelled in your answer.

Parametric equations

b find the horizontal distance travelled by the stone once it hits the floor.

a The stone hits the ground when y = O:

@ Use the polynomial function

on your calculator to solve the
quadratic equation.

Use the quadratic formula on your calculator to

—4.9:2+¥:+ 2=
_5/2 ."I(5\ 2) o
- > + W 4(-4.9)(25)
B 2(-4.9)

t=-1926... or t = 2.646...
t = O, so the stone hits the ground at
t = 2.648...

find two solutions for .

The model is only valid for ¢ = 0 so disregard the

So k=265 (2 dp)
When t = 2.648...

negative solution.

Substitute this value of ¢ into the parametric

= 5\2 = 5y2
X == = > x 2.648...
= 2362...m

So the horizontal distance travelled by the

stone is .36 m (2 d.p).

equation for x.
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The motion of a figure skater relative to a fixed
origin, O, at time ¢ minutes is modelled using the
parametric equations

x=8c0s20t, y= 125in(10r-§), (=0

where x and y are measured in metres.

a Find the coordinates of the figure skater at the
beginning of his motion. -12-10 -8 -

b Find the coordinates of the point where the
figure skater intersects his own path.

¢ Find the coordinates of the points where the
path of the figure skater crosses the y-axis.

d Determine how long it takes the figure skater -12-
to complete one complete figure-of-eight motion.

Substitute ¢ = 0 into both equations to find the x

a Att=0, .
and y coordinates.

x=8cos0=8

y=12 Siﬂ(TO x O - %) =12 sin ('—%)

=-6V3
The coordinates of the figure skater at the
begjinning of his motion are (8, -6 v3).

b From the diagram, the figure skater

intersects his own path on the x-axis, ie.
Use the diagram to find information about the

when y = O. . : :
point of intersection.
™
12sin|10t =) =0
51[‘1( 3)
. (TO: = E) s Substitute y=0 |n.to the equat.lon for y, and solve
. 3 to find values of ¢ in the domain ¢ = 0.
10t - % =0, 2m, ...
T 4n Tm
10t = e — s
illic gt
T 2m 7m
T T There is only one point of intersection so choose
x=8cos (20 X 3%) iif COS(%) .y any of these values of «. You can use one of the
' Tl others to check: 8 cos (20 x %) = 8 cos (%’T) =—4

So, the figure skater intersects his own
path at the point (-4, O).
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c The figure skater crosses the y-axis when

x =0,

Parametric equations

Find solutions to 8 cos 207 = 0 in the domain
t = 0. There are 4 points of intersection so

consider the first 4 solutions, and check that
these give different values of y.

Use your calculator to find the corresponding
values of y. You can give your answers as decimals

O = 8cos 20t
O = cos 201
_m 3m S5t 7m
50,20:—2. 5 5 o
Substitute these values into y.
T
20t = 5
Ut o
)—125|n(§x§ g) 125|r1( )
=-311 (2 dp)
sl
20t = = :
= il ) e
y—125|r1(2x > 3) 125|r1(12)
z =%,
20t = =
| 1,55 _2) ool
y= 125|r1(2x > "3 = 12 sin 12)
=311 (2 dp)
i
20t = > ; N
pres gl T (T 7’)
)—125|r1(2x > 3) 12 sin 2

S0 the skater crosses the y-axis at
(O, =3.11), (O, 11.59), (O, 3.11), (O, —11.59).

d The period of x = &cos 20t is -~ En

20°

so the skater returns to his x-position
after —2£m1r1 4—?Tm|r1

20 20
The period of y = 12 sin (10: = %) is %,
so the skater returns to his y-position
after ﬁmin i?Em‘m

@iy

So the skater first completes a full
figure-of-eight motion after

—T26m|r15 = 0.628 ... mins or 38 seconds

(2 s.t).

or as exact values: 12 sin (

12) =-3/6 +3v2

)
m Find points of intersection

of this curve with the coordinate axes
using technology.

Check that these look sensible from the
graph. The motion of the skater appears to be
symmetrical about the x-axis so these look right.

The period of a cos (bx + ¢) is Zb—ﬂ and the period

of asin (bx + ¢) is %r

Problem-solving

In order for the figure skater to return to his
starting position, both parametric equations
must complete full periods. This occurs at the
least common multiple of the two periods.
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Exercise @
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A river flows from north to south. The position at time 7 seconds of a rowing boat crossing the
river from west to east is modelled by the parametric equations

x=09tm, y=-32tm
where x is the distance travelled east and y is the distance travelled north.
Given that the river is 75 m wide,
a find the time taken to get to the other side
b find the distance the boat has been moved off-course due to the current
¢ show that the motion of the boat is a straight line

d determine the speed of the boat.

The position of a small plane coming into land at time ¢ seconds after it has started its descent
is modelled by the parametric equations

x=80, y=-9.17+3000, 0</<330

where x is the horizontal distance travelled (in metres) and y is the vertical distance (in metres)
of the plane above ground level.

a Find the initial height of the plane.
b Justify the choice of domain, 0 = ¢ < 330, for this model.

¢ Find the horizontal distance the plane travels between beginning its descent and landing.

A ball is kicked from the ground with an initial speed of 20ms~! at an angle of 30°.
Its position after 7 seconds can be described using the following parametric equations

x=10/3tm, y=(-492+10)m, 0st<k
a Find the horizontal distance travelled by the ball when it hits the ground.
A player wants to head the ball when it is descending between 1.5m and 2.5 m off the ground.
b Find the range of time after the ball has been kicked at which the player can head the ball.

¢ Find the closest horizontal distance from where the ball has been kicked at which the player
can head the ball.

The path of a dolphin leaping out of the water can be modelled with the following parametric
equations

x=2tm, y=-492+10tm
where x is the horizontal distance from the point the dolphin jumps out of the water, y is the
height above sea level of the dolphin and ¢ is the time in seconds after the dolphin has started
its jump.
a Find the time the dolphin takes to complete a single jump.
b Find the horizontal distance the dolphin travels during a single jump.
¢ Show that the dolphin’s path is modelled by a quadratic curve.
d Find the maximum height of the dolphin.



® s

Parametric equations

The path of a car on a Ferris wheel at time ¢ minutes is modelled using the parametric
equations

x=12sint, y=12-12cost

where x is the horizontal distance in metres of the car from the start of the ride and y is the
height in metres above ground level of the car.

a Show that the motion of the car is a circle with radius 12 m.
b Hence, find the maximum height of the car during the journey.

¢ Find the time taken to complete one revolution of the Ferris wheel and hence calculate the
average speed of the car.

The cross-section of a bowl design is given by the by
following parametric equations

. w
x=t—-4sint, y=1-2cost, —Elété

e
o —
P—

a Find the length of the opening of the bowl. (3 marks)

0
b Given that the cross-section of the bowl
crosses the y-axis at its deepest point, find

the depth of the bowl. (4 marks)

=y

A particle is moving in the xy-plane such that its P
position after time ¢ seconds relative to a fixed
origin O is given by the parametric equations

2_ 3¢+
xz#, y=2t, t>0

The diagram shows the path of the particle.

a Find the distance from the origin to the particle at ‘

time 7 = 0.5. \

b Find the coordinates of the points where the 0
particle crosses the y-axis.

oyl

Another particle travels in the same plane with its path given by the equation y = 2x + 10.

¢ Show that the paths of these two particles never intersect.

The path of a ski jumper from the point of leaving the ramp to the point of landing is modelled
using the parametric equations

x=181, y=-49°2+4t+10, 0=tr=k

where x is the horizontal distance in metres from the point of leaving the ramp and y is the
height in metres above ground level of the ski jumper, after 7 seconds.

a Find the initial height of the ski jumper. (1 mark)

b Find the value of k and hence state the time taken for the ski jumper to complete
her jump. (3 marks)
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¢ Find the horizontal distance the ski jumper jumps. (1 mark)
d Show that the ski jumper’s path is a parabola and find the maximum height above ground

level of the ski jumper. (5 marks)
The profile of a hill climb in a bike race is modelled by VA

the following parametric equations

x=50tan¢tm, y=20sin2tm, 0<t¢ s%

a Find the value of 7 at the highest point of the hill climb.

b Hence find the coordinates of the highest point. 0 :
¢ Find the coordinates when 7 = 1 and show that at this
point, a cyclist will be descending.
A computer model for the shape of the path of a i
rollercoaster is given by the parametric equations
x=5+Inz, y=35sin2t, O<t£%
a Find the coordinates of the point where 7 = % (2 marks)
Given that one unit on the model represents 5m in real life,
b find the maximum height of the rollercoaster (1 mark)
¢ find the horizontal distance covered during the = >
descent of the rollercoaster. (4 marks)

d Hence, find the average gradient of the descent. (1 mark)

Mixed exercise o

1

220

The diagram shows a sketch of the curve with
parametric equations

x=4cost, y=3sint, 0=t<2rw
a Find the coordinates of the points 4 and B.

b The point C has parameter ¢ = % Find the exact

[\
\

coordinates of C.

¢ Find the Cartesian equation of the curve.

The diagram shows a sketch of the curve with VA
parametric equations

X =COSt, y=%sin2t, 0=t<2m

-y

The curve is symmetrical about both axes.

Copy the diagram and label the points having

T 3w
parameters t =0, t = El_, t=mandt= 7’




Parametric equations

A curve has parametric equations

x=eX+l+1, y=t+In2, t>1

a Find a Cartesian equation of this curve in the form y = f(x), x > k where & is a constant to be
found in exact form.

b Write down the range of f(x), leaving your answer in exact form.

A curve has parametric equations

= l =—2ln(r+l) t>l
g JF 2) 2

Find a Cartesian equation of the curve in the form y = f(x), and state the domain and range

of f(x).

A curve has parametric equations x =sin¢, y=cos2t, 0=17<2mw
a Find a Cartesian equation of the curve.

The curve cuts the x-axis at (@, 0) and (b, 0).

b Find the values of ¢ and b.

1

T Rk

. : |
A curve has parametric equations x = T+ 7V

xz

2x -1

Express ¢ in terms of x, and hence show that a Cartesian equation of the curve is y =

A circle has parametric equations x =4sint -3, y=4cost+35, 0=t=2rx
a Find a Cartesian equation of the circle.
b Draw a sketch of the circle.

¢ Find the exact coordinates of the points of intersection of the circle with the y-axis.

The curve C has parametric equations

_2-3t 3+
=13’ YT 1+’

X 0=s=r=4

a Show that the curve C is part of a straight line. (3 marks)

b Find the length of this line segment. (2 marks)

A curve C has parametric equations

x=2-2, y=2t, 0s¢t=<2
a Find the Cartesian equation of C in the form y = f(x). (3 marks)
b State the domain and range of y = f(x) in the given domain of ¢. (3 marks)

¢ Sketch the curve in the given domain of z. (2 marks)
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A curve C has parametric equations

x=2cost, y=2sint-5, 0<t¢sn7T

a Show that the curve C forms part of a circle. (3 marks)
b Sketch the curve in the given domain of z. (3 marks)
¢ Find the length of the curve in the given domain of 7. (3 marks)

The curve C has parametric equations

x=t-2, y=£-282, teR
a Find a Cartesian equation of C in the form y = f(x). (3 marks)
b Sketch the curve C. (3 marks)

Show that the line with equation y = 4x + 20 is a tangent to the curve with parametric
equations x=t-3,y=4 -2 (4 marks)

The curve C has parametric equations x =21Inz, y=£2-1, >0

a Find the coordinates of the point where the line x = 5 intersects the curve.

Give your answer as exact values. (4 marks)
b Given that the line y = k intersects the curve, find the range of values for k. (3 marks)
The diagram shows the curve C with parametric equations r4
x=1+2t, y=4"-1 C

The curve crosses the y-axis and the x-axis at points A
and B respectively.

a Find the coordinates of 4 and B. (4 marks)
The line / intersects the curve at points 4 and B. 5 /B >
b Find the equation of /in the form ax + by + ¢ = 0. |
(3 marks)
The diagram shows the curve C with parametric equations 4 nA
lent—ln(%), y=sint, 0<t<2m ~
The curve crosses the y-axis and the x-axis at points A
and B respectively. The line / intersects the curve at points B
A and B. Find the equation of /in the form ax + by + ¢ = 0. 0 x
(7 marks)
C
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Parametric equations

A plane’s position at time ¢ seconds during its descent can be modelled with the following
parametric equations

x=80t, y=3000-30f, O<t<k

where x is the horizontal distance travelled in metres and y is the vertical height of the plane in
metres.

a Show that the plane’s descent is a straight line. (3 marks)
Given that the model is valid until the plane is 30 m off the ground,
b find the value of & (2 marks)

¢ determine the distance travelled by the plane in this portion of its descent. (3 marks)

The path of an arrow path at time 7 seconds from being fired can be described using the
following parametric equations

x=50/21, y=15-492+5021, O0<t<k

where x is the horizontal distance from the archer in metres and y is the vertical height of the
arrow above level ground.

2

a Find the furthest horizontal distance the arrow can travel.

A castle is located a horizontal distance of 1000 m from the archer’s position. The height of the
castle is 10 m.

b Show that the arrow misses the castle.

¢ Find the distance the archer should step back so that he can hit the top of the castle.

A mountaineer’s climb at time ¢ hours can be modelled with YA
the following parametric equations

x=300Vt, y=24414-1), O<t<k

where x represents the distance travelled horizontally in
metres and y represents the height above sea level in metres.

a Find the height of the peak and the time at which the

mountaineer reaches it. (3 marks)
Given that the mountaineer completes her climb when
she gets back to sea level, 0 x
b find the horizontal distance from the beginning of
her climb to the end. (2 marks)
A bridge is designed using the following parametric VA
equations:
\‘—ﬂ 2sint¢, y=-cost £<t<3—ﬂ'
T It ) 2
Given that 1 unit in the design is 10 m in real life,
a find the highest point of the bridge .
b find the width of the widest river this bridge can cross. g i
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20 A BMX cyclist’s position on a ramp at time VA
t seconds can be modelled with the parametric 104
equations 1

x=3e-1), y=10¢-17 0<t<13 ]

where x is the horizontal distance travelled in metres

and y is the height above ground level in metres. 5:
a Find the initial height of the cyclist. 1
b Find the time the cyclist is at her lowest height. 1
Given that after 1.3 seconds, the cyclist is at the end O_ T ,J,/, —

of the ramp,

¢ find the height at which the cyclist leaves the ramp.

Challenge

Two particles 4 and B move in the x-y plane, such that their positions
relative to a fixed origin at a time ¢ seconds are given, respectively, by
the parametric equations:

Ax=2 y=3+1, 1>0
B:x=5-2t, y=22+2k-1, t>0
where k is a non-zero constant.

Given that the particles collide,
a find the value of k&
b find the coordinates of the point of collision.

Summary of key points

1 Acurve can be defined using parametric equations x = p(7) and y = q(z). Each value of the
parameter, ¢, defines a point on the curve with coordinates (p(z), q(7)).

2 You can convert between parametric equations and Cartesian equations by using substitution
to eliminate the parameter.

3 For parametric equations x = p(¢) and y = q(¢) with Cartesian equation y = f(x):
« the domain of f(x) is the range of p(z)
« the range of f(x) is the range of q(z)

4 You can use parametric equations to model real-life situations. In mechanics you will use
parametric equations with time as a parameter to model motion in two dimensions.
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Review exercise

@ 1 The diagram shows the curve with
equation y = sin(x + E), =27 < x < 2m.

4
%J Va

y=sin [_\‘ + 1,

Vi

Calculate the coordinates of the points at
which the curve meets the coordinate axes.
3

« Section 5.1

-1 1

=}

Sketch, for 0 =< x =< 2, the graph of

3)

Write down the exact coordinates of
the points where the graph meets the
coordinate axes.

Solve, for 0 < x < 2, the equation

COS(X = %)

2

y= cos(x -

3 EP 5

—0.27, giving your

answers in radians to 2 decimal places.
(3)

« Section 5.1

In the diagram, 4 and B are points on
the circumference of a circle centre O and

radius 5cm.
£2AOB = f radians
AB=6cm
]
S5cm S5cm
6cm
A B

a Find the value of 6. 2)
b Calculate the length of the minor arc
ABto 3 s.f. 2)

« Section 5.2

In the diagram, 4 BC is an equilateral
triangle with side 8 cm.

PQ is an arc of a circle centre, 4, radius 6 cm.
Find the perimeter of the shaded region in
the diagram.

(6))

« Section 5.2

In the diagram, 4D and BC are arcs of
circles with centre O, such that
OA=0D=rcm, AB=DC=10cm and
£BOC = f radians.

B
10em
A
rcm
0
rcm
2 10cm C
a Given that the area of the shaded
region is 40 cm?, show that r = g -5
4)

b Given also that r = 60, calculate the
perimeter of the shaded region.

(6)

« Sections 5.2, 5.3
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Review exercise 2

6 In the diagram,

AB=10cm, AC=13cm.

2CAB = 0.6 radians.

BD is an arc of a circle centre A and radius
10cm.

10cm > A4

8 The diagram shows a square, ABCD,
with side length r, and 2 arcs of circles
with centres 4 and B.

A 4 B

D ¢

Show that the area of the shaded region

a Calculate the length of the arc BD. (2)

b Calculate the shaded area in the diagram
to1d.p. 3

« Sections 5.2, 5.3 9 a

The diagram shows the sector OAB of a
circle with centre O, radius rcm and angle
1.4 radians. b

rcm/'

10cm

The lines AC and BC are tangent to the
circle with centre O. OEB and OFA are
straight lines. The line ED is parallel to BC
and the line FD is parallel to AC.

a Find the area of sector OAB, giving
your answer to 1 decimal place.

lla

(C)
The region R is bounded by the arc AB b
and the lines AC and CB.

b Find the perimeter of R, giving your
answer to 1 decimal place.

(6)

« Sections 5.2, 5.3
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52
is E(S\f{j - ).

®)

« Sections 5.2, 5.3

Show that the equation

3sin2x+ 7cosx + 3 =0canbe

written as 3cos?x — 7 cosx—6=0. (2)
Hence solve, for 0 = x < 2,
3sin2x + 7cos x + 3 =0, giving your
answers to 2 decimal places.

3

« Section 5.4

Show that, when @ is small,

sin40 — cos40 + tan30 = 80> + 70 — 1
3)

Hence state the approximate value of

sin 40 — cos 460 + tan36 for small values

of 4. 1)

« Section 5.5

Sketch, in the interval —27 < x < 2,

the graph of y =4 — 2 cosec x.

Mark any asymptotes on your graph.
Q)

Hence deduce the range of values of k

for which the equation 4 — 2cosec x = k

has no solutions. 2)

« Sections 6.1, 6.2
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The diagram shows the graph of
v=ksec(d - «)
The curve crosses the y-axis at the point

(0, 4), and the f-coordinate of its
w

minimum point is 3

WA

e
|2
3

= -
=3

v=ksec(t-aw)

a State, as a multiple of w, the value of a.
1)
b Find the value of k. 2)

¢ Find the exact values of # at the points
where the graph crosses the line
y=-22. @3)

« Section 6.2

a Show that
COSX 1 —sinx
. =2secx
I —sinx COSX
4
b Hence solve, in the interval
0 e i cos‘x 1 —sinx -2/
1 —sinx COSX
4
« Section 6.3
a Prove that
S C(.)S : = 2cosec 26, 0 # 90n°
cosf sinf

3)

b Sketch the graph of y = 2 cosec 26 for
0° < < 360°. 3)

¢ Solve, for 0° < # < 360°, the equation
sin 0
cos )
1 decimal place.

cosf
sin f

= 3, giving your answer to

C))

« Section 6.3

Review exercise 2

10cm

C
D

In the diagram, AB = 10cm is the
diameter of the circle and BD is the
tangent to the circle at B. The chord AC
is extended to meet this tangent at D and
2ABC =6,

a Show that BD = 10cot?. 4)
b Given that BD = }—g cm, calculate the
exact length of DC. 3)

« Section 6.4

a Given that sin’@ + cos’d =1,
show that 1 + tan’ 8 = sec? 0.

(2)
b Solve, for 0° < 6 < 360°, the equation
2tan’f +sec =1

giving your answers to 1 decimal place.
(6)
<« Section 6.3

Given that a = cosec x and b = 2 sin x.

a express a in terms of b

_ B2
b find the value of o

in terms of b.

at -
« Section 6.4
Given that
) T T
y=arcsinx,-ls=x<1,--=sy=—
2 2
a express arccos x in terms of y. )

b Hence find, in terms of , the value of
arcsin x + arccos x. (1)

« Section 6.5

a Prove that forx =1,

.
1 Coxt=1
arccos | = arcsin ——

C))

b Explain why this identity is not true for
0s=sx<l. 2)

« Section 6.5
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Review exercise 2

a Sketch the graph of y = 2 arccos x — % .
showing clearly the exact endpoints of

the curve. (€)]
b Find the exact coordinates of the point
where the curve crosses the x-axis. (3)

« Section 6.5

. T 1
Given that tan(x + 6) =%’ show that
2~ 111V3

tanx = 01 5

« Section 7.1
Given that sin (x + 30°) = 2 sin (x — 60°)
@

b Hence express tan (x + 60°) in the form
a+b/3. 3)

« Section 7.1

a show that tanx = 8 + 5/3.

a Usesin(f + «) =sinfcos a + cos fsin a,
or otherwise, to show that
V6 -2

sin 165° = )
b Hence, or otherwise, show that
cosec 165° = Va + /b , where a and b
are constants to be found. 3)

« Sections 7.1, 7.2

Given that cos A = % where 270° < 4 < 360°,
a find the exact value of sin24 3)
b show that tan24 = -3/7. 3

« Section 7.3

Solve, in the interval —180° < x = 180°,
the equations

a cos2x+sinx=1

3
b sin x(cos x + cosec x) = 2cos’ x 3)
giving your answers to 1 decimal place.

« Section 7.4

f(x) = 3sinx + 2 cosx
Given f(x) = R sin(x + ), where R > 0

and0 < a < %,
a find the value of R and the value of a. (4)
b Hence find the greatest value

of (3 sinx + 2 cos x)*

2

® 27

(® 28

¢ Hence, or otherwise, solve for
0 = 0 < 2m, f(x) = 1, rounding your
answers to 3 decimal places.

©))

« Section 7.5

a Prove that
cotf —tanf = 2 cot 26, 0 =%’ )

b Solve, for - < # < 7, the equation
cotfd —tanfl = 5,

giving your answers to 3 significant
figures.

©))

« Sections 6.3, 7.6

a By writing cos 36 as cos(260 + #), show
that

cos 30 =4cos’@ - 3cost

“)

; /2
b Given that cos@ = \?, find the exact
value of sec 36. Give your answer in
the form kv2 where k is a rational
constant to be found.

@

« Sections 6.3, 7.1

Show that sin*fd = % - % cos 26 + % cos 46,

You must show each stage of your
working.

(6)

« Section 7.6

a Express 6sind + 2 cos# in the form
Rsin (0 + o), where r < 0 and

0<a< %
Give the value of « to 2 decimal places.
“@
b i Find the maximum value of
6 sinf + 2 cosf 2)

ii Find the value of @, for 0 < @ < m,
at which the maximum occurs,

giving the value to 2 d.p. (1

The temperature, in 7 °C, on a particular
day is modelled by the equation

. (Tt s
=9+ 65111(5) + ZCOS(E),
0 = ¢ = 24 where ¢ is the number of hours

after 9a.m.
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¢ Calculate the minimum value of T’
predicted by this model, and the value
of ¢, to 2 decimal places, when this
minimum OCCurs. Q)

d Calculate, to the nearest minute,
the times in the first day when the
temperature is predicted by this model,
to be exactly 14°C. 4)

« Section 7.5, 7.7
A curve C has parametric equations
4
le—?yzﬁ—h+1J€RJ¢0

a Determine the ranges of x and y in the
given domain of 7. Q)

b Show that the Cartesian equation of C
can be written in the form

2
ax*+ bx +c
y=——""5—,wherea, b and c are

(1-x)
3)

integers to be found.
« Section 8.1

A curve has parametric equations

3t
x_m&+my_t+yr>4
a Find a Cartesian equation of this
curve in the form y = f(x), x > k, where

k 1s an exact constant to be found. (4)

b Write down the range of f(x) in the
form a < y < b, where a and b are
constants to be found.

« Section 8.1

A curve C has parametric equations

1 1
X=—\yy=—,-1 <<
A PP 1—f1 =1
Show that a Cartesian equation of C'is
i “@
Y=ax—1

« Section 8.1

A curve C has parametric equations
-
x=2cost,y=cos3t,0 =1t 5’5

a Find a Cartesian equation of the curve
in the form y = f(x), where f(x) is a
cubic function. (5)

b State the domain and range of f(x) for
the given domain of 7. 2)

« Section 8.2

37
5

Review exercise 2

35 The curve shown in the figure has
parametric equations

X = sinf f—sin(t+£) L
¢ 24 6" 2 2
LY 3

‘R
/' 0

a Show that a Cartesian equation of the

Y

curve is
V31—
y=7x+5\,-"[1 -x),-lsx<1 @4

b Find the coordinates of the points 4
and B, where the curve intercepts the
x- and y-axes. 3)

« Section 8.2

The curve C has parametric equations
x=3cost,y=cos2t,0=r=m

4)

b Sketch the curve C on the appropriate

domain, labelling the points where the
curve intercepts the x- and y-axes. (3)

« Section 8.2, 8.3

a Find a Cartesian equation of C.

The curve C has parametric equations
x=4t,y=812t-1),teR.

Given that the line with equation

y =3x + ¢, where ¢ is a constant, does

not intersect C, find the range of possible
values of ¢. 5)

« Section 8.4

229
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Review exercise 2

A curve has parametric equations

x=3sin2t_,y=2cost+1,%£rs%

}’ A

/\ :

a Find the coordinates of the points
where the curve intersects the x-axis. (4)

b Show that the curve crosses the line
137 .

x=1.5whent=HandI_ D 3

« Section 8.4

A golf ball is hit from an elevation of

50 m, with an initial speed of 50 ms™ at
an angle of 30° above the horizontal. Its
position after 7 seconds can be described
using the following parametric equations:

x=25/3)t,y=25t-49:2+50,0 <<k

where x is the horizontal distance in
metres, y is the vertical distance in metres
from the ground and k is a constant.

Vi

50m

X

(o]

Given that the model is valid from the
time the golf ball is hit until the time it
hits the ground,

a find the value of k to 2 decimal places.
(©)
b Find a Cartesian equation for the path
of the golf ball in the form y = f(x),

and determine the domain of f(x).
Give the domain to 1 d.p. 5

« Section 8.5

Challenge

1 A chord of a circle, centre O and radius r, divides
the circumference in the ratio 1:3, as shown in
the diagram. Find the ratio of the area of region
P to the area of region Q.

x=45]nt+3,y=4cost—1,—%srs—

b

« Section 5.3

2 The diagram shows a circle, centre O. The radius
of the circle, OC, is 1, and 2CDO = 90°,
A

Given that ZCOD = x, express the following
lengths as single trigonometric functions of x.

b OD c 04
e CB f OB

« Section 6.1

3 The curve C has parametric equations

w

4

a By finding a Cartesian equation of Cin the
form (x — a)* + (y — b)* = ¢, or otherwise,
sketch C, labelling the endpoints of the
curve with their exact coordinates.

b Find the length of C, giving your answer in

<« Section 8.3



Differentiation

After completing this chapter you should be able to:

e Differentiate trigonometric functions -> pages 232-234, 246-251
e Differentiate exponentials and logarithms - pages 235-237
e Differentiate functions using the chain, product and
quotient rules -» pages 237-245
Differentiate parametric equations - pages 251-254

Differentiate functions which are defined implicitly - pages 254-257

Use the second derivative to describe the behaviour
of a function - pages 257-261

® Solve problems involving connected rates of change
and construct simple differential equations -> pages 261-264

Prior knowledge check

Differentiate:
a 3 —5x bl

X~V
¢ 4x%(1 - x?3) « Year 1, Chapter 12

Find the equation of the tangent to the
curve with equation y = 8 — x? at the point
(3, -1). « Year 1, Chapter 12

The curve Cis defined by the parametric
equations

x=3-51, y=£+2 tER
Find the coordinates of any points where

C intersects the coordinate axes.
« Section 8.4

L =

§ You can use differentiation to find rates of
change in trigonometric and exponential
models. The velocity of a wrecking ball could
be estimated by modelling its displacement
then differentiating.

Solve 2 cosec x — 3 sec x = 0 in the interval
0 = x = 2, giving your answers correct to
3 significant figures. « Section 6.3

AL ARy ¢ ENP oy Lt NI R g



Chapter 9

m Differentiating sin x and cos x

You need to be able to differentiate sin x and cos x from first principles. You can use the following
small angle approximations for sin and cos when the angle is measured in radians:

m sinx ~
sinx = x m You will always need

1
mcosx~1- EIZ to use radians when differentiating
trigonometric functions.

This means that lim m= lim h =1, and
h—0 h h—0h
1
1-1h2-1
P ol L o ST 2 e
f!l—mo h _J!Lmo h _Jy_r,no( 2!1)_0

You will need to use these two limits when you differentiate sin and cos from first principles.

Prove, from first principles, that the derivative of sin x is cos x.
sin /1 cosh—1

You may assume that as 1 — 0, % 1 and — 5 2 0.
Let f(x) = sinx Problem-solving
o) = i flox + A - fix) Use the rule for differentiating from first
=0 h principles. This is provided in the formula booklet.
i sinlx + A — sinx If you don’t want to use limit notation, you could
" et h write an expression for the gradient of the chord
N Ty T e joining (x, sin x) to (x + A, sin (x + /) and show
= h'[no h 1 thatash— 0the gradient of the chord tends to
. GOSHE ¢ Year 1, Section 12.2
= lim ((w)sm x + (Smh)COS t)
= h—0O\\ h ) A i
. Bkl Gk Use the formula for sin(4 + B) to expand
Since — O and e 1 the | sin(x + h), then write the resulting expression in
expression inside the limit tends to terms of £23 ?x =1 and Sizh « Section 7.1

(O x sinx +1 x cosX)

So fim 2 ok Bl sinx =cosx Make sure you state where you are using the two

i h ~ limits given in the question.

Hence the derivative of sinx is cos x.

— Write down what you have proved.

dy
® If y=sinkx, then —=kcos kx N
plore the relationship
You can use a similar technique to find the between sin and cos and their
derivative of cos x. derivatives using technology.

d
® If y = cos kx, then F‘E =—ksinkx

232



Find . civen th
ind i given that:

a y=sin2x b y=cos5Sx ¢ y=3cosx+ 2sindx

a y=sin2x

d ]

di‘ = 2cos 2x Use the standard result for sin kx with k = 2.
b y=cos5x

dy .

mrie -5sin5x Use the standard result for cos kx with k = 5.

c y=3cosx + 2sin4x

dy ’
prree 3 x [=sinx) + 2 x (4 cos 4x) ———————— Differentiate each term separately.

=-3sinx + &cos 4x

A curve has equation y = %x — cos 2x. Find the stationary points on the curve in the interval
Osx=m.

d '
d—’; =3 = (-2 sin2x) = 5 + 2sin 2x Start by differentiating .x — cos 2x.
Let s O and solve for x: dy
da” Sl ol L Stationary points occur when — = 0.
dx
z+2sin2x=0 « Year 1, Chapter 12
2sin2x=-%
sin2x = —
Px=3:394.,6.030. 0 = x = wsothe range for 2x is 0 < 2x < 2.

x =170, 3.02 (3 5f)

Wit =k m Whenever you are using calculus,

you must work in radians.

y=31.70) - cos (2 x 170) = 1.82 (3 s4)

When x = 3.02: Substitute x values into y = %x — cos 2x to find

: the corresponding y values.
y=3(3.02) - cos(2 x 3.02) = 0.539 (3 =)

The stationary points of y = %x - cos2Xx in

the interval O = x =< 7 are (1.70, 1.82) and
(3.02,0539),

233
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® 1

6
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(E/P) 9

E/P) 10

a Given that f(x) = cos x, show that Problem-solving

fi(x)= lim((COSh - ])cosx _sinh R Use the definition of the
h—0 h h derivative and the addition
b Hence prove that f’(x) = —sin x. formula for cos(4 + B).
Differentiate:
a y=2cosx b y=25in%x ¢ y=sin8x d y=65in%x
Find f’(x) given that:
a f(x)=2cosx b f(x)=6cos %x ¢ f(x)=4cos %x d f(x)=3cos2x
Find Y h
n dx given that:
a y=sin2x + cos3x b y=2cos4x — 4cosx + 2cosTx
¢ y=x2+4cos3x dyzm

A curve has equation y = x — sin 3x. Find the stationary points of the curve in the interval
0=x=m

Find the gradient of the curve y = 2sin4x — 4 cos 2x at the point where x = %

A curve has the equation y = 2sin 2x + cos 2x. Find the stationary points of the curve in the
interval 0 = x = 7.

A curve has the equation y = sin 5x + cos 3x. Find the equation of the tangent to the curve at
the point (7, —1). (4 marks)

A curve has the equation y = 2x? — sin x. Show that the equation of the normal to the curve at
the point with x-coordinate 7 is

x+@r+ 1)y -78r2+2r+1)=0 (7 marks)

Prove, from first principles, that the derivative of sin x is cos x.

You may assume the formula for sin(4 + B) and that as 7 — 0, S — 1 and B L — 0.

h h
(5 marks)

Challenge

Prove, from first principles, that the derivative of sin(kx) is kcos(kx).

Yo

and
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u may assume the formula for sin (4 + B) and thatas i — 0, — fk

coskh -1
e
h

0.



Differentiation

@ Differentiating exponentials and logarithms

You need to be able to differentiate expressions involving exponentials and logarithms.

dy
= ok b
m If y = ey, then o kekx m For any real constant, k,

1 Inkx=Ink+ Inx.Since ln kis also a

d
® If y =Inx, then é =% constant, the derivative of In kx is

You can use the derivative of e** to find the derivative of
a** where a is any positive real number.

.

Show that the derivative of ¢* is a*In a. m Explore the function a*
and its derivative using technology.

1
also =

let y = a~
= elniaY You could also use the laws of logs like this:
= exha Iny=Ilng*=xlna= y=exha
] | i « Year 1, Chapter 14
aAx =inae
= Infa*)
=inae Ina is just a constant so use the standard result
=a*lna for the derivative of e%* with k = Ina.

d
® If y = a**, where k is a real constant and a > 0, then EI% =a**klna

Ay
Find —— given that:

dx
— Ix
a y=e¥+ 2% b y=In(x’)+In7x ¢ y= g 4;.3

a }r = 63.\' + 23\
dy
dx

Differentiate each term separately using the
= 3e3 4+ 23%3In2) standard results for e* with k = 3, and & with
a=2and k=3.

b y=In(x3 + In7x
y=3Inx+In7+Inx=4Inx+In7 —— Rewrite y using the laws of logs.

dy 1 4

=4x—-+0==
dx o 4 L Use the standard result for [nx. In 7 is a constant,
2 -3e™ so it disappears when you differentiate.

i ARTTeT
- le_g_\ _ 24 Divide each term in the numerator by the
2 4 denominator.

ji =1 x (3629 - 2 x 4

s ge_g\ _ 3 Differentiate each term separately using the

2 standard result for e**,
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dy

a Find d_ic for each of the following:
ay=437x by=3x C}’z(%) dy=ln5x

x x)2
e ys= 4(%) f y=In(2x) g §=t=Ea hy=4 J;f }
Find {'(x) given that:

2x Tx X

a f(x)=3% b f(x)= (%) ¢ f(x)=2% 4+ 4% d f(x)= 2 4;8

m In parts ¢ and d, rewrite the terms so that they
all have the same base and hence can be simplified.

Find the gradient of the curve y = (¢** — e2¥)? at the point where x = In 3.
Find the equation of the tangent to the curve y = 2* + 2~ at the point (2, %) (6 marks)

A curve has the equation y = e2¥ — In x. Show that the equation of the tangent at the point with
x-coordinate 1 is

y=Q2e*-1x-¢e*+1 (6 marks)

A particular radioactive isotope has an activity, R millicuries at time ¢ days, given by the

equation R = 200 x 0.9%. Find the value of g8

a° when ¢ = 8.

The population of Cambridge was 37000 in 1900, and was about 109 000 in 2000. Given that
the population, P, at a time 7 years after 1900 can be modelled using the equation P = Pyk’,

a find the values of P,and k
b evaluate % in the year 2000

¢ interpret your answer to part b in the context of the model.

A student is attempting to differentiate In kx. The student writes:

dy
y=Inkx, so e klnkx

Explain the mistake made by the student and state the correct derivative.

Prove that the derivative of ¢** is ¢k In a. You may assume that the derivative of e is ke~
(4 marks)



Differentiation

10 f(x)=e>—In(x2) +4, x>0

a Find f'(x). (3 marks)
The curve with equation y = f(x) has a gradient of 2 at point P. The x-coordinate of P is a.
b Show that a(e** - 1) = 1. (2 marks)

11 A curve C has equation

y=5sin3x+2cos3x,-r=x=7
a Show that the point P (0, 2) lies on C. (1 mark)
b Find an equation of the normal to the curve C at P. (5 marks)

12 The point P lies on the curve with equation y = 2(3*). The x-coordinate of Pis 1.
Find an equation of the normal to the curve at the point P in the form y = ax + b, where a and
b are constants to be found in exact form. (5 marks)

Challenge

A curve C has the equation y = e — 5x. Find the equation of the
tangent to C that is parallel to the line y = 3x + 4.

@ The chain rule

You can use the chain rule to differentiate composite functions, or functions of another function.

® The chain rule is:
dy dy du

= X —
dx du dx

where y is a function of u and u is another function of x.

d
Given that y = (3x* + x)°, find % using the chain rule.

Let u = 3x% + x:

T Differentiate u with respect to x to get du
dx dx
y=u® : ) .

Substitute u into the equation for y and
ﬂ—Em“ differentiate with ttout td—y
. J ifferentiate with respect tou toget -~

Using the chain rule,
dy dy du
=
dx du  dx
= Su(12x3 + 1)
8y s i J4(12x3 + 1) Use u = 3x* + x to write your final answer in
pre iR R R LZ A terms of x only.
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. . dy
Given that y = sin x, find dx

¥ = sintx = (sin x)*

Let u = sinx:

% =CcOosX
dx ~ i
y=ul

dy

3
du ~ 4HJ

Using the chain rule,

dy dy du
dx — du \dx
= 4u3(cos X)
d
2o = 4 sinx cos x
dx

You can write the chain rule using function notation:

Differentiate u with respect to x to get g_u
X

Substitute « into the equation for y and

d
differentiate with respect to u to get d_y
u

d
Substitute « = sin x back into d—y to get an answer
X

in terms of x only.

® The chain rule enables you to differentiate a function of a function. In general,

o if y = (f(x))" then dd—'i =n(f(x))"-1f (x)

d
e if y = f(g(x)) then é =f'(g(x))g'(x)

d
Given that y = V5x2 + 1, find d_i: at (4,9).

y=v5x2 +1
Let f(x) = 5x2 + 1
Then f'(x) = 10x

Using the chain rule:
ay
dx

2(5x2 + 1) x 10x

= 5x(5x2 + 1)~

dy _
At (4. 9), d—i = 5A)54)P + 1)z = %

238

This is y = (f(x))" with f(x) =532+ 1and n =+

So :—i = 2{f(x) = ' ().

d
Substitute x = 4 into d_y to find the required
value. =



Differentiation

The following particular case of the chain rule is useful for differentiating functions that are not in the

form y = f(x).

dy 1 m This is because:
b= T dy dx dy

dx dx —x—=—=1

dx dy dy
Ay x dy dy

d
Find the value of —J; at the point (2, 1) on the curve with equation )* + y = x.

dx GE Start with x = »* + y and differentiate with
By respect to y.
dy 1
g d
Tdx T 3y2 + 1 | Useé:i
) dy

4
p ]

1 Differentiate:

Substitutey = 1.

a (1+2x)°* b (3-2x%)7° ¢ (3+4x): d (6x + x2)’
1
o= 4 e
€ o f v7-x g 42+ 8x) h 3(8 —x)

2 Differentiate:

a emsx b cos(2x - 1) ¢ Vinx d (sinx + cos x)
e sin(3x2-2x+1) f In(sinx) @ Jeenan h cos(e* + 3)
3 Given that y = __1__ find the value of d_y at (l l)
V= lax+ 1y iy e a)

® 4 A curve C has equation y = (5 — 2x)?. Find the tangent to the curve at the point P with
x-coordinate 1. (7 marks)

: dy
® 5 Given that y = (1 + In4x)2, find the value of d_fc atx = %83. (5 marks)

d
® 6 Find = for the following curves, giving your answers in terms of y.

a x=)2+y b x=¢"+4y ¢ x=sin2y d 4x=Iny+)3
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dy :
Find the value of d—'i at the point (8, 2) on Problem-solving

Your expression fora-— will be in terms of y.
X

dy
the curve with equation 3y? — 2y = x.

Remember to substitute the y-coordinate into
the expression to find the gradient.

d i 1 L
Find the value of d_fc at the point (%, 4) on the curve with equation yz + y~2 = x.

a Differentiate e = x with respect to y.
dy

b Hence, prove that if y = In x, then FrRa

The curve C has equation x = 4 cos 2y.

a Show that the point Q (2, %) lies on C. (1 mark)
b Show that d_y . at 0 (4 marks)
dx 43 '

¢ Find an equation of the normal to C at Q. Give your answer in the form ax + by + ¢ =0,

where a, b and ¢ are exact constants. (4 marks)
Differentiate:
a sin?3x b e+l ¢ In(cos x)>

1 = fil
3+ cos2x ¢ s (’C)

41
2-4x2"" 2

The point 4 on C has x-coordinate 3.
Find an equation of the normal to C at 4 in the form ax + by + ¢ = 0, where @, b and
c are integers. (7 marks)

The curve C has equation y =

Find the exact value of the gradient of the curve with equation y = 3*' at the point with
coordinates (1, 3). (4 marks)

Challenge

dy
Find — given that:
dx

240

y=vsinVx b [ny =sin? (3x + 4)



Differentiation

m The product rule

You need to be able to differentiate the product of two functions.

dy dv du
= If y = uv then B ay ay m Make sure you can spot

the difference between a product
of two functions and a function of a

The product rule in function notation is: function. A product is two separate

where u and v are functions of x.

functions multiplied together.
® If f(x) = g(x)h(x) then f'(x) = g(x)h'(x) + h(x)g'(x)

Given that f(x) = x2/3x — 1, find {'(x).
du dv

let u=x2and v=yvV3x -1 =(3x - 1)z Write out your functions u, v,d— and s before
C X
Then Y4 = 5y e av _ Y %(3,\‘ — 1) substltut.lng mtg the produclt rule. Use the chain
dx ax rule to differentiate (3x — 1)z
ol oy du
Using e o + v e
Flx) = x2 % %(3,\* — N2 +V3x -1 x 2x% e—r—BENEERRIRE v,% and dv
dx dx
_ 3x%2 +12x% - 4x
2V3x -1
_15x% = 4x
T 2V3x -1
_ x(15x - 4)
T 2V3x -1

d
Given that y = e* sin? 3x, show that e e*sin 3x (A4 cos 3x + Bsin 3x), where 4 and B are

dx
constants to be determined.

Let u = e* and v = sin? 3x = (sin 3x)2 iz o
d d Write out u and v and find Fr and Frs
dt = 4e4 and dt =2(sin3x) x (3cos3x) ——— dx =

¢ i Use the chain rule to ﬁndd—li
N :
dx ~ Tdx dx L
dy Write out the product rule before substituting.

=e* x (65in3xcos 3x) + 5in? 3x x 4e

dx .
= Ge* sin3xcos 3x + 4et sin® 3x Problem-solving

Write out the value of any constants you have
determined at the end of your working.

You can use this to check that your answer is in
the required form.

= e*sin3x (6 cos 3x + 4 sin3x)

This is in the required form with 4 = 6 and
B = 4.
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Exercise @

1
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Differentiate:

a x(1+ 3x)° b 2x(1 + 3x2)3 ¢ X3(2x + 6)* d 3x%(5x-1)!
Differentiate:

a e>2x-1)° b sin2x cos 3x ¢ e'sinx d sin(5x) In(cosx)

dv
a Find the value of d_.jc at the point (1, 8) on the curve with equation y = x>(3x — 1)°.
: dy . . . 1
b Find the value of FP at the point (4, 36) on the curve with equation y = 3x(2x + 1)z.
: dy . | . :
¢ Find the value of £ at the point (2, g) on the curve with equation y = (x — 1)(2x + 1)L
Find the stationary points of the curve C with the equation y = (x — 2)?(2x + 3).

5
A curve C has equation y = (x - %) sin2x, 0 < x < 7. Find the gradient of the curve at the

m

point with x-coordinate 4

A curve C has equation y = x2cos (x2). Find the equation of the tangent to the curve C at the

point P (%, %) in the form ax + by + ¢ = 0 where a, b and ¢ are exact constants. (7 marks)

Given that y = 3x%(5x — 3)3, show that
dy
——=Ax(5x - 3)"(Bx + C)
dx

where n, A, B and C are constants to be determined. (4 marks)

A curve C has equation y = (x + 3)2e’*.

dv
a Find d_ic using the product rule for differentiation. (3 marks)
b Find the gradient of C at the point where x = 2. (3 marks)

Differentiate with respect to x:
a (2sinx — 3cos x) In3x (3 marks)

b xte™-3 (3 marks)

di
Find the value of d—'i at the point where x = 1 on the curve with equation

y=x>v10x +6 (6 marks)



Differentiation

Challenge

d
Find al for the following functions.
X

a y=e*sin®xcosx b y=x(4x — 3)%(1 — 4x)°

@ The quotient rule

You need to be able to differentiate the quotient of two functions.

pdu _,dv

dx dx
y2

The quotient rule in function notation is: m There is a minus sign

d
mify=  then kit . where 1 and v are functions of x.
v dx

(x) h(x)g' (x) - g(x)h’(x) in the numerator, so the order of
m Iff(x) = %, then f'(x) = g (h(x)g)z the functions is important.
Example @
Given that y = —* _find 2
V=% +5 M4y

Let « be the numerator and let v be the
denominator.

letu=xand v=2x + 5:

du _ dy

i 1 and e 2
,au _ dv Recognise that y is a quotient and use the
Tn T quotient rule.
9 dx - P2
ﬁ_(2x+5)x1—xx2
dx (2x + 5
= =) Simplify the numerator of the fraction.

(2x + 5)°

S E G @
; ; sin x
A curve C with equation y=—-, 0<x <, N
N @ Explore the graph of this

has a stationary point at P. Find the coordinates Py .
: ey unction using technology.
of P. Give your answer to 3 significant figures.

Let u = sinx and v = €2~ . du dv
Write out « and v and find — and — before
du _ dv _ 5 o dx dx
e ORI g SR J using the quotient rule.
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Using the quotient rule,

Write out the rule before substituting.

d
Simplify your expression for d_}’ as much as
X

possible.

" du i dv
dy  Cde T Tde
dx - ye
dy e®cosx - sinx(2e?)
P2 o (e2¥)2
_eZcosx — 2e®¥sinx
- 84.\'
_ e*cosx — 2sinx)
s 84.\'
= e ?Ycosx — 2sinx]
d
When 22 = O:
dx

e 2cosx — 2sinx) =0

e2*=0Qorcosx—2snx=0

e=2* = O has no solution.

cosx —2sinx=0

So the coordinates of P are (0.464, 0177).

cosXx = 2sinx
L =tanx
5 = tan

x=0464 (3 =f)

L , : el
P is a stationary point so e 0.

Problem-solving

If the product of two factors is equal to 0 then
one of the factors must be equal to 0.

This is the only solution in the range 0 < x < .

sinx
82.\'

y:

_ sin(0.464)

e2x0464

= 0177 (3 sf)

Exercise @

|

2

d
3 Find the value of d—J; at the point (1, %) on the curve with equation y =

dy
4 Find the value of d_.jc at the point (12, 3) on the curve with equation y =

244

Substitute x into y to find the y-coordinate of the
stationary point.

Differentiate:
5x 2x x+3 3x? 6x
A STl LY T & o 1P ® Gx+3)
Differentiate:
. gdx b In x e e (e3¢ sin? x
Cos x x+1 Inx cosx Inx

X
3x+1

x+3
(2x + 1)2



Differentiation

82X+3

5 Find the stationary point(s) of the curve C with equation y = ———, x # 0.

1
v

6 Find the equation of the tangent to the curve y = eT at the point (3, %e). (7 marks)
7 Find the exact value of ﬁ at the point x = ~ on the curve with equation y = L%
dx P -9 4 Y= Sin3x
: e’
8 The curve C has equation x = 3+2y
a Find the coordinates of the point P where the curve cuts the x-axis. (1 mark)

b Find an equation of the normal to the curve at P, giving your answer in the form y = mx + ¢,
where m and ¢ are constants to be found. (6 marks)

4
. . X

9 Differentiate

cos 3

with respect to x. (4 marks)

2x

10 A curve C has equation y = {xe——2)2’ x-E2,

a Show that
dy  4e>Bx - C)
dx  (x-27
where 4, B and C are integers to be found. (4 marks)
b Find the equation of the tangent of C at the point x = 1. (3 marks)

11 Given that

12 The diagram shows a sketch of the curve with equation VA

2x 6x

+ ()
%45 RiTit 10"

f(x) =

2x
xX+2

b Hence find {'(3). (3 marks)

a show that f(x) = (4 marks)

y = f(x), where

2 cos2x
eZ—x 2

f(x) = O=zxenr

The curve has a maximum turning point at 4 and a
minimum turning point and B as shown in the diagram. ——~

=Y

a Show that the x-coordinates of point 4 and point B 0
are solutions to the equation tan 2x = % (4 marks)

b Find the range of f(x). (2 marks)
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m Differentiating trigonometric functions

You can combine all the above rules and apply them to trigonometric functions to obtain standard

results.

oyt i
)= tan x, find ——
) dx
: : sin x
= _ sinx You can write tan x as and then use the
y=tanx = > . cos x
SO quotient rule.
Let u = sinx and v = cosx
du—c xanddv——‘m\‘
dx = CO5. dx = =5InJj
Jdu _ dv
dy . ot dx
di = y2
dy  cosx X cosx — sinx(—sinx)
dax ~ gostx
dy 2 in2
e el e el -l Use the identity cos? x + sin2x = 1.
dx COS=X
2. S sec? x
dx =~ cosZx :

You can generalise this method to differentiate tan kx:

d
= If y =tankx, then = =ksectkx

dx

Differentiate a y = xtan2x b y=tan*x

a y=xtan2x This is a product.
dy . Use u = x and v = tan 2x, together with the
et 2sec” 2x + tan 2x product rule.

= 2xs5ec?2x + tan 2x

b y=tantx = (tanx)*
ay Skt . .
= 4(tan x)*(sec? x) Use the chain rule with u = tan x.
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. Y
Show that if y = cosec x, then —— = — cosecx cot x.

d
dx

y=cosec x =

sinx
let u=1and v =sinx “
Gt =0 and et = cosxj
ax dx
du dv
dy Vax " M*dx
dx pe

dy  sinx x O — 1 x cosx

dx sin? x
4y cosx
dx sin x
dy 1 cos X
= —— » — = —cosecx cotx
dx sinx sinx

Differentiation

Use the quotient rule with u =1 and v = sin x.

u=1Iis aconstant so % =i}
dx

Rearrange your answer into the desired form using
the definitions of cosec and cot. « Section 6.1

You can use similar techniques to differentiate sec x and cot x giving you the following general results:

d
® If y = cosec kx, then % = -k cosec kx cot kx
dy
® If y = sec kx, then rrie kseckx tankx

d
® If y = cot kx, then bl = —kcosec? kx

dx
Example @

_ cosec2x

m While the standard

results for tan, cosec, sec and cot
are given in the formulae booklet,
learning these results will enable
you to differentiate a wide range of
functions quickly and confidently.

Use the quotient rule with « = cosec 2x

Differentiate: a y S b y=sec’x
&
_ cosec2x
a V= _re
5 dy  x%(-2cosec 2x cot 2x) — cosec 2x x 2x
O — =

dx x4

_ —2cosec 2x(xcot 2x + 1)

x3

b y=sec®x = (secx)®

and v=x2

Use the chain rule with u = sec x.

dy
it P 2
e 3(sec x)? (secx tanx)

= 3secix tanx
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dy 1
You can use the rule — = — to differentiate arcsin x, arccos x and arctan x.

dx dx

dy

o ; ; 1
Show that the derivative of arcsin x is T

Let y = arcsinx

arcsin is the inverse function of sin,
’7 50 if y = arcsin x then x = sin y.

So x =siny

Differentiate x with respect to y.

L2
dy ~ i
dy 1

dx — cosy

siny + cos?y =1

cosy =41 —siny = V1 — x2

a1

S0 dx = ",.'"1 o J\.E

You can use similar techniques to differentiate
arccos x and arctan x giving you the following
results:

248

d I
L Use i = E This gives you an expression
dy

tor it f
or e In terms o y

Problem-solving

Use the identity sin?f + cos?fl = 1 to write cos y
in terms of sin y. This will enable you to find an

d
expression for d—y in terms of x.
X

d L— Since x = siny, X2 =sin? y.
e If y=arccosx, then—yz -
R
dy 1
e |f y =arctanx, then—=—-—
Y dx 1+x°
1 Differentiate:
a y=tan3x b y=4tan’x ¢ y=tan(x-1) d y=x2tan%x+tan(x—%)
2 Differentiate:
a cotdx b sec5x ¢ cosec4x d sec?3x
2
e xcot3x f Sei &l g cosec?2x h cot?(2x - 1)
3 Find the function {"(x) where f(x) is:
a (secx): b Jcotx ¢ cosec’x d tan?x
e secix f cot’x

« Section 6.5



4 Find f'(x) where f(x) is:

tan 2x x2
2
a x°sec3x b c
X tan x
ll'l X etan X
e f .
tan x COS X

The curve C has equation

y=+,0<x£ﬂ'
COS X sin x
o
a Find dx

b Determine the number of stationary points of the curve C.

¢ Find the equation of the tangent at the point where

Differentiation

d e¥sec3x

(4 marks)

(2 marks)

m .. '
, giving your answer in the

form ax + by + ¢ = 0, where a, b and ¢ are exact constants to be determined. (3 marks)

: dy
Show that if y = sec x then dx = seex tan x. (5 marks)

; dy
Show that if y = cot x then e —cosec? x. (5 marks)
Assuming standard results for sin x and cos x, prove that:
a the derivative of arccos x is —

V1= x?
b the derivative of arctan x is 1
1 + x?2
Given that x = cosec 5y,
dy .
a find ax terms of y. (2 marks)
dy .

b Hence find —— in terms of x. (4 marks)

dx
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m Parametric differentiation

When functions are defined parametrically, you can find the gradient at a given point without
converting into Cartesian form. You can use a variation of the chain rule:

dy
dy  dr m You can obtain this

u i i —_—=— dy dx d
If x and y are given as functions of a parameter, t: o e dy dx_dy
E dx dr dr
Example @
Find the gradient at the point P where ¢ = 2, on the curve given parametrically by
x=8+t, y=£+1, teR
ax _ 32 + 1 2 =07 First differentiate x and y with respect to the
at St parameter £.
g
dx ~ dx ~ 3 +1 | This rule will give the gradient function, "
T X
dt in terms of the parameter, .
When t = 2 2 S
e L >
4 Substitute ¢ = 2 into —
So the gradient at Pis 1= 3r+1
Example @
Find the equation of the normal at the point P where 0 = %, to the curve with parametric

equations x = 3sinf, y = 5cos f.

ax _ 3cost, % o First differentiate x and y with respect to the

df t parameter 6.
4y —5sinf
r ey ) dy dx
X 3cos il Use the chain rule, — + —, and substitute § = %

At point P, where 0 =

de " do’
dy —5%X3 -5 N
e /3 N 3/3 @ Explore the graph of this '
Fixi—

> curve and the normal at this point
using technology.

(e
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Differentiation

The normal is perpendicular to the curve, so its

3v3

Th ient of th lat Pi
&l il L e gradient is —% where m is the gradient of the
and at P, x = §1 . Sv3 curve at that point.
2 2
The equation of the normal is You need to find the coordinates of P. Substitute

= % into each of the parametric equations.
< Section 8.1

S5 ﬁ(x ) 3)

2 5 7]

5y = 3V3x + 8/3 Use the equation for a line in the form

y=yi=m(x - x,)

d
1 Find hed for each of the following, leaving your answer in terms of the parameter ¢.

a x=2t,y=0>-3t+2 b x=32,y=28 c x=t+3, y=4t
d x=2-2,y=38 ex=2y=3t2—2 - y= i

: ’ ¢ To2-17 2t-1

X = L. _i-z h x=¢,y=2t i x=4sin3¢t, y=3cos3t
g"_l_'_tzay_l_'_tg - :r}_ L :y_
i x=2+sint,y=3-4cost Kk x=sect,y=tant I x=2¢-sin2t,y=1-cos2t
mx=e¢-5y=Int,t>0 n x=Int,y=£2-64,1>0 0o x=eX+1,y=2-1,-1<rt<1

® 2 a Find the equation of the tangent to the curve with parametric equations x = 3 — 2sin ¢,
y = tcost, at the point P, where 7 = .

b Find the equation of the tangent to the curve with parametric equations x = 9 — 2,
y = 2 + 61, at the point P, where ¢ = 2.

® 3 a Find the equation of the normal to the curve with parametric equations x = e, y = e’ + e/,
at the point P, where ¢ = 0.
b Find the equation of the normal to the curve with parametric equations x = 1 — cos 2¢,

m

y = sin 2¢, at the point P, where 7 = 6

® 4 Find the points of zero gradient on the curve with parametric equations

_ . r
S
You do not need to establish whether they are maximum or minimum points.

X t#1

® 5 The curve C has parametric equations x =¢*, y=¢' - 1, € R.
a Find the equation of the tangent to C at the point 4 where 7 = In 2.

b Show that the curve C has no stationary points.
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6 The curve C has parametric equations

2o o
x=#, y=2t t>0

The line /; is a tangent to C and is parallel to the line with equation y = x + 5.
Find the equation of /. (8 marks)

7 A curve has parametric equations

F s
x=2sin2t, y=2cott, 0<t<=

2
: . dy .
a Find an expression for Lm terms of the parameter z. (4 marks)
b Find an equation of the tangent to the curve at the point where 7 = % (4 marks)
8 The curve C has parametric equations
x=4sint, y = 2cosec 2t, O0sr=nw
. . . = 4 v 3
The point A lies on C and has coordinates | 2v3, 3 )
a Find the value of 7 at the point 4. (2 marks)
The line /is a normal to C at A.
b Show that an equation for /is 9x + 12y — 34/3 = 0. (6 marks)
9 The curve C has parametric equations
x=02+t y=£-10t+5 teR
where 1 is a parameter. Given that at point P, the gradient of Cis 2,
a find the coordinates of P (4 marks)
b find the equation of the tangent to C at point P (3 marks)
¢ show that the tangent to C at point P does not intersect the curve again. (5 marks)

Problem-solving

Substitute the equations for x and y into the equation of your tangent,
and show that the resulting quadratic equation has one unique root.

10 The curve C has parametric equations
x=2sint, y=v2cos2t, 0<t<m
dy

a Find an expression for d_ic in terms of ¢. (2 marks)
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The point A4 lies on C where ¢ = % The line / is the normal to C at A.

b Find an equation for / in the form ax + by + ¢ = 0, where @, b and ¢ are exact constants
to be found. (5 marks)

¢ Prove that the line / does not intersect the curve anywhere other than at point 4. (6 marks)

A curve has parametric equations

X =COS 1, y=%sin2t, 0<t<2m

d
a Find an expression for L in terms of . (2 marks)

b Find an equation of the tangent to the curve at point A where 7 = (4 marks)

T
6
The lines /; and /, are two further distinct tangents to the curve. Given that /; and /, are both
parallel to the tangent to the curve at point A4,

¢ find an equation of /; and an equation of /, (6 marks)

@ Implicit differentiation

Some equations are difficult to rearrange into R s

the form y = f(x) or x = f(y). You can sometimes

given explicitly.

differentiate these equations implicitly without

rearranging them.

In general, from the chain rule:

Equations which involve functions of both x
and y such as x2+ 2xy =3 or cos (x + J) = 2x
are called implicit equations.

d _¢iny
" E(f(y)) =f'(y) 3

The following two specific results are useful for implicit differentiation:

| T
- dx(y)—ny dx

dy

dy

d
" ) =x gy

When you differentiate implicit equations
your expression for 2 will usually be given You need to pay careful attention to

dx the variable you are differentiating with respect to.

in terms of both x and y.
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Example

d
Find id in terms of x and y where x3 + x + )3 + 3y =6.

dx

Example

dy dy
3x2 +1 +3}ﬂ2d—}\‘+3—J

dx

1

Differentiate the expression term by term with

=0 [_ respect to x.

dy 2 )
5(3)2 + 3) =

()

dy_

dx —

Divide both sides by 332 + 3 and factorise.

-3x% -1
dy .
Then make — the subject of the formula.
3x% +1 dx
301 + y?)

d
Use d%c(y"} = ny"‘li with n=3.

2 d
Given that 4xy? + % = 10, find the value of — at the point (1, 1).

(4r X 2y

Substitute x = 1, y = 1 to give

d
(6—J+

254

4 +{re-

+4}) (12x

¥

dx

Differentiate each term with respect to x.

o2 ay)

yZ e Use the product rule on each term, expressing

2
6Tx as 6x%y1.

6=

o se= =1l

dy

1€+2-—=0

dx Substitute before rearranging, as this simplifies
dy the working.

=5

dx

d
L Find the value ofd—y at (1, 1) by substituting
t o

d
Solve to find the value ofd—y at this point.
X



Differentiation

d
Find the value of —J; at the point (1, 1) where e>*Iny =x+ y - 2.

d dy
e2* x l_y +iny x 2e2¥ =1+ i Differentiate each term with respect to x.
Y.dx T dx
Substitute x =1, y = 1 to give Use the product rule applied to the term on the
dy dy left hand side of the equation, noting that In y
eZ2x—=1+ d
dx dx differentiates to give i
¥y dx
2 _ nd—y =1
= dx ~
d d
] Rearrange to make Y the subject of the formula.
dax  e? -1 dx

d
® 1 By writing u = ", and using the chain rule, show that %(y”’) = ny=—! d—J;

d
® 2 Use the product rule to show that %(xy) . x—J; + .

d
® 3 Find an expression in terms of x and y for hcd given that:

dx’
a x2+y3:2 b x2+5y2=l4 c x2+6x_8y+5y2:]3
2y
d y’+3x% - 4x=0 e 3)2-2y+2xy=x° f &= y
g (x=p)t=x+y+S5 h ey =xe’ i [y +x+2=0

® 4 Find the equation of the tangent to the curve with implicit equation x? + 3xy* — 3 = 9 at the
point (2, 1).

5 Find the equation of the normal to the curve with implicit equation (x + y)* = x> + y at the
point (1, 0).
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® 6 Find the coordinates of the points of Problem-solving

zero gradient on the curve with implicit S
b

equation x? + 4y? — 6x — 16y + 21 = 0. Find = then set the numerator equal to 0 to find
X

the x-coordinate at the points of 0 gradient. You
need to find two corresponding y-coordinates.

7 A curve Cis described by the equation
2x2+ 32— x+6xy+5=0

Find an equation of the tangent to C at the point (1, —2), giving your answer in the form

ax + by + ¢ =0, where a, b and ¢ are integers. (7 marks)
8 A curve C has equation
a
3¥=p-2xy
dy
Find the exact value of d_fc at the point on C with coordinates (2, -3). (7 marks)

9 Find the gradient of the curve with equation
In(3»)=3xIn(x-1), x>1, p>0

at the point on the curve where x = 4. Give your answer as an exact value. (7 marks)

10 A curve C satisfies sin x + cos y = 0.5, where - < x < mand -w < y < 7.

dv
a Find an expression for d_ic (2 marks)
b Find the coordinates of the stationary points on C. (5 marks)

11 The curve C has the equation ye=3* — 3x = )7,

dv
a Find ﬁ in terms of x and y. (5 marks)
b Show that the equation of the tangent to C at the origin, O, is y = 3x. (4 marks)

Challenge

The curve C has implicit equation 6x + y? + 2xy = x2.

d
a Show that there are no points on the curve such that az =11
X

b Find the coordinates of the two points on C such that gf:— =0,
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@ Using second derivatives

You can use the second derivative to determine whether a curve is concave or convex on a given
domain.

® The function f(x) is concave on a given interval if and only if f'(x) =< 0 for every value of x in
that interval.

® The function f(x) is convex on a given interval if and only if f'(x) = 0 for every value of x in
that interval.

ad ay

To find the second derivative, f"(x) or you differentiate twice with respect to x.

« Year 1, Chapter 12

dx?’

VA VA Y
» = 5x — x2 y=e*
‘ y=x*—-6x*-9x

=Y

=Y

- H

0 ¥
d2 d2 d2y
e —2 so the curve is A e*which is always L 6x — 12 so the curve is
dx? dx? dx?
concave for all x € IR, positive, so the curve is concave forall x = 2 and
convex for all x € R. convex for x = 2.

Find the interval on which the function f(x) = x* + 4x + 3 is concave.

fx) = x7 + 4x + 3 Differentiate twice to get an expression for f(x).

f'(x) = 3x° + 4
(x) = 6x
Write down the condition for a concave function
For f(x) to be concave, f"(x) =< O in your working.
6x =0

= You can also write this interval as

So f(x) is concave for all x = O. (=00, 0].
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Show that the function f(x) = e>* + x? is convex for all real values of x.

f(x) = 2¥ + x=
F'(x) = 2e2¥ + 2x

f'(x) = 4e®* + 2 Differentiate twice to get an expression for f*(x).
e >Qforal x e R, s04e® + 2 > 2 for all .

xeR Problem-solving

Hence "(x) = O, so fis convex for all x € R. Write down the condition for a convex function

and a conclusion.

The point at which a curve changes from being concave to convex (or vice versa) is called a point of
inflection. The diagram shows the curve with equation y = x> — 2x? — 4x + 5.

VA /
In the interval [-2, 0] the curve is concave.
| \ /
7 5o NG/5° | |
In the interval [1, 3], the curve is convex.
_5 4

At some point between 0 and 1 the curve changes from being concave to being convex. This is the
point of inflection.

® A point of inflection is a point at which f"(x) changes sign. m A point of

To find a point of inflection you need to show that f"(x) = 0 at that inﬂectior‘\ does ot have to
point, and that it has different signs on either side of that point. be a stationary point.

The curve C has equation y = x> — 2x? = 4x + 5.
a Show that Cis concave on the interval [-2, 0] and convex on the interval [1, 3].

b Find the coordinates of the point of inflection.

Differentiate y = x> — 2x% — 4x + 5 with respect

ay
a E=3J“2‘4-*‘44‘ ’7 to x twice.

d?y

Xl 6x — 4 Consider the value of 6x — 4 on the interval [-2, 0].

d2y 6x — 4 is a linear function. When x = -2,

~=6x-4<Qforal -2<sx<s0—F (2 d2 dz

dx* G andwhen =D = =i iy
dx? " dx? " dx?
on [0, 2].
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Differentiation

Therefore, y=x3 - 2x2 —4x + 5 is

concave on the interval [-2, Ol.

d?y
d—JE =G6x—-4=0forall1=x=3 —— C(Consider the value of 6x — 4 on the interval [1, 3].

X

d? d?
Therefore, y=x2-2x2 -4x + 5 When x =1, €Y _2andwhen x = 2}, 0,
’ dx? dx?

is convex on the interval [1, 3].
dzy B
dx2 ERmi Find the point where f(x) = 0. You have already
S determined that f*(x) changes sign on either side

) of this point.

4 2

Substitute x into y gives <
y = (%)3 = (%)2 ~43)+5=2 @ Explore the solution to this O .

example graphically using technology. L

So the point of inflection of the curve C

is (%, g)

® 1

For each of the following functions, find the interval on which the function is:

i convex ii concave
a f(x)=x3-3x2+x-2 b flx)=x%-3x3+2x-1 ¢ fx)=sinx, 0<x<25
d f(x)=-x?+3x-7 e fx)=¢e" - x? E M) =lnx, 20

f(x) = arcsinx, -1 <x < 1

a Show that f'(x) = .

V1 —x2

b Hence show that f(x) is concave on the interval (-1, 0).
¢ Show that f(xx) is convex on the interval (0, 1).

d Hence deduce the point of inflection of f.

Find any point(s) of inflection of the following functions.
x3=2x2+x-1
x=-2 ’

a f(x)=cos?x —2sinx,0<x<2mw b flx)=- X2

3

x
x2-4

¢ flx)= X +2

) = 22> Inox;, 20
Show that f has exactly one point of inflection and determine the value of x at this point.

The curve C has equation y = e¥(x2 — 2x + 2).
a Find the exact coordinates of the stationary point on C and determine its nature.

b Find the coordinates of any non-stationary points of inflection on C.
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The curve C has equation y = xe*.

a Find the exact coordinates of the stationary point on C

and determine its nature. Problem-solving

b Find the coordinates of any non-stationary points of Consider how C behaves
inflection on C. for very large positive and

¢ Hence sketch the graph of y = xe". negative values of .

For each point on the graph, state whether: VA

i f'(x) is positive, negative or zero 4 =

ii f"(x) is positive, negative or zero D

=)
“y

B
m m
f(x) = tan x, ek
Prove that f(x) has exactly one point of inflection, at the origin.
Given that y = x(3x - 1)°,
fi -l d 10 4 mark
a find qx 2nd o5 (4 marks)
b find the points of inflection of y. (4 marks)
A student is attempting to find the points of inflection on the curve C with equation
y=(x= 5y
The attempt is shown below:
d_y = 4(x - 5)3
dx
2
PPN
dx?
2
When a =0,
dx?
12(x -5 =0
(x-52=0
x-5=0
x=5
Therefore, the curve C has a point of inflection at x = 5.
a Identify the mistake made by the student. (2 marks)

b Write down the coordinates of the stationary point on C and determine its nature. (2 marks)



Differentiation

11 A curve C has equation

yzélenx—2x+ ||

Show that the curve C is convex for all x = e~3. (5 marks)

Challenge

1 Prove that every cubic curve has exactly one point of inflection.

2 The curve C has equation y =ax*+ bx* + cx?+dx+e,a=0
a Show that C has at most two points of inflection.
b Prove that if 35% < 8ac, then C has no points of inflection.

@ Rates of change

® You can use the chain rule to connect rates of change in situations involving more than two
variables.

Given that the area of a circle A cm? is related to its radius r cm by the formula 4 = 72, and that

the rate of change of its radius in cms~! is given by % =5, find % when r = 3.

A = 7r? Problem-solving

dad _ B In order to be able to apply the chain rule to
ar find £ji‘i—you need to know E'i_ You can find it by
e i dr di dr
il el differentiating 4 = 7 with respect to r.
o, 2rr X5
dt You should use the chain rule, giving the

derivative which you need to find in terms of
known derivatives.

= 30m, when r = 3.

The volume of a hemisphere V' em? is related to its radius » cm by the formula V' = %mﬁ and the
total surface area Scm? is given by the formula S = 772 + 2772 = 3772, Given that the rate of

g : dr : ds
increase of volume, in cm?s-1, F e 6, find the rate of increase of surface area 0
This is area of circular base plus area of curved

V= %?Tl'3 and § = 3mr?
: surface.

A8 2mr? and o emr
ar

dr

L As V and S are functions of r, find d—Vand das
dr dr
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Now 23 - dS  dr  dV Use the chain rule together with the property
Vot = ar X av ™ ai dr _..dV
that—=1+-—
1 dv dr
= 67mr x - x G
2mre
1
18
= ol
An equation which involves a rate of change is called a m T e

differential equation. You can formulate differential
equations from information given in a question.

In the decay of radioactive particles, the rate at which particles decay is proportional to the number
of particles remaining. Write down a differential equation for the rate of change of the number of
particles.

differential equations. - Section 11.10

Let N be the number of particles and let [ be
time. The rate of change of the number of
particles ali is proportional to M.
& dN dN
dN EKNSO you can writem=kN

i.e. e —kN, where k is a positive constant.

The minus sign arises because the number of

where k is the constant of proportion.

particles is decreasing.

Newton’s law of cooling states that the rate of loss of temperature of a body is proportional to the
excess temperature of the body over its surroundings. Write an equation that expresses this law.

Let the temperature of the body be @ degrees
and the time be t seconds.
The rate of change of the temperature j—f

] i . 0 — 6, is the difference between the temperature
is proportional to 8 — #,, where 6 is the

of the body and that of its surroundings.
temperature of the surroundings.

ie. el —k(@ — 6,), where k is a positive ) ) )
dr 1 The minus sign arises because the temperature
constant. . decreasing. The question mentions loss of

temperature.
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The head of a snowman of radius R cm loses volume by evaporation at a rate proportional to its
surface area. Assuming that the head is spherical, that the volume of a sphere is %?TRS cm? and that
the surface is 47 R? cm?, write down a differential equation for the rate of change of radius of the
snowman’s head.

The first sentence tells you that j_lz/ =-kA,

where V'em?3 is the volume, t seconds is time,
k is a positive constant and A cm? is the

surface area of the snowman’s head.
The question asks for a differential equation in

Since V= %er3 terms of R, so you need to use the expression for
Vin terms of R.

ﬂ/ = 4TFR2
dR
av v le 4R L The chain rule is used here because thisis a
TRl R 4mR? x = related rate of change.
dav P

But as erie A — Use the expression for 4 in terms of R.

47R2 x R -k« arRe

Lol e e — Divide both sides by the common factor 47 R?.

dR
e ~k This gives the rate of change of radius as required.

©@ @O0 @ @ 6

1 Given that A = ifrrz and that % =6, find % when r = 2.

: dx dy
2 Given that y = xe* and that i 5, find FT when x = 2.
3 Given that r =1 + 3 cos# and that g = 3, find g when 6 = &
ds d¢ 6
4 Given that V= %?‘Tl‘j and that (ii_lt/ =8, find s when i = 3.

dr

5 A population is growing at a rate which is proportional to the size of the population.
Write down a differential equation for the growth of the population.

6 A curve C has equation y = f(x), y > 0. At any point P on the curve, the gradient of Cis
proportional to the product of the x- and the y-coordinates of P. The point 4 with coordinates
(4, 2) is on C and the gradient of C at 4 is%

dy xy
Show tha o e
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Liquid is pouring into a container at a constant rate of 30 cm?®s~!. At time ¢ seconds liquid is
leaking from the container at a rate of ]2—5 Vem?s~!, where V'em? is the volume of the liquid in
the container at that time.

Show that —15%: 2V - 450.

An electrically-charged body loses its charge, Q coulombs, at a rate, measured in coulombs per
second, proportional to the charge Q.

Write down a differential equation in terms of Q and ¢ where ¢ is the time in seconds since the
body started to lose its charge.

The ice on a pond has a thickness x mm at a time ¢ hours after the start of freezing. The rate of
increase of x is inversely proportional to the square of wx.
Write down a differential equation in terms of x and .

The radius of a circle is increasing at a constant rate of 0.4 cm per second.

a Find d—f, where C is the circumference of the circle, and interpret this value in the context of

the model.
b Find the rate at which the area of the circle is increasing when the radius is 10 cm.
¢ Find the radius of the circle when its area is increasing at the rate of 20 cm? per second.

The volume of a cube is decreasing at a constant rate of 4.5 cm? per second. Find:
a the rate at which the length of one side of the cube is decreasing when the volume is 100 cm?

b the volume of the cube when the length of one side is decreasing at the rate of 2 mm per
second.

Fluid flows out of a cylindrical tank with constant cross section. At time # minutes, ¢ > 0,
the volume of fluid remaining in the tank is }’m?. The rate at which the fluid flows in m?min~!
is proportional to the square root of V.

Show that the depth, # metres, of fluid in the tank satisfies the differential equation % = —kh,
where k is a positive constant.

At time, ¢ seconds, the surface area of a cube is 4 cm? and the volume is V cm?.
The surface area of the cube is expanding at a constant rate of 2cm?s!.

a Write an expression for V in terms of A.

. ) dv
b Find an expression for i
1

dVv |
¢ Show that a =2 Vs
An inverted conical funnel is full of salt. The salt is allowed to leave by a small hole in the
vertex. It leaves at a constant rate of 6cm?s~'.
Given that the angle of the cone between the slanting edge and the vertical is 30°, show that
the volume of the salt is gl?rh3, where / is the height of salt at time 7 seconds. Show that the rate
of change of the height of the salt in the funnel is inversely proportional to #2. Write down a
differential equation relating /2 and ¢.



Differentiation

Mixed Exercise o

® 1 Differentiate with respect to x:

@ B B

a Inx? (3 marks)

b x?sin3x (4 marks)
dv

a Given that 2y = x — sin x cos x, 0 < x < 27, show that é = sin? x. (4 marks)

b Find the coordinates of the points of inflection of the curve. (4 marks)

Differentiate, with respect to x:

a g x>0 (4 marks)
b In 1 (4 marks)
x2+9
X
f(A)—x2+2,)LER
a Given that f(x) is increasing on the interval [-k, k], find the largest possible value of k.
(4 marks)
b Find the exact coordinates of the points of inflection of f(x). (5 marks)
The function f is defined for positive real values of x by
f(x)=12Inx + x2

a Find the set of values of x for which f(x) is an increasing function of x. (4 marks)
b Find the coordinates of the point of inflection of the function f. (4 marks)
Given that a curve has equation y = cos® x + sin x, 0 < x < 27, find the coordinates
of the stationary points of the curve. (6 marks)
The maximum point on the curve with equation y = xvsin x, 0 < x < m, is the point 4.
Show that the x-coordinate of point A satisfies the equation 2 tan x + x = 0. (5 marks)
f(x)=et>-x2 xeR
a Find f'(x). (3 marks)
b By evaluating f'(6) and f'(7), show that the curve with equation y = f(x) has a stationary

point at x = p, where 6 <p < 7. (2 marks)

f{x) =e¥*sin2x,0<x <7

a Use calculus to find the coordinates of the turning points on the graph of y = f(x). (6 marks)

b Show that f"(x) = 8e2*cos 2x. (4 marks)
¢ Hence, or otherwise, determine which turning point is a maximum and which is a

minimum. (3 marks)
d Find the points of inflection of f(x). (2 marks)
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10 The curve C has equation y = 2e* + 3x2 + 2. Find the equation of the normal to C at the point
where the curve intercepts the y-axis. Give your answer in the form ax + by + ¢ = 0 where a, b

EP 11

(E/P) 12

(E/P) 13

EP) 16

266

and ¢ are integers to be found.
The curve C has equation y = f(x), where

f{x)= 31nx+%, x>0
The point P is a stationary point on C.
a Calculate the x-coordinate of P.
The point Q on C has x-coordinate 1.
b Find an equation for the normal to C at Q.

The curve C has equation y = e2¥cos x.
a Show that the turning points on C occur when tan x = 2.

b Find an equation of the tangent to C at the point where x = 0.

Given that x = y?Iny, y > 0,

a ﬁndg—;

dy
b Use your answer to part a to find in terms of e, the value of i aty=e.

A curve has equation f(x) = (x* — 2x)e™*.
a Find f'(x).

The normal to C at the origin O intersects C again at P.

b Show that the x-coordinate of P is the solution to the equation 2x? = e* + 4.

The diagram shows part of the curve with equation VA
v =1f(x) where f(x) = x(1 + x)Inx, x>0

The point A4 is the minimum point of the curve.

a Find f'(x). (4 marks)

b Hence show that the x-coordinate of A4 is

(5 marks)

(4 marks)

(4 marks)

(4 marks)
(4 marks)

(4 marks)

(2 marks)

(4 marks)

(6 marks)

the solution to the equation x = e~7+> (4 marks)
The curve C'is given by the equations 0
8 A

x=4¢-3, yzt—z, t>0

where 7 is a parameter.
At A, t = 2. The line / is the normal to C at A.
dv

’ V.
a Find — in terms of ¢.

dx

b Hence find an equation of /.

(4 marks)

(3 marks)



(E/P) 17

EP) 18

EP) 19

EP) 20

® 21
® 22

Differentiation

The curve C is given by the equations x = 2¢, y = {2, where ¢ is a parameter.
Find an equation of the normal to C at the point P on C where ¢ = 3. (7 marks)

The curve C has parametric equations
Y= V= 350
Find an equation of the tangent to C at A4 (1, 1). (7 marks)

A curve C is given by the equations
x=2cost+sin2t, y=cost—-2sin2t, O<t<mw

where 7 is a parameter.

a Find g% and d_y in terms of ¢ (3 marks)
dt dt ’
. dy . T
b Find the value of ax at the point P on C where f = 4 (3 marks)
¢ Find an equation of the normal to the curve at P. (3 marks)

A curve is given by x = 27 + 3, y = 13 — 41, where ¢ is a parameter. The point 4 has parameter
t = —1 and the line / is the tangent to C at A. The line / also cuts the curve at B.

a Show that an equation for /is 2y + x = 7. (6 marks)
b Find the value of 1 at B. (5 marks)

A car has value £V at time ¢ years. A model for }J” assumes that the rate of decrease of V at time
t is proportional to V. Form an appropriate differential equation for V.

In a study of the water loss of picked leaves the mass, M grams, of a single leaf was measured
at times, ¢ days, after the leaf was picked. It was found that the rate of loss of mass was
proportional to the mass M of the leaf.

Write down a differential equation for the rate of change of mass of the leaf.

In a pond the amount of pondweed, P, grows at a rate proportional to the amount of
pondweed already present in the pond. Pondweed is also removed by fish eating it at a constant
rate of Q per unit of time.

Write down a differential equation relating P to ¢, where 7 is the time which has elapsed since
the start of the observation.

A circular patch of oil on the surface of some water has radius r and the radius increases over
time at a rate inversely proportional to the radius.

Write down a differential equation relating r and ¢, where ¢ is the time which has elapsed since
the start of the observation.

A metal bar is heated to a certain temperature, then allowed to cool down and it is noted
that, at time ¢, the rate of loss of temperature is proportional to the difference between the
temperature of the metal bar, #, and the temperature of its surroundings 6,.

Write down a differential equation relating ¢ and ¢.
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26 The curve C has parametric equations

. m w
x=4cos2t, y=3sint, —2<t<2

A is the point (2, %) and lies on C.
a Find the value of 7 at the point 4.

. dy
b Find — in terms of ¢.

dx

(2 marks)

(3 marks)

¢ Show that an equation of the normal to C at 4 is 6y — 16x + 23 = 0. (4 marks)

The normal at A cuts C again at the point B.
d Find the y-coordinate of the point B.

27 The diagram shows the curve C with parametric

equations
x=asin’t, y=acost, 0= IE%?T
where « is a positive constant. The point P lies
on C and has coordinates (%a, %a).
. Ay :
a Find o &ving your answer in terms of 7. (4 marks)

b Find an equation of the tangent to C at P. (4 marks)

The tangent to C at P cuts the coordinate axes
at points 4 and B.

(6 marks)

VA

4

¢ Show that the triangle AOB has area ka® where k is a constant to be found. (2 marks)

parametric equations
x=(t+12 y=35+3, 1>-1

P is the point on the curve where 7 = 2.
The line / is the normal to C at P.

28 This graph shows part of the curve C with VA 1

Find the equation of /. (7 marks)

N x

29 Find the gradient of the curve with equation 5x? + 5)2 — 6xy = 13 at the point (1, 2). (7 marks)

dv
30 Given that e** + ¢* = xy, find ﬁ in terms of x and y. (7 marks)
31 Find the coordinates of the turning points on the curve 3* + 3x)? — x* = 3. (7 marks)
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d
a If (1+x)2+y)=x*+)? find —J; in terms of x and y. (4 marks)

b Find the gradient of the curve (1 + x)(2 + y) = x2 + »* at each of the two points
where the curve meets the y-axis. (3 marks)

¢ Show also that there are two points at which the tangents to this curve are
parallel to the y-axis. (4 marks)

A curve has equation 7x2 + 48xy — 72 + 75 = 0. 4 and B are two distinct points on the curve
and at each of these points the gradient of the curve is equal to 1—21 Use implicit differentiation
to show that the straight line passing through 4 and B has equation x + 2y = 0. (6 marks)

Given that y = x*, x > 0, y > 0, by taking logarithms show that
dv

'} X, :
it (1 +Inx) (6 marks)

a Given that ¢* = e, where a and k are constants, « > 0 and x € R, prove that
k=Ina. (2 marks)

b Hence, using the derivative of e*, prove that when y = 2¥

dy
p 2¥In2 (4 marks)
¢ Hence deduce that the gradient of the curve with equation y = 2~ at the point (2, 4)
is In 16. (3 marks)

A population P is growing at the rate of 9% each year and at time ¢ years may be approximated
by the formula

P=Py1.09),1=0

where P is regarded as a continuous function of 7 and P, is the population at time 7 = 0.

a Find an expression for ¢ in terms of P and P,,. (2 marks)

b Find the time 7 years when the population has doubled from its value at ¢ = 0, giving your
answer to 3 significant figures. (4 marks)

¢ Find, as a multiple of P,, the rate of change of population % attime = T. (4 marks)

A curve C has equation
p=IniEing, P=mdw
a Find the stationary point of the curve C. (6 marks)

b Show that the curve C is concave at all values of x in its given domain. (3 marks)
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The mass of a radioactive substance ¢ years after first being observed is modelled by the
equation

m = 40e-0-244

a Find the mass of the substance nine months after it was first observed. (2 marks)
b Find ‘ii—’:‘“' (2 marks)

¢ With reference to the model, interpret the significance of the sign of the value of
dm

P found in part b. (1 mark)

cos 2x
e.\'

The curve C with equation y = f(x) is shown in the diagram, where f(x) = O0=sx=n7

VA

=Y

The curve has a local minimum at 4 and a local maximum at B.

a Show that the x-coordinates of A and B satisfy the

equation tan 2x = —0.5 and hence find the coordinates of A4 and B. (6 marks)
b Using your answer to part a, find the coordinates of the maximum and minimum

turning points on the curve with equation y = 2 + 4f(x — 4). (3 marks)
¢ Determine the values of x for which f(x) is concave. (5 marks)

Challenge

The curve C has parametric equations

270

y=2sin2, x=5cos(t+%), Ost=¢n

m The points on C where

dy
Find — in terms of . q
d d—x =0 correspond to points
by

X

d
Find the coordinates of the points on C where k=a 0.
dx where a tangent to the curve

Find the coordinates of any points where the curve cuts or would be a vertical line.
intersects the coordinate axes, and determine the gradient of the
curve at these points.

Find the coordinates of the points on C where % =0,
dy
Hence sketch C.



Summary of key points

1 For small angles, measured in radians:

» SiNXRE X

- cosx =1 —2x?

d
2 - Ify:sinkx,thend—yzkcoskx
X

dy .
« If y = cos kx, then — = —ksinkx
dx

d
3 - Ify=¢ek, then s kekx
dx

dy 1
« If y=Inx, then —=—
dx ¢
dy
& |If y = a*, where k is a real constant and a > 0, then = =a*kIlna
5%
dy dy du

5 Thechainruleis: —=—x—
dx du dx

where y is a function of u and u is another function of x.
6 The chain rule enables you to differentiate a function of a function. In general,

. Ify = (f(x))" then d—y =n(f(x)"-1f'(x)
dx

dy

« if y =f(g(x)) then 1

=f'(g(x))g’ (x)

dy 1
dx  dx

dy

8 The product rule:

d d d
« If y=uvthen i = u—v + v—u, where u and v are functions of x.
dx dx dx

« If f(x) = g(x)h(x) then f'(x) = g(x)h'(x) + h(x)g'(x)

9 The quotient rule:

du dv
T
i = E, then — = ————— where u and v are functions of x.
I dx y2
i - h"
I = e hen e )= B )
h(x) (h(x))?

Differentiation
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dy 37
If x and y are given as functions of a parameter, t: ™ = dd_
X

dy
« If y =tankx, then — = ksec?kx
dx

d
+ If y = cosec kx, then L = — k cosec kx cot kx

dx

d
« If y = seckx, then d—y = kseckx tankx

X

d
« If y = cot kx, then d—y = —kcosec?kx

X

dy
i

b
dr

d dy
PR LR T
dx((y)) (») 0

d Ay
s — M=yl —
dx(y) y dx

d dy

s X)) =X—+y

dx dx

+ The function f(x) is concave on a given interval if and only if f"(x) = 0 for every value of x

in that interval.

+ The function f(x) is convex on a given interval if and only if f"(x) = 0 for every value of x in

that interval.

A point of inflection is a point at which f"(x) changes sign.

You can use the chain rule to connect rates of change in situations involving more than two
variables.



Numerical
methods

After completing this chapter you should be able to:
® Locate roots of f(x) = 0 by considering changes of sign - pages 274-277
® Use iteration to find an approximation to the root of the

equation f(x) =0 - pages 278-282
® Use the Newton-Raphson procedure to find approximations

to the solutions of equations of the form f(x) =0 - pages 282-285
® Use numerical methods to solve problems in context - pages 286-289

f(x) = x2 — 6x + 10. Evaluate:
a f(1.5) b f(-0.2) « GCSE Mathematics

Find f'(x) given that:

You can use numerical methods to ~— a f(x) =3vx + 4x2 - —53 « Year 1, Chapter 12

find solutions to equations that are 2

hard or impossible to solve exactly. b f(x) =5In(x+2) + 7e™ & absions.s
¢ f(x) =x%sinx—4cosx « Section 9.4

The Newton-Raphson methodwas &= W/ 74 20Aa =t sl = e

developed 400 years ago to describe .

9 , ) & . +e 3 Giventhatuy,,, =un+iand that uy =1, 0,000

the positions of planets as they orbit "7, Uy y
the sun. - Exercise 10D Q1 \\1 find the values of uy, u, and u;. « Section 3.7 /H

=

e Iw e gr-- 1,227 e Ty, i iy U
i) g \ X Pluto _ __—\\ - i N i - <




Chapter 10

@ Locating roots

A root of a function is a value of x for The following two things are identical:
which f(X) =0.The gra ph Ofy = f(X) will « the roots of the function f(x)
cross the x-axis at points corresponding « the roots of the equation f(x) = 0 « Year 1, Section 2.3

to the roots of the function.
You can sometimes show that a root exists within a given interval by showing that the function
changes sign (from positive to negative, or vice versa) within the interval.

m |f the function f(x) is continuous on the Contaous meaneehar the
mterv?l [a., b] and f(a) and f(b) have function does not ‘jump’ from one value to
opposite SIgns,.then f.(x) has at least another. If the graph of the function has a
one root, x, which satisfies a < x < b. vertical asymptote between a and b then

the function is not continuous on [a, b].

Example o

The diagram shows a sketch of the curve y = f(x), Y4

where f(x) = x> —4x2 + 3x + 1. A f(x)=x =432+ 3x + 1

a Explain how the graph shows that f(x) has
a root between x =2 and x = 3. /

b Show that f(x) has a root between

x=14and x=1.5. -1 1 v:s X
1_

a The graph crosses the x-axis between

The graph of y = f(x) crosses the x-axis whenever
f(x) = 0.

x = 2 and x = 3. This means that a root of
f(x) lies between x = 2 and x = 3.

b f(1.4) = (1.4)° - 401.4° + 3(1.4) + 1 = 0.104

f1.5) = (15)° = 40157 + 3(15) + 1 = 0125 f(1.4) > 0 and f(1.5) <0, so there is a change of

sign.
There is a change of sign between 1.4 and '
1.5, and f(x) is continuous on [1.4, 1.5], so
there is at least one root between x = 1.4 f(x) changes sign in the interval [1.4, 1.5], so f(x)
and x = 1.5. must equal zero within this interval.

There are three situations you need to watch out for when using the change of sign rule to locate
roots. A change of sign does not necessarily mean there is exactly one root, and the absence of a sign
change does not necessarily mean that a root does not exist in the interval.

VA y= f(_\f) YA VA :
D y=fx)
y= f(_\j) ,
T /\ T > T /\ T > = T i T >
o a \./ h & 0 a/ Y & o a : d
There are multiple roots within the There are multiple roots within the There is a vertical asymptote within
interval [a, b]. In this case there is interval [, b], but a sign change interval [a, b]. A sign change does
an odd number of roots does not occur. In this case there occur, but there is no root.

is an even number of roots.
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The graph of the function yA

i
f(ox) = 54x3 — 225x2 + 309x — 140 is shown in 14 .
the diagram.

A student observes that f(1.1) and f(1.6) are A

both negative and states that f(x) has no roots 0 1 \} T
in the interval (1.1, 1.6).

a Explain by reference to the diagram why
the student is incorrect.

b Calculate f(1.3) and f(1.5) and use your answer
to explain why there are at least 3 roots in the interval 1.1 < x < 1.7.

a The diagram shows that there could be
two roots in the interval (14, 1.6). UEHGLUEY The interval (1.1, 1.6) is the set of all
real numbers, x, that satisfy 1.1 < x < 1.6.

b f(1.1) = -0476 <O
f(1.3) = 0.0886 > O
f1.5) =-05 <0

i(1:7):=0:352 50

There is a change of sign between 1.1 and

Calculate the values of f(1.1), f(1.3), f(1.5) and
f(1.7). Comment on the sign of each answer.

1.3, between 1.3 and 1.5 and between 1.5 f(x) changes sign at least three times in the
and 1.7, and f(x) is continuous on all three interval 1.1 < x < 1.7 so f(x) must equal zero at
intervals, so there are at least three roots ’7 least three times within this interval. You need

to state that the function is continuous on each
interval, but you do not need to show this.

in the interval 1.1 < x < 1.7.

a Using the same axes, sketch the graphs of y =Inxand y = % Explain how your diagram shows

that the function f(x) =Inx — % has only one root.
b Show that this root lies in the interval 1.7 < x < 1.8.

¢ Given that the root of f(x) is o, show that a = 1.763 correct to 3 decimal places.

a Vi

P = | X — § o— l
= Sketch y = Inx and y = - on the same axes.

Notice that the curves do intersect.

Inx — % = @'=> Inoei= l\ f(x) has a root where f(x) = 0.

B 1 :
The equation Inx = + has only one solution, The curves meet at only one point, so there is only
50 f(x) has only one root. " one value of x that satisfies the equation In x = %
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i

o = lx w Locate the root of o

f(x) =Ilnx - % using technology.

1
f1.7) = In1.7 — 17 = -0.0576...
1 f(1.7) <0 and f(1.8) > 0, so there is a change of
1.8

1(1.8) =1n1.6. —— = 00322 :
sign.

There is a change of sign between 1.7 and
You need to state that there is a change of sign

in your conclusion, and that the function is
continuous.

1.8, and f(x) is continuous on [1.7, 1.8], so
there is at least one root in the interval
¥ = x<18E

f(1.7625) = -0.00064... < 0O

f(1.7635) = 0.00024... > O Problem-solving

There is a change of sign in the interval To determine a root to a given degree of accuracy
17625, 1.7635] so0 1.7625 < a < 17635, you need to show that it lies within a range of
so a = 1.763 correct to 3 d.p. values that will all round to the given value.

Numbers in this range will
round to 1.763 to 3 d.p.

—_——l—

1762 17625 1763 17635 1764 X

Exercise @

1
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Show that each of these functions has at least one root in the given interval.

a f(x)=x-x+5-2<x<-1 b f(x)=x2-yVx-10,3<x<4
c f(x)=x3—%—2, -0.5<x<-02 d flx)=e*—Inx-5,1.65<x<1.75

f(x)=3 + x2-x?
a Show that the equation f(x) = 0 has a root, «, in the interval [1.8, 1.9]. (2 marks)

b By considering a change of sign of f(x) in a suitable interval, verify that o = 1.864
correct to 3 decimal places. (3 marks)

h(x) = Vx — cos x — 1, where x is in radians.
a Show that the equation h(x) = 0 has a root, a, between x = 1.4 and x = 1.5. (2 marks)

b By choosing a suitable interval, show that o = 1.441 is correct to 3 decimal places. (3 marks)

f(x) = sinx — Inx, x > 0, where x is in radians.

a Show that f(x) = 0 has a root, a, in the interval [2.2, 2.3]. (2 marks)
b By considering a change of sign of f(x) in a suitable interval, verify that o = 2.219
correct to 3 decimal places. (3 marks)

f(x) =2 + tan x, 0 < x < 7, where x is in radians.
a Show that f(x) changes sign in the interval [1.5, 1.6].

b State with a reason whether f(x) has a root in the interval [1.5, 1.6].
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® 6 A student observes that the function f(x) = % + 2, x # 0, has a change of sign on the interval

EP) 10

EP 11

EP 12

[-1, 1]. The student writes:

¥y = f(x) has a vertical asymptote within this interval so even
though there is a change of sign, f(x) has no roots in this interval.

By means of a sketch, or otherwise, explain why the student is incorrect.

f(x) = (105x3 — 128x2 + 49x — 6) cos 2x, where x is in radians. VA

The diagram shows a sketch of y = f(x). 0.5

a Calculate (0.2) and f(0.8). /\

b Use your answer to part a to make a conclusion about the o ) 1 X
number of roots of f(x) in the interval 0.2 < x < 0.8. e

¢ Further calculate f(0.3), f(0.4), f(0.5), f(0.6) and (0.7). ' y=f(x)

d Use your answers to parts a and ¢ to make an improved conclusion

about the number of roots of f(x) in the interval 0.2 < x < 0.8.

Using the same axes, sketch the graphs of y =e*and y = x2.
Explain why the function f(x) = e — x2 has only one root.

¢ Show that the function f(x) = e — x? has a root between x = (.70 and x = 0.71.

= ]

On the same axes, sketch the graphs of y =Inxand y =e* - 4.
Write down the number of roots of the equation In x = ¢* — 4.

¢ Show that the equation In x = e — 4 has a root in the interval (1.4, 1.5).

h(x) = sin 2x + e

Show that there is a stationary point, «, of y = h(x) in the interval —0.9 < x < —0.8. (4 marks)

b By considering the change of sign of h'(x) in a suitable interval, verify that a = —0.823

€

correct to 3 decimal places. (2 marks)

2

On the same axes, sketch the graphs of y =/x and y = - (2 marks)

With reference to your sketch, explain why the equation yx = % has exactly one real root.
(1 mark)

Given that f(x) = /x — %, show that the equation f(x) = 0 has a root r, where 1 < r < 2. (2 marks)

Show that the equation vx = % may be written in the form x” = ¢, where p and ¢ are integers
to be found. (2 marks)

Hence write down the exact value of the root of the equation x — % =0. (1 mark)

f(x) = x* - 21x — 18

a
b
¢
d

Show that there is a root of the equation f(x) = 0 in the interval [-0.9, —0.8]. (3 marks)
Find the coordinates of any stationary points on the graph y = f(x). (3 marks)
Given that f(x) = (x — 3)(x* + ax? + bx + ¢), find the values of the constants a, b and c. (3 marks)
Sketch the graph of y = f(x). (3 marks)
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@ Iteration

An iterative method can be used to find a value of x for which f(x) = 0. To perform an iterative
procedure, it is usually necessary to manipulate the algebraic function first.

® To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the
form x = g(x) and use the iterative formula x,, ., = g(x,).

Some iterations will converge to a root. This can happen in two ways. One way is that successive
iterations get closer and closer to the root from the same direction. Graphically these iterations create
a series of steps. The resulting diagram is sometimes referred to as a staircase diagram.

f(x) = x* = x — 1 can produce the iterative formula x,,, = /x, + 1 when f(x) = 0. Let x, = 0.5.

Successive iterations produce the following staircase diagram.

VA y=x

y=1x+1 Read up from x; on the vertical axis
to the curve y = y/x + 1 to find x;,.
You can read across to the line y = x
to ‘'map’ this value back onto the
x-axis. Repeating the process shows
the values of x, converging to the
root of the equation x=+/x+1,
which is also the root of f(x).

& Xg X1 XoXy

=Y

The other way that an iteration converges is that successive iterations alternate being below the
root and above the root. These iterations can still converge to the root and the resulting graph is

sometimes called a cobweb diagram.
) . ) m By rearranging the same function
f(x) = x? — x = 1 can produce the iterative formula in different ways you can find different iterative
Xyq = when f(x) = 0. Let xy = 2. formulae, which may converge differently.
“*n
Successive iterations produce the cobweb diagram, shown on . . N
“*0 # 13 1
the right. I — ‘;
¥ E A y 0
Not all iterations or starting values converge to a root. s
When an iteration moves away from a root, often y= xil LR
increasingly quickly, you say that it diverges.
f(x) = x* — x — 1 can produce the iterative formula \\
X, 1= X,2—1when f(x) = 0. Let x, = 2. P=¥

Successive iterations diverge from the root, as shown in the diagram.

VA
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fx)=x2-4x+1

a Show that the equation f(x) = 0 can be written as x

f(x) has a root, «, in the interval 3 < x < 4.

Numerical methods

1
=4—;,x=0.

b Use the iterative formula x,,, =4 - i with x, = 3 to find the value of x,, x, and x.

Xn
gy
X -4x+1=0
xZ=4x -1
1
x=4-=x=0
X L
b x =4 - 5 = 3.666666...
Xp = 4 -+ = 372727...
X5=4 - - =373170..

ma

fix)=x3=3x2-2x+35

@ Use the iterative formula to

Add 4x to each side and subtract 1 from each side.

=

Divide each term by x. This step is only valid if
x=0.

work out x;, x, and x;. You can use your
calculator to find each value quickly.

a Show that the equation f(x) = 0 has a root in the interval 3 < x < 4.

_ _ | x> =2x,+5
b Use the iterative formula x,,,, = \— 3

giving your answers to 4 decimal places and taking:
i xy=1.5 ii xy=4

a f(3) =(3)° - 3(32-2(3) + 5 = -1
f(4) = (4)° = 3(4)° = 2(4) + 5 =13
There is a change of sign in the interval
3 < x <4, and fis continuous, so there is
a root of f(x) in this interval.

[
fx3 — 2x,+ 5

bi x=| 3 = 1.3365...
.'Ixf -2x,+5

X = \.'f =1.2544. ..
.'ng -2x,+5

J\:3 = \|I 3 = T2200

to calculate the values of x,, x, and x;,

The graph crosses the x-axis between x = 3 and
e

Each iteration gets closer to a root, so the
sequence Xy, Xy, X3, X3,... IS convergent.
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]
I.',\-g -2x,+5 @ Explore the iterations O

X = 5 graphically using technology.
I.'I)c;l3 - 2x, +
B I.'x;j -2x,+5 —_— Each iteration gets further from a root, so the
*s = =] Cm T sequence X, Xy, X, Xs,... is divergent.

Exercise @

® 1
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f(x)=x2—6x+2
a Show that f(x) = 0 can be written as:

x2+2 o 2
6 ii x=v6x—2 ili x=6-7
b Starting with x, = 4, use each iterative formula to find a root of the equation f(x) = 0.

Round your answers to 3 decimal places.

ix=

¢ Use the quadratic formula to find the roots to the equation f(x) = 0, leaving your answer in
the form a + Vb, where ¢ and b are constants to be found.

f(x)=x2-5x-3
a Show that f(x) = 0 can be written as:

2.
i x=/5x+3 ﬁx=x53
b Let x;, = 5. Show that each of the following iterative formulae gives different roots of f(x) = 0.
_— e
i ,,,,+1=\.-!5xﬂ+3 ii x,,”: 5
fx)=x2-6x+1
a Show that the equation f(x) = 0 can be written as x = V6x — 1. (1 mark)
b Sketch on the same axes the graphs of y = xand y = v6x — 1. (2 marks)
¢ Write down the number of roots of f(x). (1 mark)
d Use your diagram to explain why the iterative formula x,,,, = /6x, — 1 converges to
a root of f(x) when x, = 2. , (1 mark)
xp+ 1
f(x) = 0 can also be rearranged to form the iterative formula x,,, | = 6
e By sketching a diagram, explain why the iteration diverges when x;, = 10.
(2 marks)
fix)=xe*—x+2
a Show that the equation f(x) = 0 can be written as x = ln| . - 5 | i

f(x) has a root, a, in the interval -2 < x < —1.
xﬂ
x,—2

“tn

b Use the iterative formula x,,, =In , x # 2 with x, = —1 to find, to 2 decimal places,

the values of x,, x, and x;.
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® 5 f(x)=x3+5x2-2

a Show that f(x) = 0 can be written as:

[2— 3

s 33 _ T2 . _2_ eee
i x=vV2->5x nx_x2 5 ]ll)L—V 5

b Starting with x, = 10, use the iterative formula in part a (ii) to find a root of the equation
f(x) = 0. Round your answer to 3 decimal places.

¢ Starting with x,, = 1, use the iterative formula in part a (iii) to find a different root of the
equation f(x) = 0. Round your answer to 3 decimal places.

d Explain why this iterative formulae cannot be used when x, = 2.

f(x)=x*-3x3-6
a Show that the equation f(x) = 0 can be written as x = i.fpx“' + ¢, where p and ¢ are constants
to be found. (2 marks)

b Let x, = 0. Use the iterative formula x,,, | = i-“ pxi+ ¢, together with your values of

p and ¢ from part a, to find, to 3 decimal places, the values of x,, x, and x;. (3 marks)
The root of f(x) =01is a.
¢ By choosing a suitable interval, prove that o = —1.132 to 3 decimal places. (3 marks)

f(x) =3cos(x?) +x -2

a Show that the equation f(x) = 0 can be written as x = (arccos (2 ; A)) (2 marks)

2-x,
b Use the iterative formula x,, | = (arccos ( 3 )) , Xp = 1 to find, to 3 decimal places,

the values of x,, x, and x;. (3 marks)

¢ Given that f(x) = 0 has only one root, a, show that oo = 1.1298 correct to 4 decimal
places. (3 marks)

f(x) =4cotx — 8x + 3, 0 < x <, where x is in radians.

a Show that there is a root « of f(x) = 0 in the interval [0.8, 0.9]. (2 marks)

COS X
2sinx

b Show that the equation f(x) = 0 can be written in the form x = - % (3 marks)

eEgR. 3

¢ Use the iterative formula x,,, | = +35 X0 = 0.85 to calculate the values of

2sin x,
X1, X» and x3 giving your answers to 4 decimal places. (3 marks)

d By considering the change of sign of f(x) in a suitable interval, verify that o = 0.831
correct to 3 decimal places. (2 marks)

gx)=e""14+2x-15
15

a Show that the equation g(x) = 0 can be written as x =In(15-2x) + 1, x < 5 (2 marks)
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The root of g(x) =01is a.

The iterative formula x,,, =In(15 - 2x,) + 1, x, = 3, is used to find a value for a.

b Calculate the values of x;, x, and x; to 4 decimal places. (3 marks)
¢ By choosing a suitable interval, show that o = 3.16 correct to 2 decimal places. (3 marks)
10 The diagram shows a sketch of part of the curve with equation VA -

vy = f(x), where f(x) = xe* — 4x . The curve cuts the x-axis at the
points 4 and B and has a minimum turning point at P,
as shown in the diagram.

a Work out the coordinates of A4 and the coordinates
of B. (3 marks)

A B -
b Find f'(x). (3 marks) 0 x
P
¢ Show that the x-coordinate of P lies between 0.7
and 0.8. (2 marks)
d Show that the x-coordinate of P is the solution to the equation x = In (x " 1). (3 marks)

o . . . +
To find an approximation for the x-coordinate of P, the iterative formula x, ., = In (x = l)
n

is used.

e Let x,=0. Find the values of x;, x,, x; and x4. Give your answers to 3 decimal places.
(3 marks)

@ The Newton-Raphson method

The Newton-Raphson method can be used to find numerical solutions to equations of the form
f(x) = 0. You need to be able to differentiate f(x) to use this method.

® The Newton-Raphson formula is A
f(x,) is sometimes called the Newton-Raphson
Yns1 =X = f(x,) process or the Newton-Raphson procedure.
n

The method uses tangent lines to find increasingly accurate approximations of a root. The value of
X, 41 is the point at which the tangent to the graph at (x,, f(x,)) intersects the x-axis.

YA y="f(x), Tangent line at
point (xp, f(x)
(o, F(xo)) Tangent line at
. point (xy, f(x,))
(1, ) E
root | :
0 %o X
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If the starting value is not chosen carefully, the Newton-Raphson method can converge on a root very
slowly, or can fail completely. If the initial value, x;, is near a turning point or the derivative at this
point, f'(x,), is close to zero, then the tangent at (x,, f(x,)) will intercept the x-axis a long way from x,.

4

(xq. fxo))

If any value, x;, in the Newton-Raphson method is at a turning
point, the method will fail because f'(x;) = 0 and the formula
would result in division by zero, which is not valid. Graphically,
the tangent line will run parallel to the x-axis, therefore never
intersecting.

The diagram shows part of the curve with

equation y = f(x), where f(x) = x3 + 2x? - 5x - 4.

The point 4, with x-coordinate p, is a stationary

point on the curve.

The equation f(x) = 0 has a root, «, in the

interval 1.8 <a < 1.9.

a Explain why x;, = p is not suitable to use as a first
approximation to & when applying the Newton—Raphson
method to f(x).

i y=f
Because x; is close to a turning
Xo point the gradient of the tangent at

x, E (g, f(xg)) is small, so it intercepts
the x-axis a long way from x,.

Y y=f

g A
tangent line will never
intersect x-axis

}!
i y=f(x)

[\

=Y

\

A

b Using x, = 2 as a first approximation to «, apply the Newton—-Raphson procedure twice to f(x)
to find a second approximation to «, giving your answer to 3 decimal places.
¢ By considering the change of sign in f(x) over an appropriate interval, show that your answer to

part b is accurate to 3 decimal places.
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It’s a turning point, so f'(p) = O, and you

cannot divide by zero in the Newton-
Raphson formula.

fix) =3x2+4x -5

Use d Wb = =Y
dx

Use the Newton-Raphson process twice.

Substitute x, = 1.86 into the Newton-Raphson

Using x5 = 2
g flxo)
MR
2
Xy = 2 = E
Y, = 1.86
Xp = X — %)

L F’()ﬁ} “
o S AEE e 7
X2 =186 15515 992J

Xo:= 16558

x; = 1.856 to three decimal places

f(1.6555) = -0.00348 < Q,

f(1.8565) = 0.00928 > Q.
Sign change in interval [1.8555, 1.6565]

therefore x = 1.656 is accurate to
3 decimal places.

Exercise @

1 fx)=x3-2x-1
a Show that the equation f(x) = 0 has a root, «, in the interval 1 < a < 2.
b Using x, = 1.5 as a first approximation to «, apply the Newton—Raphson procedure once to
f(x) to find a second approximation to «, giving your answer to 3 decimal places.

@ 2 f(x):x?-%mx-lo,x:o.

a

Use differentiation to find f'(x).

formula.

Use a spreadsheet package to find successive
Newton-Raphson approximations.

_\:_4
@ Explore how the Newton- |

Raphson method works graphically
and algebraically using technology.

(2 marks)

The root, o, of the equation f(x) = 0 lies in the interval [-0.4, —0.3].
b Taking —0.4 as a first approximation to «, apply the Newton—Raphson process once to f(x) to
obtain a second approximation to «. Give your answer to 3 decimal places. (4 marks)

3 The diagram shows part of the curve with equation vy
y = f(x), where f(x) = Xi—e ¥+ L_ -2,x>0.

The point 4, with x-coordinate ¢, is a stationary point on the curve.
The equation f(x) = 0 has a root « in the interval [1.2, 1.3]. \
a Explain why x, = ¢ is not suitable to use as a first approximation

when applying the Newton—Raphson method. (1 mark) 0 \.,/

b Taking x, = 1.2 as a first approximation to «, apply the Newton—

284
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y =f(x)

=Y

A

Raphson process once to f(x) to obtain a second approximation

to a.. Give your answer to 3 decimal places.

(4 marks)
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f(x)=1-x—cos(x?)

a Show that the equation f(x) = 0 has a root « in the interval 1.4 < o < 1.5. (1 mark)

b Using x, = 1.4 as a first approximation to «, apply the Newton—-Raphson procedure once to
f(x) to find a second approximation to «, giving your answer to 3 decimal places. (4 marks)

¢ By considering the change of sign of f(x) over an appropriate interval, show that your answer
to part b is correct to 3 decimal places. (2 marks)

f(x)zxz—%,xzo

a Show that a root « of the equation f(x) = 0 lies in the interval [1.3, 1.4]. (1 mark)

b Differentiate f(x) to find f'(x). (2 marks)

¢ By taking 1.3 as a first approximation to «, apply the Newton—Raphson process once to f(x)
to obtain a second approximation to a.. Give your answer to 3 decimal places. (3 marks)

y = f(x), where f(x) = x2sin x — 2x + 1. The points P, Q, and R are roots of the equation.
The points 4 and B are stationary points, with x-coordinates a and b respectively.

a Show that the curve has a root in each of the following intervals:

i [0.6,0.7] (1 mark)

ii [1.2,1.3] (1 mark)

iii [2.4,2.5] (1 mark)
b Explain why x, = a is not suitable to use as a first approximation to o« when applying

the Newton—Raphson method to f(x). (1 mark)
¢ Using x, = 2.4 as a first approximation, apply the Newton—Raphson method to

f(x) to obtain a second approximation. Give your answer to 3 decimal places. (4 marks)

4
f(x)=In(Bx-4)-x*+10,x >3

a Show that f(x) = 0 has a root « in the interval [3.4, 3.5]. (2 marks)

b Find f'(x). (2 marks)

¢ Taking 3.4 as a first approximation to «, apply the Newton—Raphson procedure once to f(x)
to obtain a second approximation for «, giving your answer to 3 decimal places. (3 marks)

Challenge

flaf= % T e Y

The diagram shows a sketch of the curve y = f(x). The curve has a

horizontal asymptote at y = 1. f \ ¥ =f(x)

a Prove that the Newton-Raphson method will fail to converge on a
: . .

root of f(x) = 0 for all values of x; > — .

2 \J

b Taking —0.5 as a first approximation, use the Newton-Raphson

method to find the root of f(x) = 0 that lies in the interval [-1, 0],
giving your answer to 3 d.p.
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@ Applications to modelling

You can use the techniques from this chapter to find solutions to models of real-life situations.

The price of a car in £s, x years after purchase, is modelled by the function
f(x) = 15000 (0.85)* — 1000 sin x, x > 0
Use the model to find the value, to the nearest hundred £s, of the car 10 years after purchase.
Show that f(x) has a root between 19 and 20.
Find f'(x).
Taking 19.5 as a first approximation, apply the Newton—-Raphson method once to f(x) to obtain

a second approximation for the time when the value of the car is zero. Give your answer to
3 decimal places.

e 0 T o=

e Criticise this model with respect to the value of the car as it gets older.

a f(10) = 15000 (0.85)'° — 1000 sin 10 »—] Substitute x = 10 into the f(x).
= 349713... Unless otherwise stated, assume that angles are

After 10 years the value of the car is £3500 measured in radians.

to the nearest £100.
b f(19) = 15000 (0.865)"” — 1000sin19
=534 510
f(20) = 15000 (0.65)2° — 1000 sin 20
=-33155... <0

Substitute x = 19 and x = 20 into f(x).

There is a change of sign between 12 and
20, and f(x) i= continuous on this interval, so

there is at least one root in the interval f(x) changes sign in the interval [19, 20], and f(x)
19 < x < 20. is continuous, so f(x) must equal zero within this
¢ F(x) = (15 000)(0.85)(In 0.85) — 1000 cos x [nge el
d f(19.5) = 15000 (0.85)!%5 — 10005in 19.5
= 25/0693,., t Use the fact that di @) =a*Ina,
X

(19.5) = (15 000)(0.85)">(In 0.65)
- 1000c0s512.5 = -838.3009... [ __

flx)

Substitute x = 19.5 into f(x) and f'(x).

Xp41 = Xy — F'()C:]
" 25.0693...
=195~ 898.3009...
Apply the Newton-Raphson method once to
=19.528

obtain an improved second estimate.
e In reality, the car can never have a negative

value so this model is not reasonable for
cars that are approximately 20 or more
years old.
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An astronomer is studying the motion of a planet moving along an elliptical orbit. She formulates

the following model relating the angle moved at a given time, E radians, to the angle the planet

would have moved if it had been travelling on a circular path, M radians:
M=E-01sinE, E=0

In order to predict the position of the planet at a particular time, the astronomer needs to find

the value of E when M = %

a Show that this value of E is a root of the function f(x) = x — 0.1 sin x — k where k is a constant
to be determined.

b Taking 0.6 as a first approximation, apply the Newton—Raphson procedure once to f(x) to

™

6

¢ By considering a change of sign on a suitable interval of f(x), show that your answer to part b
is correct to 3 decimal places.

obtain a second approximation for the value of E when M =

The diagram shows a sketch of part of the curve with VA
equation v = f(£), where f(¢) = (10 = 5(z + 1)) In (¢ + 1). P
The function models the velocity in m/s of a skier
travelling in a straight line. v =1(1)
a Find the coordinates of 4 and B.

b Find f'(¢).

¢ Given that P is a stationary point on the curve,

show that the ¢-coordinate of P lies between 0
5.8 and 5.9.

d Show that the t-coordinate of P is the solution to

o 20
T l+In(e+1)

~Y

1

An approximation for the 7-coordinate of P is found using the iterative formula

20 1
l+In(z,+ 1)

Ital:+l =

e Let 7, = 5. Find the values of t,, z, and #;. Give your answers to 3 decimal places.

The depth of a stream is modelled by the function VA

d(x) =e0(x2-3x),0<x <3

where x is the distance in metres from the left bank of the o
stream and d(x) is the depth of the stream in metres.

=Y

T =d)

The diagram shows a sketch of y = d(x).
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a Explain the condition 0 = x =< 3.

b Show thatd’(x) = —%e‘"-ﬁx(a,\‘2 + bx + ¢), where a, b and ¢ are constants to be found.

¢ Show that d’(x) = 0 can be written in the following ways:

PO L2l s 3% +15 o 19x—15
R BT =T 3

d Let x, = 1. Show that only one of the three iterations converges to a stationary point of
y = d(x), and find the x-coordinate at this point correct to 3 decimal places.

e Find the maximum depth of the river in metres to 2 decimal places.

Ed throws a ball for his dog. The vertical height of the ball is
modelled by the function

2
h(t) = 40511’1(10) 9005(]0) 052+9.1=0

» = h(¢) is shown in the diagram.

a Show that the r-coordinate of A is the solution to

t_V18+8051n( ) 18(:05( ¢

i0)

To find an approximation for the 7-coordinate of A, the iterative formula

10

n+i—\‘|18+8051n(10) lScos( is used.

io)

y=h()

~y

o A

(3 marks)

b Let ¢, = 8. Find the values of ¢, 1,, t; and #,. Give your answers to 3 decimal places. (3 marks)

¢ Find h'(¢).

(2 marks)

d Taking 8 as a first approximation, apply the Newton—Raphson method once to h(¢)
to obtain a second approximation for the time when the height of the ball is zero.

Give your answer to 3 decimal places.

e Hence suggest an improvement to the range of validity of the model.

The annual number of non-violent crimes, in thousands,
in a large town x years after the year 2000 is modelled by
the function

o(x) = Se—‘+4sm(2)+50 x<10

The diagram shows the graph of y = c(x).
a Find ¢'(x). (2 marks)

(3 marks)
(2 marks)

b Show that the roots of the following equations correspond
to the turning points on the graph of y = c(x).

i x=2arccos (ée‘x - l)
. 2 4

ii x=In S .
(4005(%) + 1)
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¢ Letxp=3and x,,;=2 arccos(%e—xn - l) Find the values of x,, x,, x5 and x,. Give your

4
answers to 3 decimal places. (3 marks)
d Letxp=1land x,.,=In l)? . Find the values of x,, x,, x5 and x,. Give your
4 cos (—”) + 1
2
answers to 3 decimal places. (3 marks)

A councillor states that the number of non-violent crimes in the town was increasing between
October 2000 and June 2003.

e State, with reasons whether the model supports this claim. (2 marks)

!

fx)=x3-6x-2

; ; ; b
a Show that the equation f(x) = 0 can be written in the form x = ib.“a + > and state the values

of the integers a and b. (2 marks)
f(x) = 0 has one positive root, a.
. . | b . .
The iterative formula x,,, | = @+, X = 2 is used to find an approximate value for a.
b Calculate the values of x;, x,, x3 and x, to 4 decimal places. (3 marks)

¢ By choosing a suitable interval, show that o = 2.602 is correct to 3 decimal places. (3 marks)

1
4-x
a Calculate f(3.9) and f(4.1). (2 marks)
b Explain why the equation f(x) = 0 does not have a root in the interval 3.9 < x <4.1. (2 marks)

f(x) = &3

The equation f(x) = 0 has a single root, a.

¢ Use algebra to find the exact value of a. (2 marks)

p(x) =4 — x?and q(x) = e~.
a On the same axes, sketch the curves of y = p(x) and y = q(x). (2 marks)

b State the number of positive roots and the number of negative roots of the equation
x2+e*—4=0. (1 mark)

¢ Show that the equation x? + e¥ — 4 = 0 can be written in the form x = +(4 — ¢¥): (2 marks)
The iterative formula x,, | = —(4 — )2, x, = —2, is used to find an approximate value for the
negative root.

d Calculate the values of x,, x,, x; and x, to 4 decimal places. (3 marks)

e Explain why the starting value x, = 1.4 will not produce a valid result with this formula.
(2 marks)
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4 gx)=x"-5x-6

290

a Show that g(x) =0 has a root, a, between x = 1 and x = 2. (2 marks)

b Show that the equation g(x) = 0 can be written as x = (px + ¢)7, where p, ¢ and r are integers
to be found. (2 marks)

The iterative formula x, , ; = (px + ¢)7, x, = 1 is used to find an approximate value for c.

¢ Calculate the values of x|, x, and x; to 4 decimal places. (3 marks)

d By choosing a suitable interval, show that o = 1.708 is correct to 3 decimal places. (3 marks)

g(x)=x2-3x-5

a Show that the equation g(x) = 0 can be written as x = v3x + 5. (1 mark)
b Sketch on the same axes the graphs of y = xand y = v3x + 5. (2 marks)
¢ Use your diagram to explain why the iterative formula x,, ., = /3x, + 5 converges
to a root of g(x) when x, = 1. (1 mark)
x2-5
g(x) = 0 can also be rearranged to form the iterative formula x,,, , = g
d With reference to a diagram, explain why this iterative formula diverges when x, = 7.
(3 marks)
f(x) = Sx — 4sin x — 2, where x is in radians.
a Show that f(x) = 0 has a root, a, between x = 1.1 and x = 1.15. (2 marks)
b Show that f(x) = 0 can be written as x = psin x + ¢ , where p and ¢ are rational
numbers to be found. (2 marks)
¢ Starting with x;, = 1.1, use the iterative formula x,, ., = psin x,, + ¢ with your values
of p and ¢ to calculate the values of xy, x,, x3 and x4 to 3 decimal places. (3 marks)
a On the same axes, sketch the graphs of y = % and y=x + 3. (2 marks)
b Write down the number of roots of the equation % =i, (1 mark)
¢ Show that the positive root of the equation % = x + 3 lies in the interval
(0.30, 0.31). (2 marks)
d Show that the equation % = x + 3 may be written in the form x*> + 3x - 1 = 0. (2 marks)
e Use the quadratic formula to find the positive root of the equation x2+3x—-1=0
to 3 decimal places. (2 marks)

gx)=x*-7x2+2x+4
a Find g'(x). (2 marks)
A root a of the equation g(x) = 0 lies in the interval [6.5, 6.7].

b Taking 6.6 as a first approximation to «, apply the Newton—Raphson process once
to g(x) to obtain a second approximation to a. Give your answer to 3 decimal places.
(4 marks)
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¢ Given that g(1) = 0, find the exact value of the other two roots of g(x). (3 marks)
d Calculate the percentage error of your answer in part b. (2 marks)
f(x) =2secx + 2x — 3, —% <X % where x is in radians.

a Show that f(x) = 0 has a solution, «, in the interval 0.4 < x < 0.5. (2 marks)

b Taking 0.4 as a first approximation to «, apply the Newton—Raphson process once
to f(x) to obtain a second approximation to «. Give your answer to 3 decimal places.

(4 marks)
¢ Show that x = —1.190 is a different solution, 3, of f(x) = 0 correct to 3 decimal places.
(2 marks)
3
iy TSN 1 st
i(x) =¢ 330 %3
a Show that the equation f(x) = 0 can be written as x = 1.5 — 0.5e08x, (3 marks)

b Use the iterative formula x, ., = 1.5 — 0.5¢ %% with x, = 1.3 to obtain x,, x, and x;.

Hence write down one root of f(x) = 0 correct to 3 decimal places. (2 marks)
¢ Show that the equation f(x) = 0 can be written in the form x = pIn (3 — 2x),
stating the value of p. (3 marks)

d Use the iterative formula x, ., = pIn (3 - 2x,) with x, = —=2.6 and the value of p found in
part ¢ to obtain x,, x, and x;. Hence write down a second root of f(x) = 0 correct to

2 decimal places. (2 marks)

. : dy
a By writing y = x* in the form In y = x In x, show that T x(lnx +1). (4 marks)
b Show that the function f(x) = x* — 2 has a root, «, in the interval [1.4, 1.6]. (2 marks)

¢ Taking x, = 1.5 as a first approximation to «, apply the Newton—Raphson procedure once
to obtain a second approximation to «, giving your answer to 4 decimal places. (4 marks)

d By considering a change of sign of f(x) over a suitable interval, show that a = 1.5596,

correct to 4 decimal places. (3 marks)
The diagram shows part of the curve with equation YA
» = f(x), where f(x) = cos (4x) — %x. 27
a Show that the curve has a root in the interval [1.3, 1.4]. ;
1R Y =1fx)
(2 marks) \
b Use differentiation to find the coordinates of A NP
point B. Write each coordinate correct to 0 2 &
3 decimal places. (3 marks) i
¢ Using the iterative formula x,,, , = %arccos(%xﬂ), 5 B

with x, = 0.4, find the values of x,, x,, x; and x,.
Give your answers to 4 decimal places. (3 marks)

291



Chapter 10

d Using x, = 1.7 as a first approximation to the root at D, apply the Newton—Raphson
procedure once to f(x) to find a second approximation to the root, giving your answer to
3 decimal places. (4 marks)

e By considering the change of sign of f(x) over an appropriate interval, show that the answer
to part d is accurate to 3 decimal places. (2 marks)

Challenge

fxX) =x6+x>=Tx2—x+3

The diagram shows a sketch of y = f(x). Points 4 and B are the points of
inflection on the curve.

YA
y=fx)

/TN

VAEY
a Show that equation f”(x) = 0 can be written as:

i L R (R e
3 5o i 2 15

b By choosing a suitable iterative formula and starting value, find an
approximation for the x-coordinate of B, correct to 3 decimal places.

=Y

¢ Explain why you cannot use the same iterative formula to find an
approximation for the x-coordinate of 4.

d Use the Newton-Raphson method to find an estimate for the
x-coordinate of 4, correct to 3 decimal places.

Summary of key points

1 |If the function f(x) is continuous on the interval [a, b] and f(a) and f(b) have opposite signs,
then f(x) has at least one root, x, which satisfies ¢ < x < b.

2 To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the
form x = g(x) and use the iterative formula x,,, ; = g(x,).

3 The Newton-Raphson formula for approximating the roots of a function f(x) is
f(x,)

xn+1=xn—m
.
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Integration

After completing this chapter you should be able to:

® |Integrate standard mathematical functions including trigonometric
and exponential functions and use the reverse of the chain rule to

integrate functions of the form f(ax + b) - pages 294-298
® Use trigonometric identities in integration - pages 298-300
Use the reverse of the chain rule to integrate more complex
functions - pages 300-303
® |Integrate functions by making a substitution, using integration by
parts and using partial fractions - pages 303-313
Use integration to find the area under a curve - pages 313-317

Use the trapezium rule to approximate the area under a curve.
- pages 317-322

® Solve simple differential equations and model real-life situations
with differential equations — pages 322-329

Prior knowledge check

1 Differentiate;
a 2x-T7)¢ b sinb5x

c e’ « Sections 9.1, 9.2, 9.3

Given f(x) = 8x7 — 6x2
a find [f(x) dx

b find Lgf(,\') dx « Year 1, Chapter 13 |

Write P rean as partial fractions.
(bx—=1)(x+3) :

< Section 1.3
Find the area of the region R bounded
by the curve y = x? + 1, the x-axis and
the lines x=-1and x = 2.

Vi

Integration can be used to solve differential
equations. Archaeologists use differential
equations to estimate the age of fossilised
plants and animals. - Exercise 11K Q9 x « Year 1, Chapter 13
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@ Integrating standard functions

Integration is the inverse of differentiation. You can use your knowledge of derivatives to integrate

familiar functions.
m This is true for all values of n

n+1
— aXt
@ fe‘dx-e E m When finding f%dx it is usual to
€) f%dx =ln|x| + ¢ write the answer as [n|x| + ¢. The modulus
sign removes difficulties that could arise when
@ fcosx dx=sinx +c¢ evaluating the integral for negative values of x.

® fsinxdx:—cosx+c m dy
L For example, if y = cos x then e —sin x.
sec2xdx=tanx +c¢ :
® f This means that f(—sm x)dx = cos x + ¢ and
@D fcosecx cot xdx = —cosecx + ¢ hence fsin xdx=—-cosx+c. « Section 9.1
fcoseczxdx =—cotx + ¢

© fsecxtanxdx =secx +¢

Find the following integrals.

a f(2005x+%—\/§)dx b f(c.ozx—ze-\')dx
sin” x
3 J‘g Casiiine . Bae a Integrate each term separately.
fédx=3|n|x|+c use @
X L

Use @

f\-"'x dx = fx'_l dx = —i—ti +c Use @

3. .
S0 f(2 ookt V'X) Ay This is an indefinite integral so don't forget the

a
=2sinx + 3In|x| - 4x2 + ¢ +C.

X X 1 ; ; .
C,Oi s e - = cot X cosec X Look at the list of integrals of standard functions
sinc X sinx SN X

and express the integrand in terms of these
f(cot Xcosec X)dx = —cosec x + c»—L standard functions.
f2e-"dx e Remember the minus sign.

So f(c05x - 2e" d,\‘)

sin? x

= —cosecx — 2e¥ + ¢
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Given that « is a positive constant and

Integration

Problem-solving

Integrate as normal and write the limits as @ and
3a. Substitute these limits into your integral to get
an expression in @ and set this equal to In12. Solve
the resulting equation to find the value of a.

| Separate the terms by dividing by x, then

integrate term by term.

\— Remember the limits are @ and 3a.
Substitute 3¢ and @ into the integrated expression.

Use the laws of logarithms: Ina — Inb = ln(%)

3aly
L ZA; L dx =In12, find the exact value of a.
f 3a2x + 1 S
3a
= f (2+5)ex
= [2x + Inx]39
= (6a + In3al - (2a + Ina)
3a
=4a + h"l(T)
=4a+ In3
Se, 4a + In3 = 1n12
4a = In12 = In3
4a = In4
a= % In4

Exercise @

1 Integrate the following with respect to x.

3 . 2
a 3sec’x+ =+
X X“

¢ 2(sinx — cosx + Xx)

¢ Sex+4cosx—£2
Ll i

g X+A2+ x3

i 2cosecxcotx — sec?x

2 Find the following integrals.
1 I
A f(cos% Az)dx

1 + cosx 1+x) )
¢ f( sintx | ¥ dx

e fsin x(1 +sec?x)dx
g fcosec2 x(1 + tan? x)dx

i fsec2 x(1 + e*cos?x)dx

L In12 - In3 = ln(132) In4
@ Use your calculator to check %

your value of @ using numerical integration.

Se* — 4sin x + 2x3

2
3secxtanx—;

1 >
Iy + 2 cosec’ x

e’ + sin x + cos x

=2 T~ "R —

e + i cosec? x
= ;

RS
COos=Xx

11
d f(sin2x+;)dx

fcos x(1 + cosec? x) dx

[

=

—

=

fsec2 x(1 = cot?x)dx

1 +sinx 3
———— +cos?xsecx|dx

3 Evaluate the following. Give your answers as exact values.

a f;2exdx b flél-HL

™
c fi —Ssmxdx

d flsecx(secx + tan x) dx
=F T

cos? x
m When applying

limits to integrated trigonometric
functions, always work in radians.
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3x

1

. . . 2 =
4 Given that a is a positive constant and L ) i %

find the exact value of a.

EP) 5
(E7) 6

Given f 2”(33_\( + 6e72) dx = 0, find the value of b.

4 x>0

f(x) = %x% s

EP) 7

a Solve the equation f(x) = 0.
b Find [f(x)dx.

. . " 1
Given that « is a positive constant and f1 nlae" +e*dx =2 find the exact value of a.
n

dx=6+In(3),

(4 marks)

=7, (4 marks)

(4 marks)

(2 marks)
(2 marks)

¢ Evaluate fl4f(x) dx, giving your answer in the form p + ¢ Inr, where p, ¢ and r are

rational numbers.

@ Integrating f(ax + b)

(3 marks)

If you know the integral of a function f(x) you can integrate a function of the form f(ax + b) using the

reverse of the chain rule for differentiation.

Find the following integrals.

a fcos(2x+3)dx b fe““‘dx

a Consider y = sin(2x + 3):

Y sEhi B
dx_COS( X+ 3) x
So fc05 (2x + 3)dx = ;—5‘m(2x +3)+c

b Consider y = e*¥+1:

So fe““-"“dx =tettli 4o

¢ Consider y = tan 3x:

d
= = Sece3xX X3
dx

So f55c2 3xdx = gtan3x + ¢

296

c f sec? 3x dx
Integrating cos x gives sin x, so try sin (2x + 3).

Use the chain rule. Remember to multiply by the
derivative of 2x + 3 which is 2.

This is 2 times the required expression so you
need to divide sin (2x + 3) by 2.

The integral of e¥is e, so try e*+1,

This is 4 times the required expression so you
divide by 4.

Recall (6). Let y = tan 3x and differentiate using
the chain rule. This is 3 times the required
expression so you divide by 3.



In general:
. ff’(ax+b) dx:%f(ax+b) +c

Find the following integrals:

dx
3x+2

a Consider y = In(3x + 2)

b [(2x+3)dx

m You cannot use this method to

integrate an expression such as cos (2x2 + 3)
since it is not in the form f(ax + b).

d
B ey

di ™ Bx+ 2
1
5Of3x+2dX—3|n|3x+2| + ¢

b Consider y = (2x + 3)°
dy
S0—=5 X(2X+3}4X2

-

dx
=10 x (2x + 3)4

: ey A 5
S0 [(2x + 3)tdx = L(2x+3) + ¢

1

Integrate the following:

a sin2x+ 1) b 3e*

c 4de¥t? d cos(l-2x)
e cosec?3x f sec4xtandx

g 3sin (%x+ 1)

Find the following integrals.
a [(@-4sin(2x - D)dx

c f sec?2x(1 + sin2x)dx

e f(e3—-"+ sin(3 — x) + cos (3 — x))dx

Integrate the following:
1 i
% ol b 1)
¢ — gl e
1 - 4x (1 —4x)?

h sec?(2 -3

—

dx . - i
fo 2 s another way of writing fo T2

Integrating % gives In[x| so try [n (3x + 2).

Integration

dx

The 3 comes from the chain rule. It is 3 times the

required expression, so divide by 3.

To integrate (ax + b)" try (ax + b)"+1.

The 5 comes from the exponent and the 2 comes

from the chain rule.

This answer is 10 times the required expression,

so divide by 10.

@ For part a consider y = cos(2x + 1).

You do not need to write out this step once
you are confident with using this method.

i cosec2xcot2x

b [(ev+ 1)dx

o P

3 - ZCOSq)L
smzéx
3
2
c 2x+1) d T
3
3x +2)3 h ——
g Bx+2) (1= 2xp

j cos3x —sin3x
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4 Find the following integrals.

b 4 Sx -5 -
af(3sm(2x+1)+2x+l)dx b [(e%+ (1 - x)%) dx
1 1 1 5 1 )
€ f(sin22x TTex T+ 2x)2) & ¢ f((3x+ T 2)2) o
5 Evaluate:
. B ) T Ge . ns & 5
a L cos(m — 2x)dx b f G- 27()4 c L sec’(m — 3x)dx d fz 79y dx
6 Given y 2x — 6)2dx = 36, find the value of 5. (4 marks
3
. edx 1
7 Given L r T find the value of k. (4 marks)
8 Given [.“(1 - 7 sinkx)dx = (7 - 6/2), Problem-solving
P
find the exact value of k. (7 marks) Calculate the value of the indefinite integral in

terms of k and solve the resulting equation.

Challenge

Given f b

are mtegers wath 0 < a < 10, find two different
pairs of values for @ and b.

dx_—ln( ) and thata and b

@ Using trigonometric identities

= Trigonometric identities can be used to @ e T
mtegratie CEpECSHODNS: Th"r'. allows an standard trigonometric identities. The list of
expression that cannot be integrated to identities in the summary of Chapter 7 will be

be replaced by an identical expression useful. « page 196
that can be integrated.

Find ftan2 xdx

3 2y = 2
s SeE e s T e E You cannot integrate tan? x but you can integrate

[ sec?xdirectly.

tan?x = sec?x — 1

So ftanz Xaxi= f{sece x - 1)dx

= f53c2 J\‘ dx — f1 dx

Using @

=tanx —-x+c¢
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2 L
Show thatf sinxdx = 48 +—3

1-v2

Recall cos2x=1 - 2sin®x

So sinéx = 1§[T - cos2xl

20 f‘jsmex dxi= f_g(% - % cos 2_>c) dx

You cannot integrate sin®x directly. Use the

Integration

trigonometric identity to write it in terms of cos 2x.

Use the reverse chain rule. If y = sin 2x,

d

d_y = 2 cos2x. Adjust for the constant.
X

Substitute the limits into the integrated

[l e 21\] expression.
2 ol
s . i Problem-solving
(- o) - (-2 (3)
e 4 24 4 © You will save lots of time in your exam if you are
B (1 1(v2 ) (L l(l)) familiar with the exact values for trigonometric
~\16 g 24 4\2, functions given in radians.
- (1 B »*’_2)
= ( 16 24) 22 Write sin(i) in its rationalised denominator form,
5 ( ) 1-v2 e Lf_ This will make it easier to
48~ 48 & 2 V2
1 -5 simplify your fractions.
48 &
m This is a ‘show that’ question so
don't use your calculator to simplify the fractions.
Show each line of your working carefully.
S ET G o
Find:
a fsin 3xcos Ixdx b f(sec X + tan x)2dx

Remember sin24 = 2 sin 4 cos 4, so

a f5in 3xcos3xdx = f;—5in Gxdx

sin 6x = 2 sin 3x cos 3.x.

ot Sl ol
==X E;cof;6x+ 14 »—L
% cosGXx + ¢ Use the reverse chain rule.

b (secx + tanx)? L Simplify 3 x £ t0 15

sec?x + 2secxtanx + tanx

= sec®x + 2secxtanx + (secix — 1)
1

Multiply out the bracket.

= 2secx + 2secxtanx — 1

0
—

(secx + tanx)2dx

5 f(2 sec?x + 2secxtanx — 1)dx

L Write tan2x as secx — 1. Then all the terms are
standard integrals.

=2tanx + 2secx — X + ¢

Integrate each term using (6) and (9).
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Exercise @

1 Integtesthelollomns . m For part a, use 1 + cot?x = cosec?x.
a cot’x b cos®*x For part ¢, use sin24 = 2sin A cos 4,
¢ sin2xcos2x d (1 +sinx)? making a suitable substitution for 4.
e tan?3x f (cotx — cosecx)’ 1
- )2 o 2 G : s AR
g (sinx + cosx) h sin®xcos*x i ST i (cos2x-—1)
2 Find the following integrals.
l—smxdx b 1+‘cosxdx - fcostdx
Cos'x Sin-¥ COS X
cos2 x (1 +cos vc)2 s
d f T dx f Y f f(com — tan x)*dx
g f(cos x —sin x)?dx h f(cos x —secx)>dx i f %
3 Show that f;sin2 el ; d (4 marks)
4 Find the exact value of each of the following:
3 1 ) N 2 (1 +sinx)? ’C)z $ sin2x
a fﬁ sin?xcoszxd)L » f% (B =ieoseei)ud f costx we o ¥ 1 -sin?2x
5 a By expanding sin (3x + 2x) and sin (3x — 2x) using the double-angle formulae,
or otherwise, show that sin 5x + sin x = 2 sin 3x cos 2.x. (4 marks)
b Hence find fsin 3xcos2xdx (3 marks)
6 f(x)=S5sin?x + 7cos’x
a Show that f(x) = cos2x + 6. (3 marks)
b Hence, find the exact value of fu Ef(x) dx. (4 marks)
7 a Show that cos*x = %cos 4x + %cos 2x + % (4 marks)
b Hence find fcos“xdx. (4 marks)
(b9 Reverse chain rule
If a function can be written in the form kﬁ, you can integrate it using the reverse of the chain rule

for differentiation.

X)

AT o Problem-solving

Find If f(x) = 3 + 2 sin x, then f'(x) = 2 cos x.

By adjusting for the constant, the numerator is
the derivative of the denominator.

2x COS X
dx L f3+25inx
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b
Let I=|———4dx
g f,\‘e + 1
Consider y =In|x? +1] This is equal to the original integrand, so you
d don't need to adjust it.
Then - X 2x ’7 S
dx  x% +1
So I=In|x®+1]| +¢ Since integration is the reverse of differentiation.
COS X
b let . J‘3+25ln\
Let y=1In|3 + 2sinx| Try differentiating y = In|3 + 2 sin x|.
d_y T S x 2cosXx -—r
dx ~ 3+ 2sinx . The derivative of In|3 + 2 sin x| is twice the
S50 T 12|n |3 + 2sinx| + ¢ original integrand, so you need to divide it by 2.
= " .
To |:te§rate expressions of the form m T
fk f(( : dx, try In|f(x)| and differentiate integrate a function such as 21+ 5 because the
X

derivative of x2 + 3 is 2x, and the top of the

to check, and then adjust any constant.
fraction does not contain an x term.

You can use a similar method with functions of the form Af'(x)(f(x))".

Find:
a f3 cos xsin?xdx b fx(x2 + 5)3dx
: B
il T J‘3 o ’7 Try differentiating sin? x.
Consider y = sin®x This is equal to the original integrand, so you
dy don't need to adjust it.
P 3sin?xcosx ’7
dx
So I=sinPx+c¢
b Let I= fx(xz + 5)3dx ’— Try differentiating (x? + 5).

Thenlet  y = (x2 + 5)4

d The 2x comes from differentiating x* + 5.
e A =4(x® + 5)3 x 2x .—r

dx
This is 8 times the required expression so you

= Bxfx® +5)° divide by 8.

So I=5(x2+5)+c

= To integrate an expression of the form f kf'(x)(F(x))"dx, try (f(x))"* ! and differentiate to
check, and then adjust any constant.
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Use integration to find f

cosec? x
(2+cotx)?

2y
e J‘ cosec
(2 + cot x)®

let y = (2 + cotx)2

= 2(2 + cot x)~3 cosec?x

Sc I'= %{2 +cotx)2 + ¢

This is in the form fkf’ () (F(x))" dx with
f(x) =2 + cotxand n=-3.

dy Use the chain rule.
—-2(2 + cot x)™3 x (—cosec?x) »—I

This is 2 times the required answer so you need
to divide by 2.

Given that f;S tan xsec* xdx = 15 where 0 < 0 < % find the exact value of 6.

4

Llet I = f; 5tanxsect xdx

Let y = sec* x

dy .
— =4sec’x x secxtanx
dx
=4sectxtanx
Sl T
So = 4566 xo—4
3 4)_(2 4 )_E
(4586 7] 4586 E= 5
!
%56643—% %
3 g o 20
45ec f= 2
sectfl = 4

secl =+ 42

="

4

Exercise @

1 Integrate the following functions.

¥ o2x
x?+ 4 e> + 1
e cos 2x
(e + 1)} 3 +sin2x
g xe* h cos2x(1 + sin2x)*
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This is in the form fkf’ (x) (f(x))" dx with
f(x) =secxand n = 4.

This is % times the required answer so you need to
divide by ¢

Substitute the limits into the integrated expression.

1 1
seC0=——===1
cos0 1

Take the 4th root of both sides.

’ 1 Tw3r5
The solutionsto cosfl=+—are = ——, —, —, —
g 2 YA
The only solution within the given range for # is%

@ Check your solution by using

your calculator. %

m Decide carefully

whether each expression

X P
e + 4)> is in the form k——g}l or
sin 2x ' (x)(F(x))".

(3 + cos2x)?

i sec?xtanx i secZ2x (1 +tan?x)



2 Find the following integrals.
Jex+ D2+ 204 3y dx

=}

r]

fsin5 3xcos3xdx

2x
e
efl, dx
e +3

[ ]

3 Find the exact value of each of the following:

Jex+ v x+5dx

f sin X cos x
Jeos2x+3

3 e N TR
a [ (3x2+ 100)Vx7 + 537 + 9 dx

Cc

f:x;: 1 dx

=

f cosec?2x cot 2x dx

(="

f cos xesinrdy

[xe + 17 dx

2x+ 1
Vx2+x+5 7

—

fsinxcosx .
cos2x+3

b & 6sin3x
T x
5 1 —-cos3x
i
d fo seclyettanx dy

4 Given that fukkxzex"dx = %(e8 — 1), find the value of k.

® 5 Given that f:}4 sin2xcos*2xdx = % where 0 < § < 7, find the exact value of 0.
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- COS X
By writing cot x = —
sin x

, find fcot xdx.

b Show that ftan xdx = In|sec x| + c.

@ Integration by substitution

= Sometimes you can simplify an integral by changing the variable. The process is similar to

using the chain rule in differentiation and is called integration by substitution.

In your exam you will often be told which substitution to use.

Find [xv2x + 5 dx using the substitutions:

au=2x+95

a let I=|x/2x+ 5dx

let u=2x+5

50%—2

b u?=2x+5

dx

So dx can be replaced by % du.

V2x + 5 =Vu=u?

e M—10)

- 2

Integration

(3 marks)

(2 marks)

(3 marks)

You need to replace each ‘X’ term with a
corresponding ‘u’ term. Start by finding the

relationship between dx and du.

So dx =3 du.

Next rewrite the function in terms of u = 2x + 5.

Rearrange u = 2x + 5to get 2x = u — 5 and hence

u—>5
2
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So 1= f( =3 )u"l: x %du Rewrite 7 in terms of u and simplify.

2
= f%{u - 5Ju§du

= f%{a% = 5ufJ du
B Multiply out the brackets and integrate using

o s P Su? cps rules from your Year 1 book. ¢ Year 1, Chapter 13

475 443
2 2

w o Su S

E b gt T Simplify.
@ -ue i s
2x + 5)° 2x + :

Sol= ( ’C1O L >c6 2) +c Finally rewrite the answer in terms of x.
b Let 7= fx\-"'2x + 5dx First find the relationship between dx and du.
u?=2x+5
oy 4 _ 5 Using implicit differentiation, cancel 2 and
dx ~ rearrange to get dx = udu.

So replace dx with udu.

V2x+5 =u
T u> -5 Rewrite the integrand in terms of «. You will need
- to make x the subject of u2 = 2x + 5.
2
So sz(u 25)uxudu
ut  Su? ) .

= I(E e ) du Multiply out the brackets and integrate.

-

e e

2x+5) 5(2x+5)

So I= ( 0 . c ) Rewrite answer in terms of x.

Use the substitution # = sin x + 1 to find

fcosxsin x(1 +sinx)*dx

Let = chS xeinx (1 + sinx)®dx First replace the dx.

Let u=sinx +1
du . cos x appears in the integrand, so you can write
o = CO5)

dx this as du = cos x dx and substitute.

So substitute cos x dx with dit.
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(sinx + 1)° = 1{3—‘

Integration

Use u = sin x + 1 to substitute for the remaining

sinx =u—1 J

terms, rearranging where required to get
sinx=u—1.

So = f(u — Du® du

= f(u‘* - ) du—‘

L Rewrite Iin terms of u.

_ﬁ_a_4+c J
-

So < (sinx + 1)° _(sinx + 13 et

5 4
Example @

1 .
Prove thatf N dx = arcsinx + c.

| Multiply out the brackets and integrate in the
usual way.

Problem-solving

Although it looks different, fsian(l + sinx)? dx
can be integrated in exactly the same way.
Remember sin2x = 2 sinx cosx, so the above
integral would just need adjusting by a factor of 2.

s J‘ 1 d This substitution is not obvious at first. Think
= T x2 o how the integral will be transformed by using
Let X = sind ’7 trigonometric identities. « Chapter 7
X e 0 dx
S ee= L The substitution is in the form x = f(@), so find i

So replace dx with cosf df.

to work out the relationship between dx and dé.

1
I=|— #do
f\-"? — sin?f coskd

-

Make the substitution, and replace dx with cosé dé.

= f* cosf dbf

Vecos2d

1
= fcosﬁ cosf df

= [1a0=0+c

X = sinfl = 0 = arcsinx

-

Remember sin4 + cos?4 =1

Remember to use your substitution to write the

So [=arcsinx +¢

Use integration by substitution to evaluate:

a f;x(x + 1)3dx b f;cos xv/1 +sinxdx

Xix -+ A
Let Uu=x+

du _

dx_1

final answer in terms of x, not 6.

m If you use integration by substitution

to evaluate a definite integral, you have to be
careful of whether your limits are x values or u
values. You can use a table to keep track.
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so replace dx with du and replace (x + 1)°

Replace each term in x with a term in « in the
usual way.

Change the limits. Whenx =2, u=2+1=3 and

with 3, and x with u = 1.
X u
2 3
0] 1

whenx =0, u=1.

SoI= [ (u— 1 du
= La(tﬂ - u?)du

Note that the new u limits replace their
corresponding x limits.

_ |t

5 4

»

L Multiply out and integrate. Remember there is no
need for a constant of integration with definite
integrals.

o (Bae olpe I 0
'( B 4)'(5'4)
=484 - 20 =264 The integral can now be evaluated using the

b foicos X1 + sinx dx

limits for u without having to change back into x.

: du
u=1+snx=> P cos x, so replace

cos x dx with du and replace V1 + sinx with

u-.

L Useu=1+sinx.

Remember that limits for integrals involving

& trigonometric functions will always be in radians.
T ’7 x=2meansu=1+1=2andx=0means
2|2 .
u=1+0=1.
0 1
2l
Sol= f] u® du Rewrite the integral in terms of u.
372
= [5],

Exercise @

1 Use the substitutions given to find:

a fx\/l +xdx;u=1+x
c fsin%cdx; U = COSX

e fseczxtanx\x'l +tanxdx;u?=1+tanx

L Remember that 2° = 8 = 2/2.

Problem-solving

You could also convert the integral back into a
function of x and use the original limits.

1 +sinx p

b |=osx dxu=sinx
— - dx;u=vx
Vx(x —4)

f [sec*xdx;u=tanx

2 Use the substitutions given to find the exact values of:

a f;x\fx+4dx;u=x+4

T

c fn'sinx\f'Scosx + 1dx;u=cosx

3 —s
d fn secxtanxvsecx + 2 dx; u =secx
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b fnzx(2+x)3dx; u=2+x

4 dx
e | E(4x-1);“=‘/§



EP) 8

EP) 9

Integration

By choosing a suitable substitution, find:

* Vx2+ 4
a [x(3+2x)dx b |——dx ¢ dx
f ( ) f\a‘ I +x f :
By choosing a suitable substitution, find the exact values of:
T 5 1 ) 3 sin 26
a fzxv2+di b L—1+\fﬁm c f0—1+c059d9
Using the substitution #? = 4x + 1, or otherwise, find the exact value of 620 J48x : dx. (8 marks)
X+
5 i 4 e a
Use the substitution #? = e¥ — 2 to show that iy =) dx = A + cInd, where a, b, ¢
and d are integers to be found. (7 marks)
1
Prove that — f ——=dx = arccos x + c. (5 marks)
V1= x2

Use the substitution # = cos x to show ) )
Use exact trigonometric values to

x

f;sirpx cos2x dx = % (7 marks) change the limits in x to limits in u.
3
Using a suitable trigonometric substitution for x, find |,* x%/1 — x2dx. (8 marks)

1
3

Challenge

By using a substitution of the form x = k sin &, show that

1 b V9 —x2
fxa

\"9—){2 Gl 9x

giiiE

@ Integration by parts

You can rearrange the product rule for differentiation: D
d ] ,% functions of x. & Section 9.4
(W) =u—+v
d> dx
ME - (uv) - vgti
dx dx d

du

uﬁdxzfi(uv)dx— v—dx
X

dx dx

Differentiating a function and then integrating it leaves the original function unchanged.

So, f;l—x (uv) dx = uv.

du

. a . : dv
= This method is called integration by parts. f "ﬁ dx=uv- |v o dx

To use integration by parts you need to write the function you are integrating in the form u?

X

dv

You will have to choose what to set as # and what to set as —

dx
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Find [xcosxdx

let I= fx cos x dx

= du _
Hi=iX =>dx_1—‘

dv :
—— =COo5X = V=5nNXx
dx

USing the integration by parts formula:

I=xsinx - f5‘mx X 1d%

=Xs5nX+cosx +c¢

Find [x?lnxdx

let I= |x%lnxdx

N du _ 1
u=Inx :dx_-’c—|
av _ ]_,\‘3J
dx X TVE3

3 3
Iz%lnx—f%xj—(dx
:%lnx— %ddx
—X—Blnr—£+c

3 =

Problem-solving

For expressions like x cos x, x%sin x and x%e* let u
equal the x" term. When the expression involves
Inx, for example x?In x, let # equal the [n x term.

Letu:xand£=cosx.
X

Find expressions for u, v, g_u and dv

o dx

Take care to differentiate u but integrate ?
X

|_ Notice that v% dx is a simpler integral than
X

Since there is a ln x term, let & = ln x and g—; = x2

du dv

Find expressions for u, v, — and —
I P e dx dx

Take care to differentiate u but integrate %

— Apply the integration by parts formula.

s du
L Simplify the v=—= term.
implify evdx erm

It is sometimes necessary to use integration by parts twice, as shown in the following example.

Find |x%evdx

let [I= fxze-" dx

du
— = -
U=x o 2,\—|
%:e":)v:e-" J
So [I=x% - f2_>ce"dx
2 du _
W=s2X = F i 2
% =¢t=>v=e"
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There is no ln x term, so let u = x2 and g_v =
X

Find expressions for u, v, gu and dv

dx dx

Take care to differentiate u but integrate ?
X

Apply the integration by parts formula.

Notice that this integral is simpler than 7 but
still not one you can write down. It has a similar
structure to 7 and so you can use integration by

N dv
arts again with 4 = 2xand — =e".
p g ithu=2x e (=



So = x%* - (2xe-" - f2e-"dx)

= x%e* — 2xe* + f2e"dx

xZer — 2xet + 2e¥ + ¢

2 . . .
Evaluate f : In x dx, leaving your answer in terms of natural logarithms.

Letf:ffmxdx =f]2|nxx 1dx —L

then u =

Integration

Apply the integration by parts formula for a
second time.

Write the expression to be integrated as Inx x 1,

dv
Inxand i 1k

Remember if an expression involves In x you

In x.

Apply limits to the uy term and the fvg}fdx term

X

Evaluate the limits on uv and remember n1=0.

Uu=Inx = du _ i
dx ~ X
dv should always set u =
e =] =:pi=x
2 = 1 .

I=[xinx]; - f1 X X 5dx Problem-solving

=(2In2) - (1h1) - [ e |

] separately.

= 2In2 - [x]?

=2h2-(2-1)

=2In2 =1

Exercise @

1

Find the following integrals.

a fxsinxdx b fxe"dx c fxseczxdx

X
d fxsecxtanxdx e f_2
sin? x

Find the following integrals.
a f3lnxdx b fxlnxdx c

d [(nx2dx

In x

——idx
x3

e f(x2 + DInxdx

Find the following integrals.

a fxze—xdx b fzcosxdx c f12x2(3+2x)5dx

Evaluate the following:
In2 z .
a fo xeXdx b fo‘xsmxdx

e f0]4x(1+x)3dx  § f;xcos%xdx

a |
g J

m You will need to use these

standard results. In your exam they will
be given in the formulae booklet:

. ftanxdx:ln|secx|+c
. fsecxdx=1n|secx+tanx|+c
. fcotxdx:ln|sinx|+c

. fcosecxdx = —In|cosec x + cot x| + ¢

d f2x2 sin2xdx e foz sectxtan xdx

ral=

xcosxdx d f:ln—xdx

-'I‘-{

sin x In (sec x) dx
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® 5 a Use integration by parts to find | xcos4xdx. (3 marks)

b Use your answer to part a to find | x?sin 4x dx. (3 marks)

(E/P) 6 a Find [/8—xdx. (2 marks)
b Using integration by parts, or otherwise, show that

Jor-2V8=xdx=-28 - ¥ + 2+ ¢ (6 marks)

¢ Hence find f:(x - 2)/8 — x dx. (2 marks)

7 a Find [sec?3xdx. (3 marks)

b Using integration by parts, or otherwise, find f xsec?3x dx. (6 marks)

¢ Hence show that f_fx sec?3x dx = pw — ¢In 3, finding the exact values of the
constants p and ¢. (4 marks)

@ Partial fractions

= Partial fractions can be used to integrate algebraic fractions.

Using partial fractions enables an expression that looks Make sure you are confident
hard to integrate to be transformed into two or more expressing algebraic fractions as
expressions that are easier to integrate. partial fractions « Chapter 1

Use partial fractions to find the following integrals.

x-35 8x2—19x + 1 2
f(x+1)(x—2)dx 2xr D -2 ¢ f]-xzdx

x-5 __ 4 B Split the expression to be integrated into partial
? =g »+l x-2 fractions.

Sox—-5=A(x-2)+ B(x + 1)

letx=-1: -E=A4(-3)s0A4=2
Let x = =1 and 2.
letx=2: -3=B(3)soB=-1

So f(i_ dx Rewrite the integral and integrate each term as in

%+ llx—2) « Section 11.2
=f(\‘-2|-1 _)(12)61)c
§ Remember to use the modulus when using In in
=2h|lx+1] —-Inlx=-2| +¢ integration.
(x + 1)?
= o [ 2 The answer could be left in this form, but

sometimes you may be asked to combine the In
terms using the rules of logarithms.
<« Year 1, Chapter 14
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Integration

| 8x2 — 19x + 1 L— It is sometimes useful to label the integral as 1.
biletl=| —=—————dx
(2x + 1)(x — 2)7
Ext gy B C Remember the partial fraction form for a
Cx+1x-22" 2x+1 i (x — 2)2 ki X=2 repeated factor in the denominator.

X2 = 19x +1=A(x -2+ B2x + 1) +
C2x+ 1)(x - 2)

let x=2:-5=0+5B+0s0 B=-1

let x=—5: 125 =24+0+0s04=2

stwam e =44 LB - 090 Rewrite the intergral using the partial fractions.

Note that using I saves copying the question again.
Sar ]ef=lsdlan (=5 g pying the g g

2 1 3 ] .. = -
= = : Don't f t to divide by 2 wh t t
! f(gx i =) v 2) dx on't forget to divide by 2 when integrating

X 1 and remember that the integral of
=%hl2x +1] + —5 +3In|x - 2| + ¢ ——— 2x+1

does not involve [n.

=in|2x+ 1] +——+ In|x= 2|2 + ¢ (x -2y
x -2
=1In|(2x + 1)(x - 23| + = i St Simplify using the laws of logarithms.
2 e
c let szT _xed,\
=5 2 i S Remember that 1 — x? can be factorised using
1—2f (0-x(1+x} 1-x 1+x the difference of two squares.

2=A01 + x)+ B(1 = x)
let x=—-1then2=2Bs0c B=1
let x=1then2=24350A4 =1

So 1:f(11X+T_1x)d.>lc

=l +x| —In|1-x| +¢

Rewrite the integral using the partial fractions.

Notice the minus sign that comes from

~| +c integratin
x‘ g g 1-x

When the degree of the polynomial in the numerator is greater than or equal to the degree of the
denominator, it is necessary to first divide the numerator by the denominator.

25
Find f —9"9 g,

x2—4
.
ot 7o [2EBx¥2
9x? - 4 First divide the numerator by 9x? — 4.
1
9x% — 4)9x% - 3x + 2—‘ 9x2 + 9x2 gives 1, 50 put this on top and subtract
% -4 1 x (9x2 — 4). This leaves a remainder of —3x + 6.
-3x+ 6
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50 f:f(1 +§X2__3:)dx

6-3x _ A4 = B Factorise 9x? — 4 and then split into partial
9x2 -4~ 3x-2 3x+2 fractions.

Let x = -5 then 8 = ~4B s0 B = -2

let x =2 then 4 =44 50 4 = 1

B 1 2 — Rewrite the integral using the partial fractions.
So I—f(1 + Cr oy 2)dx

-’ 1
=x+%|n|3x— 2] —%|n|3x+ 2 | aicmlt= Integrate and don't forget the 5

1 x=-2
=x+ _—In‘ﬁ Simplify using the laws of logarithms.

37 (3x + 2)2

Exercise @

1 Use partial fractions to integrate the following:
a Ix+5 Ix-1 . 2x-6 d 3
(x+ D(x+2) 2x+1)(x=-2) (x+3)(x=-1) 2+x)(1=-x)

2 Find the following integrals.
2(x2+3x-1 3 2 2 )
( ) fx +2x2 + 2 cf X dfx +x+2

A 1) ST o D
4 1
L o o e
a Given that f(x) = = + B , find the value of the constants 4 and B. (3 marks)
2x+1  1-2x
b Hence find ff(x) dx, writing your answer as a single logarithm. (4 marks)

2
¢ Find f1 f(x) dx, giving your answer in the form Ink where k is a rational constant. (2 marks)

17 - 5x 3
4 f(x)_(3+2x](2_x]2,—2<x<2.

a Express f(x) in partial fractions. (4 marks)
L 17—5% e .
b Hence find the exact value of fo B3+ 200 - 22 dx, writing your answer in the form
a + Inb, where a and b are constants to be found. (5 marks)

Ox2+4 2
5 f(x)=9x2_4:x=:t§
a Given thatf(x)=4 + B C

=0 ' it

b Hence find the exact value of Problem-solving

1042
f_i M dx, writing your answer in the Simplify the integral as much as possible before
:9x° -4 substituting your limits.

> find the values of the constants 4, Band C. (4 marks)

form a + b Inc, where a, b and ¢ are
rational numbers to be found. (5 marks)
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6+3x—x2
6 f)=""7"—~x>0

a Express f(x) in partial fractions. (4 marks)
— 2
b Hence find the exact value of %dx writing your answer in the form a + Inb,
where a and b are rational numbers to be found. (5 marks)
32x2+4 B C
e D=1 el A=
a Find the value of the constants A, B and C. (4 marks)
b Hence find the exact value of f 2 dx writing your answer in the form
4x+1)dx-1)
2 + k Inm , giving the values of the rational constants k and m. (5 marks)

@ Finding areas

You need to be able to use the integration techniques from this chapter to find areas under curves.

Example
9

The diagram shows part of the curve y =

V4 + 3x VA + 3%

The region R is bounded by the curve, the x-axis
and the lines x = 0 and x = 4, as shown in the
diagram. Use integration to find the area of R.

Area = f dx

ZE 3 % Use the chain rule in reverse. If y = (4 + 3x)3,

" -z d

= 9fo (4 +3x) “dx ’7 d—y 1(4 +3x) - Adjust for the constant.
174 v

= 6[(4 + 3.’c)z]o

= 6((4 LA 4)'-.'5 SRR OJé) — Substitute the limits.

= 6(/16 - V4)
=12 I

You don't need to give units when finding areas
under graphs in pure maths.

= The area bounded by two curves can be found using integration:
Areaof R = Lb (F(x) — g(x))dx = Lbf(x)dx - ng(x)dx

fx)

&) m You can only use this formula if the

two curves do not intersect between ¢ and b.

=Y
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The diagram shows part of the curves y = f(x) and y = g(x),

where f(x) = sin 2x and g(x) = sin xcos?x, 0 = x < %

The region R is bounded by the two curves. Use integration to

find the area of R.

Area = [!(x) = g(x)) dx

= f;{sin 2x — sinxcos?x) dx

ol It 3]
. [—2c052x+ 3 COS7X|

=(-2-N+50) - -z +3) =5

You can use integration to find the area under a curve
defined by parametric equations. It is often easier to

integrate with respect to the parameter.

The curve C has parametric equations

x=t(1+t),y:#,t20

Find the exact area of the region R, bounded by

C, the x-axis and the lines x = 0 and x = 2.

question.

@ Explore the area between

two curves using technology.

Ly

Ly

y=1x)

R y=gx)

SIER
=y

— The region R is bounded by two curves.

Substitute the limits and functions given in the

Links JN=e parametric curve, x

and y are given as functions of a
parameter, f.

« Chapter 8

(0]

]
=Y

Use a change of variable to write the integral in

Area = fy dx = fy%di

= dx _
x—.'(T+!J,sod!—1+2t
Whenx=0,f(1 + 1) =0,s0t=0Qort= -1
Whenx =2, {1+ =2

r+t—-2=0

(t+2)t—1)=0,50t=—-2ort=1

1 dx 1.
So Area = fo J"a dt = - m('] + 21) dt

terms of the parameter, . Using the chain rule,

L you can replace dx with ({jj—f dr.
x=t+1

m You will be integrating with respect

to 7 50 you need to convert the limits from values
of x to values of t. Use the parametric equation

=fo1(2w 1 41- :.]d!

=[2t—In 11 + ¢II}

=2-mn2)—(O=—=1In1)

=2 =2
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for x, and choose solutions that are within the

domain of the parameter, t = 0.

1+ 21
1+¢

Write

in the form 4 +

1+1¢

Dividing 27 + 1 by ¢ + 1 gives 2 with remainder -1.



Exercise @

1 Find the area of the finite region R bounded by the curve with equation y = f(x), the x-axis and
the lines x = @ and x = b.

2 Find the exact area of the finite region bounded by the curve y = f(x), the x-axis and the lines

a f(x)= ca=0,b=1 bif(x)=seca=0b=

n
1 +x 3
b=

d f(x)=secxtanx;a=0,b= e f(x)=xvd-x%a=0, 2

T
4

x =a and x = b where:
dx -1 X

af(x)zm;azo,b=2 |.‘)f(x)=(x+1)2

c f(x)zxsinx;az(),b:%

e [(x)=xe*ag=0.b=In2

The diagram shows a sketch of the curve with equation, y = f(x),
_4xs3

(x+2)2x-1y " "2

Find the area of the shaded region bounded by the curve,

the x-axis and the lines x =1 and x = 2. (7 marks)

where f(x) =

uy
The diagram shows a sketch of the curve with equation y = f(x),

where f(x) = e%5* + lr x>0.

Find the area of the shaded region bounded by the curve, the

d f(x)=cosxv2sinx+1;a=0,b=

Integration

¢ fix)=lhx;a=1,6=2

“a=10,:b=2

x-axis and the lines x =2 and x = 4. (7 marks)
0
The diagram shows a sketch of the curve with equation
y = g(x), where g(x) = xsin x. YA
a Write down the coordinates of points
A, Band C.
b Find the area of the shaded region. &

m Find the area of each region

separately and then add the answers. Remember
areas cannot be negative, so take the absolute
value of any negative area.

=Y
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¢ diagram shows a sketch ot the curve with equation y = x-In x.
(E/P) 6 The diagram sh ketch of th ith equation y = x21

The shaded region is bounded by the curve, the x-axis and
the line x = 2.

a Use integration by parts to find |x2In xdx. (3 marks)
b Hence find the exact area of the shaded region, giving your

answer in the form Z(.cr In2 + b), where ¢ and b

are integers. : (5 marks)

a Find the coordinates of the points 4, B, Cand D. (3 marks)
b Use a suitable substitution to find

(5 marks)

¢ Show that the regions R, and R, have the same area,
and find the exact value of this area in the form
Va , where a is a positive integer to be found.

f3 cosxvsinx + [ dx

(3 marks)

f(x) = x2 and g(x) = 3x — x2

Y

y=x"Inx

=Y

e

The diagram shows a sketch of the curve with equation y = 3cos xvsinx + 1.

VA

D y=3cosxysinx + 1

R
B

A

=Y

\ 4

a On the same axes, sketch the graphs of y = f(x) and y = g(x), and find the coordinates of any

points of intersection of the two curves.

b Find the area of the finite region bounded by the two curves.

a

VY

@

Find the coordinates of the points

A, Band C. (2 marks)

Find the area of region R, in the form

= b B
avl3 + = where a, b and ¢ are integers

to be found. (4 marks)

The diagram shows a sketch of part of the curves with equations y =2cosx + 2 and y = —=2cos x + 4.

y=-2cosx +4

y=2cosx +2

Show that the ratio of R,: R, can be

expressed as (3v3 + 27) : (3/3 — 7). (5 marks)

® 10 The diagrams show the curves y =sinf, 0 = § = 2w and y =sin26, 0 = 0 < 27.

By choosing suitable limits, show that the total shaded area in the first diagram is equal to the
total shaded area in the second diagram, and state the exact value of this shaded area.

VA
1

VA

y=sinf 1

/\y =sin20
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® 11 The diagram shows parts of the graphs of y = sin x and y = cos x.

a Find the coordinates of point 4.

b Find the areas of:
i R ii R, iii R

¢ Show that the ratio of areas R, : R, can be
written as v2 : 2.

Integration

® 12 The curve C has parametric equations x = £3, y = £2, t = 0. Show that the exact area of the
region bounded by the curve, the x-axis and the lines x = 0 and x = 4 is k V2, where k is a

rational constant to be found.

13 The curve C has parametric equations

F - T
x=smt,y=stt,O£ts§

The finite region R is bounded by the curve and the x-axis.
Find the exact area of R. (6 marks)

14 This graph shows part of the curve C with
parametric equations x = (¢ + 1)2, y = %ﬁ g3 pee—]

P is the point on the curve where 7 = 2.
The line S is the normal to C at P.

a Find an equation of S. (5 marks)
The shaded region R is bounded by C, S, the x-axis
and the line with equation x = 1.

b Using integration, find the area of R. (5 marks)

Challenge

The diagram shows the curves y=sin2xand y=cosx, 0 = x = —E

VA
14 -y =sin2x
) = cosx
0 i x
&

Find the exact value of the total shaded area on the diagram.

Y

=Y

=Y
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@ The trapezium rule

If you cannot integrate a function algebraically, you can use a numerical method to approximate the

area beneath a curve.
VA

Consider the curve y = f(x): /\/J’ =fx)

A |

0| a b

2

To approximate the area given by f:y dx, you can divide e

the area up into n equal strips. Each strip will be of width 7, =@ .
where!z:b;a 100

=Y

Next you calculate the value of y for each value of x that forms a m R
boundary of one of the strips. So you find yforx =a, x=a + h,
xX=a+2h, x=a+3handsoonuptox=h.

You can label these values yg, v1, o, V3 v s Ve

there will be n + 1 values of x
and n + 1 values of y.

VA

/]

Do v iva | Yacal

=Y

Ol a b
Finally you join adjacent points to form n trapezia and approximate the original area by the sum of
the areas of these n trapeziums.

You may recall from GCSE maths that the area of a trapezium like this: /

is given by %(y0 + y1)h. The required area under the curve is yli
therefore given by: o

f:y dx = 5h(yo + y1) + (1 + 32 + o+ 3h(pu_1 + 1) 7
Factorising gives:
[Py dx = Lh(yo + y1+ 14 Yo+ Do 4 i1+ Va1 + 1)
or f:ydx =~ %h(yo +2000 4+ Yo V) 00

This formula is given in the formula booklet but you will need to know how to use it.
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= The trapezium rule:

b
Lydx:: %h(yo + z(yi. +y2 . +yn-1) +yn)

b-a
n

The diagram shows a sketch of the curve y = sec x. The finite region R
w

3

The table shows the corresponding values of x and y for y = secx.

where i = and y; = f(a + ih)

is bounded by the curve, the x-axis, the y-axis and the line x =

m

X 0 1
y 1 1.035

5 T
6 4

o | w3

D

a Complete the table with the values of y corresponding to x = 6

to 3 decimal places.

Integration

y=secx

=Y

T

m AR
and x = 2 &iving your answers

b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate for

the area of R, giving your answer to 2 decimal places.

¢ Explain with a reason whether your estimate in part b will be an underestimate or an

overestimate.
a 586% = 1 e 1455
COSE
586% = 1 i 1.414
COSZ
w i vig T
x|lo|ls | 2| 2 | 3
12 6 4 3 the formula.
2

=

4

y | 1 1035|1155 | 1.

Substitute & = -— and the five y-values into

il Lb} dx = Th(yo + 20 + o oo + Yu_ ) + 3, @ Explore under- and over- O

]
™

I~ %(12)“ +2(1.035 + 1.155 + 1.414) + 2) rule, using GeoGebra.
w

= 1336224 075..... = 1.34 (2 dp) RESDIEIL SOlviiR

If f(x) is convex on the interval

¢ The answer would be an overestimate. The graph [a, b] then the trapezium rule
is convex so the lines connecting two endpoints will give an overestimate for
would be above the curve, giving a greater fbf(x) dx. If it is concave then it

answer than the real answer

will give an underestimate.

estimation when using the trapezium

« Section 9.9
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Exercise @

\1

@ 1 The diagram shows a sketch of the curve with equation y =v1 + tanx, 0 = x < E

VA
y=VI+tanx

=Y

a Complete the table with the values for y corresponding to x = % and x = %
T, it il K8
* | Y . 6 4 3
y 1 1.2559 1.6529

Given that [ = fos V1 + tanx dx,

b use the trapezium rule:

(1 mark)

i with the values of yat x =0, — T and = to find an approximate value for /, giving your answer

"6 3
to 4 significant figures; (3 marks)
ii with the values of y at x =0, %, % %and — to find an approximate value for [, giving your
answer to 4 significant figures. (3 marks)
2 The diagram shows the region R bounded by the x-axis and the g
56 = ™ /= COS%
curve with equation y = cos o El =0= =5
The table shows corresponding values of ¢ and y for y = cos % R
ot | el T 1L
o 510710 % | 10| 3 .
;,_ 0 r 0
y 0 1 0 -z I
a Complete the table giving the missing values for y to 4 decimal places. (1 mark)
b Using the trapezium rule, with all the values for y in the completed table, find an
approximation for the area of R, giving your answer to 3 decimal places. (4 marks)
¢ State, with a reason, whether your approximation in part b is an underestimate or
an overestimate. (1 mark)
d Use integration to find the exact area of R. (3 marks)
e Calculate the percentage error in your answer in part b. (2 marks)
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® 3 The diagram shows a sketch of the curve with equation y =

Integration

ver+ 1
The shaded region R is bounded by the curve, the x-axis, the y-axis and the line x = 2.
a Complete the table giving values of y to 3 decimal VA
places. (2 marks)

b Use the trapezium rule, with all the values from your

The diagram shows the curve with equation y=(x = 2)Inx+ 1, x>0. y,

a

Given that I = f (x=2)Inx + 1) dx,

b

x 0 0.5 1 145 2
¥y 0.707 | 0.614 | 0.519 0.345

table, to estimate the area of the region R, giving
your answer to 2 decimal places. (4 marks)

=Y

y=(x=-2)nx+1

Complete the table with the values of y corresponding to
x=2and x =2.5. (1 mark)
x 1 1.3 2 2.5 3
y 1 0.7973 2.0986

use the trapezium rule

i with values of y at x =1, 2 and 3 to find an approximate value for /, giving your

answer to 4 significant figures. (3 marks)
ii with values of yat x =1, 1.5, 2, 2.5 and 3 to find another approximate value for 7,

giving your answer to 4 significant figures. (3 marks)
Use the diagram to explain why an increase in the number of values improves the
accuracy of the approximation. (1 mark)
Show by integration, that the exact value of f[(x - 2)nx+ 1)dxis — %ln 3+4. (6 marks)

The diagram shows the curve with equation y = xv2 - x, 0 = x = 2.

a Complete the table with the value of y corresponding YA
to.x=1:5: (1 mark) ST
x 0 0.5 1 1.5 2
0 0.6124 1 0
J R
: 2 0
Given that [ = fn xv2 - xdx,
b use the trapezium rule with four strips to find an 0 2 7
approximate value for /, giving your answer to 4 significant figures. (5 marks)
¢ By using an appropriate substitution, or otherwise, find the exact value of F xv2 = xdx,
leaving your answer in the form 29p, where p and ¢ are rational constants. (4 marks)
d Calculate the percentage error of the approximation in part b. (2 marks)
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6 The diagram shows part of the curve with equation VA
S s
(x=3)2x+1) ERCEE TPy
a Show that the coordinates of point A are (% 0). (1 mark)
b Complete the table with the value of y corresponding to
x = 0.75. Give your answer to 4 decimal places. (1 mark) b . S
1 X
x 0 0.25 0.5 075 I 1.25
y 1.6667 | 0.9697 | 0.6 0.1667 0
i 4x-5

Given that 7= |

Cc

d

€

b = 3x s )P
use the trapezium rule with values of y at x =0, 0.25, 0.5, 0.75, 1 and 1.25 to find an

approximate value for 7, giving your answer to 4 significant figures. (3 marks)
; i 4x-5 g . a

Find the exact value of 4 —(x T3)2x+ D) dx, giving your answer in the form In (b) (4 marks)

Calculate the percentage error of the approximation in part c. (2 marks)

71=] }e /2w gy

a

Given that y = e">*!, complete the table of values of y corresponding to x = 0.5,

1 and 1.5. (2 marks)
x 0 0.5 1 1.5 2 2.5 3
y 27183 9.3565 | 11.5824 | 14.0940
Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate
for the original integral, /, giving your answer to 4 significant figures. (3 marks)

o e b
Use the substitution 7 = v2x + 1 to show that / may be expressed as L kte'dt,

giving the values of the constants «, b and k. (5 marks)
Use integration by parts to evaluate this integral, and hence find the value of 7 correct
to 4 significant figures. (4 marks)

m Solving differential equations

Integration can be used to solve differential m FTS T —————
EatiEtions. meSidapteryeuiiselEsHonsr contains nothing higher than a first order
differential equations by separating the variables. d
| Id_V o yeP e derivative, for example d_y o=
X
= When F f(x)g(y) you can write differential equation would have a term that
f .8 d f(x)d contains a second order derivative, for
y = f x)dx -
g(y) ¥

examplew

The solution to a differential equation will be a function.

When you integrate to solve a differential equation you still need to include a constant of integration.
This gives the general solution to the differential equation. It represents a family of solutions, all
with different constants. Each of these solutions satisfies the original differential equation.
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Integration

dv
For the first order differential equation -i =12x?% - 1, the general solution is y = 4x° - x + ¢,

ory=x@2x-1)2x+ 1) +c. dx

Each of these curves represents a particular
solution of the differential equation, for different
values of the constant c. Together, the curves
form a family of solutions.

S Ty \/ Y 0
/_—‘l\ m Explore families of solutions
=21

using technology. ‘ann

dv

Find a general solution to the differential equation (1 + xz)d—i_ =xtany.

L tany Write the equation in the form oy fx)g(y)
dx ~ 1+x2 ) : quation| dx *g0)-
1 X
dy = dax
f tany Y f 1+2% \_ Now separate the variables:
| X 1
tydy = dx —dy =f(x)dx
fco; * f’l+x2 g(V)y
In|siny| = ZIn[1 +x2| + ¢
1 u t o
or In|siny| =3In|1+ x2| + Ink S‘ecoy_tany
In|siny| = In|k/1 + x2|
fcotxdx: In|sin x| + ¢

50 siny = k1 + x2 ‘

Don't forget the +¢ which can be written as In k.
Finally remove the In. Sometimes you might be

asked to give your answer in the form y = f(x).
This question did not specify that so it is
acceptable to give the answer in this form.

— Combining logs.

Sometimes you are interested in one specific solution to a differential equation. You can find a
particular solution to a first-order differential equation if you know one point on the curve.
This is sometimes called a boundary condition.

Find the particular solution to the differential equation m Teor
d_y _ -3(-2) condition in this question is
dx  Q2x+D(x+2) that x =1 when y = 4.

given that x = 1 when y = 4, Leave your answer in the form y = f(x).
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}--2 ¢.an f(2,\+1(x+2)
e _ 4 B

First separate the variables. Make sure the
t function on the left-hand side is in terms of y
only, and the function on the right-hand side is in
terms of x only.

Exs N L2 2ZxE g (x + 2)
-3 =A(x+2)+ B(2x + 1)

T R CEL s B Convert the fraction on the RHS to partial
fractions.
let x = —3 -3=34 s0 A=-2
So
1 1 2
fﬁ dy f(m Gy T) dx Rewrite the integral using the partial fractions.

In|y = 2] =In|x + 2| —In|2x + 1| + nk————— Integrate and use +In k instead of +c.

kix + 2)
Injy = 2] =1n W‘ Combine In terms.
x+2
Pt _;((2 +1) Remove In.
4-2= k(“:_%):>k=2 L Use the condition x = 1 when y = 4 by

substituting these values into the general

X+ 2 R )
So y=2+ 2(2,\‘ ) ) solution and solving to find k.
y=3+ > t3+ 1 Substitute k = 2 and write the answer in the form

v = f(x) as requested.

Exercise @

1

Find general solutions to the following differential equations. Give your answers in the
form y = f(x).
dy
=(1+p)(1-2x) b a—ytana
2 _ o L y
€ COos™x ;== prsiniy ddx 2e

Find particular solutions to the following differential equations using the given boundary
conditions.
dy by dy T
S LT oo T i 3
a dx_smxcos)L,y_(}l,x_3 bdx sec2x secy; y = Ox_4
dy dy cosy
c achoszycoszx;y—Z,x 0 d smycos*ca—cosyy 0. %=0
a Find the general solution to the differential equation
dy m Begin by factorising
xza =y + xy, giving your answer in the form y = g(x). the right-hand side of the
equation.

b Find the particular solution to the differential equation that
satisfies the boundary condition y = e* at x = 1.
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Integration

Given that x = 0 when y = 0, find the particular solution to the differential equation

d
2y + Zyx]d—i =1 - y2, giving your answer in the form y = g(x). (6 marks)
: : : : ; dy 2 ¢
Find the general solution to the differential equation e-"+J’F = 2x + xe’, giving your answer
in the form In|g(y)| = f(x). * (6 marks)

dv

Find the particular solution to the differential equation (1 — x2) d_.jc = xy + y, with boundary

condition y = 6 at x = 0.5. Give your answer in the form y = f(x). (8 marks)

d
Find the particular solution to the differential equation (1 + xz)d—i = x — xy2, with boundary

condition y = 2 at x = 0. Give your answer in the form y = f(x). (8 marks)
: ; : : , . dy : »
Find the particular solution to the differential equation e xe™, with boundary condition
y=In2 at x = 4. Give your answer in the form y = f(x). (8 marks)
. . , . . . dy ;
Find the particular solution to the differential equation 3: cos2y + cos 2x cos?y, with
boundary condition y = % atx= % Give your answer in the form tan y = f(x). (8 marks)
: T i : . dy 5
Given that y=1at x = bE solve the differential equation Q= ysinx. (6 marks)
a Find f 3xx+ 4dx, x>0, _ _ (2 marks)
: : : : . dy 3xyy+4yy
b Given that y = 16 at x = 1, solve the differential equation dx= x gving
your answer in the form y = f(x). ’ (6 marks)
a Express - in partial fractions (3 marks)
PSS Gy —g)x-2) P :

b Given that x = 3, find the general solution to the differential equation
d
(x —2)(3x - 8)—{; =(8x - 18)y (5 marks)

¢ Hence find the particular solution to this differential equation that satisfies y = 8 at x = 3,
giving your answer in the form y = f(x). (4 marks)

dv
a Find the general solution of d_.jc =2x -4

b On the same axes, sketch three different particular solutions to this differential equation.

: ; ; ; . dy 1
a Find the general solution to the differential equation i x+2) (3 marks)
b On the same axes, sketch three different particular solutions to this differential
equation. (3 marks)
¢ Write down the particular solution that passes through the point (8, 3.1). (1 mark)
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dy

15 a Show that the general solution to the differential equation VT % can be written in
the form x2 + )2 = c. ’ (3 marks)
b On the same axes, sketch three different particular solutions to this differential
equation. (3 marks)
¢ Write down the particular solution that passes through the point (0, 7). (1 mark)

m Modelling with differential equations

Differential equations can be used to model real-life situations.

The rate of increase of a population P of microorganisms at time ¢, in hours, is given by

dpr
e P
Initially the population was of size 8.
a Find a model for P in the form P = Ae¥, stating the value of A.
b Find, to the nearest hundred, the size of the population at time ¢ = 2.
¢ Find the time at which the population will be 1000 times its starting value.

d State one limitation of this model for large values of z.

dP
a T 3F
fl AP = f3 dt Integrate this function by separating the
F variables.

nP=3t+c
Pi=igditt = edtes Apply the laws of indices.
P = 4e* ]
s T TG ecis a constant so write it as 4.
P=8e3t L ; .

You are told that the initial population was 8. This

b P=8e3 gives you the boundary condition P = 8 when 1= 0.
P =8e3%2 = 86
=3227.4... = 3200

L Substitute ¢ = 2.

e P=1000% .6 =86000
8000 = ge* Solve by taking the natural log of both sides of
1000 = e ’7 the equation.
In1000 = 3¢
t = $1n1000 N
= @ Explore the solution to this O
=~ 2.3 hours = 2h 1& mins example graphically using technology. "ase
d The population could not increase in size in
this way forever due to limitations such as M When commenting on a model you
available food or space. should always refer to the context of the question.
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Water in a manufacturing plant is held in a large cylindrical tank of diameter 20 m.

Water flows out of the bottom of the tank through a tap at a rate proportional

to the cube root of the volume.

. . dh
a Show that 7 minutes after the tap is opened, F P kVh for some constant k.

b Show that the general solution to this differential equation may be written
ash=(P- Qt)%, where P and Q are constants.

Initially the height of the water is 27 m. 10 minutes later, the height is 8 m.

¢ Find the values of the constants P and Q.

d Find the time in minutes when the water is at a depth of 1 m.

a V=mxr2h=100wh

Integration

«—

«—20m—>

Use the formula for the volume of a cylinder. The
diameter is 20, so the radius is 10.

T 1007
d;/ Problem-solving
fe B
Pt V You need to use the information given in the
= —¢1007h question to construct a mathematical model.
Water flows out at a rate proportional to the cube
dh = ch X s root of the volume.
dt  dV  dt dv
. . — is negative as the water is flowing out of the
dh_ 1« (-c3100wh) de
gt 100 i tank, so the volume is decreasing.

(—c‘ 1-"10%) s

100w ) Use the chain rule to find %
So j—? =-k Q\E, where k = £ ; égiﬁ
i Substitute for% and el
b [hah = -[kat | dv T d
<ol dh _1__1
sh™ =kt + ¢ dv™ dv  100m
PO e 2
h™ = —gk! +3c
5 ¢ was the constant of proportionality and = is
h"=-0t+P L : prop Yy
3 C Xy 1007 =
h=(P- Q1 constant 50W=k is a constant.
2=y h%: 2 | Integrate this function by separating the
27 =P’ P=9 variables.
t=10, k=& 2 2
; —— Let@=%5kand P=%c
&=(2-100)
429-100 Use the boundary conditions to find the values
- of P and Q. If there are two boundary conditions

Q=13 then you should consider the initial condition

(when r = 0) first.
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d h:(B—%r)E

Vel EE) Set /1 = 1 and solve the resulting equation to find

1=9 - 5t the corresponding value of «.
{ = 16 minutes

Exercise @

EP 1

The rate of increase of a population P of rabbits at time ¢, in years, is given by % =kP, k>,

Initially the population was of size 200.

a Solve the differential equations giving P in terms of & and . (3 marks)
b Given that k = 3, find the time taken for the population to reach 4000. (4 marks)
¢ State a limitation of this model for large values of 1. (1 mark)

The mass M at time ¢ of the leaves of a certain plant varies according to the differential equation

% =M-M?
a Given that at time 7 = 0, M = 0.5, find an expression for M in terms of . (5 marks)
b Find a value of M when ¢ = In 2. (2 marks)
¢ Explain what happens to the value of M as ¢ increases. (1 mark)

The thickness of ice x, in cm, on a pond is increasing at a rate that is inversely proportional
to the square of the existing thickness of ice. Initially, the thickness is 1 cm. After 20 days, the
thickness is 2 cm.

a Show that the thickness of ice can be modelled by the equation x = i.'!%t +1. (7 marks)

b Find the time taken for the ice to increase in thickness from 2 cm to 3 cm. (2 marks)

A mug of tea, with a temperature 7"°C is made and left to cool in a room with a temperature of
25°C. The rate at which the tea cools is proportional to the difference in temperature between

the tea and the room.

a Show that this process can be described by the differential equation % = —k(T - 25),
explaining why k is a positive constant. (3 marks)

Initially the tea is at a temperature of 85°C. 10 minutes later the tea is at 55 °C.

b Find the temperature, to 1 decimal place, of the tea after 15 minutes. (7 marks)

The rate of change of the surface area of a drop of oil, A mm?2, at time 7 minutes can be

modelled by the equation % = 11; :2

Given that the surface area of the dropis Imm?ats=1,

a find an expression for 4 in terms of ¢ (7 marks)
b show that the surface area of the drop cannot exceed %mmz. (2 marks)
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EP 6

Integration

A bath tub is modelled as a cuboid with a base area of 6000 cm?. Water flows into the bath tub
from a tap at a rate of 12000 cm?/min. At time 7 minutes, the depth of water in the bath tub is / cm.
Water leaves the bottom of the bath through an open plughole at a rate of 500/ cm?/min.

a Show that 7 minutes after the tap has been opened, 60 % =120 - 5h. (3 marks)

When 1 =0, h=6cm.

b Find the value of r when /1 = 10 cm. (5 marks)
1 : : 2

a Express P(10000 = P) using partial fractions. (3 marks)

The deer population, P, in a reservation can be modelled by the differential equation
dp 1

ks WP(IO 000 - P)
where ¢ is the time in years since the study began. Given that the initial deer population is 2500,
b solve the differential equation giving your answer in the form P = ﬁ: (6 marks)
¢ Find the maximum deer population according to the model. (2 marks)

Liquid is pouring into a container at a constant rate of 40 cm3s~! and is leaking from the

. 1 . . T .
container at a rate of 7/ cm?s-!, where V'cm? is the volume of liquid in the container.

a Show that —4(:1—1/ = V- 160. (2 marks)
Given that V' = 5000 when ¢ =0,
b find the solution to the differential equation in the form V' =a + be‘%‘, where a and b are

constants to be found (7 marks)

¢ write down the limiting value of V as t — co, (1 mark)

Fossils are aged using a process called carbon dating. The amount of carbon remaining in a fossil,
R, decreases over time, ¢, measured in years. The rate of decrease of carbon is proportional to the
remaining carbon.

a Given that initially the amount of carbon is R, show that R = R (4 marks)

It is known that the half-life of carbon is 5730 years. This means that after 5730 years the
amount of carbon remaining has reduced by half.

b Find the exact value of k. (3 marks)
¢ A fossil is found with 10% of its expected carbon remaining. Determine the age of the
fossil to the nearest year. (3 marks)

m Integration as the limit of a sum

You can approximate the area under a curve as a number of thin rectangular strips (Pure 1, Section
13.5). As you make these strips thinner and thinner, the approximation becomes more accurate. You
can use limit notation to formalise the idea of a definite integral as the limit of a sum of areas of
these rectangular strips.

o [f)dy =lim 3 fx) &

dx—0 =,
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The diagram shows a sketch of the curve with equation y = sin x.

The area under the curve between x =1 and x =2 y A
can be thought of a series of thin strips of
height y and width §x.
Calculate lir;%} 3" sinx 8x, giving your

1

answer correct to 4 significant figures.

Gx—0

y=sinx

2

: T
lim " sinx 8x= J;s'mx dx

= [~cosx |

—
=4
=
[N
tad

= —c0s 2 = (=cos 1) This is the limit as the width of the strip tends
= 0.9564 (4 sf) towards 0. Use the formula from the previous
page to convert this limit into a definite integral.

Exercise @

1

Find the exact value of:

12 25 10
a limY x*8x b Slin}]z\/; dx c alin})z (x\fx—l) dx
X — =0 A Y5

5x—)0_\_=3

E)
2 Calculate é\l_rgg Inx 8x, giving your answer in the form p + In ¢, where p and ¢

EP 3

are rational numbers to be found. (4 marks)

The diagram shows a sketch of the curve with
equation y = 3/x, x> 0.

The area under the curve between x =2 and x =5
can bethought of as a series of thin strips of height y and
width dx.

Calculate allmn 3" 3/x 8x, giving your answer correct to
X =2

4 significant figures. (3 marks)

Mixed exercise @

i

By choosing a suitable method of integration, find:
a [@x-3)7dx b [x/dx = 1dx

g —— " f4smxcosx
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Integration

By choosing a suitable method, evaluate the following definite integrals. Write your answers as

exact values.

a f_z)dxz +3)5dx b f;x secz xdx
c f]4(16x% - %) dx d fg(cos X + sin x)(cos x — sin x) dx
4 4 m ]
¢ f116x2+8x-3d" f T+ *
el 2
a Show that f] x—zln xdx=1-3 (5 marks)
b Given that p > 1, show that f P dx=+In A (5 marks)
B== L+ D2x - 1) 730,50
Given f (% - é) dx = %, find the value of b. (4 marks)
Given Lfcosx sin®xdx = %, where # > 0, find the smallest possible value of 6. (4 marks)
Using the substitution #2 = x + 1, where x > -1,
X

a find dx. 5 marks

f\*x + 1 ( )
b Hence evaluate f : dx. (2 marks)

0yx+1

a Use integration by parts to find |xsin 8xdx. (4 marks)
b Use your answer to part a to find |x?cos 8xdx. (4 marks)

5x2-8x+1
fx)="——"

X == -1y
: A B &)
a Given that f(x) = o e T G- find the values of the constants 4, Band C. (4 marks)
b Hence find f f(x) dx. (4 marks)
9
¢ Hence show that L f(x)dx =1In (3—32) - % (4 marks)
Given that y = X7+ %, x>0,
: d

a find the value of x and the value of y when d_{c] =0, (3 marks)
b Show that the value of y which you found is a minimum. (2 marks)

The finite region R is bounded by the curve with equation y = X+ 1—8 the lines x = 1,
x =4 and the x-axis.

¢ Find, by integration, the area of R giving your answer in the form p + ¢Inr,

where the numbers p, ¢ and r are constants to be found. (4 marks)
a Find fo In2xdx (6 marks)
b Hence show that the exact value of Exz In2xdxis 9In6 — % (4 marks)
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3w

11 The diagram shows the graph of y = (1 +sin2x)%, 0 < x < T VA y
a Show that (1 + sin2x)* = %(3 + 4 sin 2x — cos 4x). (4 marks) _
b Hence find the area of the shaded region R. (4 marks) y=(1 +sin2zy
¢ Find the coordinates of A, the turning point on
the graph. (3 marks)
0 X
r
® 12 a Find |xe~*dx. (4 marks)
b Given that y = % at x = 0, solve the differential equation
dy X
s % (4 marks)
® 13 a Find |xsin2xdx. (5 marks)
d
b Given that y = 0 at x = %, solve the differential equation d—J; = x sin 2x cos?y. (5 marks)
14 a Obtain the general solution to the differential equation
Q_x,z >0 (3 marks)
d.x - .]’ E }
b Given also that y = 1 at x = 1, show that
y=3 L V3<x<y3
is a particular solution to the differential equation. (3 marks)
The curve C has equation y = ﬁ, x#+/3
¢ Write down the gradient of C at the point (1, 1). (1 mark)
d Hence write down an equation of the tangent to C at the points (1, 1), and find the
coordinates of the point where it again meets the curve. (4 marks)
® 15 a Using the substitution # = 1 + 2x, or otherwise, find
4x 1
f(l 20 dx, x#—3 (5 marks)
b Given that y = % when x = 0, solve the differential equation
dy X
s ¥ 3
(1+2x) U winty (5 marks)
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16 The diagram shows the curve with equation y = xe®, —% S x < %

® 1

EP) 20

The finite region R, bounded by the curve, the x-axis and the

. 1
line x = —3 has area A4,.

The finite region R, bounded by the curve, the x-axis and the

- 1
line x = 5 has area A4,.

a Find the exact values of 4, and A, by integration. (6 marks)
b Showthat 4,:4,=(e —2):e. (4 marks)

a Find fxze‘-"dx.

13| =

Integration

y = xe™

R, |

Ry

=Y

0 1

(5 marks)

dy
b Use your answer to part a to find the solution to the differential equation - x%¥y-x

given that y = 0 when x = 0. Express your answer in the form y = f(x).

The diagram shows part of the curve y = ¢’ + 1 and the line y = 8.

The curve and the line intersect at the point (/, 8).

a Find A, giving your answer in terms of natural

logarithms. (3 marks)

The region R is bounded by the curve, the x-axis,
the y-axis and the line x = A.

b Use integration to show the area of Ris2 + % In7. (5 marks)

a Given that
% B e
e ] Ho |
find the values of the constants 4, B and C.

b Given that x = 2 at 7 = 1, solve the differential equation
dx 2
=g Sy
O 2 2 x>1

You do not need to simplify your final answer.

The curve with equation y = e> — e, 0 < x < 1, is shown
in the diagram. The finite region enclosed by the curve,
the x-axis and the line x = 1 is shaded.

The table below shows the corresponding values of x and y
with the y values given to 5 decimal places as appropriate.

X 0 0.25 0.5 0.75 1
y 0 0.86992 | 2.11175 7.02118

a Complete the table with the missing value for y.
Give your answer to 5 decimal places.

YA

(7 marks)

VA y=e¥+1
y=38

(4 marks)

(7 marks)

p=e-e™

(1 mark)

b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for

the area of R, giving your answer to 4 decimal places.

(3 marks)

333



@EP) 21

(E/P) 22

(E/P) 23

334

Chapter 11

¢ State, with a reason, whether your answer to part b is an overestimate or an

underestimate. (1 mark)
d Use integration to find the exact value of R. Write your answer in the form

e’+ Pe+ Q

e where P and Q are constants to be found. (6 marks)
e Find the percentage error in the answer to part b. (2 marks)

The rate, in cm3s-!, at which oil is leaking from an engine sump at any time ¢ seconds is
proportional to the volume of oil, 'cm?, in the sump at that instant. At time 1 =0, V' = 4.

a By forming and integrating a differential equation, show that
V= Ae*

where k is a positive constant. (5 marks)
b Sketch a graph to show the relation between } and 1. (2 marks)
Given further that V' = %A atr="T,
¢ show that k7' =1In2. (3 marks)
a Shf)w th.at the general solution to the differential equation % =i - ” can be

written in the form x? + (y — k)? = c. (4 marks)
b Describe the family of curves that satisfy this differential equation when k = 2. (2 marks)

Ly

h

The diagram shows a sketch of the curve y = f(x),
where f(x) = %xz nx-x+2,x>0.

The region R, shown in the diagram, is bounded by the
curve, the x-axis and the lines with equations x = 1

and x =4.

The table below shows the corresponding values of x and
y with the y values given to 4 decimal places as appropriate.

x 1 1.5 2 2.5 3 33 4
y 1 0.6825 | 0.5545 | 0.6454 1.5693 | 2.4361
a Complete the table with the missing value of y. (1 mark)
b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for
the area of R, giving your answer to 3 decimal places. (3 marks)

¢ Explain how the trapezium rule could be used to obtain a more accurate estimate for
the area of R. (1 mark)
d Show that the exact area of R can be written in the form % + c% Ine, where a, b, ¢, d
and e are integers. (6 marks)
e Find the percentage error in the answer in part b. (2 marks)
a Find [x(1 + 2x?)°dx. (3 marks)
b Given that y = % at x = 0, solve the differential equation
dv
Fr x(1 + 2x%)%cos?2y (5 marks)



EP) 25
EP) 26

EP) 27

EP) 28

EP) 29

EP) 30

Integration

By using an appropriate trigonometric substitution, find f I +1x2dx. (5 marks)

Obtain the solution to
2 s >0, x>0
_— ]
X(x+2)7-=y,y>0,x
for which y = 2 at x = 2, giving your answer in the form y? = f(x). (7 marks)

An oil spill is modelled as a circular disc with radius » km and area 4 km?2. The rate of increase
of the area of the oil spill, in km?day at time ¢ days after it occurs is modelled as:

dA L[t
v i ksm(g), 0=sr=<12
dr  k . [t
a Show that d; = 2y Sin (37.-) (2 marks)

Given that the radius of the spill at time 7 = 0 is 1 km, and the radius of the spill at time
t=mw2is 2km:
b find an expression for r2 in terms of ¢ (7 marks)

¢ find the time, in days and hours to the nearest hour, after which the radius of the spill
is 1.5km. (3 marks)

The diagram shows the curve C with parametric equations 4
=3¢ y=5m2 =0,
a Write down the value of ¢ at the point A where
the curve crosses the x-axis. (1 mark)

b Find, in terms of 7, the exact area of the shaded
region bounded by C and the x-axis. (6 marks)

The curve shown has parametric equations
x=5cosf, y=4sinf, 0 =0 <27

0
Y
P
a Find the gradﬂi_ent of the curve at the point P /\R
e

at which 0 = 1 (3 marks) ’/ ——
b Find an equation of the tangent to the curve

at the point P. (3 marks)
¢ Find the exact area of the shaded region bounded by the tangent PR, the curve and the x-axis.

(6 marks)

The curve C has parametric equations

T=l=~ Boay=de=i reR
The line L is a normal to the curve at the point P where the
curve intersects the positive y-axis. Find the exact area of

the region R bounded by the curve C, the line L and the x-axis,
as shown on the diagram. (7 marks)

=Y
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Challenge m Draw a sketch of each function.

Given f(x) = x2 — x - 2, find:

a [ Ift)ldx b [ f(x)dx
Summary of key points
er—l ” e 1 _
1 fx"dx=n+1+c fedx—e +c fzdx_in|x|+c
fcosxdx:sinx+c fsinxdx=—c05x+c fseczxztanx+c

fcosec xcotxdx = —cosecx + ¢ fcoseczx dx=—-cotx +c fsec xtanxdx=secx+c¢

~

ff’(ax + by dx = %f(ax +bh) +e

3 Trigonometric identities can be used to integrate expressions. This allows an expression that
cannot be integrated to be replaced by an identical expression that can be integrated.

4 To integrate expressions of the form fk £ )) dx, try In|f(x)| and differentiate to check, and

then adjust any constant.

5 To integrate an expression of the form fkf’(x) (f(x))"dx, try (f(x))"*! and differentiate to
check, and then adjust any constant.

6 Sometimes you can simplify an integral by changing the variable. This process is similar to
using the chain rule in differentiation and is called integration by substitution.

. . N Sl oo fodi
7 The integration by parts formula is given by: L dx =it fv = dx

8 Partial fractions can be used to integrate algebraic fractions.
9 The area bounded by two curves can be found using integration:
Area of R = L " (F(x) — g(x)) dx = L "f(x) dx — L "g(x) dx
10 The trapezium rule is:

b
Lydxz%h(yw 2 +yz..ct Yu-1)+Va)

where /i = b ; 4 and y; =f(a + ih).

d
11 When é = f(x)g(y) you can write

fg—é)dysz(x)dx

12 You can use limit notation to formalise the idea of a definite integral as the
limit of a sum of areas of rectangular strips.

i f(x)dx=a)1(in}]zb: f(x)8x
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2 Vectors

After completing this chapter you should be able to:

e Understand 3D Cartesian coordinates - pages 338-339
® Use vectors in three dimensions - pages 340-344
® Use vectors to solve geometric problems - pages 344-348
e Model 3D motion in mechanics with vectors - pages 348-350

Prior knowledge check
1 Given that p=3i-jand q=-i+ 2j, calculate:
azp+q b -3p+4q
« Year 1, Section 11.2
2 Given that a = 5i — 3j, work out:
a the magnitude of a
b the unit vector that is parallel to a.

« Year 1, Section 11.3

3 M s the midpoint of the line segment AB.
Given that ZS') = 4i + §,
D ——
a find BM intermsofiand j.
The point P lies on AB such that AP: PB=3:1.
b Find E in terms of i and j.

You can use vectors to
describe relative positions
in three dimensions.

This allows you to solve
geometrical problems

in three dimensions and
determine properties of 3D
solids. = Mixed exercise Q9

« Year 1, Section 11.5
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@ 3D coordinates

Cartesian coordinate axes in three dimensions are usually called x-, y- and z-axes, each being at right
angles to each of the others.

The coordinates of a point in three dimensions are written as (x, y, z).
A

j m To visualise this, think of the x- and

y y-axes being drawn on a flat surface and the
z-axis sticking up from the surface.

ﬁ #% @2, )
=11 3

You can use Pythagoras’ theorem in 3D to find distances on a 3D coordinate grid.

= The distance from the origin to the point (x, y, z) is /x2 + y2 + 72,
S ET G o
Find the distance from the origin to the point P(4, -7, —1).

OP = |42 + (=7 + (-1)? Substitute the values of x, y and z into the
=& + 49 + 1 formula. You don’t need to give units with
distances on a coordinate grid.

=66

You can also use Pythagoras’ theorem to find the distance between two points.

= The distance between the points (xy, y4, z;) and (x,, y,, 2,) is

\-"'I(x1 =X 2+ (Y1 =) + (2, - %)

Find the distance between the points A(1, 3, 4) and B(8, 6, —5), giving your answer
to1d.p.

AB=\/(1-8)2+(3-6)? + (4 - (-5))? ———— Be careful with the signs - use brackets when you
NPT e o2 substitute.

V49 + 9 + 81

V139 = 1.8 (1 d.p)
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The coordinates of 4 and B are (5, 0, 3) and (4, 2, k) respectively.
Given that the distance from A to B is 3 units, find the possible values of k.

, Problem-solving
AB=J5-4)2+(0-22+3-k2=3

Use Pythagoras’ theorem to form a quadratic
equation in k.

1+4+9-6k+k?=9 »—L
k? -6k +5=0 Square both sides of the equation.

(k-S)k-10)=0 ~—‘
Solve to find the two possible values of k.

@ Explore the solution to this O

example visually in 3D using GeoGebra.

V1+4+9-6k+k2)=3

k=1 ork==5

Exercise @

1 Find the distance from the origin to the point P(2, 8, —4).

2 Find the distance from the origin to the point P(7, 7, 7).

3 Find the distance between 4 and B when they have the following coordinates:
a A(3,0,5)and B(1, -1, 8)
b A(8, 11, 8)and B(-3, 1, 6)
¢ A(3,5,-2)and B(3, 10, 3)
d A(-1,-2,5)and B4, -1, 3)

® 4 The coordinates of 4 and B are (7, -1, 2) and (k, 0, 4) respectively.
Given that the distance from A4 to B is 3 units, find the possible values of k.

® 5 The coordinates of A and B are (5, 3, —8) and (1, k, —3) respectively.
Given that the distance from A to B is 3V10 units, find the possible values of k.

Challenge

a The points A(1, 3, -2), B(1, 3, 4) and C(7, -3, 4) are three vertices of a
solid cube. Write down the coordinates of the remaining five vertices.

An ant walks from 4 to C along the surface of the cube.

b Determine the length of the shortest possible route the ant can take.
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@ Vectors in 3D

You can use 3D vectors to describe position and displacement relative to the x-, y- and z-axes.
You can represent 3D vectors as column vectors or using the unit vectors i, j and k.

= The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively.

(1) (0) (o)
i=(o j=(1 k=(o0
0 0 1 3D vectors obey all the same addition and

P scalar multiplication rules as 2D vectors.
= For any 3D vector pi+ gj + rk=| ¢ « Year 1, Chapter 11
r

Consider the points A(1, 5, =2) and B(0, -3, 7).
a Find the position vectors of 4 and B in ijk notation.

—
b Find the vector AB as a column vector.

The position vector of a point is the vector from

e o
B (Gl R =ehiUs ) Bk the origin to that point.

—_— —  —

—_—
b AB = OB - 04 OB has no component in the i direction. You

0 1 -1 could write it as 0i - 3j + 7k.
7 -2 =, L

When adding and subtracting vectors it is often
easier to write them as column vectors.

Example o
2 4 :
The vectors a and b are given as a = (—3) and b= (—2). @ FeTioedlc dhionsion %

5 0 3D vectors using your calculator.

a Find:
i 4a+b ii 2a-3b

b State with a reason whether each of these vectors is parallel to 4i — 5k.

3 4 Use the rules for scalar multiplication and
a i 4a+b= 4(—~3) (—2) \_ addition of vectors:
5 o]

P\ [ p\ [u\ [p+u

& 4 Alg|=|4¢gland|g|+|v]=[g+V

=|-12)+|-2 r Ar r W oW
20 O

12
=(-14
20
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-5
:(o
10
(12) .
bi d4da+b=|-14]|=2373
20 20
3

4
which is not a multiple of ( 0 )

=5
4a + b is not parallel to 4i — 5k

PN

4
which is a multiple of ( O)
—5
2a — 3b is parallel to 4i — 5k

Vectors

Two vectors are parallel if one is a multiple of
the other. Make the x-components the same and
compare the y- and z-components with 4i - 5k.

m 4i - 5k = 4i + 0j - 5k. Make sure you

include a 0 in the j-component of the column
vector.

Find the magnitude of a = 2i — j + 4k and hence find @, the unit vector in the direction of a.

The magnitude of a is given by
la] =22 + (-1)2 + 42

Use Pythagoras’ theorem.

= 21

2, L, &

8= 0= = @i-j+ 4K

@ Check your answer using the

vector functions on your calculator.

You can find the angle between a given vector and any of the coordinate
axes by considering the appropriate right-angled triangle. 0

= If the vector a = xi + yj + zk makes an angle 0, with the positive

x-axis then cos 6, = X and similarly for the angles 6, and 6,

You could also write this as —i — —j + k
2T 2 V2t

Y

@ This rule also

works with vectors
in two dimensions.
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Find the angles that the vector a = 2i — 3j — k makes with each of the positive coordinate axes

to1d.p.

lal|=y22 + (=3)° + (-1)2 =/4 + 9 + 1 = /14

First find |a| since you will be using it three times.

Write down at least 4 d.p., or use the answer
button on your calculator to enter the exact value.

cosh, = = .,2 =(0.5345 .,
|a| V14
B, =577 dp)
LA
Yoo lal V14
0, =143.3° (1 d.p)
cosf. = - = = -0.2672...

|a| = V14
8, =105:5% 1 d.g)

The formula also works with negative
components. The y-component is negative, so the
vector makes an obtuse angle with the positive
y-axis.

The points A4 and B have position vectors 4i + 2j + 7k and 3i + 4j — k relative to a fixed origin, O.
—
Find AB and show that AOAB is isosceles.

— 4\ - ¢ i)
0A =a=(2), OB:b:(4)
7 -1
— 3 4 -1
AB=b-a=|4]|-(2]=]| 2
—1 74 -5
|AB| = \."II.(—”E + 22 + (--8}2 = \,69
|€ﬁ| =y42 + 22+ 72 =/ED
|E)§| =32+ 42+ (-12 =26

Exercise @

1 4
1 The vectors a and b are defined by a = ( 2 ) and b= (—3).

a Find:

i a->b

Write down the position vectors of 4 and B.

—
Use AB=b-a.

This is the length of the line segment 4 B.

ilﬁ Find the lengths of the other sides O4 and OB
of AOAB.

So AOAB is isosceles, with AB = OA.

m Explore the solution to this O

example visually in 3D using GeoGebra.

-4 5

ii —a+3b

b State with a reason whether each of these vectors is parallel to 6i — 10j + 18k.

X -3
2 The vectors a and b are defined by a = ( 2 ) and b= (—2).

-1 4

Show that the vector 3a + 2b is parallel to 6i + 4j + 10k.
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1 P
The vectors a and b are defined by a = ( 2 ) and b= (q)

= ¥

Given that a + 2b = 5i + 4j, find the values of p, ¢ and .
Find the magnitude of:

a 3i+5+k b 4i- 2k ci+j-k
d 5i-9j-8k e i+5j-7k

5 2 7
Given that p = (0), q= ( 1 ) andr = (—4), find in column vector form:

2 -3 2
ap+gq b q-r c p+q+r
d 3p-r e p-2q+r

—
The position vector of the point A is 2i — 7j + 3k and AB = 5i + 4j - k.
Find the position vector of the point B.

Given that a = i + 2j + 3k, and that |a| = 7, find the possible values of 1.
Given that a = 5¢i + 2tj + 7k, and that |a| = 3/'10, find the possible values of .

The points A, B and C have coordinates (2, 1, 4), (3, =2, 4) and (-1, 2, 2).
a Find, in terms of i, j and k:
i the position vectors of A, Band C

—_—
ii AC
b Find the exact value of:
—
i |AC|
—
ii |OC |

P is the point (3, 0, 7) and Q is the point (-1, 3, -5). Find:
a the vector @
b the distance between P and QO

—_—
¢ the unit vector in the direction of PQ.

- - _) - -
OA 1s the vector 4i — j — 2k and OB is the vector -2i + 3j + k. Find:

—_—
a the vector AB
b the distance between 4 and B

B
¢ the unit vector in the direction of AB.

Vectors
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Chapter 12

Find the unit vector in the direction of each of the following vectors.
3 V2 V5
ap=|—4 b q=| —4 cr=|(-2/2
= ~7 —3

8 8 12
The points A, B and C have position vectors (—7), (—3) and (—6) respectively.

. s 4 3 3
a Find the vectors AB, AC and BC. (3 marks)
) —_ —_— —_ L. .
b Find |AB|, |A Cl and BC‘ giving your answers in exact form. (6 marks)
¢ Describe triangle ABC. (1 mark)
A is the point (3, 4, 8), B is the point (1, =2, 5) and C is the point (7, =5, 7).
. —_— — —_—
a Find the vectors AB, AC and BC. (3 marks)
b Hence find the lengths of the sides of triangle ABC. (6 marks)
¢ Given that angle 4 BC = 90° find the size of angle BAC. (2 marks)
For each of the given vectors, find the angle made by the vector with:
i the positive x-axis ii the positive y-axis iii the positive z-axis
3 2
a —i+7j+k b (4 c |0
7 -3

A scalene triangle has the coordinates (2, 0, 0), (5, 0, 0) and (4, 2, 3).
Work out the area of the triangle.

The diagram shows the triangle POR.
_—
Given that PQ = 3i —j + 2k and P

OR = —2i + 4 + 3k, show that
2PQOR =78.5°to 1 d.p. Q (5 marks)

Challenge

Find the acute angle that the vector a = —2i + 6j — 3k makes with the xy-plane. Give your answer to 1 d.p.

@ Solving geometric problems

You need to be able to solve geometric problems involving vectors in three dimensions.

A, B, C and D are the points (2, -5, -8), (1, =7, =3), (0, 15, =10) and (2, 19, —20) respectively.
a Find 4B and DC, giving your answers in the form pi + gj + rk.

b Show that the lines AB and DC are parallel and that 1%) = ZIZB).
¢ Hence describe the quadrilateral A BCD.
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% E — @ N 5} M AB refers to the line segment

Y T between A4 and B (or its length), whereas 4B

refers to the vector from A to B. Note that

=—-i—-2j+ 5k A i
AB=BAbut AB = BA.

_— — —
DC =0C -0D

e T
= _2i — 4j + 10k Problem-solving '8

If you can’t work out what

—
b 2AB = 2(-i - 2j + 5k
= (2f 4J_ JSOI): - Be shape it is, draw a sketch 2
e 5 i showing 4B and DC. B
S50 ABis parallel to DC and half as long. A

¢ There are two unequal parallel sides, so

ABCD is a trapezium.
@ Explore the solution to this O
example visually in 3D using GeoGebra.
S ET G @

P, O and R are the points (4, -9, -3), (7, =7, =7) and (8, -2, —0) respectively. Find the coordinates
of the point S so that PORS forms a parallelogram.

S
Draw a sketch. The vertices in a 2D shape are

given in order, either clockwise or anticlockwise.
It doesn't matter if the positions on the sketch
don't correspond to the real positions in 3D - it is
still a helpful way to visualise the problem.

R(&, -2, 0)
P(4,-9,=3)

o7, -7.-7)
_— —
Since PORS is a parallelogram, QP = RS.
— _ — —  —
S0 OS =0R + RS =0OR + QP

— 8
OR = (——2) and

O
e S o 7 -3
QP=0P-00=|-9)-|-7]=(-2
-3/ \-7 4
& & =3 5 You could also go from O to Svia P
SoO0S =|-2|+|-2]=|-4 — — —
0 4 4 0OS =0P + PS
which means that S is the point (5, -4, 4) = a;.p Q_R)
In two dimensions you saw that if a and b are two non-parallel e

vectors and pa + gb = ra + sb then p = rand ¢ = s. In other words,

. . . . . are vectors which are in the
in two dimensions with two vectors you can compare coefficients

same plane.
on both sides of an equation. In three dimensions you have to Non-coplanar vectors are
extend this rule: vectors which are not in the
= If a, b and ¢ are vectors in three dimensions which do same plane.

not all lie on the same plane then you can compare their
coefficients on both sides of an equation.

In particular, since the vectors i, j and k are non-coplanar, if pi + gj + rk = ui + vj + wk
thenp=u,g=vandr=w.
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Given that 3i + (p + 2)j + 120k = pi — gj + 4pqrk, find the values of p, g and r.

Since i, j and k do not lie in the same plane you

i efficients of i gives p = 3. :
Compastiigeochicicmio:oit gives =3 can compare coefficients.

Comparing coefficients of j gives p + 2 = —¢q

R =SBl When comparing coefficients like this just write

Comparing coefficients of k gives the coefficients. For example, write 3 = p, not
. TR - BT 3i = pi.
120—4{}5{:‘50}—4)(3)((*5}— 2 p

The diagram shows a cuboid whose vertices are

0,4, B,C, D, E Fand G. Vectors a, b and ¢ are m Bisect means ‘cut into two equal
the position vectors of the vertices 4, B and C parts’. In this case you need to prove
respectively. Prove that the diagonals OF and BG that both diagonals are bisected.

bisect each other.

F E
! Problem-solving

! If there is a point of intersection, H, it must lie on

G
: G both diagonals. You can reach H directly from O
Bloof : (travelling along OE), or by first travelling to B
b 4°¢ b then travelling along BG. Use this to write two
. —
. : expressions for OH.
0 a A
- - e
Suppose there is a point of intersection, H, H lies on the line OE, so OH must be some
—
of OE and BG. scalar multiple of OE.
—_ —_—
OH = rOE for some scalar r.

Use the fact that H lies on both diagonals to find
But OH = OB + BH and BH sBG '——L ) ) —
i two different expression for OH. You can equate

for some scalar s, so OH = OB +3BG. these expressions and compare coefficients.
So rOE = OB + sBG (1)
— — —_— —_—
NOW OE=04+A4D +DE=a+b+o, a, b and c are three non-coplanar vectors so you
—_ —_— —
OB band BG=0G-0B=a+c-b can compare coefficients.

So () becomes ra+b+c)=b+sa+c—b)
In order for the lines to intersect, the values of r

Comparing coefficients in a and b gives r = s and s must satisfy equation (1) completely:

andr=1-35

Solving simultaneously gives r = § = ~ —
9 Y4 2 The coefficients of a, b and c all match so both
These solutions also satisfy the coefficients ways of writing the vector OH are identical.

of e so the lines do intersect at H.

%(a+b+c)=b+%(a+c—b)

OH = %OE so H bisects OE. Vector proofs such as this one often avoid any
BH = 1BG so H bisects BG, as required. coordmate.geometry, W'hICh Fends to t?e mesfsy
and complicated, especially in three dimensions.
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Exercise @

®1

| 4 10
The points 4, B and C have position vectors (—4), (4) and ( 0 ) relative to a fixed origin, O.

8 7 30
a Show that:

i lodl=losl i lac|=I5C]
b Hence describe the quadrilateral OACB.

The points 4, B and C have coordinates (2, 1, 5), (4, 4, 3) and (2, 7, 5) respectively.
a Show that triangle 4 BC is isosceles.

b Find the area of triangle ABC.

¢ Find a point D such that ABCD is a parallelogram.

The points 4, B, C and D have coordinates (7, 12, —1), (11, 2, -9), (14, —14, 3) and (8, 1, 15)
respectively.
a Show that AB and CD are parallel, and find the ratio AB: CD in its simplest form.

b Hence describe the quadrilateral A BCD.
Given that (3a + b)i + j + ack = 7i — bj + 4Kk, find the values of @, b and c.

The points 4 and B have position vectors 10i — 23j + 10k and pi + 14j — 22k respectively, relative
to a fixed origin O, where p is a constant.

Given that AAOAB is isosceles, find three possible positions of point B.

The diagram shows a triangle A BC. B

. —_ —
Given that AB =7i—j+ 2k and BC = -i+ 5k
a find the area of triangle ABC. (7 marks) y C

) i —_— —_— s ) E— —_—
The point D is such that AD = 34B, and the point Eis such that AE =3AC.

b Find the area of triangle ADE. (2 marks)
A parallelepiped is a three-dimensional figure G
formed by six parallelograms. The diagram shows a /
parallelepiped with vertices O, 4, B, C, D, E, F, and G. C
_— —_ . ;
a, b and ¢ are the vectors O4, OB and OC respectively. B oo )
Prove that the diagonals OF and AG bisect each other. g
0" 0

The diagram shows a cuboid whose vertices are O, 4, B, C, D, E, F F P E
and G. a, b and c¢ are the position vectors of the vertices A, B and C i
respectively. The point M lies on OF such that OM: ME =3:1. The c M e
straight line 4 P passes through point M. Given that AM: MP =3:1, i
prove that P lies on the line EF and find the ratio FP: PE. BNGiE ot —5'

F N

b
0 ‘r; A



Chapter 12

Challenge

1 2 -5
1 a, b and c are the vectors (O), ( 0 ) and ( 3 ) respectively. Find scalars

4/ \-3 1

28
p,gand rsuchthatpa+gb+rc= (_12)
=,
2 The diagram shows a cuboid with vertices 0, 4, F M E
B, C, D, E, Fand G. M is the midpoint of FE
and N is the midpoint of AG.

&
a, b and c are the position vectors of the 5 G
vertices A4, B and C respectively. o\ | S —— }_5: o m Trisect means
[4 By R o
Prove that the lines OM and BN trisect the bx | divide into three equal
diagonal AF. R parts.
0 a A

@ Application to mechanics

3D vectors can be used to model problems in mechanics in the same way as you have previously used
2D vectors.

A particle of mass 0.5 kg is acted on by three forces:
F,=Qi-j+2k)N
F,=(-i+3j-3k)N
F;=(4i-3j-2k)N
a Find the resultant force R acting on the particle.
b Find the acceleration of the particle, giving your answer in the form (pi + ¢gj + rk) ms=2
¢ Find the magnitude of the acceleration.
Given that the particle starts at rest,
d find the distance travelled by the particle in the first 6 seconds of its motion.

2 -1 4 5 R=F, +F,+F;
a (—1) + ( 3 ) + (—3) = (—1) It is easier to add vectors in column vector form.
2 -3 -2 -3
R=(5i-j-3kN Use the vector form of F = ma. This is Newton's
b F=ma second law of motion.
(5i-j—-3k=05a < Statistics and Mechanics Year 1, Chapter 10

a=(10i - 2j — Ek)ms2
; - . Because the particle starts from rest the
=102 + (-2)2 + (-6)? =140 e
¢ lal =y e == s acceleration acts in the same direction as the

du=0,a=y140ms2,t=6s,5="7 "~ motion of the particle. So it is moving in a straight

§=ut+ %ﬁh’g line with constant acceleration. You can use the
=+ x V140 x 62 suvat formulae to find the distance travelled.
= 36/35 m & Statistics and Mechanics Year 1, Chapter 9
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Vectors

1 A particle is acted upon by forces of (3i — 2j + k)N, (7i + 4j + 3k) N and (-5i — 3j)N.

a Work out the resultant force R.

b Find the exact magnitude of the resultant force.

® 2 A particle, initially at rest, is acted upon by a force that causes the particle to accelerate at
(4i — 2j + 3k)m s~ for 2 seconds. Work out the distance travelled by the particle.

3 A body of mass 4kg is moving with a constant velocity when it is acted upon by a force
of (2i - 5j + 3k)N.
a Find the acceleration of the body while the force acts.

b Find the magnitude of this acceleration to 3 s.f.

® 4 A particle of mass 6kg is acted on by two forces, F; and F,. Given that F, = (7i + 3j + k) N, and
that the particle is accelerating at (2i — k)ms~2, find F,, giving your answer in the form
(pi+qgj+rk)N.

® 5 A particle of mass 2kg is in static equilibrium and is acted upon by three forces:

F,=(Gi-j-2k)N
F,=(-i+3j+bk)N
F; = (aj - 2k)N

a Find the values of the constants « and b.

F, is removed. Work out:

b the resultant force R

¢ the acceleration of the particle, giving your answer in the form (pi + gj + rk)ms=2

d the magnitude of this acceleration

e the angle the acceleration vector makes with the unit vector j.

Mixed exercise @

® 1 The points A(2, 7, 3) and B(4, 3, 5) are joined to form the line segment 4 B. The point M is the
midpoint of AB. Find the distance from M to the point C(5, 8, 7).

® 2 The coordinates of P and Q are (2, 3, a) and (a — 2, 6, 7). Given that the distance from P to Q is
V14, find the possible values of a.

r—h 2 e —*
® 3 AB is the vector =3i + #j + 5k, where ¢ > 0. Given that |AB| = 5/2, show that 4B is parallel to
6i — 8j — 37k.

@ 4 Pis the point (5, 6, —2), Q is the point (2, -2, 1) and R is the point (2, =3, 6).
: i — —
a Find the vectors PQ, PR and OR.

b Hence, or otherwise, find the area of triangle POR.
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1X: 5 2
The points D, E and F have position vectors (0), (3) and (—l) respectively.

0/ \4 8
. _—— —_—
a Find the vectors DE, EF and FD. (3 marks)
% —_— —_ — 5 g
b Find |DE|, EFl and FDl giving your answers in exact form. (6 marks)
¢ Describe triangle DEF. (1 mark)

P is the point (-6, 2, 1), Q is the point (3, -2, 1) and R is the point (1, 3, -2).

) — — —_—

a Find the vectors PQ, PR and OR. (3 marks)
b Hence find the lengths of the sides of triangle POR. (6 marks)
¢ Given that angle QRP = 90° find the size of angle POR. (2 marks)
The diagram shows the triangle 4BC. C

: — —
Given that AB =—-i+jand BC =i-3j+Kk,
find ZABC to 1 d.p. 4

B (5 marks)

The diagram shows the quadrilateral A BCD. & C

‘ S 6 .. 13
Given that AB =( -2 ] and AC =| 8 |, find the area of the

11 5 A 2

quadrilateral. (7 marks)

A is the point (2, 3, =2), Bis the point (0, -2, 1) and C is the point (4, =2, —=5). When 4 is
reflected in the line BC it is mapped to the point D.

a Work out the coordinates of the point D.
b Give the mathematical name for the shape ABCD.
¢ Work out the area of 4BCD.

The diagram shows a tetrahedron OABC. a, b and ¢ are the
position vectors of 4, B and C respectively.

P, O, R, S, Tand U are the midpoints of OC, AB, OA, BC,
OB and AC respectively.

Prove that the line segments PQ, RS and 7U meet at a point
and bisect each other.

A particle of mass 2 kg is acted upon by three forces:
F,=(hi+2j+k)N
F,=(3i-bj+2k)N
F3;=(-2i+2j+ (4 -bk)N

Given that the particle accelerates at 3.5 m s>, work out the possible values of 5.




® 12 In this question i and j are the unit vectors due east and due

IF il
north respectively, and k is the unit vector acting vertically =
upwards. =

|
[ I
|

A BASE jumper descending with a parachute is modelled as a
particle of mass 50 kg subject to forces describing the wind, W,
and air resistance, F, where:

W =(20i + 16j) N

F = (—-4i - 3j + 450k) N

a With reference to the model, suggest a reason why the k component of F is greater than the
other components.

b Taking g = 9.8 ms~2, find the resultant force acting on the BASE jumper.

¢ Given that the BASE jumper starts from rest and travels a distance of 180 m before landing,
find the total time of the descent.

Challenge

A student writes the following hypothesis:

If a, b and ¢ are three non-parallel vectors in three dimensions, then
patgb+re=sa+tbtuc=p=s,g=tandr=u

Show, by means of a counter-example, that this hypothesis is not true.

Summary of key points

1 The distance from the origin to the point (x, y, z) is yx% + y2 + z?

The distance between the points (x;, 31, z;) and (x,, ¥, 2,) is /(x; = X)2 + (¥ = ¥2)2 + (21 — 2,)2

The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively.

G

P
Any 3D vector can be written in column form as pi + gj + rk = (q)
v

If the vector a = xi + yj + zk makes an angle 6, with the positive x-axis then cosf, = -~ and
similarly for the angles 6, and 6.. lal

If a, b and c are vectors in three dimensions which do not all lie in the same plane then you
can compare their coefficients on both sides of an equation.
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Review exercise

A curve has equation y = %xz +4cosx.
Show that an equation of the normal to

.
the curve at x = 5 18

88 -m—16x+mr-87+8) =0 (7)

« Section 9.1

A curve has equation y = ¢3* — In(x2).

Show that an equation of the tangent at

x=2isy—(3e®-Dx—-2+1nd4+5e¢°=0
(6)

« Section 9.2

A curve has equation
5 2
V=T en Y3
Find an equation of the normal to the
curve at x = 1 in the form ax + by + ¢ =0,
where a, b and ¢ are integers. (@)

« Section 9.3

A curve C has equation y = 2x — 3)%>.

dy
a Use the product rule to find d_Jr 3
b Hence find the coordinates of the
stationary points of C. 3)

« Section 9.4

(x —1)?
sinx

The curve C has equation y =

a Use the quotient rule to find d_)x 3)

b Show that the equation of the

tangent to the curve at x = % is

y:(n-z)ﬁ(l-%‘) @)

« Section 9.5

6

7

9

a Show that if y = cosec x then

dy
—— = —cosecx cotx 4)
dx dy
b Given x = cosec 6y, find a in terms
of x. (6)

« Section 9.6

Assuming standard results for sin x and
cos x, prove that the derivative of arcsin x

1 5)

V1= x2 .
« Section 9.6

18

A curve has parametric equations

x=2¢otl; y=25in‘f, 0< ts%
o« P,
a Find — in terms of 1. 3)
dx
b Find an equation of the tangent to the
curve at the point where ¢t = % 3)

¢ Find a Cartesian equation of the curve
in the form y = f(x). State the domain
on which the curve is defined. A)

« Section 9.7

The curve C has parametric equations

T S S
X=1a V1o l<t<]

The line / is a tangent to C at the point
where ¢ = %

a Find an equation for the line /. 5)
b Show that a Cartesian equation for the
3)

« Section 9.7

curve Cis y = 2: I



EP) 10

EP 12

EP) 13

A curve C is described by the equation
3x2-2p24+2x-3y+5=0

Find an equation of the normal to C at

the point (0, 1), giving your answer in the

form ax + by + ¢ = 0, where a, b and ¢ are

integers. N

« Section 9.8

A set of curves is given by the equation
sinx +cosy=0.5

a Use implicit differentiation to find an
d H

; y
expression for e 4)
For-r<x<mand -r<y<m
b find the coordinates of the points
dy
where T 0. 3)

« Section 9.8

A curve C has equation

y=x%7% x<0

2

Show that Cis convex for all x < 0. 5)

« Sections 9.4, 9.9

The volume of a spherical balloon of
radius rcm is Vem?, where V' = %1’1‘?‘3.

dV

a Find dr 1)

The volume of the balloon increases with
time 7 seconds according to the formula
dy 1000 ;
dr Q2+ 1)”

b Find an expression in terms of r and ¢
dr 3)

for —
dt
« Section 9.10

gx)=x3-x2-1
a Show that there is a root o of g(x) =0
in the interval [1.4, 1.5]. 2)
b By considering a change of sign of
g(x) in a suitable interval, verify that
a = 1.466 correct to 3 decimal places.
3)

« Section 10.1

® 15

Review exercise 3

p(x)=cosx +e™*
a Show that there is a root a of p(x) =0
in the interval [1.7, 1.8]. 2)

b By considering a change of sign of p(x)
in a suitable interval, verify that
« = 1.746 correct to 3 decimal places.

3

« Section 10.1

f(x)=e*2-3x+5
a Show that the equation f(x) = 0 can be
written as
x=In(Bx-5)+2,x>3
The root of f(x)=0is a.

The iterative formula
X, =In(3x, = 5) + 2,x,=4is used to
find a value for a.

(2

b Calculate the values of x|, x, and x; to
4 decimal places. 3)

« Section 10.2

f(x) =

(x12)3+4x2,x¢2

a Show that there is a root o of f(x) =0
in the interval [0.2, 0.3]. 2)

b Show that the equation f(x) = 0 can be

3 =1
written in the form x =/ + 2. 3
| 4x2 )
¢ Use the iterative formula

—

Xaiiz= i,u'ljlz + 2, xy = | to calculate the

values of x;,x,, x3 and x, giving your
answers to 4 decimal places. 3)

d By considering the change of sign of
f(x) in a suitable interval, verify that
«a = 1.524 correct to 3 decimal places.
(2)

« Section 10.2
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Review exercise 3

18 The diagram shows part of the curve

with equation y = f(x), where
)= 11—0:c2e-‘r —2x — 10. The point 4,

with x-coordinate «, is a stationary point
on the curve. The equation f(x) = 0 has a
root « in the interval [2.9, 3.0].

N

X

A

Explain why x,, = @ is not suitable to
use as a first approximation if using
the Newton—Raphson process to find
an approximation for a. (nH

Taking x , = 2.9 as a first approximation
to a, apply the Newton—Raphson
process once to find f(x) to obtain a
second approximation to «. Give your
answer to 3 decimal places. )

« Section 10.3

_i3 - l_
= 10" xX3+2-4,x+0

EP) 19

f(x

a Show that there is a root « of f(x) =0
in the intervals
i [0.2,0.3] (1
i [2.6,2.7] 1)

Show that the equation f(x) = 0 can be
written in the form

310 %)

Xx= VI_(4 + x5 —
Use the iterative formula,

3
Xl = i."lg—0(4 + x"-% -

©))

%), Xo=2.510

calculate the values of x |, x5, x3and x4
giving your answers to 4 decimal places.

©))

354

@

d Taking x = 0.3 as a first approximation
to a, apply the Newton—Raphson
process once to find f(x) to obtain a
second approximation to «. Give your
answer to 3 decimal places. @)

<« Sections 10.2, 10.3

The value of a currency x hours into a
14-hour trading window can be modelled
by the function

v(x) =0.12 005(2—;) -0.35 sin(zs—x) + 120
where 0 = x = 14.
B

A

X

Given that v(x) can be written in the form

Rcos (2—A+ o:) -+ 120 where R > 0 and

> m
O=sa= 5,
a find the value of R and the value of «a,
correct to 4 decimal places. “@
b Use your answer to part a to find v'(x).
Q)
¢ Show that the curve has a turning
point in the interval [4.7, 4.8]. (1
d Taking x = 12.6 as a first
approximation, apply the Newton—
Raphson method once to v'(x) to
obtain a second approximation for
the time when the share index is a
maximum. Give your answer to
3 decimal places. 3)
e By considering the change of sign of

v'(x) in a suitable interval, verify that
the x-coordinate at point B is 12.6067,
correct to 4 decimal places. 2)

« Sections 7.5, 9.3, 10.4



EP) 21

EP) 22

(E/P) 23

(® 24

® 25

EP) 26

EP) 27

3
Given | (12 - 3x)dx =78, find the value

a

of a. )

« Section 11.2

a By expanding cos (5x + 2x) and
cos (5x — 2x) using the double-angle
formulae, or otherwise, show that
cos7x+cos3x=2cos5xcos2x. (4)

b Hence find [6 cos 5x cos 2xdx 3)
« Sections 7.1, 11.3

Given thatf mx’e¥'dx = é(egl -1,
0 4
find the value of m. Q)

« Section 11.4

Using the substitution > = 2x — 1, or
otherwise, find the exact value of

f. 3% 4y 6)

v2x =1

« Section 11.5

Use the substitution u# = 1 — x2 to find the
exact value of

N 6
| e ©)

« Section 11.5
flx)=(x*+ 1)Inx
Find the exact value off f(x)dx. @)
1

« Section 11.6

a Express m in partial
fractions. Q)
b Hence find the exact value of
f6 o dx, giving your
1 (2x=3)(x+2)
answer as a single logarithm. 4)

« Section 11.7

EP) 29

Review exercise 3

28 The curve shown in the diagram has

parametric equations
x=t-2sint,y=1-2cost,0=1=2r

VA

=Y

/ R
4

J

Show that the curve crosses the x-axis

where 1= = and ¢ = Bl 3)
3 3

The finite region R is enclosed by the

curve and the x-axis, as shown shaded

in the diagram.

Show that the area R is given by

[ -2cosnrdr 3)
Use this integral to find the exact
value of the shaded area. (€)]

The curve shown in the diagram has
parametric equations

- m
x=acos3t,y=asint, — stsg.

o=

i
h

8 ]

//I)

C

R= QM-

The curve meets the axes at points A4,

Band C, as shown.

The straight lines shown are tangents

to the curve at the points 4 and C

and meet the x-axis at point D.

a Find, in terms of a, the area of the
finite region between the curve, the
tangent at A and the x-axis, shown
shaded in the diagram.

Given that the total area of the finite

region between the two tangents and

the curve is 10 cm?

b find the value of a.
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iew exercise 3

0.8 1 2

0 0.2

04 06
The diagram shows the graph of the
curve with equation
y=xe* x=0.

The finite region R bounded by the lines
x = 1, the x-axis and the curve is shown
shaded in the diagram.
a Use integration to find the exact area

of R. €))
The table shows values of x and y
between 0 and 1.

X

0f 02 (04| 0.6 |08 1

y:

xe* | 0]0.29836 1.99207 7.38906

EP 31

356

b

¢ Using the trapezium rule, with all the

values for y in the completed table, find

an approximation for the area of R,

giving your answer to 4 significant figures.

)

Calculate the percentage error in your

answer in part c. 2)
« Sections, 11.6, 11.9

Find the missing values in the table. (1)

2x -1 . .
a Express m in partial
fractions. 4)
b Given that x = 2, find the general
solution of the differential equation
dy
Qx=3)(x-D7-=Cx =Dy C)

Hence find the particular solution of
this differential equation that satisfies
y=10at x = 2, giving your answer in
the form y = f(x). 2)
« Sections 11.7, 11.10

@ »

EP) 33

A spherical balloon is being inflated in
such a way that the rate of increase of its
volume, V' cm?, with respect to time

ﬂ’=£ where kis a

t seconds is given by TRl

positive constant.

Given that the radius of the balloon is
rcm, and that V= %mﬁ,

a prove that r satisfies the differential

equation
dr_B
de r*

where B is a constant.
b Find a general solution of the
differential equation obtained in part a.
®

« Sections 9.10, 11.10, 11.11

“)

Liquid is pouring into a container at a
constant rate of 20 cm?s~! and is leaking
out at a rate proportional to the volume
of the liquid already in the container.

a Explain why, at time ¢ seconds,
the volume, V' cm?, of liquid in the
container satisfies the differential
equation

2. 20 - kV

dt
where £ is a positive constant. 2)

The container is initially empty.

b By solving the differential equation,
show that

V=A+ Be™

giving the values of 4 and B in terms

of k. 5)
Given also that % =10when ¢ =15,
¢ find the volume of liquid in the
container at 10 s after the start. 3)

« Sections 11.10, 11.11



34 The rate of decrease of the concentration

@ 35

@37

of a drug in the blood stream is
proportional to the concentration C of
that drug which is present at that time.
The time ¢ is measured in hours from
the administration of the drug and C is
measured in micrograms per litre.

a Show that this process is described by

the differential equation % =—kC,

explaining why k is a positive constant.
(2)
b Find the general solution of the

differential equation, in the form
C = 1(1).

EP) 38

4)
After 4 hours, the concentration of the 3

drug in the bloodstream is reduced to
10% of its starting value C,,.

¢ Find the exact value of k. Q)
« Sections 11.10, 11.11

The coordinates of P and Q are (-1, 4, 6)
and (8, —4, k) respectively. Given that the

distance from P to Q is 7V5 units, find the
possible values of k. 3)

« Section 12.1

The diagram shows the triangle ABC.
B

C

—

Given that AB = —i + 6j + 4k and

—
AC = 5i - 2j - 3Kk, find the size of /BAC
to one decimal place. 5)

« Section 12.2

P is the point (-6, 3, 2) and Q is the point
(4, -2, 0). Find:

—
a the vector PQ

(1)
b the unit vector in the direction of
—_—
PO (2)

Review exercise 3

—_

¢ the angle PO makes with the positive

Z-axis. 2)
—_—
The vector 4B = 30i — 15j + 6k.
d Explain, with a reason, whether the
—_— —_—
vectors AB and PQ are parallel. 2)

« Section 12.2

The vertices of triangle MNP have

coordinates M(=2, 0, 5), N(8, -5, 1) and
P(k, -2, —6). Given that triangle MNP is
isosceles and k is a positive integer, find
the value of k. 4)

« Section 12.3

Given that
—6i + 40j + 16k = 3pi + (8 + gr)j + 2prk
find the values of p, ¢ and r. 3)

« Section 12.3

Challenge

1 The curve C has implicit equation

ay + x% + 4xy=y*?
Find, in terms of @ where necessary, the

d
coordinates of the points such that d—y =)
X

b Given that @ = 0, show that there does not

exist a point where :—; =0. « Section 9.8

2 The diagram shows the curves y = sin x + 2 and

y=cos2x+2,0 sx<—2—

3w

Find the exact value of the total shaded area on

the diagram.
Vi
y=sinx+2
y=cos2x +2
0 X

« Section 11.8
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Exam-style practice

Mathematics
A Level
Paper 1: Pure Mathematics

Time: 2 hours
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 A curve C has parametric equations x =sin’¢, y = 2tant, 0 = 1 < —g
y
Find — in terms of +. )
dx
2 Find the set of values of x for which
a 2(Ix—-5—-6x<10x-7 2)
b 2x+5/-3>0 )
¢ both2(7x —5)—6x<10x —7and [2x + 5| - 3> 0. (4]

3 The line with equation 2x + y — 3 = 0 does not intersect the circle with equation
X2+kx+yP+4y=4
a Show that 5x*+ (k- 20)x + 17 > 0. 4)

b Find the range of possible values of k. Write your answer in exact form. 3)

4 Prove, for an angle 0 measured in radians, that the derivative of cos @ is —sin 6.
You may assume the compound angle formula for cos (4 + B), and that

. [sinh . [cosh—-1
i *57) =1 anc i 225==) =0 ®

5 f()=3+px)f,xeR
Given that the coefficient of x?is 19440,
a find two possible values of p. 4)
Given further that the coefficient of x° is negative,
b find the coeflicient of x°. 2)
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Exam-style practice

The point R with x-coordinate 2 lies on the curve with equation y = x* + 4x — 2. The normal
to the curve at R intersects the curve again at a point 7. Find the coordinates of 7, giving your
answers in their simplest form. (6)

A geometric series has first term ¢ and common ratio r. The second term of the series is 96 and
the sum to infinity of the series is 600.

a Show that 252 - 25r+4 =0. 4)
b Find the two possible values of 2)
For the larger value of r:

¢ find the corresponding value of a. 1)
d find the smallest value of n for which .S, exceeds 599.9. )

The diagram shows the graph of f(x). The points B and D are stationary points of the graph.
VA

D

(0, 6)
A C/ \E

(-10,00\ (-3,0)/ O|4,0)

=Y

B
6211

Sketch, on separate diagrams, the graphs of:

a y=|f(x) 3)
b y=—f(x)+5 3)
¢ y=2f(x-3) 3

Find all the solutions, in the interval 0 =< x =< 27, to the equation 31 — 25cos x = 19 — 12sin’x,
giving each solution to 2 decimal places. 5)

The value, V, of a car decreases over time, 7, measured in years. The rate of decrease in value of
the car is proportional to the value of the car at that time.

a Given that the initial value of the car is V,, show that V' = V,e™* 4)
The value of the car after 2 years is £25000 and after 5 years is £15 000.

b Find the exact value of k and the value of V, to the nearest hundred pounds. 3)
¢ Find the age of the car when its value is £5000. 3)
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Exam-style practice

11 The diagram shows the positions of 4 cities: 4, B, C and D. The distances, in miles, between
each pair of cities, as measured in a straight-line, are labelled on the diagram. A new road is to
be built between cities B and D.

19
14
a What is the minimum possible length of this road? Give your answer to 1 decimal place. (7)
b Explain why your answer to part a is a minimum. (1

12 A footballer takes a free-kick. The path of the ball towards the goal can be modelled by the

equation y = —0.01x? + 0.22x + 1.58, x = 0, where x is the horizontal distance from the goal in
metres and y is the height of the ball in metres. The goal is 2.44 m high.

a Rewrite y in the form 4 — Blx + C)*, where A4, B and C are constants to be found. 3)

b Using your answer to part a, state the distance from goal at which the ball is at the greatest
height and its height at this point. 2)

¢ How far from the goal is the football when it is kicked? 2)

d The football is headed towards the goal. The keeper can save any ball that would cross the goal
line at a height of up to 1.5m. Explain with a reason whether the free kick will result in a goal. (2)

13 A box in the shape of a rectangular prism has a lid that overlaps the box by 3 cm, as shown.

The width of the box is x cm, and the length of the box is double the width. The height of the
box is #cm. The box and lid can be created exactly from a piece of cardboard of area 5356 cm”.
The box has volume, Vecm?®.

Length

a Show that V' = %(2678x —olpde ) (5)
Given that x can vary

b use differentiation to find the positive value of x, to 2 decimal places, for which V'is stationary. (4)
¢ Prove that this value of x gives a maximum value of V. 2)
d Find this maximum value of V. (1
Given that V takes its maximum value,

e determine the percentage of the area of cardboard that is used in the lid. 2)
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Exam-style practice

Mathematics
A Level
Paper 2: Pure Mathematics

Time: 2 hours
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 The graph of y = ax? + bx + ¢ has a maximum at (-2, 8) and passes through (-4, 4). Find the
values of @, b and c. 3)

2 The points P(6, 4) and Q(0, 28) lie on the straight line /, as shown.

V

5

_/ : -
— R 0 \ X
[J
a Work out an equation for the straight line /,. ?2)
The straight line /, is perpendicular to /; and passes through the point P,
b Work out an equation for the straight line /.. 2)
¢ Work out the coordinates of R. (2)
d Work out the area of APQR. 3)

3 The function f is defined by f:x — e -1, xeR.
Find f~'(x) and state its domain. 4)

4 A student is asked to solve the equation log,(x + 3) + log,(x + 4) = %
The student’s attempt is shown.

loga(x + 3) + logu(x + 4) = E
x+3)+x+4=2
2x+7 =2

2x=-5

x=-

ralwn
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a Identify the error made by the student. (1

b Solve the equation correctly. 4)

The function p has domain —14 = x = 10, and is linear from (-14, 18) to (-6, —6) and from
(-6, -6) to (10, 2).

a Sketch y = p(x). 2)

b Write down the range of p(x). (1

¢ Find the values of «, such that p(a) = -3. 2)

flx)=x—kx>- 10x + k

a Given that (x + 2) is a factor of f(x), find the value of k. 2)

b Hence, or otherwise, find all the solutions to the equation f(x) = 0, leaving your answers in
the form p + /g when necessary. (€)]

In ADEF, DE=x-3cm, DF=x - 10cm and ZEDF = 30°. Given that the area of the triangle
is 11 cm?,

a show that x satisfies the equation x> — 13x - 14 =0 3)
b calculate the value of x. 2)
The curve C has parametric equations x = 6sint + 5, y=6cost — 2, —E' =t= 37
a Show that the Cartesian equation of C can be written as (x + #)* + (y + k)? = ¢, where h, k
and c are integers to be determined. 4)
b Find the length of C. Write your answer in the form pm, where p is a rational number to
be found. 3)
4x* + Tx — 4+ B N C
(x=2)(x+4) x-=2 x+4
a Find the values of the constants A, B and C. 4)
: 4x*+Tx . . T
b Hence, or otherwise, expand o= 2)(x +4) in ascending powers of x, as far as the term in x°.
Give each coefficient as a simplified fraction. (6)

OAB s a triangle. cﬁ’: a and Cﬁ =b. The points M and N are midpoints of OB and BA
respectively.
The triangle midsegment theorem states that ‘In a triangle, the line joining the midpoints of
any two sides will be parallel to the third side and half its length.’

B

o A

Use vectors to prove the triangle midsegment theorem. @)




11 The diagram shows the region R bounded by the x-axis and the curve with equation

2{ a1 - 3Tr
y=x(51nx+cosz),0$x-.-f=?

VA

¥ = x(sinx + cos x)

The table shows corresponding values of x and y for y = x*(sin x + cos x).

" 0 T T Eul il o Eul
8 4 8 2 8 4
y 0 0.20149 0.87239 1.81340 2.08648 0

a Copy and complete the table giving the missing value for y to 5 decimal places.

b Using the trapezium rule, with all the values for y in the completed table, find an
approximation for the area of R, giving your answer to 3 decimal places.

¢ Use integration to find the exact area of R, giving your answer to 3 decimal places.

d Calculate, to one decimal place, the percentage error in your approximation in part b.

12 Ruth wants to save money for her newborn daughter to pay for university costs. In the first

Exam-style-practice

()

C))
(6)
(1)

year she saves £1000. Each year she plans to save £150 more, so that she will save £1150 in the

second year, £1300 in the third year, and so on.

a Find the amount Ruth will save in the 18th year.

b Find the total amount that Ruth will have saved over the 18 years.

Ruth decides instead to increase the amount she saves by 10% each year.

¢ Calculate the total amount Ruth will have saved after 18 years under this scheme.

m

13 a Express 0.09 cos x + 0.4 sin x in the form Rcos(x — ), where R>0and 0 < v < 7

Give the value of « to 4 decimal places.
The height of a swing above the ground can be modelled using the equation

. 16.4

- t . ?
0.09 cos (2) + 0.4 sin (2)

t is the time, in seconds, since the swing was initially at its greatest height.

,0 =1t = 5.4, where / is the height of the swing, in cm, and

(2
3

C))

C))
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14

364

b Calculate the minimum value of / predicted by this model, and the value of ¢, to 2 decimal
places, when this minimum value occurs. 3)

¢ Calculate, to the nearest hundredth of a second, the times when the swing is at a height of
exactly 100 cm. @)

The diagram shows the height, /, in metres of a rollercoaster during the first few seconds of the
ride. The graph is y = h(t), where () = —10e703=64 — 10e?3¢-649 4 70,

VA A
y = h(t)
0 7
a Find /(). 3)
5 38—(].3“—6.4}
b Show that when 4'(1) =0, t = 1 In —3 )t 6.4 2)
To find an approximation for the /-coordinate of A, the iterative formula
5 ( 3e—[}.3ff" - 6.4)) .
L= 4 In 3 + 6.4 1s used.
¢ Let #,= 5. Find the values of ¢,, #,, ¢, and ¢,. Give your answers to 4 decimal places. 3)

d By choosing a suitable interval, show that the 7-coordinate of A is 5.508, correct to
3 decimal places. 2)



Answers

CHAPTER 1 Therefore ab is a rational number.

. This contradicts assumption then ab is irrational.
Prior knowledge 1 Therefore if ab is an irrational number then at least
1 a (x-Dx-5 b (x+4)x-4 ¢ (Bx-5)38x+5) one of a and b is an irrational number.

2 a *-3 p X+4 ¢ _X+5 b Assumption: neither a nor b is irrational.
%40 3.x &l i DEAE 3 a is rational, @ = £ where ¢ and d are integers.
3 a even b either ¢ either d odd d
b is rational, b = J—er where e and fare integers.
Exercise 1A i of + de
1 B At least one multiple of three is odd. et df
2 a At least one rich person is not happy. ¢f. de and df are integers.
b There is at least one prime number between So a + b is rational. This contradicts the assumption
10 million and 11 million. that a + b is irrational.
¢ Ifp and g are prime numbers there exists a number Therefore if @ + b is irrational then at least one of a
of the form (pg + 1) that is not prime. and b is irrational.
d There is a number of the form 27 - 1 that is neither ¢ Many possible answers e.g. a = 2 — 2, b = V2.
a prime nor a multiple of 3. 6 Assumption: there exists integers a and b such that
e None of the above statements are true. 21a + 14b = 1.
3 a There exists a number n such that n® is odd but n is Since 21 and 14 are multiples of 7, divide both sides
even.
by 7.

b niseven so write n = 2k
n? = (2k)? = 4k? = 2(2k?) = n? is even.
This contradicts the assumption that n° is odd.
Therefore if n* is odd then n must be odd.
4 a Assumption: there is a greatest even integer 2n.
2(n + 1) is also an integer and 2(n + 1) > 2n
2n + 2 = even + even = even
So there exists an even integer greater that 2n.
This contradicts the assumption.
Therefore there is no greatest even integer.
B 1::31;)15:121; t(l)l;ép oxl s pumbesn stchatn the form n = 3k, therefore 3k + 1 and 3k + 2 are not
n is odd so write n = 2k + 1 multiples of 3.
nd = (2k + 1) = 8k* + 12k2 + 6k + 1 Letn=3k+1 ‘
= 2(4k* + 6k + 3k) +1 = n? is odd. nP=03Bk+1P=92+6k+1=303k+2k)+1
In this case n? is not a multiple of 3.
Letm =3k + 2
m*=Bk+2F=9k+12k+4 =33k +4k+ 1)+ 1
In this case m?* is also not a multiple of 3.
This contradicts the assumption that n° is a multiple

Sonow 3a + 2b =1
3a is also an integer. 2b is also an integer.
The sum of two integers will always be an integer, so
3a + 2b ="an integer’.
This contradicts the statement that 3a + 2b = 1.
Therefore there exists no integers a and b for which
21a + 14b = 1.
7 a Assumption: There exists a number n such that n?
is a multiple of 3, but n is not a multiple of 3.
We know that all multiples of 3 can be written in

This contradicts the assumption that n* is even.
Therefore, if n* is even then n must be even.

¢ Assumption: if pg is even then neither p nor g is
even.
pisodd, p=2k+1

isodd, g =2m + 1 of 3.

gq — (2k fl}(Zm : 1) = dkm + 2k +2m +1 Therefore if n? is a multiple of 3, n is a multiple of 3.
= 2(2km + k + m) +1 = pq is odd. b Assumption: y3 is a rational number.
This contradicts the assumption that pg is even. Then v3 = 2 for some integers a and b.
Therefore, if pg is even then at least one of p and ¢ . o g
is ever. Further assume that this fraction is in its simplest

d Assumption: if p + ¢ is odd then neither p nor ¢ is odd terms: Lhzere are no common factors between a and b.
piseven, p =2k So 3= a_z or a® = 3b%
g is even, g = 2m b
p+g=2k+2m=2k+m)=p+qiseven Therefore a* must be a multiple of 3.
This contradicts the assumption then p + ¢ is odd. We know from part a that this means a must also
Therefore, if p + ¢ is odd then at least one of p and be a multiple of 3.
g is odd. Write a = 3¢, which means a® = (3¢)* = 9¢*

5 a Assumption: if ab is an irrational number then Now 9¢* = 3b%, or 3¢® = b*.
neither a nor b is irrational. Therefore b? must be a multiple of 3, which implies
c b is also a multiple of 3.

a is rational, @ = = where ¢ and d are integers.

d If @ and b are both multiples of 3, this contradicts
bis rational, b = & where e and f are integers. the statement that there are no common factors
f between a and b.
ab = Z—j’; ce is an integer, df is an integer. Therefore, {3 is an irrational number.
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Answers

Assumption: there is an integer solution to the
equation x* - y* = 2.

Remember that 2* -y = (x —y)llx + y) = 2

To make a product of 2 using integers, the possible
pairs are: (2, 1), (1, 2), (-2, -1) and (-1, -2).
Consider each possibility in turn.
x-y=2andx+y=1=zx=3y=-1

1
3
3

r-y=landz+y=2=az=3g=2

r-y=-2andx+y=-l=x=-5y=5
3

x-y=-landx+y=-2=x=-3,y=—1

This contradicts the statement that there is an integer
solution to the equation x* — y* = 2.

Therefore the original statement must be true: There

are no integer solutions to the equation x* - y* = 2.
Assumption: VZ is rational and can be written in the
form Z = 2 and there are no common factors between
aand b.
2= a? or a® = 2b*

= =

This means that ¢’ is even, so @ must also be even.
If a is even, a = 2n.

So a@® = 2b® becomes (2nr)* = 2b* which means 8n® = 263
or 4n? = b3 or 2(2n%) = b,

This means that b* must be even, so b is also even.

If @ and b are both even, they will have a common
factor of 2.

This contradicts the statement that @ and b have no
common factors. ;

We can conclude the original statement is true: V2 is
an irrational number.

10 a n-1 could be non-positive, e.g. if n =%

b Assumption: There is a least positive rational
number, 1.
n= % where a and b are integers.

Let m = %, Since a and b are integers, m is rational

and m < n.

This contradicts the statement that n is the least
positive rational number.

Therefore, there is no least positive rational number.

Exercise 1B

a? 1 1 4 r3
1 a E ba CE dE e? fﬁ
1 a-3 x-3 y+1
2 a b c d
x-2 2la + 3] Y Y
x 1 3y -2 2(x +y)?
= f4 h i
* 6 gx+5 2 (- y)?
3 All factors cancel exactly exce tx—S: x-8 =-1
R EReER 8-x -lx-8
4 a=5b=12
x—4 b _10e*+ 4
2x + 10 T 1 - 2e?
6 222 -3x-2 | x-2 _2x"-3x-2
6x -8  3xf+ 14x-24 6x - 8
X3x2+14x—24:(2x+1]{x—21X{3x—4J[x+6)
x-2 2(3x - 4) x-2
_@2r+ 1D +6) _ 2x07+13x+6
2 2
b f()=2v+33r@)=2
366

Exercise 1C

7 7 p+q 3-x 2a - 15
1 L pL s-X
812 "2 M Pz 106
2 a r+ 3 8x -2
xlx+1) x - Ulx+ 2) (22 + 1x - 1)
d —xr-5 23x+9
6 6lx + 3)x - 1)
3 a r+ 3 -x -7
x + 1)2 x - 2lx + 2) {x + Dlx + 3)°
d 3x+3y+2 7r+ 8
i — Xy +x) (x+ 2% +1)  (x+2)x + 3)x - 4)
4 2x - 19
(x + 5)lx — 3)
5 a 6x2+ 14x + 6 -x2-24x -8
alx + Vlx + 2) 3xlx - 2)2x + 1)
e 9x2 - 14x -7
(x - 1x + 1)x - 3)
6 50x + 3
(6x + Vbx - 1)
6 36
7 +x+2+x2—2x—8
_xlx + 2)x - 4) 36

(& + 2)x - 4)

x + 2w - 4)

x+2x -4 (x+2ix-4)

_xt-2x*-2x+12

b Divide 2* — 22 — 2x + 12 by (x + 2) to give 2 —4x + 6

Exercise 1D
1 a 4 + 2
xr+3 x-2
3 5
¢ uTr-4
2 4
N x+3+x—3
2 3
8 ¥ %44
2 A=},B=-3
3 A=24,B=-2
4 A=1,B=-2,C=3
5 D=-1,E=2,F=-5
6 3 __2 __ 6
xr+1 x+2 x-5
3 2 5
7 A
X x+1+x—l
-1 i 2
Sxr+4 2x-1
Challenge
6 1 2

x—2+x+1_x—3

3 1
xr+1 zx+4
4 1
2x+1 x-3
2 1
xr+1 x-4
3 1

@ Full worked solutions are available in SolutionBank.



Exercise 1E

1

3
5
7

A=0,B=1,C=3 2 D=3 F=-2F=-4
P=-2,0=4,R=2 4 (=3,D=1,FE=2
A=2 B=-4 6 A=2,B=4,C=11
A=4,B=1and C=12.
4 __19 p 2__1 . 6
xr+5 (x+5)2 r 2x-1 (2x-1)2

Exercise 1F

=R I B =) I S A

—
=}

A=1,B=1,C=2,D=-6
a=2,b=-3,¢c=5,d=-10

=2,n=4,p=7
A=4,B=1,C=-8and D=3.
A=4,B=-13,C=33 and D =-27
p=lg=0,r=2,s=0andt=-6
a=2,b=1c=1,d=5ande=-4
A=3,B=-4,C=1,D=4,E=1
a (@-1D*+1)=(-1Dx+xz+1)

b (x-1)x*+1),a=1,b=-1,c=1,d=0ande = 1.

Exercise 1G

=1 G WD -

8
9

A=1,B=-2,C=8§
A=1,B=-2,C=3
A=1,B=0,C=3,D=-4
A=2,B=-3,C=5,D=1
A=1,B=5,C=-5
A=2,B=-4,C=1
2 3 3 2 1
i e YE YR LD

34 73
A=2,B=-3,C=¥p-1

A=2,B=2,0=3,D=2,

10 A=1,B=-1,C=5D=-3,F=4

Mixed exercise 1

1

-
Assume ,fu'% is a rational number.

Then g = !E for some integers a and b.
h

Further assume that this fraction is in its simplest
terms: there are no common factors between a and b.

2
S0 0.5 = 2—2 or 2a? = b2

Therefore b? must be a multiple of 2.

We know that this means b must also be a multiple
of 2.

Write b = 2¢, which means b* = (2¢)? = 4¢2.

Now 4¢? = 2a?, or 2¢* = a®.

Therefore a¢® must be a multiple of 2, which implies a is
also a multiple of 2.

If @ and b are both multiples of 2, this contradicts the
statement that there are no common factors between
aandb.

Therefore, \% is an irrational number.

Assume there exists a rational number ¢ such that ¢ is
irrational.

So write g = % where a and b are integers.
205
=
As @ and b are integers a® and b are integers.
So ¢* is rational.

Answers

This contradicts assumption that ¢° is irrational.
Therefore if ¢° is irrational then g is irrational.

2 -~
3 ad 26+ dia - 5)
! (@? - T)(x + 4)
6
4 a 2x -4 b 4(e® - 1)
r-4 pb — 2
3 13 5
¥ 8 a=pbs~g.6=3
PEN P TR
6 Ox+18x+5
x2-3x-10
3 12
7 x4+ 12
xr-1 x2+2x-3
_xr+3lx-1) 3+ 3) 12

" h+x-1 w+Ix-1D Z+dx-1D

_ @+ 3xr+3x-1)_22+3x+3

2x +

x

[x + 3lx - 1) x+3
8 A=3,B=-2 9 P=1,Q=2,R=-3
10 D=5,FE=2 11 A=4,B=-2,C=3
12 D=2,E=1,F=-2
13 A=1,B=-4,C=3,D=8
14 A=2,B=-4,C=6,D=-11
15 A=1,B=0,C=1,D=3
16 A=1,B=2,C=3,D=4,FE=1
17 A=2,B=-3,C=1
18 P=1,Q=-1,R=3
19 a f(-3)=0orflx) = (x + 3)(22%+ 3x + 1)
p 1 , 8 _ 5
x+3 2x+1) (x+1)
Challenge

Assume L is not perpendicular to OA. Draw the line
through O which is perpendicular to L. This line meets L at
a point B, outside the circle. Triangle OBA is right-angled at
B, so 0A is the hypotenuse of this triangle, so 0A > 0B. This
gives a contradiction, as B is outside the circle, so 0A < OB.

Therefore L is perpendicular to OA.

CHAPTER 2
Prior knowledge 2

_9-5x _5p-8x _bx-4
Ll b gy € Y giox
2 a 25x¢*-30x+5

1 o u+7

6x - 14 -x -1
3 a

y=xlx + 4)x-5)

1
o

o

Y
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Answers

iy = sinx
1_ y
0 90° 188 270° 3b0° *
~14
4 a 28 b 0 c 18

Exercise 2A

1 a2 bo0o28 ¢8 diff ed4 11
2 a b b 46 c 40

3 a 16 b 65 c 0

4 a Positive |x| graph with vertex at (1, 0),

y-intercept at (0, 1)
Positive |x| graph with vertex at (-13, 0),
y-intercept at (0, 3)

-

¢ Positive x| graph with vertex at (£, 0),
y-intercept at (0, 7)

d Positive |z graph with vertex at (10, 0),
y-intercept at (0, 5)

e Positive |x| graph with vertex at (7, 0),
y-intercept at (0, 7)

I Positive |x| graph with vertex at [% 0),
y-intercept at (0, 6)

g Negative |x| graph with vertex and y-intercept at (0, 0)

h Negative |x| graph with vertex at {%, 0),
y-intercept at (0, -1)

5 a Er 3
Pogla)=]4-3x
\5 g [4-3 |/
\ h(x) = 5
4
0 : g
T
b x=-2andz=6
6 a r=2andx=—3 b x=Torx=3
¢ No solution d x=1landx=-}
[l x=—%nrx=2 f x=24o0rx=-12
7 a A
0 x
b x=-%

3
8 x=-3,x=4

0610 *

= |

b The two graphs do not intersect, therefore there are

no solutions to the equation |6

- x| = 5x - 5.

10 Value for x cannot be negative as it equals a modulus.

11 a

yJ
/OE

b r<-13andx>1
12 —23-<x<%
13 a k=-3

Challenge

& Y4 flx) =22 + 92 + 8

—_ =Y

TN\

x)=

og

=X

. /y=2x—9

y=-|3x+ 4|

b Solution is x = 6.

b There are 4 solutions: x = -5 + 3/2 and x = -4 + /7

Exercise 2B

1 ai b
3 12
>1~17
5 T 22
6 27

ii one-to-one
iii {flx)=12,17, 22,27}

c 1

ii one-to-one

iii {h(x)=1,1

A7)

ii many-to-one
iii {glx) =-3,-2,1, 6}

368 @ Full worked solutions are available in SolutionBank.



Yooy flx) = e*
1
0| X
i
flx) = 7logx
Ol Jil x

ii
iii

ii
ii

flx)=1
one-to-one

flr)er
one-to-one

Answers

g(x) is not a function because it is not defined for

ii 109

x=4
Y ./ [l i
; d a=-86 .
fx) = 22 + 9 a ora=9
4
flx)=4-u
o 4 %
y b -7
10 s(x) ¢ —2and5
e~
Y
4
1 5
-5 0 4 %
a=-391ora=3.58
Y
27
14
2 L.
10 -4 O] 6 X

b Range {2 = h(x) = 27)
11 a=2,b=-1

2 a i one-to-one ii function e
b i one-to-one ii function
¢ i one-to-many ii not a function
d i onetomany ii not a function
e i many-to-one
ii not valid at the asymptote, so not a function.
f many to one ii function
3 a6 b +2/5 c 4 d 2,-3
4 a i b i
1 3 1 1 f
2 > 5 4 2
31~7 3 3
A EE 16>~ 4
2515
5 11 36 6
ii one-to-one ii one-to-one
c i d i 6 a
P ) !
' 2 > 1 b
o> T
o P .
2z
5 =
ii many-to-one ii one-to-one
e i
-2 3.14
-1 > 3.37 7
0—>1~4 a
1~>1~572
2 10.39
ii one-to-one
5 a i Y ii flxy=2
flx) = 3x + 2 iii one-to-one 8 a
2
0 x
bi y i =9 b
flx)=x*+5  iii one-to-one 9 a
(2,9
0 x
c i y i 0=flx)=2
flx) = 2sinx iii many-to-one
x 1 a
. . 2 a
d i y flx) =vx + 2 ii flx)=0
iii one-to-one d
3 a
0 (; 4 a
5 a

10 c=%d=%

Exercise 2C
7 bJor22s

43215

4

7+ 1

fg(x) = 32° -2
4x -5

W) ==

23

¢c a=9,a=0

¢ 0.25

b 16x2+8x-3 ¢

e lox+5
b x=
b x=
b x=

_‘4|:‘ Y-

and

12:g=3

d -47

x

1

L

x2

13

5

e -26
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Answers

2e 0 _ 1 )_ 1 _x+1
6 a fu=f—1-)=- o
(x+ 1)
a0 _ X+ 2
b P =ors3
()
7 a 27+3 b 2:+3 c
In(2)
8 a 20x b x*
9 a (x+3P-1,¢gplr)>-1
b 999 c x=2
V6
10 317
11 a 8=glx)=12 b 6
Exercise 2D
1 ai (yew ii f—l{x):%
iii Domain: {x € R}, Range: {y € R}
iv YA fx) = 2x + 3
B
3 f-1(x) = 3
B
2 >
IS
=
bi (yer) ii fx)=2x-5
iii Domain: {x € R], Range: {y € R}
iv yp F@)=2x-5
_x+5
5 Ha¥=Te
/_IZ
/_'5 O/E x
2

370

4-x

i {yeR) i 'x) =
iii Domain: {x € R}, Range: {y € R}
WV ofa)=4-3¢

f1(x) = 4-—x

0

i yew i W =Vz+7
iii Domain: {x € R}, Range: {y € R}
iv y

2 a Mx)=10-x, (x e R}

¢ hlx) = % {x = 0}

b g'lx)=5x{xeRr)
d k'ix)=x+8,{xeR)

3 Domain becomes x < 4

4 ai O<gw=1i i g‘l(x]zé

iii xeR 0<x=1.g'2)=3

¢ 10.5

b i gx=-1

iii (reR,x=-1},gx)=0

iv ya

o qea X+1
ii g (x}_—2
glx)=2x-1

] g
_ X
19/

c i gw>0 i g =223

iii (reR,x>0}g'x)>2

iv y4

0

di gx=2

x

ii g'a)=a*+3

iii xeR,x=2),g'0)=7

iv ES
/g"{x] =x2+3
7_
glx)=vyx -3
24 —_
0 3 7 %
e i gx)>6 i gla)=va-2

iii (reR,x>6},g'x)>2

@ Full worked solutions are available in SolutionBank. #



-1 &

10

11

12

iv LY
gla)=2"+2
6_
g = Vi 2
21 —
0 2 6
f i g=0 ii gla)=1x+8

iii xreR,x=0),g'x) =2

M) =vxr+4 + 3, (xreR, x=0}

a -2 b mix)=/x-5-2 ¢ x>5
a tends to +eo
b o7
¢ hw=22*1 werzz2)
x—2
d 2+ \u"lg, 2-45
a nmx)==x
b The functions m and n are inverse of one another
as mn(x) = nm(x) = x.
3 3-4° 1
st{x) = = =z, ts(x) = o P
3-x 1 3
x r+1
A
a ()= ‘\"'&23 (x e R, x>-3)
b a=-1
a flx)>-5 b fYx)=Inlx+5) [xeR, x>-5}
N { y = f(x)
T A P
x=-5 ya /'y:x

d gllx)=e*+4,xeR

e x=1.95
_ 3x+2 2
a f{x)_x2+:t:—20 x-4
__3x+2  2x+5 x-4
T lx+5l-4 @+bl-4  (x+5-4)
1
T x+5

b {yER,Oﬁy‘(%]

c f-l-x—,%—s, Domain is {xeR,Oﬁx‘(%andxtO

}

Exercise 2E

= B Yb f)=ar—7x-8

Answers

—& R X
8

I flx) = cosx
N, #,
0 \_/ 360%

’ 1 y = i)
360 0 360 %
‘ i PR
-360 \_/ _f13'_ 360%

3 a Y4 hix)=(x - Dx-2)x + 3)

Av:

b 4
' y = )
6
"3 of 1 2 *
c Y
4y =h(lx])
6
A\ 0‘ NS
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Answers

=

=9

372

k[x]:xa—z,a>0

Both these graphs would match the original graph.
ES
0

a<0

i True, k()| = |£‘ = ‘i‘ = |mi)|
x? x?

ii False, k(|2)) = - = =% = m(a)
1wz lwl?
o -a _-a
iii True, m(|z]) = R mix)
y = |p)|
D
EZ,1)
0 x
y=plx)
3D
-2, 1) E(2,1)
0] x
B(-8,9) A

y = lqlx)|

=Y

b Y
¥ = k()|
0 x
c Y
y=k(|x])
0 X
a
mix) = %, a<0
0
a

y=1(lx|)

y=gllx))

0
a -4<flx)=9

WA

|
/'H:

2

R“

b YA
iy = |flx)|
\/.P N
5 0 %
c y
y =1z

b They are
reflections of
each other
in the x-axis.
|m(x)| = —mf|x])

b They would
be the same
as the original
graph.

@ Full worked solutions are available in SolutionBank. #



Answers

=

i(6,-18) ii (1,-9) iii (2,9)

Exercise 2F

1 a yaB.18) by c y
\ I /y=g(|xll

2,-4)/ *o0-

c d
5 a y
B(90, 2)
y = hix)
0(0, 0) R
2 90 90 180 %

o #

Yy 3,9 A(-90, —2)72
2,2 b A(-90,-2) and B(90, 2)

c i
¢ Yy
A . . B(180, 3)
y=hlx-90)+1
2 a y, (1.12) b & 090, 1)
90 \L 90 180 270 %
-TT4(0,-1)
ii y
B(180, 1)
c Y d ]Z z V= %h[%x)
N 0(0, 0) N
1 300 _-180_A 180  36DNC
A(-180,-1) 2
1o x (2,-8)

e Y f U
£ o A(-90, 1) f B(90, 1)
y = 3|hi-x)|

~180 90 CJIU,OI 90 180 ¥

a y : b A -1
y\ / 6 0(-6,0),A1(6,-2)and B (15, 0)

R Exercise 2G
0 ® 1 a Range f(x) = -3
A=(0,2),x=2,y=-1 A=(-2,5),x=0,y=4
c d ooy .
HT ! | :
F ol

A=0,-1),2=1y3y=0 A=0,1,z=2,2=-2,y=0

s v T/=%Ix+2|—1
\ y=g@ ~, 2 >
N\ o 5 3

5 x 3
5
(2,-9)

373



Answers

¥
4 5
y=—3x+4
0 -
/a ;\ x
2 ab Ya
\ y=2xr+4/-5
7
1_\/3 o E
z 2
3 ab Ya
6_|
‘: ‘u‘ y= —3|x| +6
270 2 %
4 a Ya
y=4x+6/+1
o] x
b flx)=1 ¢ x=-fandx=-%
5 a y
y=-3x-2/+7
2
Ao z_4\ %
b gx)=7 ¢ x=-2andz=2
6 k<14
7 b=2
8 a hx)=-7
b Original function is many-to-one, therefore the
inverse is one-to-many, which is not a function.
c —% <x< % d k< —%
9 a a=10 b P(-3,10) and Q(2, 0)
¢ r=-L2andxr=-6
10 a m(x) =7 b x=-3andx=-5
¢ k<¥
374

¢ Rangeflx) =6
Y
4 y=-2lx-1]+6

/_2‘0 4\ %

d Range flx) = 4

Challenge
a A(3,-6) and B(7, -2)
b 6 units®.

Graphs intersect at x = % and x = ITT
Maximum point of f{x) is (3, 10). Minimum point of g(x)
is (3, 2). Using area of a kite, area = %

Mixed exercise 2

) \Sk

b x=0,x=-4
)

O‘\

k> —%

24 40
r=-gandx =G5
o]\ %

b The graphs do not intersect, so there are no
solutions.

a i one-to-many ii nota function

b i one-to-one ii function

¢ i many-to-one ii function

d i many-to-one ii function

e i one-to-one
ii nota function

f i one-to-one
ii nota function

a

Y 6. 4)
-2,2)
0 (
(1,-1)

b Jand1j o
pylx) = 4% + 10x b x:#
Range glx) =7

YA glx)

b 1 o 7
glx) = > dxreRx=7)

¢ g '(x) is a reflection of g(x) in the line y = x

a F@W=2*3 xer x>2)

x-2

b i Range f'(x)>1 ii fxreR,x>2)

@ Full worked solutions are available in SolutionBank.



10

11

12
13

14

16

17

=]

= -

—

]

=N - -]

o 1 x 1
ﬂx}_xz—1 x+1 (x-Dx+1) x+1
_ x B x-1 _ 1
(x-Dx+1) @E-Dx+1) (@-Dx+1)
flx)=0 c £=6
20, 28,5 b flx)=-8, gx)er
g') =V - 1 (x € R}
423 - 1) e a=3 [ x=-10
a=-3 b flxa—Vx+13-3,x>-4
f-'{x}="’+1,{xem
f(x}— [xe[Rx:%}

-0.076 and 0,826 (3 d.p)

@) =22 (reR r=1)
x-1
Range f-1(x) e R, f-'(x) = 2
-1 d 1§
8,9 b -45and 5/2

EY
y=tanx

~180 t?o 90 /I'Bo

\tanx

y = tanjx|

=Y

e
=
S
—
oo
=}
=Y

L
j
|
Cop TR
=
o
\mx
=
R“

Y4 B(45.4)

B(14, 3)

WA

/\./'x%

B(11,-3)

4, -3)

\“}

Answers

18 a glx)=0 b x=0,x=8
Y
y =)
ol } %

19 a Positive |x| graph with vertex at (g 0) and

y-intercept at (0, a).

b Positive |x| graph with vertex at (% 0) and
y-intercept at (0, a).
¢ a=6,a=10
20 a Positive |x| graph with vertex at (2a, 0) and
y-intercept at (0, 2a).
3a
b x="F— 3
r="x=3a
¢ Negative |x| graph with x-intercepts at (a, 0) and
(3a, 0) and y-intercept at (0, —a).

21 a, b Ya

1| B
<
=Y

—a + /(a? + 8)

¢ One intersection point d x= i

22 a (1,2.3.5m3-13
b A

¢ (3, -6), Minimum
(2, ¥ _15 lngj, Maximum
23 a -2=flx) =18

c WA
18+

e o
® ©

6
4

53520 7%

24 a px)=10
b Original function is many-to-one, therefore the
inverse is one-to-many, which is not a function.
¢c -1l<x<3 d £>8

25 a fl)=3x-27+8 b O<gl)=4%

375



Answers

Challenge
& Y

[ %

b (-a, 0),(a, 0, (0, a*) ¢ a=5h

CHAPTER 3

Prior knowledge 3
1 a 22,27,32 b -1,-4,-7

d 48,96,192 e
2 a x=564

¢ 9,15,21
a s [ -16,64,-256
b »=3.51 ¢ x=9.00
Exercise 3A
1. & i T 120722 ii a=7,d
bi?7531 ii a=7,d=-
c i 75,885,9 ii a=7.5
d i -9,-8-7,-6 ii a
2 a 2n+3,23 b
¢ 27-3n -3 d 4n-5,35
e nx, 10x f a+(n-1)d a+9d
3 a 22 b 40 ¢ 39 d 46 e 18 fn
4 d=6 5 p=%¢=5 6 -15
7 24 8 -70 9 k=1.k=8
10 -2 +3/5

Challenge
a=4,b=2

Exercise 3B

1 a 820 b 450 ¢ -1140
d -294 e 1440 1425
g -1155 h 231x+ 21
2 a 20 b 25 c 65 d 4orl4
3 2550 4 20
5 d=-3,20thterm=-55 6 a=6,d=-2
7 S;p=1+2+3+..+50

S;,=50+49+48+...+1
2x S,,=50(51) = S., = 1275

8 5,=1+2+3+..+2n
Sww=2n+2n-1)+2n-2)+...+1
2xS5,=2n2n+1)=5,=n2n+1)

9 S5,=1+3+5+..+(2n-3)+(12n-1)
S,=2n-1}+2nrn-3)+...+5+3+1
2x8,=n2n) = S,=n*

10 a a+4d=33,a+9d =068

d=7,a=550S, =g[2[5] +(n-17]

= 2225:%[7;2+3]=>7n2+3n—4450=0
b 25

304
11
M o
b S, =-192 (k.1 + 308) = 192k + 46208
k+2 k+2
¢ 17

12 a 1683
. 100
b i —
R 100
54 _ 50 =P
i Sl_gﬂ— p[8p+( D )4,0]
50 100
Sin = 2{4p + 400] = 200[1 + T]
¢ 161p+ 81
13 a 5Sn+1 b 285

¢ 5.=K120) + k- 151 =Kk 7

§(5k +7) = 1029

5k%+ 7k - 2058 < 0
(5k - 98)(k +21) = 0
d k=19
Challenge
S =§{2ln9 +(n-11n3) ='%[lr181 ~In3+nln3)

= g{ln 27 +nln3) = g[ln33 +1n3")

n 1 1
=-(In3%) = —(In3"¥) = a = =
2[ ) 2{ ) 5

Exercise 3C

1 a Geometric,r=2 b Not geometric
¢ Not geometric d Geometric, r=3
e Geometric, r =l2 f Geometric, r = -1
g Geometric, r=1 h Geometric, r = —%
2 a 135,405,1215 b -32,64,-128
1 1 1
¢ 7.5,3.75 1.875 d — — ——
64 256 1024
e piophpt f -8x% 16a% -32x°
3 a x=3/3 b 93
n-1
4 a 486,2x 3 b %,]ODX(%)
c -32,(-2)~! d 1.61051,(1.1)"!
5 10,6250 b =i =2 7 %—%
2
8 a -2 L pR-n=d’=>2-422=0
2xr 8-z
b 2097152
¢ Yes, 4096 is in sequence as n is integer, n = 11
9 a ar’=40= 200p° =40
= p°=1=logp® =log(})
= 5logp=logl-logh=5logp +logh=0
b p=0725
10 k=12

11 n =8.69, so not a sequence as n not an integer
12 No, -49152 is in sequence
13 n=11,3145728

Exercise 3D

1 a 255 b 63.938 ¢ 1.110
d -728 e 5462 f -1.667

2 4.9995 3 14.4147 4 52

5 19terms 6 22 terms

376 @ Full worked solutions are available in SolutionBank.



3\
25(1 - () : k
7 a : >6l=>-1—(§) >ﬂ:.(§) g3
(1 _E) 5 125 5 125
log(0.024
= klng(g) & lng(i) > M
5 125 log(0.6)
b k=8
8§ r==+04
—y10
a(v3)” - 1] a@a3 -1
9 Sp= = = —
/3 -1 v3-1
AT L O |
(V3-13+1)
a(2*-1) b(3*-1)
10 =
1 2
lSa:40b=>-a=§b
2k +5 k . :
11 a =——=(k-6)(2k + 5) = k*
% -6 ( )2k + 5)
k*-Tk-30=0
b k=10 c 2.5 d 25429
Exercise 3E
1 a Yesas|r|<1, 2 b Noas|r|=1
¢ Yesas|r|<1,6%
d No; arithmetic series does not converge.
e Noas|r|=1 f Yesas|r|q1,4%
g No; arithmetic series does not converge.
h Yesas|r|<1,90
2 2 1
2 = 3 st 4 20 5 131
23 ¥ s
6 5g 7 o= T a=12 .
1 1
8 a —E‘(Jﬂ‘ﬂz b S‘m=1+2‘x
9 a 09787 b 1.875
10 & 30 cogpuqer=bay=T
1-r 8
b 251 ¢ 99.3 d 11
15 15
11 ==2 ==
B ar=—g=ras
a
=8=a=8(1-r
1-r
1 _g1-n=15-64r-64ar
8r
= 64r* - 64r+15=0
35
b T8 C 5,3 d 7
Challenge
a First series: a + ar + ar® + ar* + ...
Second series: a® + a’r® + a’r* + a*r® + ...
Second series is geometric with common ratio is r* and
first term a®.
b 1“ —=T=a=70-1=a=4901-n1-7
a’ 49(1 - -r)
=35 =
1-,2 7 0-na+n

49[]—r]=35(1+r]=:-49—49r=35+35r=>r=%

Exercise 3F
1 ai4+7+10+13+16 ii
b i 3+12+27+48+75+108 ii
¢c i 1+0+(-1)+0+1 ii
2 2 2 2 o
¢ 243 T 729 2187 * 6561 ~
2 ai yor ii 20
r=1
b i 3(@x3 ii 242
r=1
. &( 315 o
[ En(_?”r?) ii 13.5
3 ai26 i Ser+1)
r=1
- = 7 1 g)r—l)
b i7 ii ;(3x(5
¢ i 16 i $a7-9n
r=1
4 a -280 b 4194300
¢ 9300 d -1
a 2134 b 45854 ¢ X
6 65654
797256
8 a 3(-2r-1) b 99k - k2
¢ 6k-k2+27
25
3 98304

10 a a=11,d=3

T = ;(2(1 1) + (k - 1)(3)) = 2[19 + 3k)

Answers

50
273

40

T 6561

3k + 19k -754=0= (3k + 58)(k - 13) =0

b k=13
B
1 a a=6,r=3;sk=%=3[3t—1)
= 3(3% - 1) = 59046 = 3* = 19683
log 19683
klog3 =log19683 = k= =~
= klog 0g 19 = Tog 3
b 4723920
12 a |r|<g b
Challenge
$la + (r - 1]

r=1

S10 = 5(2a + 9d)

r=11 r=1 r=

=[7(2a + 13d) - 5(2a + 9d)] = 4a + 46d
4a + 46d = 10a + 45d = ba = d

$la+r-0d = Sa+0-0d - $la+-1d
1

377



Answers

Exercise 3G
1 a 1,4,7,10 b 9,4,-1,-6
¢ 3,6,12, 24 d 2,5 11,23
e 10,5,2.5,1.25 f 2,3,8,63
2 a U, =u,+2,u=3 b w,.,=u,-3 u =20
6 W2l d u,m_%ul:wo
e u, =-1xu,u=1 f w,,=2u,+1,u,=3
. n+ 2
g um|=[un]2+],u|=0 h un+l_u; ,u|=26
3 a u,,,=u,+2,u-=1 b w,,,=u,+3,u,=5

=

c U,,=u,+1,u,=3 un+l=an+%,a1:1

e u, =u,+2n+1l,u,=1 € w, ,=3u,+2,u,=2

4 a 3k+2 b 3k2+2k+2 c ':—%“,—4
5 p=-4,9=7
6 a x,=x,(-3x)=2(p-32)=2p-12

%= (2p - 12)(p - 3(2p - 12)) = (2p - 12)(=5p + 36)
=-10p? + 132p — 432
b 12 ¢ -252288
7 a 16k+25
b a,=4(16k + 25) + 5 = 64k + 105

$a =k +4k+ 5+ 16k + 25 + 64k + 105
r=1
= 85k + 135 = 5(17k + 27)

Exercise 3H

1 a i increasing
b i decreasing
¢ i increasing
d i periodic ii 2
2 ai 17,14,11,8,5 ii decreasing
b i 1,2,4,8 16 ii increasing
c i -1,1,-1,1,-1 ii periodic
iii 2
d i -1,1,-1,1,-1 ii periodic
iii 2
e i 20,15,10,5,0 ii decreasing
f i 20,-15,20,-15,20 ii periodic
iii 2
2k 4k 8k 16k
R R AT
ii dependent on value of k
3 0<k<l1 4 p=-1
5 a 4 b 0
Challenge
& Ty 1;!), 4=1r1+abb+ 1, 5=a;:],u[__a,u7=
b Orderis5asu,=u,and u. =u,
c 340
Exercise 31
1 a £5800 b £(3800 + 200m)
2 a £222500 b £347 500

¢ Itis unlikely her salary will rise by the same
amount each year.

3 a £9.03 b 141 days
4 a 220 b 242 c 266 d 519
5 57.7,83.2
6 a £18000 b after 7.88 years
7 a £13780
b Let a denote term of first year and u denote term of
second year
378

b
9 a

10 59 days
12 11.2 years

s, =10+ 51(10) = 520

u, =520+ 11

U, =531 +11 =542

£42198

500 m is 10 terms,

S = %(1000 +9(140)) = 11 300
1500 m
£2450 b £59000 ¢ d=30
11 20.15 years

13 2% -1=1.84 x 10"

14 a 2.401lm b 48.8234m
15 a 26 days b 98.5miles on 25th day
16 25 years

Mixed exercise 3

1 a ar’=27,ar'=8=r'=%f=>r=%
b 60.75 ¢ 182.25 d 3.16
2 a ar=80,art=512
=ri= 125 =r=%£=04
200 ¢ 3331 d 8.95x10*
3 76,60.8 b 0.876 c 367 d 380
O
4 a l,g, -3
15 1% _1.-'. 'g”_ls
h ﬂgl(B(g) _]) _ngls[g) r;]
211 -2
5 3(3)n = ( (3 - 5.9863
n=1 3 - l o
15 3
¥ 1=15
r=1
5.9863 - 15 =-9.014
_a(2) _1oax 22 g1 2\ _
€ Hpi= 3[3) . 3(3) £ 3(2 8 3[3) 3)
2, -1
T
5 a 08 b 10 c 50 d 0.189
6 a £8874.11 b after 9.9 years
7 a pi2g + 2) = p2g - 1)
pBg +1) pl2g+2)
(2¢g+2)P2=(2g-1Bg+1)
4+ 8g+4=6g"-g-1
0=2¢>-9¢-5=(¢-5M2¢+ 1) =>¢g=50r -
b 867.62
8 a S,=a+la+d)+(a+2d)+..+(a+(n-2)d)
+(a+(n-1d) (1)
S,=la+n-1d)+(a+(n-2)d)+..(a+2d)
+la+d)+a (2)
Adding (1) and (2):
2xS8,=n2a+(n-1d) =5, =g[2a +(n - 1)d)
b 5050
9 32
10 a a=25,d=-3 b -3810
11 a 26733 b 53467
12 45cm

13 S, = 22_’3(2{41 +(2n - 1)4) = n(4 + 8n) = 4n(2n + 1)

14 a

Up= 2k — 4, Uy = 2k — 4k - 4 b 5, -3

@ Full worked solutions are available in SolutionBank.



16

17

18

19

20

21

22

=

a+4d=14,3(2a + 2d) = -
3a +3d=-3,3a+12d = 42
9d=45=d=5=a=-6

59

a + 3d = 3k, 3(2a + 5d) =
6a+15d =7k +9

Tk+9=

6a+15(3k “) 7k +9
6a+15k-5a=7k+9=>a=9-8%
1“‘3‘9 ¢ 18 d 415
al=P,az=%.ﬂ:a=%=1><%=P

D
a, = a; = Sequence is periodic, order 2

j 1
500[ —)

P+y
a, =k, a,=2k+6,a;,=2(2k +6) +6 =4k + 18
g <a,<a,=k<2k+6<d4k+18=k>-6
a, = 8k + 42
a, = 8k + 42
Sa, =k + 2k + 6+ 4k + 18 + 8k + 42

- = 15k + 66 = 3(5k + 22)
therefore divisible by 3

a=130
§ 1130 650 = 130 = 650 - 650r
=020 _ 4
-520=-650r=r=
—650 5
6.82
513.69 (2 d.p.)
130(1 - (0.8)) = 9
T =>600=1-(0.8)"> 13
-log13
0.8" < % = nlogl0.8) < -log13 = n > log%
25000 x 1.022 = 26010
25000 x 1.02* = 50000
1.027 > 2 log1.02 > log2 g2
: > =nlogl. >loge=nz>= W
2047
214574

People may visit the doctor more frequently than
once a year, some may not visit at all, depends on
state of health

2n + 1 b 150
is = 2[2[3] +g-12)=2q + ¢*
S,=p=q¢*+2¢-p=0
ii 39
ar=-3,-% =675
T

3 1 -3 _.
> -Fxy _r_6.75=:-m_6.75
6.75r - 6.75r* +3=0
27r2-27r-12=0
—% series is convergent so |r| < 1
6.78

Challenge
a Uy =Sl — 6""‘?1‘

= 5[p(3™1) + gl271)] - 6[p(37 + g(27)]

% 5[,0(%){3"*2] ‘g l {2n+2}]

—6[,0{;)2(3‘”*] +q(3) 2ﬂ+zll
-l oS
= pl3") + ¢l2m2)

b u-= (%){3"1 + (g)[zw or e.g. u, = 2(31) + 321
€ iy = 3.436 x 1047 (4 s.f) so contains 48 digits.

CHAPTER 4

Prior knowledge 4

1 a
b

¢ 64+ 128x + 4822 — 80x°
9 o 4 . 3 p 12 13
1+2x 1-5z 1+2x (1 +2x)?
P L
3xr-4 (3x-4)
Exercise 4A
1 a i 1-4x+ 102" -202%.. i |x<1
b i 1-6x+21x*-56a%.. i |x<1
. E xi a? .
1+ = ii 1
c i 5 T 2] <
A 5x 5:cZ S5x° i
d 1+ === i 1
R 5 L
1 x  5x?  15x°
1-=4+" - ii 1
¢ 252 32 iz s
£ i 1-32,1522 3547 i |z <1
2 8 16
2 a i 1-9x+54x*-2702°... x| < 3
b i 1-3%, 1522 3543 | < 2
2 4 8
. 3x  3x%  b5a® . 1
c i 1+7_T+E'" i |y <5
s 35x  350x% 1750x° 1
d 1-== - i =
i 3+ 9 81 ¥ < 5
. 5 320x° )
e i 1—4x+20x2—T,.. i x| <
£ i 143%, 522 5583 i e <
1 4 48 :
3 a i 1-2x+3x%-4x".. i |x<1
b i 1-12x+ 902" - 5402°... i |x) <=
. x x* A :
- Eud ii 1
¢ T2 816 b <
5
dil-x- xz—‘%... i <!
e i 1-%,322 507 i |2 <2
4 32 128
2 3
f 1+4?’5+2‘33x 32 i e <1

1+ 35x + 525x% + 437547
9765625 - 39062500x + 70312 500x*
- 75000000x%

Answers
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Answers

4 a Expansionof (1l -2x)'=1+ 2x + 42? + 82% + ... 5 For small values of x ignore powers of x* and higher.
Multi]plyby(l+x]=l+3x+612+12x3+ - x]'—— i+x_2+
b |r <3 16 64
3 % x2 3Bx x2 3xf
Multiply by (3 + 2 N="p STy
g o B B 28 WPy bR G+ = a) = et s~ 0 16 8 b4
I . _3,11,_ 5,
b fx) < /103 _ V103 _ /103 4716 64
1100 ~ v100 10 & a A& g s U 2852
¢ 3.1x10%% V5 5/5 50/5 V5 5/5  50V5
6 a a==x8 b +160 i -
7 For small values of x ignore powers of x* and higher. 7 a 2- 325 2096 b 1.991
i xr  x? 0 3x? 2 2
(1+x)i= 1+§—§+ L -2= 1+2+T 8 a _3 _3+3x+3x 2 _2_10x  50x
T ) ) g ) 4-2x 4 16" 3+5x 3 9 27
1T+x X ixE oaw x x
[ =l+S - T =l 3 2 _1 . 107 719,
- e B 2 4 8 g a-2r 3+5x 12 72" 432"
8 a 2-42x+ 1142? b 0.0980311
b 0.052% ¢ 0.0032%
¢ The Pxpanqmn is only valid for |x| q = [0.5] is not
s ;han Do Exercise 4C
1 gy elpz  clys
4B P S b 2+5%+ 1
jEa— - 1-2 2+x
k] '97 97\|97 3
b 0. 75:(‘ ): ¢ valid || <1
2 10 1000 2' | 4 ! 2
. 2 - b B=;,C=-2
¢ 9.84886 a 2+x+(2+x]2 3 =
Use more terms from the binomial expansion ¢ |xj<2
of (1 - 3x):
2 3 1 9 .. 5
3 . 24+ 2% + 242 + 24?
Challenge B 1zt 1-z 242 st gl Tt
1. 3 x| < 1
a 1-—+-—
2x " Ba? 4 a A=- 154 and B = % b -1+11x + 522
1 1
10\2 _ {9 )2 3 3/10 1 6 3 67 407 .
b hix)=|—] == = = 5 2- b =—-—ax-—x?
w (9) £ 710 10 et s -2 10 200"~ 3000"
¢ 3.16 c |x|<4
5 19 97
i 6 A=3,B=-2andC=3 b - —x-—x?
Exercise 4B a an 6 36° " 216°
2 3
1 ai 2+§—%+g—4 il |xj<2 7 a A=—%,B=%and€=g b 11+ 38x + 11622
1 % . x* * " ¢ 0.33%
b iE_Z+§_E n |x|‘(2
i L_+i 3 u i <4 Mixed exercise 4 . . _
16 32 256 256 1 a i 1-12x+ 4827 - 64x* ii allx
2 3 2 3
a1 BeZeet o b i bigsX 2, 2 i 16
"6 216 ' 3888 L s "8 512 T 16384 ks
5 I ¢ i 1+2x+4x2+ 827 i |y <?i
e i %—?Zx+3ﬁfx ;‘52 = il |2 <2 , ; <z
d 1 2-3g+2 2% i o] <2
el 200 30 5 ii |;t:|4E 2 4 ’
3 9 27 81 z, 3x2  5x? 7
i o5 1 1 e i 2+ 61 512 i |v] <4
g i -+ -2+ —a? i |x<2
2 4 8 16 f i 1-2x+6x-182% i |r<3
s s Ic3 5 i 2 3 i
hoi V24302, 1302, O1V2,, lx] <1 g 1 THINEEs ek , 11 |x|¢;l
4 32 128 h i -3-8x-18x2-38x® i |r) <1
1 8 48 256 Xl ik
2 Ot S s O i I oy SR 3 AR
25 125" T 625"  3125° = 4732 128
2 x_x2 a2 1145
5 32_%_2_4 ¥ ol b —05
|35 '§5— '§5— 4 a = —9, d=36 b 1.282
b m(x) = \'II? : == . 3 ¢ calculator = 1.28108713, approximation is correct
6 V9 R to 2 decimal places.
¢ 5.91609 (correct tn_S4 ecimal places), B ot giediorag=i
RIEITOr = s 38 il ) b coefficient of x* = 4, coefficient of x* = -4.
4 a b = _s_ PTTR
380 @ Full worked solutions are available in SolutionBank.



6 a 1-3x+9x2-27x%

b (1 +x)(1-3x+9x2-2723)
=1-3x+92%-27x* + x — 327 + 9x*
=1-2x + 62* - 182°

¢ x=0.01,098058

7 a n=-2,a=3 b -108
c Jxl<i
8  For small values of x ignore powers of x* and higher.

1 _1_x 3% 3 _3_ 3. 9,

JA+xz 2 16 256 Ja+x 2 16 256
1 X = 1,17 35

9 a —+—+—xa? b —+—x 22
2716 " 256 2716 256
1 3 9 27 1 x, 3. 9 ..
10 ——= 2 3 h ooy Tl oo gl
b T TR e
1 x  3x? Ha?
11 -+ == b 0.6914
% 2716 256 2048 ?
1 4 32
12 S e
- -4 (= 351, 477
13 a A=1,B=-4,C=3 3 64x 512x
14 a A=3andB=2 b 5-28x + 144x2
5 . Sy 11,4 5 1
15 a 10 2x+2x 4x mB_ZandC_ 5
b Percent error = 0.0027%
Challenge
3. B%%, 27%¢ 135sf
2 8 16

Review exercise 1

1

Assumption: there are finitely many prime numbers,
PP psuptop,. Let X =(p, x p, x pyx ... xp,) +1
None of the prime numbers p,, p,, ... p, can be a
factor of X as they all leave a remainder of 1 when X
is divided by them. But X must have at least one prime
factor. This is a contradiction.

So there are infinitely many prime numbers.

Assumption: x = % is a solution to the equation,

whprp aand b arp integers with no common factors.
a

- -2= 0=>~—=2=>~az—2b2

(b) b?

So a? is even, which implies that a is even.

Write a = 2n for some integer n.

(2n)* = 20" = 4n° = 2b* = 2n* = b*

So b* is even, which implies that b is even.

This contradicts the assumption that a and b have no
common factor.

Hence there are no rational solutions to the equation.
4x -3

x(x - 3)
2o
a0 f{x):[:c+2) 3[xl+2}+3:
(x + 2)?
b (x+%)z+%>0
¢ ¥+x+1>0fromband(x+2F>0asx#-2
=l 4

»¥+x+1
(x + 2)*

10

11
12

13

14

A=3,B=1C=-2
d=3, e=6f=—

5
1+2x

plx) =

x>¥nrx<—5

a Range: p(x) =4

= plx)

- .
~Lora=2/6

4
a qpx) = —3x+—418

a=-5b=-18,c=1,d=4

)
b x=-3

b a=

Answers

¢ @ =7_‘f+—518, xeR, x#-5
a Ya
__________ i 1)
i .
) 0 X
‘x+ 2
(. x )+2=x+2+2x:3x+2
(x+2) x+ 2 x+2
x
¢ n13 dg'w=25rer

a 3(1—2x]+b=1—2{3x+b),b=—§

1 3x+2 g T
b p-lx) = 9 g (x) = 2
a=—3,b=7,(,‘=]8
4 Yy
(2,7)
(2, 4)
T O é.’.ﬁ_:
2 0
’ yh
° : ‘ (34
Y= ﬂIxD y= f(zx_ 1)
VN L |
0 x
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17 a

b
c

18 a

b
19 a

4]
=
]

I -TRN AN -

382

Answers

N 22
y = hix) 104
S5 20 -
0 x
23
-3, -8
( ) 24
i(-5,-24) ii (3,-8) iii (-3, 8)
Y
10 i = hi=x])
25
0 >
-5 —1| 1 5 x
(-3.-8) (3,-8)
i Ha
____________ 7 LT, Y
A'(1, 1)
el 5 26
27
ii YA ,
Ny=—flx+1) 28
1
/-\B' : - . 29
/1 ’ \ 4\1
A ) . """""""""
iii : ¥
; 30
—— \ 2| y=f-29
e m :
-3\ —#-N\a/|0 x 31
Pen-1)
i 6 ii 4
b=-9 b A(9, -3), B(15,0)
x=15,2=-21
flx)y =8
The function is not one-to-one.
Ry 8 3z
3 7
k>%
k=06,k=-4 b a=16,d=8

- - -

-]

=

— - I I - B - - - - <]

]

c

Solve @ + 3d =72, a + 10d = 51 simultaneously to
obtain a = 81,d = -3

1125 =§(162 +(n - 1)(-3)

2250 = 165n - 3n®
Therefore 3n* - 165n + 2250 =0

n=25n=30
a=19p - 18, d = 10 - 2p, 30th term = 272 - 39p
p=12

225

g 61225 (225!
r = Inr h1(64]=>61nr ln( ) 0

64 64

=>61nr+ln( 64) 0

225
r=1.23
60
a=10,r= g
) é*)
10(14}55:} 1 —(E)k>%
6
= 13> (§) = veliz) > ox{ (3]

5) lOg(%) »

= lng(]]—z) > klng(g = s
lng(—
k=14 6)

44+4r+4rr=7=4r*+4r-3=0

Ll —_3

r=gorr=—; c 8
1
3

xr=1,r=3andx=-9,r=-

243 c 182.25

a, =k, a,=3k+5

ay=3a,+5=9k+ 20

i 40k + 90 ii 10(4k +9)

2860

2400 x 1.06"! > 6000 = 1.06""' > 2.5

= log1.06"! > log2.5 = (N-1)log1.06 > log 2.5

N=16.7..., therefore N = 17

2400(1.061 - 1)
1.06 -1
Total value of donations is 5 times this, so £158,000

over the 10-year period.
el < §

Si= =31633.90 ... donations.

— 13
30 - 2% +
_1+%x+§x3+%x +.

|v] < 1. Accept -1 <x < 1.

a=9 n=- 36 st

54 3
-360

ol

9 9

@ Full worked solutions are available in SolutionBank. #



33 4ac?

a 1+6x+6x2-

3

e . [r—
b (1 a{c3)) - (227 (/T2 - (212)°

1120112
~ 1000
¢ 10.58296 d 0.00039%
1 x 2;1:’3 8x*
34 —- L
27 27 81 729
35 a (4—91:]%:2(1—%:)2—2—%: 2‘1
[ 1 '391 »391
b 4- )
{+-9(506) =100 = 10
¢ Approximate: 1. 9??37 correct to 5 decimal places.
3 1
36 =2,b=-1,¢c=—= b =
a a ¢ 16 3
3
a=-2,b=1,c="=-
16
37 a A=1,B=2 b 3-x+11a%-
38 a A=—%,B=% b -1-x+4x*+
39 a A=2,8-10,C=1 b 2230, 20,
9 27 9
- -5 (= 31,19, 377 »
40 a A=2,B=5,0=-2 b ]2+144x 1728x
Challenge
1 a (x+2P2+(y-37%=25 b 15

2 ay=mas=m+k,a;=m+ 2k, ...
6m + 45k = 4m + 50k = 2m=5k=>m=%k

19 - 41 ,B:x:1—6 Cox= 19 + v41

3 A:x-= i
4 3 1

it 2n+1 3 79 81
+ S (577 ) =t () o8, () e () v, 5
E Og_‘ -1 Og + Og +...+ l.'.'rgl 77 + Og 79

79 81
=log, | X Ix..X —x— |=log.81=4
og_,[leX 77x?9] %8s

5 y="{(ax + b)is a stretch by horizontal scale factor L

b a
(—EJ, Point (x, y) maps to
0

followed by a translation.
point [E _b )

So (x, y) invariant implies that: £ b x=x= b
a a l1-a
CHAPTER 5
Prior knowledge 5
1 V2 I V3
1 a —E b —7 c V3 d 2
2 al b -tan®d ¢ |sind|
3 a (sin260 + cos20)® = sin? 26 + 2 sin 26 cos 20 + cos® 20
=1+ 2sin 26 cos 2¢
o i 2 — ein? 2
b -2 _2ging=2-2si0%0 _ 201 -sin o) _ 2cos?9
sin# sin# sinfl sin#

4 a 75.5° 284°
¢ 19.7° 1187, 200°, 298°

b 15%;.75% 195%:255°

Exercise 5A

1 a 9° b: 12¢ ¢ 75° d 225°
e 270° I 540°

2 a 264° b 57.3° ¢ 65.0° d 99.2°

3 a 0479 bO0.156 ¢ 1.74 d 0.909 e -0.443

d 75.5° 132°, 228", 284°

=1

8

Answers

27 T T bis
T b s Gl 45
5w 4 3 Yk
e % r 3 g 5 b 5
. 11w
> 6
a 0873rad b 131rad ¢ 1.75rad d 2.79rad
e 40lrad [ 5.59rad
a ydl
(m, 0) (27, 0) ~
(0,0) ¥
b Ya
(0, 1)
m T
L, o/ h\@ 0
a a
(m 0)
(—= 0) (0,0) x
b ¥a
(0,1)
T 5w
g0/ \&o /

A
¥
€3 01/ (5.0

VAV

/

d
0.1

=Y

0y

»3

/

(0, -0.5)
(570 50k (G0 (5-0)
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Answers

Challenge

8 a I=pg=27 ,_121

a 2rn,nez b 37“+27rn,nez c g+m,nez 12’ )
A=L2 =l(1_2’)zizi(]44lz) _oe
Exercise 5B 2 2y WA2 24 2P it
5 5 b 5S7cm c 60
s T W . ™ v
1 a sin (W—Z)=7 b -sin (§)=—7 9 ACOB:%I‘Z sind
- (27r - E) . d cos (W - _) _1 Shaded area = 4r2(x — §) — 3r2 sin(z — )
6 2 2_ = 312w - 3r%0 - 3r? sind
e cos (27r i E) =L f cos (;r + _) -_v2 Since ACOB = shaded area,
372 . 2 TR N
_ 5 smﬁ:Er =5 G—Er sin#
g tan(w—%):—] h —tan(w+£)=—1 sinfl=n-0-sinf
: . : f+2sinf=mw
i tan(ﬂ1)=ﬁ 10 38.7 cm?
6/ 11 8.88cm?
2 a '3 b Y3 g A8 12 a 0AD = 1r29, OBC = Lr + 8)%
2 2 2 2 G
= B B ABCD = Yr + 8)20 - 1r20 = 48
d == e -3 f V3 ey i
2 Sr? + 161 + 6410 — 51?0 = 48
3 AC—_2 _43 (r2 + 16r + 64)0 - r20 = 96
’ T3 96 6
sin 16r+64=""=r=2_4
(3) - N r+ b
DC? = AD? +A(:2=(2"6) ¥ (4‘3) -8 b 28cm
_ 3 3 13 78.4(9=0.8)
DC =202 14 a 142=122+102-2 x 12 x 10 cos A
196 = 144 + 100 - 240 cos A
. —48 = -240 cos A
Exercise 5C ) 0.2 = cos A
1 aiz27 ii 2.025 iii 7.57 A =c0570.2) = 1.369438406... = 1.37 (3 s.f.)
b i3 i 1.8 i 3.6 b 34.1m?
c it i 08 i 2 15 a 18.1cm b 11.3cem?
. 3 . 16 a 98.79cm’ b 33.24cm
2 Yrem 3 2x 4 5/2 ¢cm 17 4.62 cm?
5 a 104cm b 1.25rad
6 7.5 7 08 Challenge
8 a lr b 6+3rcm Area = 1r20, arc length, [ = rf
9 6.8cm Area = 3rl
10 a R-r
b sind =ﬁ = [R-rlsinfl=r=(Rsinf - rsinél =r Exercise 5E
= Rsinf=r+rsind = Rsind =l + sind). 1 a 0795549 b 3.34,6.08
¢ 2.43em C 1,37,4.51 d =
11 2 rad 2 a 0.848,2.29 b 0.142, 3.28
12 a 36m b 13.6km/h [ ],08,4.22 d 088(),540
13 a 35m b 153m 3 a ],]6,5.12 b 3,6],5.82
14 a 2.59 rad b 44mm [ 089(),404 d 0,421,5.86
br w
4 a -—/— = b 0.201, 2.94
66
Exercise 5D ¢ -5.39,-0.896, 0.896, 5.39
1 a 19.2¢cm? b 2 rems ¢ 162 .m? d -1.22,1.22,5.06,7.51
. _ e e 1.77,4.91,8.05, 11.2
d 25.1cm? e 6mr-9/3ecm?2 f %ﬂ' + 92 em? f 4.89
2 a %ﬂ—cmz b 5ecm? b a 0322, 282, 346, 596
3 447 b 3.96 1.98 b 1.18,1.96, 3.28, 4.05, 5.37, 6.15
i T : $ B ¢ & I 13z 197 25r 3ln 37z 43x
5 a cosg=l0?+107-18.65% _ ;009 24" 24’ 247 247 247 247 247 24
- 2x10x 10 ’ 0.232, 2.91, 3.37, 6.05
b 120cm? & i _Im _Sm w w 3z llr
6 40%em L s T K B
7 a 12 p 5% 21 m 7w ox xw2nbx 7r 4r 5m 1lx
b A=12=1x122x0.5=36cm? 6° 373 663366336
¢ 1.48cm?
384 @ Full worked solutions are available in SolutionBank.



10

11
12
13

14

¢ -5.92,-4.35,-2.78, -1.21, 0.359, 1.93, 3.50, 5.07
d -2.46,-0.685, 0.685, 2.46, 3.83, 5.60, 6.97, 8.74

a % 3m 57 Im b 0,2.82, 596, 2x
4 4 4 4

c 7 d 0.440, 2.70, 3.58, 5.84

a w b 0.501, 2.64, 3.64, 5.78

¢ No solutions d 1.10,5.18

a T 11= b 7w 117 197 237 31z 357
3 6 18187 18" 187 18 18

¢ -0.986,0.786 d 0% %T 2

a - %Tﬂ’ 0.412,2.73 b 0,0.644, 7, 5.64
0.3,0.5,2.6,29
0.7,2.4,3.9,5.6
8sin?x + 4sinx - 20 =4
8sinx + 4sinx - 24 =0
2sin*x +sinx -6=10
letV=sinx = 2Y*+Y-6=0
= 2Y-3)Y+2)=0=50¥=150r¥=-2
Since Y = sin x, sin x = 1.5 — No Solutions,
sin x = -2 — No Solutions
a Using the quadratic formula with a =1, b = -2 and
¢ = -6 (can complete the square as well)
2+{-22-4x1x[(-6)
2x1

2+4+24 _ 2+ /28 _2=+ 207
2 T2 T2

b 13,21,44,53,7.6,84

a sinx =0.599 (3 d.p.)

b 0.64, 2.50

tanx =

tanx = =147

Exercise 5F

1

2

f — siné

a i b 1 ¢ 1

sin30 30 _ 30 _3

0sindd 0 x40 492 40

62 62

1-—=-1 -—
p Ccosf-1_ 2 __2__4#8
tan2¢ 26 20 4

tan4d + #* 49+92_49+92=4+9

C

3¢ - sin26 36 - 26 [
a 0.970379 b 0970232
¢ -0.015% d -1.77%

e The larger the value of # the less accurate the
approximation is.

. x 100 =1 = (@ - sinf) x 100 = sin#
sin#

= 10068 — 100 sin# = sin# = 1006 = 101 sin .

2
_ 4(1 —ﬂ)—hss
400538—2+53m92 2
1 - sin26 1-260

/ 2
4[1—_99 )—2+59 ,
2 4-1862-2+50

1-26 - 1-20

(120090 +2)
== 1_-28 =90+ 2

b 2

Answers

Challenge
1 a CD=ACY
: CD  ri
b sing=22-I_y
sin AD= 7
CD _rd
tan # = =—=4{
an A= T
2
2 a1-%
2 -
b (:059:\-"1—sin%)z1—%,ifsinsz9thenthis

92
becomes cos# = 1 T

Mixed exercise 5

1

e W

w1

10

11

12

a

T or R R

- -

a

HiC b 8.56 cm?
. cm

120em* b 161.07 cm?
1.839 b 11.03cm
p

r
sl ol Lo
Area_zr B_Zﬁr_zprcm

12.206 cm?

1.105=#<1.151 (3 d.p.)
1.28 b 16 ¢ 1:3.91

Area of shape X = 2d? + Jd*n

Area of shape Y = 3(2d)20

2d2 + Yd?x = 1(2d)%0

2d2+%d27r= 2d%0 =1 +%7r=9

(37 +12)em c (18+37“)cm d 12.9mm

Ay =3x62x0-3x62xsinf =180 - sinf)
Ay =mx 6% - 180 - sind) = 36w — 18(¢ — sinf)
Since A, = 34,

367 — 18(# - sinfl = 3 x 18(# — sinf)

367 — 18(# - sinf) = 54(# - sind)

36w = 72(# - siné)

37 =0-sing

sinf=0-=

10°=52+9-2x5x 9 cosA
100=25+ 81 - 90 cos A

—6=-90cosA

& =cosA

A = cos(75) = 1.504

i 6.77 cm?® ii 15.7 cm? iii 22.5cm
2T2x 1.5 =18 = rf=20

r=4y20=2/5

15.7cm ¢ 5.025cm?

2/3 cm b 2rcm? )

. = ey for T 2\"'_3 :
Perimeter = 23 + 23 + 2v3 x 3= 3 [m + 6)
702 =442 + 447 - 2 x 44 x 44 cos C
cos(=— E

968

C= cns"(—%) =1.84

i 80.9m ii 26.7m iii 847 m?
ArcAB=6x20=120

Length DC = Chord AB

Chord AB =2 x 6sinfl =12 sinf

385



Answers

Perimeter ABCD =120 + 4 + 12 sinf + 4 = 2(7 + m)
1260 + 12 sinf + 8 = 2(7 + «)
60 +6sinf-3=mn

20+ 2 sinf -1 =g
T . T T 1 T
b 2x%+2 sm(g)—l =3+2xy-1=%
¢ 20.7cm?
13 a 0,A=0,A=12, as they are radii of their respective
circles.
0,0, =12, as 0, is on the circumference of C; and
hence is a radius (and vice versa).
Therefore,
0,40, is an equilateral triangle = £A0,0, = %
By symmetry, ZB0,0,1s 5 = ZAOB =T + 3 = %
b 16rcm ¢ 177 cm?

14 a Student has used an angle measured in degrees
— it needs to be measured in radians to use that

formula.
5w .
h LI 2
2 cm
15 a - b 6+1
ot
7+ 2(1 _ 2 ]
16 a 7 +2c0s20 2
tan20 + 3 20+ 3
[ 442
) 7421 _T)_ 9 - 442
20+ 3 T 20+3
=(3+29][3—2:9]|=3 _9p
20+ 3
b 3
17 a 32 cos560 + 203 tan 108 = 182
2
32(] —%) + 203 (108) = 182
32 - 16(2562) + 20300 = 182
0 =400 - 20300 + 150
0 =406° - 2036 + 15
3
h S,E
¢ 5 is not valid as it is not “small”. % is “small” so is
valid.
18 1 - 2¢?
3
1 0.730, 2.41 b -T2
e 44
T 5w :
-, = d -2.48, -0.666
44
20 a Ya
(0,3)4
0.0) ) A 0

m
(5.0

b 2 solutions
21 a 3sind

57 13x 17x
22
12-12 1212

¢ 0.540, 3.68
b 0.340,2.80

23 a Cosine can be negative so do not reject - L Cosine

v
squared cannot be negative but the student has
already square rooted it so no need to reject —%,

J

b Rearranged incorrectly — square rooted incorrectly
¢ 37 _m m 3w

4’ 4'4 4
a Not found all the solutions
b 0.595,2.17,3.74, 5.31
25 a Ssinx=1+2cos’x = 5sinx=1+ 2(1 - sin’x) =

2sin*x + 5sinx-3=0

24

p T, 57
6 6
26 a 4sin*x+9cosx-6=0=
4(1 - cos®x) + 9cosx - 6=0 =
4cos’x —9cosx+2=0

1.3::5.0.7.:6,11.2
sin2x

27 a tan2x = 5sin2x = = 5sin2x =
cos2x
(1-5cos2x)sin2x =0
0,0.7, % 25,7
28 a y
B\ o (47 o
b (0, ‘—) — 0}, [—. 0 0.34, 4.90
2 )3 J(s ] ¢ .

29 x=0.54,1.90 or 2.64 (2 d.p)

Challenge

a f=20rg=-3
0= % is small, so this value is valid. # = -3 is not small
so this value is not valid. Small in this context is “close
to 0.

b =-toro=1
Both # could be considered “small” in this case so both

are valid.
¢ No solutions

CHAPTER 6
Prior knowledge 6
1 Wa
1 e y=sinx
1% 7 0 T 180° %
F-1]

a 53.1°,126.9° (1 d.p) b -23.6° -156.4° (1 d.p.)
1 1 1 _cosx _ 1 - cos®x
sinx cosx  tanx  sinx cosx  sinx  sinx cosx
_ sinx _ sinx
sinx cosx  €OSX
3 0.308,1.26, 1.88, 2.83, 3.45, 4.40, 5.02, 5.98 (3 s.f.)

= lanx

386 @ Full worked solutions are available in SolutionBank.



Exercise 6A

1 a +ve b -ve c -ve d +ve
e -ve

2 a -5.76 b -1.02 ¢ -1.02 d 5.67
e 0577 f -1.36 g -3.24 h 1.04

3 a1l b -1 c -1 d -2
e —2;3 £ -1 g 2 h 2
: P . V3 273 -

=2 15, k 1 -2
1 v J 3 3 v
1 1

4  coseclT —x) =

= cosecxy

sin(m — x) ~ sinx
1 1 V3 2
5 cot30° sec30® = — = x—=—=2
oLt sec an30° < c0s30° 1 /3
6 cosec(%) + sec(?) e . — + . .
sin(ﬁ] cos(ﬁ)
v 3 3
_1, 1
V3 1
2 2
-2+ 2 - 2,23
V3 3
Challenge
a Using triangle OBP, OB cost = 1

2;.0,5':_] =sect
cos

b Using triangle OAP, OA sind = 1

= 0A =_L = cosecd
sind

¢ Using Pythagoras’ theorem, AP* = 0A* — OP*

So AP? = cosec’d - 1 = _1 -
sin®f
_1-sin*@ _cos®d _ .
T sin?d  sinZd Gy
Therefore AP = cotd.
Exercise 6B
1 a i =sect
aua 5 wja aUa
: : e : :
-540 ! : v 0l : L 040
T T T T T T T T T T T T Lo
-450 -270 —901 90 270 450 9
b y = cosech
i \/ iV, i\/
o 1 |

3

4

Answers

c =
A y = cotd

e gy A
Ty
e I,

a | a !
' y=—x Yy =cotx
T 0 w
b 2 solutions
a A
Yy = sect

T T ‘79-'
180 2{DN_360
y =—cosf

=
S

D

iy = secf

b The solutions of sec = —cos ¢ are the @ values of the
points of intersection of y = sec# and y = —cos 4.
As they do not meet, there are no solutions.
a Y
Yy = cotd

0 9 %0 278\ b0 ¢
i ™~y = sin 24
b 6
a ya gtay
|
0 90 /180

%]

i ]
=
w
=]
=]
=Y
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Answers

YA ¢ L |
E N\ y= cot(# + 90°) |y = cosec( - 30°)
: 5 14 !
! . v (1200, 1)
T T T —> i f T —>
O\, 90 180\ 270 360 ¢ Llspr 210°  300° 360°°
; ; (0,-2) \ i
cot(90° + #) = —tanéd I '
6 a i Thegraphofy= tan(8 + %) is the same as that &
of y = tan @ translated by % to the left. 4
ii The graph of y = cot(-#) is the same as that of
y = cotd reflected in the y-axis. 27 602 2) +
iii The graph of y = cosec(ﬁ' + %] is the same as g :
T T >
that of y = cosec# translated by g to the left. o 150° 330° #
(2400 -2)
iv The graph of y = sec(s = 1) is the same as that ~27 { J:
= ; = 2sec(d — 60°)
of y = secd translated by % to the right. . :
—4 H i
T\ = cot(-0); T\ —gec(d - T : :
b tan(s + EJ = cot(-0); msec(e + 4) 590(9 4) : ]
Ay . .yzseczg. f A ; ; ;
wlh E E E ©. 1155\ [ | [i
i ; (1807, 1), i A VI
: 45° 90° 135° 180° 295° 270° 315° 360° (s @951 |
: i : E O ! 150° | 330° 0
: : : : 14 05541 (285°,+1)
(90°,-1) (270°, -1) = s e iy
b Y4 . Y =—cosecd : : : :
i ' ; y =Icose(|:[29 + 60°]|
L(270°1)
T t T t >
10 90° 180° 270° 3é0° t & yp
90°, -1\ E woE b
: : W5ofoy  fzesofay [
C  ya \/ 354 d) \f 154, 0)
5 5 o[ [ 90 1807 2707 3607 5
y=1+sech : I | |
: 4 -14 i ' i :
2 ; ; o ] Y
H 180° ; : : : i
i . i — : . : h
20 99° 270° 360° 0 by otz
T(180°,0)

388 @ Full worked solutions are available in SolutionBank. #



h y4 ’ \
yi: 1-2sect
' (180°,3) !
| 180° I 360°
i T i T >
S () | o
; v f(360°,-1)
27
8 a 3 b 4x c 7 d 2n
9 a ; A : ;
1y =3+ 5cosecx
i i 81 i i
- 1 S - |
L2 0 2 2 . 2
27 r A2d0 T ® A 2k x
b -2<k<8
10 a ' yh ! '
iy = ] + 2secd ,
—r R 0 I I ﬁ! 2 E
B i 2 2
b #=-70,m 27
¢ Max = 4, first occurs at § = 27
Min = -1, first occurs at f = =
Exercise 6C
1 a cosec’d b 4cot®p ¢ isec’d
d cot*d e sec'f { cosec*d
g 2cot’d h sec*d
2 a3 b -1 c +/3
3 a cos# b 1 ¢ sec2f
d 1 e 1 f cosA
g cosx

10

=2 =T NI - - eI -]

=]

=]

a

LHS. = cosf + c;ing.ine _ cos®f + sin®#
ST T Teos 6 cosf
ey gan e BT S
cosf!
cosf sin# _ cos®# + sin®d
L.H.S. = B
sin# * cosf sin# cos#
_ 1 1 « 1

“sinfcosd  sind  cosf
= cosecH sec = R.H.S.
1 . 1 -sin*# _ cos?f
LHS. =——-sinf=———=
sin# sin# sinf

cosg = cos# cotd = R.H.S.

= cost x

LHS. =(1- (:osx)(l + %J =1-cosx +

i 2 2
i —cnsle cos’y _ sin®x
cosx cosx cosx

SINY _ inx tanx = RILS.

Esmxxmsx_

LHS. = cos’x +.(1 - sinx)*
(1 - sinx)cosx
_cos?x+1-2sinx + sin’x
(1 - sinx)cosx
2 - 2sinx 2(1 - sinx)
- (1 -sinx)cosx - (1 -sinx)cosx
= 2secx = R.H.S.

cos¢ _ cosd
1 (tan.‘) + ])
tan# tan ¢

_cosftand _  sind
= B0~ Dhetang s D

45°, 315° 1997, 341°
112°, 292° 30°, 150°
30°, 150°, 210°, 330°
26.6°, 207°
90°
-164°, 16.2°
+45°, +135°
-173°, -97.2°, 7.24°, 82.8°
-152°, -36.5°, 28.4°, 143°
57 1lx 27
b 6 6 c

LH.S. =

+109°
41.8°, 138°
+60°

RO ARr

ks

£=cosﬂ=>AD= bsecd

AD

Ag: cosf = AC = 6bcosd

CD=AD - AC = CD =b6sect — bcosh
= 6(secd — cosfl)

Answers

e
Ccosxy

1

36.9°, 90°, 143°, 270°
45°,135°, 225°, 315°

2em
1 cosx
cosecy —cotx _ siny sinx _ 1 1-cosx
1-cosx 1-cosx  sinx 1-cosx
= cosecx
g=F 37
6" 6
sinytanx 4 _ sin®x _
1-cosx ~ cosx(l - cosx)
_ sin®x — cosx + cos®x 1-cosx

cosx(1l — cosx) = cosx(1l — cosx)

—.k
= cosx = Secx
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Answers

1 1

b Would need to solve secx = —%, which is equivalent

11 a

secl — tanf

to cosx = -2, which has no solutions.

X secH+tand  (secd — tanf)secd + tang)

11 x=11.3°,191.3° (1 d.p.) _ secd — tan @ _ sech — tan g
Exercise 6D (sec®f — tan®d) 1
ercise .
1 a secz{%ﬁ] b tanz# c 1 b x2+$+2=(x+%) = (2sec)? = 4sec?
d tané 1 f 3 ' o ,
g S . & i cosi 12 p=2(1 +tan’¢) - tan?0 = 2 + tan®0
i k 4 cosec'26 - tan?0 = p -2 = cot?f= — 1 _
2 k-1 e 2[ o :
3 1 b _¥3 cosec’fl =1+ cot?*d=1+ L = i W
a 5 2 p-2 p-2 p-2
5 4 3
i D %5 ] Exercise 6E
5 .. h -2 T T T i1
24 7 ) 1 a — b - c - d —
6 L.H.S. = (sec?# — tan?#)(sec? # + tan?d) 2 2 4 6
= 1(sec?d + tan?#) = R.H.S. e ST £ _T g = h I
b LHS.=(1+cot2x) - (1 - cos?x) 4 6 3 3
= cot?x + cos?x = R.H.S. 2 a 0 b _% c %
1 cos’A 8 )
LHS. =———|—=—-cos’A| = - 1
£ cos’A \sin2A 0% sinz A 3 a3 b =y, e =1 d o
= cosec’A — 1 = cot? A = R.H.S. 4 a % b % c -1 d 2
in2
d R.H.S. =tan’d x cos®*d = :glzf; x cos*f = sin®# e -1 r 1
=1-cos?0 = LHS. 5 er-a
P S 6 a O<x<l
—tan®A _ si B
e LHS. e cnsZA(l - cns2A] b i1 ii lx -
e . 7 . . 7 : \‘I - x
= c0s’A - sin’A = (1 - sinA) - sin®A ¢ i no change ii no change
=1-2sin*A = R.H.S.
A ;
f LHS =1 1 _ sin®*# + cos*d 7 a 3y y=%+23rcsinx
T T cos?@ sin?# cos?d sin?f -
= ; = sec?f cosec?d = R.H.S.
cos® @ sin®f
. sinZA’
g L.H.S. =cosecA(l + tan*A) = cnse(:A(l + : ]
cos® A,
1 sin? A sinA 1
=cosecAd + —— . ——— = cosecA + —— .
cosecA =+ sinAd  cos*A coseca cosA  cosA
= cosecA + tan A secA = R.H.S.
h L.HS. =sec?d - sin*d = (1 + tan®0) - (1 - cos*#)
= tan®# + cos?f = R.H.S. ";‘r
2
L R
4
8 a 20.9°69.1° 201°, 249° b %
¢ -153° -135° 26.6°, 45° d I, ﬁ 3—T I
2 4 2 4
- T ]] yu
e 120 r o, el 3r
2
0°, 180° EEIREE ek O
g 3
9 a 1+/2
b cosk=—1 - vz-1 =JZ-1 a
1+42 (2-102+1) Yy =m—arclanx
¢ 65.5° 294.5° %
10 a b =% S T T
@)
B cz___mtzxzmszxz b* __\a
: sinfx 1 -p? (4'2 0 x
=i
= E ® 70'2 — —]6 _
a* (a*-16) a*-16 2
390 @ Full worked solutions are available in SolutionBank.



yll
______________________ %l
E y = arccos(2x + 1)
| x
: 2
o 0 K’
e
e
ol i
2 i
I = —2arcsin (—x)
-1 1
| ]
2
____________ -
e b K )
T LNl
77 2
T T > T
-1 1 * -
sl
2
Range: -L = flx) = L
ge: -5 <flx) <3
g x — arcsin2x, ;= x <y
Log _, Lgi T = 53
gha—ysing S <xr<J
Lety = arccosx. x € [0,1]1 = y € [0, %]

cosy = x,s0siny = /1 - cos?y =1 - 22

(Note, siny # -1 — x% since y € ID, %J so sin i = 0)
y = aresiny/1 — x2

Therefore, arccosx = arcsiny/1 - 22 for x € [0,1].

For x € [-1,0], arccosx € (%Tr) but aresin only

has range I— % g]

Challenge
a Ha !
1
0 & 5*
11 2!

Answers

Range: 0 = arcsecx = 7, Arcsecx # —
2

Mixed exercise 6

1 -125.3° =+
8
5 gt
P=q

3 pPg? =sin?d x 4% cot*f = 16 sin?0 x

54.7°

cos?d
sin®#

=16co0s?d = 16(1 - sin®#) = 16(1 - p?)

4 a i 60°

ii 30°, 41.8°, 138.2°,150°
b i 30° 165°, 210°, 345°
ii 45°, 116.6° 225°, 296.6°

. 71z 101x
c i —,
60 60
i 7 57 7r 1lx
A 66" 6
5 -8
6 a L.H,S,E(smg+w(sin9+msﬁ)
cosf  sind
Fam 2 2
= 7(%1 e (_:05 8) (sinf + cosd)
cosf sinf
_ _ sin# cos#
~ sin# cos#  cosfsind
= secH + cosectd = R.H.S.
1
b LIS = sinx
_L—qinx
sinx
1
1-sin*x sinx cos®x cos’x
sinx

¢ LHS. =1-sinx+cosecx-1= L —sinx
sinx

_1-gin?x _ cos’x _

COosxy

= Cosx colx
x

sinx  sinx
= R.H.S.
cotx(1l + sinx) — cosx(cosecx — 1
d LHS. = ( ) ( - )
(cosecx — 1)(1 + sinx)
_ cOlx + COSX — coLX + COSX _ 2cosx
~ cosecx—1+1-sinx  cosecx -sinx
2eosx _ 2cosx  _ 2cosxsiny
{1 - ¢in2 o 2
_1 Csing (l sin x] cos’x
sinx sinx
= 2tanx = R.H.S.

391



Answers

e LILS. = Cosecd+1+cosecd -1 _ 2cosech

(cosec?f — 1)

_ 2 sin*f _2sing_ 2

cot?d

sind

" sinf cos?f cosif cosd  cosd

= 2secd tanf = R.H.S.
sec’f —tan®d _ 1

f LHS.

sec?f - sec?

sin®x + (1 + cos x)?

7 LH.S. =
& (1 + cosx)sinx

_sinx + 1+ 2cosx + cos®x

f

= cos’f = R.H.S.

2+ 2cosx

(1 + cosx)sinx

2(1 +cosx) _ 2

(1 + cosx)sinx

=— " =-—"-_=2co0Secx
(1 +cosx)sinx sinx
p T _27 4m 57
3 3'3’'3
8 R,H.S.E(
sinfl  sinf sin®#

(1 + cosfd)*

1 cos 9)2 _ (1 +cos6)* (1 +cosd)

1 - cos?f

—1+cosb_y g

= - cosO)1+cos0) 1= cosb

9 a —2\-"F2_
b cosectA =1+ cot?A =1 +%=%
= cosecA =+_5_ = + 32
2V2 4 e
As A is obtuse, cosecA is +ve, = cosecA = 3;2
10a 1 b k-1 g L d=—%
k VkE=1 VEE=1
w 17x 12 © m om 4r 1lx
12" 12 3 36 3 6
14 a (secx — 1)(cosecx — 2) b 30° 150°
15 2-y3
16 i
(
N = arccosx
5 Y
‘1 .
0] 1 B b x
2
Yy =cosx
17 a -} bi-3 ii- ¢ 126.9°
18 pg = (sect — tanf)(secd + tand) = sec’*f — tan®f
1
=1 S
=p g

19 a L.HS. = (sec’d — tan®0)(sec®d + tan®#)
=1 x (sec’# + tan®d) = sec’d + tan?#d = R.H.S.
b -153.4° -135°, 26.6°, 45°
20 a Ya

‘1_

=Y

N

SEE
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b Ha
x4
2
B
1' x
¢ The regions A and B fit together to make a rectangle.
WA
n
2
A
B
ﬁ =
Area=1x2=1
rea o
. 1 1 2 23
21 cot60%sechbl)’=—x ——=—=
0 sec tan60° * cos60° V3 3
22 a ! 7 S !
. 37 | y=2-3secx
=27 ! 0 ! ! 27
T T T T T T
3 T T 7 & T 3w x
2 E - 2
b -1<k<5
23 a yh
o (1, =)
s
. | —
15 /ﬂ,s 1 154%
- iny-=X
y = Jarcsinx B
(-1, -2=)
b (30)
24 a Lety=arccosx. So cosy =x, siny =1 — x2.
A_z2
Thus tany = “1 =% which is valid for x (0, 1.
ey
Therefore arccosx = arctan 1 5 T for0<x<1.

b Letting y = arccosx, x € [-1,0) = y E( % :r.—]
sing 1 -2
Ttosy - x

.'_T_z
V1 = %" gives values in the range (— g 0] :

tany

arctan

so for y €(3. 7] you need to add

1=
y == + arctan -

1= xZ
Therefore arccosx = = + arctan

@ Full worked solutions are available in SolutionBank.



CHAPTER 7
Prior knowledge 7
.'l_ f—
1 a L L ¢ V3
Va2 2
2 a 194.2°,245.8° b 45° 165°, 225°, 345° ¢ 270°
3 a LHS=cosx +sinxtanx = cosx + smx(?_g};xx)
_cosfx+sinfx _ 1 _ _
:T:m = secx = RHS
_ oo feosxy( 1 \fsinx
b LHS = cotx secx sinx = (—sinx)(—mst( 1 )
=1 = RHS
2 in2
¢ LHs=00stx+sin®y 1 _ 000 - gHS
1+ cotix cosecx

Exercise TA
1 ai (ea-0+F=w. S0 LFAB=q.
ii ZFAB = ZABD (alternate angles)
ZCBE =90 — o, 50 ZBCE =90 - (90 - o) = .

iii cosd= % = AB =cos 3

iv sing= % — BC=sing

b i sina= AD
cos 3

ii cosa = BD
cos 3

CE
sin 3
BE
sin g

= AD =sina cos 3

= BD = coswo cos 3

c i cosa= = CFE =cosasin 3

ii sina =

= BE = sin« sin 3

di sine-9=C5 FC=sinla-9

ii cosla - 3= % = FA = coslo - 3
e i FOC+CE=AD,soFC=AD-CE
sin(a — [4) = sinea cos 4 — cosa sin 3
ii AF=DB +BE
cos (o — ) = cosa cos [ + sina sin 3

sin(A - B) _sinA cosB - cosA sinB
cos(A -B) cosAcosB +sinA sinB

2 tan(A-B)=

sinA cosB  cosAsinB
_cosA cosB  cosAcosB _ tanAd —tanB
“cosAcosB  sinAsinB  1+tanA tanB
cosA cosB  cosA cosB
3 sin(A + B) =sinA cosB + cosA sinB
sin (P + (-Q)) = sin P cos (—Q) + cos P sin (—(Q)
sin(P - Q) =sinP cos() — cos P sinQ
4 Example: with A = 60°, B = 30°,

sinfA + B) =sin90° = 1; sinA + sin8=%+%: 1

[You can find examples of A and B for which the
statement is true, e.g. A = 30°, B = =307, but one
counter-example shows that it is not an identity.]

5 cos(@-#)=cosbcost + sinf sinf
= sin®f +cos*f=1ascos0=1

6 a sin(% = 9) = sin% cosf — cns% sin#

= (1) cosf —(0) sinf = cos#

Answers

T s T il
b (:05;(E - 9) = cos3 cosf — sin 5 sin#

=(0) cos# — (1) sin#! = sin#

7 sm(x + %) =sinxcos T + cosxsm% = ‘7 sinx + % cosx

8 cos (x + %) = cosxcos% - sinxsin% = %cosx - %sinx
9 a sin35° b sin35° ¢ cos210° d tan31°
e cosfd [ cos70 g sin3f h tan5#
i sinA j cos3x

10 a sin(x+%) orcns(x—%) b cos(x+§)

]

. / m m B m
sin(x + <) or cos (x — — d sin(x--—
g G (=-3)
11 cosy=sinx cosy + siny cosx
Divide by cosx cosy = secx = tanx + tany,

sotany = secx — tanx

12 _tanx -3 13 2
Jtanx + 1
5 Ty 8+ 5/3
14 a 3 b V3 c —( 11 )

15 tenz+v3 _1 (2 +V3)tanx =1 - 2/3, so

1-J3tanx 2
1-2/3 _(- 2/3)(2 - /3)

tanx = - =8-5/3
2+43 1
y : 2ry 2w 4w 2ny | 2w
16 Wnteﬁa.s(9+?)—?and9+?as(9+?)+?,

Use the addition formulae for cos and simplify.

Challenge

a i Area=labsing =Jxfy cosB)(sinA) = Jxy sinA cosB

1
ii Area =Jabsing = gy[x cos A)(sin B) = Jxy cosA sinB
iii Area =Jab sinf = Jxy sin(A + B)
b Area of large triangle = area T, + area T,
Lxysin(A + B) = Laysin A cos B + $xy cos A sin B

sin(A + B) = sinA cos B + cosA sinB

Exercise 7B
V2(V3 + 1) V2(V3 + 1) V2(/3 - 1) o
1 i b . ¢ 1 d/3-2
/3 /2 2
2 1 b 0 L2 d = e
a [ 2 B e 2
f -1 g3 h % i1 j V2

tan 45° + tan 30°

3 a tan(45°+ 30°) = ——————
1 - tan45°tan 30°

R B o
b tan757—_ 3 _3+/3_(B+V3)3+3)
173 3-3 B-/3)B+3)
3
12 + 6\-“‘_3_ =
= =2+v3
9-3
4 -8
T

393



Answers

5 a co0s105° = cos(45° + 60°)
= c0s45° cos 60° — sin 45° sin 60°

=Lxl—lx£_ 1 —\"%_:\"i—v'ﬁ
V22 JZ2 2 2/2 4
b a=2,b=3
3+4/3 4+3/3 10(3/3 - 4)
6 = p 222 Sltald =)
# 10 10 11
3 -4/3
7 a3 b 3 St d !
*s 5 ) -
a —% b _% o %
36 204 995
4 -3 b 3 ¢ —3
10 a 45° b 225°

Exercise 7C
1 sin24 =sinAcosA + cosAsind = 2sinA cos A
2 a cos2A =cosAcosA -sinAsinA = cos*A - sin®A
b i cos2A = cos®A - sin®A = cos?A - (1 - cos®A)
=2c0s’°A -1
ii cos24 =(1 -sin?A) -sin?4 =1 - 2sin?A
tanA + tanA _ 2tanA

3 tan2A = -
an 1-tanAtanA 1 - tan24
4 a sin20° b cos50° ¢ cos80°
d tan10° e cosec49° f 3cosb0®
p Eper o A
g 3sinl6 h cos (EJ
V2 V3 1
6 a (sinA + cosAl? =sin?A + 2 sinA cosA + cos2A
=1+sin24
2 P
b (sin%+cos£) =1+sing=1+%=2+2"2
7 a cosbd b 3sin4dd ¢ tanf
d 2cosd e V2cosd f 1sin?20
g sin4f h -ltan2¢ i cos?20
p?
8 =—-1
=3
9 a y=2(1-2a b 2xy=1-2a°
¢ yr=4x1-x9) d y= 2(43_ )
10 -1 11 =l
24 24 o 7 336
12 a i = i 5= iii 35 b ==
13 a i-I ii 2;2 i —9;‘2
si 4/2 9 42
bt 2A=‘;m2A=_» ..
e T R
14 -3 15 mn
32+62-52 20 _5 V2
16 0820 =—————— ="— == hiis
e 2x3x6 36 9 3
2(3) 3 16
17 a 3 b m:tan29=7,=§x7=%

3 2
T3]
18 a cos2A4 = cosAcosA - sinAsinA = cos?A - sin®A

=cos’A - (1 -cos*A)=2cos’A -1
b 4cos2x = 6cos’x — 3sin2x
cos2x + 3cos2x — beos?x + 3sin2x =0
cos2x + 3(2cos?x — 1) - 6cos?x + 3sin2x =0
cos2x — 3 +3sin2x =0
cos2x + 3sin2x-3=0

sin2A _ 2sinA cosA

19 tan2A = = - :
cos 24 cos24 - sin2A
2 sinA cos A
_ cos?A _ 2tanA
© cos?A - sin2A 1 - tan2A
cos?A
Exercise 7D

1 a 51.7° 231.7°
¢ 56.5° 303.5°

b 170.1° 350.1°
d 1507 330°

P | | m s
2 a sm(9+z):sm8ms4+ cosf)sm4

= ésin@ + l_ms.‘) = l_[sinf;' + cos )
Ve V2 Va2
b o,g,zw c 0,%,27:
3 a 30° 2707 b 30° 270°

'S
]

3(sinx cosy — cosx siny)
- (sinx cosy + cosx siny) =0

= 2sinx cosy — 4cosx siny =0
Divide throughout by 2 cosx cosy
= tanx - 2tany = 0, so tanx = 2tany
b Usingatanxy =2tany =2tan45°=2
s0 x = 63.4°, 243.4°

5 a 0T x,3% ax b +38.7°
3 3
7 T Bm 3w
30°, 150°, 210°, 330° d —, Z, P
% 12°4°12° 4
e 60° 300° 443.6° 636.4° 1 %,%
T bw
¢ B 2n Tx 5
h 0° 30° 150°, 180°, 210°, 330° § X 4F (7 27
536 3
j -104.0° 0% 76.0°
k 0° 35.3° 144.7° 180° 215.3°, 324.7°, 360°
6 51.3°
7 a b5sin20=10sin# cosd, so equation becomes

10sinf cosf + 4sinff = 0, or 2siné(5cosf +2) =0

0°, 180°, 113.6°, 246.4°

8 a 2s5inf cosf + cos?f —sin?f =1

= 2sinf cosf - 2sin®d =0

= 2sinf (cosf — sinf) = 0

0°, 1807, 45°, 225°

9 a LH.S. =cos?26 + sin? 20 — 2sin 260 cos 26
=1-sin4d = R.H.S.

-

-

177
bh: AT
247 24 )
Ztan(g) qm(g) qu(g)
10 a i RHS.= — =2 -

= 2sin (ﬁ) cos (ﬁ) =sin#
2 2

1 - tan® (g) 1 - tan® (E)

HOBHE - 2 - - 2
2| & 2 (&
1+ tan (2) S0 (2)
o (3 - e ] o (5] -3
=cos# = L.H.S.

b i 90° 323.1° ii 13.3°, 240.4°

394 @ Full worked solutions are available in SolutionBank.



1 & LS 3(1 +cos2x) (1 -cos2y)
2 2
=1+ 2cos2x
b Yy
7 _ganSr 0] oy T %
-3 3 -1 3 =7

Crosses y-axis at (0, 3)

Crosses x-axis at (—& 0] (_E, 0), (% 0) (27 0)

3 3 3
ANl 1+ cos#! l—cosf})
12 a Zcos (2) 4 sin (2)_2[ ) 4( 5

=1+cosf#—-2+2cosf = 3(:059— 1
b 131.8° 228.2°
13 a (sinA + cos®*A)* = sin*A + cos* A + 2sin® A cos®A
(2sinA cos A)?

S0 1 =sin*A + cos*A + >
= = 2(sin* A + cos*A) + sin” 24
sin*A + cos*A = (2 - sin?24)
b Using a: sin*A + cos*A = £(2 - sin?24)
=l{2 - cns4A)} _(4-1+cos44) _ 3 + cos44
2 2 - 4 T4
¢ & 57 7n 1z
12°12° 12" 12
14 a cos30 = cos (20 + 0) = cos 20 cosf — sin 2 sinf

= (cos®# — sin®f) cos — 2sinf cosd sind
= cos*f — 3 sin®# cos

= cos*f — 3 (1 - cos?f) cosd

= 4 cos’d - 3cosd

b 1_7' d?"r
99 9
Exercise TE
1 R=13; tana_l—,f 2 35.3° 3 41.8°

4 a cosf—3sin# =Rcos(d+a)gives R =2, =§

b y=2(:os(9+§)

Y
2
1 /\
Gl T o/7x 3x  2x 9
_9 6 2
5 a 25cos(f+73.7°) b (0,7
¢ 25,-25 diz2 iio0 il
6 a R=V10,a=71.6° b 0=69.2°327.7°
7 a V5cos(20+ 1.107) b 6=0.60,1.44
8 a 6.9°66.9° b 16.6° 65.9°
¢ 8.0°115.9° d -165.2°,74.8°
9 a 5sin(36-53.17)
b Minimum value is -5,

when 36 - 53.1° = 270° = # = 107.7°
21.6°,73.9°, 141.6°

ix]

10 a 5(1 - cos 29) = 3(1 s “"529) +3sin 29
2 2
=1+3sin20-4cos20,s0a=3,b=-4,c=1
b Maximum = 6, minimum = -4 c 14.8°, 128.4°
11 a R=110,a=18.4°0=69.2°, 327.7°
b 9cos*d =4 - 4sind + sin*f
= 9(1 - sin?#) = 4 — 4sinf + sin*#
So 10sin*# — 4sinff - 5=0
¢ 69.2°,110.8° 212.3°, 327.7°
d When you square you are also solving
3cosfl = —(2 - sinf). The other two solutions are for
this equation.
12 a %9, 6ing+ 2sin6=-—L xsino—
sinf sin#
cosf +2sinf =1
b 6=126.9°(1d.p.)
13 a V2cosd cns% +/2sinf sin% +/3sinf — sinfl = 2
= c0s6 + sinf - sin@ +/3sinf = 2
= cosf +3sinf =2
b =
3
14 a R=41,a=77.320° b i % ii 77.320°
15 a R=13,a0=226" b #=48.7°108.7°
¢c a=12,b=-5,c=12 d minimum value = -1
Exercise TF
1 a LIS = 0sA-sin?A _ (cos7l + sir7l)(cos A - sin A)
T cosA +sinA cos7l + sirAd
=cosA - sinA = R.H.S.
b RHS. —m{qinfﬁ c0S A - cos B sin A}
sinB  cosB
= - = L.H.S.
sinA  cosA
1-(1-2sin%#) 2sin%d
L.H.S.= = =tanf=R.H.S.
¢ 2sinf cosd 2sin# cosf "
sin®#
1+ tan®# cos®d
d LHS. = =
1 - tan®# _ sin*#
cos®d
cos®# + sin®f 1
= = = sec 2fl = R.H.S.
cos®f —sin®f  cos 26 AER
e L.H.S. =2siné cosf(sin®# + cos*f)
= 2sin# cosf = sin 26 = R.H.S.
f LIS = sin 3¢ cos# — cos 30 sing _ sin (36 — d)
o sin# cos sinf cosf
sin2f  _ 2sind cosé
=2=R.H.S.
" sinf cosf  siné cosf
g LHS. = 1 _2cos2fcost _ 1 _ Zcos20cost
sin# sin 20 sinf  2Zsind cesT
G s il
gll—cospd. 10 = 2H0E) . openms
sind sinf
=i 1—(1—2sin2ﬁ)
h LS. = 0s _1-cosd _ 2
L+ 1 1 +cosé 1+ (ZCoszﬁ— 1)
cos 2
2sinz? 0
= ik tanzg =R.H.S.
2 (:05;2E

Answers
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Answers

_ 1 -tanx _cosx —sinx
1+tanx cosx+sinx

_.
i
0
4
|

_ (cosx - sinx)(cosx - sinx)
cos?x — sin®x

_cos’x +sin®x — 2sinx cosx _ 1 —sin2x _ RS
cos?x — sin®x cos 2x

L.H.S. = sin(4 + 60° + sin(A - 60°) = sin A cos 60°
+ cosA sin 60° + sin A cos 60° — cos A sin 60°

=2 sinA cos60° = sinA = R.H.S.

b LIS, = cosA  sinA _ cosA cosB - sinA sinB

" sinB  cosB sinB cos B
cos(A + B)
= —— =RHS.
sinB cos B

¢ LHS < Sn@+y _sinxcosy +cosx siny

COSX COSY COSX COSY
siny  siny _
2 S cosy = tanx + tany = R.H.S.
cos(x + y) cOSX cosy — sinx siny
d LHS. = — - 1= - - +1
sinx siny sinx siny
cosx cosy  sinxsiny CO5X COS Y
=i i e, 0 ;
sinx siny  sinxsiny sinx siny

= cotx coty = R.H.S.

-]

L.H.S. = cos (9 + %) +/3 sind = cosd cos%

—sin# sin% + V3 sing = % cosf — % sinfl + V3 sing

=1cose+ﬁsinazsin(9+£)=R.H,s,
2 2 "
cos(A + B)
P LS sty ess=tte 1l
B S e )

_cosA cosB - sinA sinB
sinA cosB + cosA sinB

cosA cosB sinAsinB
_ sinAsinB  sinAsinB _ cotA cotB -1 _
sinA cosB  cosAsinB  cotA + cotB
sinA sinB  sinA sinB
g L.H.S. =sin%45° + f) + sin2(45° — d) = [sin (45° + #))°
+ [8in (45° - #))? = (sin45° cos # + cos 45° sin #)*
+ (sin 45° cos § — cos 45° sin #)*

— fa— 2 — — 2
- (Zcos0+ Zsing) + (2 coso - 7 sino)
_(2 cos i + 5 sind] + 5 cosf 5 sin#

R.H.5.

= %cnsze + cosf sinf + %sin?f} + %cnsze

—cosf sinf + %sinzﬂ =cos20 + sin?d = 1 = R.H.S.
h L.HS.=cos(A+ B)cos(A - B)
=lcosA cosB - sinA sinB) x (cosA cos B + sin A sin B)
= (cos2A cos?B) — [sin2A sin? B) = (cos2Al1 - sin2B))
— {1 - cos?Alsin? B = cos? A - cos®Asin?B
—sin?B + cos?Asin’B = cos?A - sin?B = R.H.S.

sinfl | cosf# _ sin*f + cos’f
3 L.HS. = e
8 cosfl  sin# sinf cosf
=L~ 2cosec26 = RH.S.
5] sin 26
b 4
396

10

a Use sin 34 = sin(26 + #) and substitute
cos 20 = cos®# - sin® 6.

b Use cos 38 = cos(20 + 0) and substitute
cos 260 = cos? f — sin?f.

sin3# _ 3sind cos®d — sin®d

tan 30 = =
¢ an cos 36  cos*d — 3sin?f cosd
_3tan@ - tan® @
1 - 3tan?#
d
3
2Jz tanf = 22
/0 [
1
6\-’? = 16\!'? —10\-"§ 10\_2_
50 tan 36 = = =
sotan 1-24 23 23
a i cosx= 2(:052%— 1
= chszg =1+cosx= coszg = H%
ii cosx=1- Zsin}fg
P e 1-cosx
2s5in2% = 1 - cos gin? X = 1~ COSX
= 2sin 2 05X = sin 2 >
b i 2‘:’ ii % i 1
JA_ 1+ cnsA)z _1+2cosA +cos’A
¢ cos > _( ) = 4
1+ 2cosA+ (%)
- 4
_2+4cosA+1+cos2A _ 3 +4cosA +cos2A
n 8 o 28
L.H.S. = cos*f = [cos2 )2 = (W)
= l{il + 2¢0520 + cos?20) = 1 1eos20
4 4 2
+% 1 +(2:0549)E%+%CUSZG+%+%CUS49

+ %ms 20 + % c0s40 = R.H.S.

ol s

[sin(x + y) + sin(x — y]lsin (x + y) — sin(x - yl]
= [2sinx cosyll2 cosx siny]

= [2sinx cosx][2 cosy siny]

= sin 2x sin 2y

2 cos (29 + 1) = 2((:05 20 cos T — sin 20 sini)
3 3 3

= 2((:03 29% - sin 29%) = cos 26 - '3 sin 20

4 cos (29 = %) =4cos20 cos% + 4sin 20 sin%

= 2/3 cos 2/ + 2sin 20 = 2/3(1 - 2sin2f) + 4 siné cos
= 2/3 - 4/3sin%0 + 4sinf cosd

a RHS.=/2 {sin 0 cos% +cosd sing}

=2 {sin 9% + €08 GL_} =sind + cos# = L.H.S.

V2 V2

b RHS. = Z{Sin 29(:05’%_— — cos 26 sin%}

£ Z{Sin 28% - C0S 28%} =3 sin20-cos 26 = L.IL.S.

@ Full worked solutions are available in SolutionBank.



Challenge

1

a cos(A+ B) - cos(A - B)

= cosA cosB - sinA sinB — (cosA cosB + sinA sin B)

P
b LetA+B=PandA-B=Q.Solve to getA:%Q

= -2sinA sinB

and B = % Then use result from part a to get

)5

cosP —cosQ=-2 sin(

~3(cos 8x - cos 6x)
a sin(A +B) +sin(A - B)

=sinA cosB + cosA sinB + sinA cos B - cosA sinB

=2sinA cosB
letA+B=PandA-B=0(Q

-"A=P+QandB=P_;Q
~.sinP +sinQ = 2sm(*";0) COS(P;Q)

p lr_P+Q5z_P-Q

24 2 24 2
Zr_proil=p-0
%:2)0:;-,0:%,@:%,
sin (2?”) + sin (%) _3 er V2

Exercise TG

1 a 0.25m b 0.013 minutes, 0.8 seconds
¢ 0.2 minutes or 12 seconds
2 a 0.03 radians b 0.0085 radians
¢ 0.251 seconds
d 0.0492,0.2021, 0.30006, 0.4534 seconds
3 a £17.12,£17.08
b £19.40, 6.53 hours or 6 h 32 min
¢ After 4.37 hours (4 h 22 min after market opens)
4 a 224.7°C
b 2m 17s,5m 265, 8m 34s
¢ 17.6 seconds.
5 a R=05a=53.13"
b i0.5 ii 4=143.1°
¢ Minimum value is 22.5, occurs at 17.95 minutes
d 3,13,23, 33, 43, 53 minutes
6 a R=68.0074, o =0.2985 b 138.0m
¢ 31.4 minutes d 11.1 minutes
7 a R=250a=006435
b i 1950 V/m ii x=441cm,x=16.91cm
¢ 210=x=6.71,14.60=x = 19.21
Challenge
a Oecm=2x<03%9cm,842cm < x < 12.89cm,

b

2092cm < x < 25¢cm
Identifying the exact point of maximum field strength;

microwave oven would not work exactly the same every

time it is used.

Mixed exercise 7

1

a 1 b

1 \-"3_
2 2 ¢ 3

10
11

12

13

14

Answers

sinx = l_ S0 COSX = A_
v v
- g 2 j e
cos(x — y) =siny = — cosy +.-_—5— siny = siny
v v
= : 2 V5 + 1
= (Vb = 1)siny =2cosy = tany = — =
: 4 IEENEE oL 2
a tanA=2tanB=1 b 45°
Use the sine rule and addition formulae to get
1 a3 9 g
2051118 Age 20(:059 x5
Then rearrage to get tand = 3/3.
75°
i 56 i 120
a I ii 375
b Use cos{180° - (4 + B)) = —cos (A + B) and expand.

You can work out all the required trig. ratios (4 and
B are acute).
Use cos2x = 1 - 2sin’x b2
i Usetanx =2 tany = % in the expansion of
tan (x + y).
ii Find tan(x - y) = 1 and note that x — y has to be
acute.

Show that both sides are equal to ?:

a
p 3E - . 12K

2 4 — gk
V3sin20 =1 - 2sin?d = cos 20

= 3tan20=1= tan20 = L

V3
e
12° 12
a=2,b=5,¢c=-1 b 0.187,2.95
cos (x — 60°) = cosx cos 60° + sin x sin 60°

1 V3 .
=—C0SX +—sInx
2 2

1
Sn(2—%)sinx=%cosx=>tanx= 2 = L

23.8°,203.8°

Using addition formulae:

cosx cos 20° — sinx sin 20°

=sin70°cosx — cos 70°sinx

Rearrange to get: sinx (5 cos70°) + cosx(3sin70°) = 0
sinx _ 3sin70° _ 3

= 20T P e 70
cOSt  5¢0s70° 5

= tanx =
121::22
Find sina = £ and cosa = £ and insert in
expansions on L.H.S. Result follows.
0.6,0.8
Example: A = 60°, B = 0% sec(A + B) = 2,
secA+secB=2+1=3

sin# | cosf _ sin®# + cos?d
LHS =— ¢+ —=———"——

cosf & sind sinf cos#

1 _ _5cosec20-RHS.

1 .2
EstB

Setting ¢ = % gives resulting quadratic equation in ¢,

2 +2t-1=0, where ¢ = tan [Z).
+ where an (8)
Solving this and taking +ve value for ¢ gives result.

Expanding tan (% + %] gives answer: 2 + 1
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Answers

16 a 2sin(x - 60)°

b

Y
2
N 8 AN
T T ™
-360/4~300 -120 60 240 360 %
J3
-2
Graph crosses y-axis at (0, —/3)
Graph crosses x-axis at (-300°, -0), (-120°, 0),
(60°, 0), (240°, 0)
17 a R=25a=1.29 b 32 c #=0.12,1.17
18 a 2.5sin(2x+0.927) b 3sin2x+2cos2x+2 ¢ 4.5
19 a o=14.0° b 0° 151.9° 360°
20 a R=/13,a=56.3° b 6=17.6° 229.8°
21a LHS.=—L . L =1 _5cosec20=RHS.
cosfl sin#d .'jsin 20
b LHS - Lttanx 1-tanx

1+tanx

_ (1 +tanx)* - (1 - tanx)®
(1 +tanx)(1 — tanx)

_ (1 +2tanx + tan®x) - (1- 2tanx + tan®x)
- 1 - tan®x
_ _4tanx _ 2(2tany)
T 1-tan?x 1 -tan’x
¢ LS. = (sinx cosy + cosx siny) (sinx cosy — cosx sin y)
= sinx cos?y — cosx sin’y
= (1 - cos®*x)cos®y - cos®x(1 - sin®y) = R.H.S.
d LHS. =2cos20+ 1+ (2cos?20 - 1)
= 2¢0s26(1 + cos 26) = 2 cos 20(2 cos?d)
= 4c0s?6 cos 26 = R.H.S.
1-(1-2sin*x) _ 2sin’x
1+(2cos?x — 1) 2cos’x

=2tan2x = R.H.S.

22 a

=tan®x
27

-
H

+

w|

E
3’
.H.S. = cos* 20 - sin* 20

(cos? 26 — sin® 268)(cos? 26 + sin® 20)

(cos? 26 — sin®20) (1)

cos 46 = R.H.S.

1:5%,75°, 105%.165"°

Use cos 26 = 1 — 2sin?f and sin 20 = 2sin# cos .
sin360°=0,2 -2cos(360°)=2-2=0

26.6°, 206.6°
R=3,0=0.841
R=5772, 0 = 75.964°
6.228 hours

13 sin(x + 22.67)

¢ 168.5 minutes

23 a L

24

25
26

x=1.07,3.53

5.772 when 8 = 166.0°
350.8 days

3.8m/s

I BN I I - I -

— - P - -

27

Challenge
cos 26 + cos4f _ 2cos30 cosd _
sin2f - sin4d  -2cos30 sind
b cosbx +cosx + 2cos 3x
= 2c0s3x cos2x + 2cos 3x
=2cos3x(cos2x + 1)
= 2co0s3x(2cos’x)
= 4 cos®x cos 3x

—cot#

398

2 a #=70AB=20BA = ZAOB =« - 20, s0 ZBOD = 20
OB =1, 0D = cos 20
BD = sin 26, AB = 2 cos#
; BD BD
sinf) ==—= =
= AB  2cosf
So BD = 2sinf cosf
But BD = sin 20
So sin 26 = 2sinf cos#
b AB=2cos#
AD = (2cosf) cost = 2cos®d
0D =2cos?6 -1
From part a, OD = cos 26, so cos 26 = 2cos?# - 1.
CHAPTER 8
Prior knowledge 8
X |Iy
1 t= b t=+/2
T 3
2y 1 (x — 1)
t=ge" d t=-=In|=———
2 a 7-3cos’x b 2cosx/1 - cosZx
c % d 2cosx+ 2cos*x -1
V1 - cos?x
3 a y>0 b 0<y<2
c -b=y<3 d O<y<1
4 (4,7) and (-4.8,2.6)
Exercise 8A
1 a y=@x+2P+1,-6=sx=2, 1=y=17
b y=6-2F-1xeRr y=-1
¢ s‘l=3—%,r*0, y#3
d y:L,le, y>0
x-1
1+ 22\’
e y:( 4;‘:x),;tw(:-, y=>4
f y:]_'3x,0‘<x‘<%, y>0
2 aiy=20-10e+e"2>0 ii y=-5
1 i 1
b —+,x>0 ii quﬁg
c =x% x>0 ii y>0
3 a 0sx=<V5, Osy=<¥
b 3 81
(77
(V5. 20)
y=9x*—x*
3 hx
vz
4 ai y=Y-1x ii x>-3,y<9
iii

15N

@ Full worked solutions are available in SolutionBank.



b

b
6 a

b

I oy=5l-20x+7)
i -13<x<11,-2<y<18

iii y
18
‘ Y=tx-2)x+7)
142 1I1 x
: 1
P ¥er 2
il reR, x#2,yecR, y=0
iii Ya
e L
x-2
0
— >
_%‘\2
i y=3x+3
ii x>-1,y>0
iii y
y=3x+3
3
I o‘ %
i y=2-e"

ii x>0,y<1

iii y
] {\
0 ln'Z\ E

y=2-¢"

Cox=1+2(0= %1
2

Sub tinto y =2 + 3t

y=2+3(*"1)=2+§x_§:§x+l
2 2" g v g
1 1+ 3x
o= b=
ST 2%
; ¢
Sub into y = .
ubinto y =5
1+ 3x 1+ 3x
_ 2x _ 2x _1+3x_3
T /1+3x -1 2 T2
2( )—3 !
2x x

Therefore C,and C, represent a segment of the

same straight line.

Length of €, = 3/13, length of €, = il
r#2y<-2,y#-3

3 3
J:—I+2,£—m

Subintoy=2¢-3 - ¢

Answers

3 3\ 9
ey iy -
y= 2) x—2) -2 (x - 2)2
_6lx-2) -3 -2)?*-
[x - 2)2
=6x—12—3x2+12x—12—9:—3x2+18x—33
[x - 2)2 (x-2)2
G
_—3 —(Jxl+ 11]50A=—3,b=—6,c=]1
(x - 2)2
7 a x=Inlt+3) (=e*-3 %bmtog_%
1 1
Y=o 3+5 o2 &0
1
b 0 -
qus
- X 22 5.«
8§ a =739 9,‘D x=3/2
d
b y=t:- 2.4d_9 32 -2
, 2 2
0=3¢*-2 == t==
3 I3
4\"'6
c - =flx) =4
9 flx)

9 a y=4-12=1t=/4-y
Subintox =3 -t =¢tlt2 - 1)
x=\4d-yld-y-1=/4-yB-y
x%=[4 - y)3 - y)?
a=4,b=3

b Maxyis4

Challenge

a w2 L=t ap
1+ 22 1+ 122
yé—(]_‘2}2+ 42 1-202+ ¢4 412

1+ 122 w192 (14122 + t2)2
1+2.£2+.E4 1+
1+t22 ~ (1+22
Snx2+y2=1

b Circle, centre (0,0), radius 1.

Exercise 8B

1 a 25(x+ 1P+ 4(y-4)?*=100 b y=42(1-2%

: 201 — a2
c =4x*-2 e e T
= e
__ 4 e x\?
¢ ¥=r2 ! y—l+(3)
2 a (x+5P2+(y-272=1
b Centre (-5, 2), radius 1
c 0=t<2n
3 Centre (3,-1), radius 4
4 (x+22+(y-32=1 yA
ol x

399



Answers

5 @ y=72 2“2‘-"’},_““1 2 |t = | =2 [ =2 | = [ %
= x=£ | 16 9 4 1 0
V3 VO —x* 3 ;
b y=a-=%— S sx<d y:t—; _128| 54 | -16 |02 | 0
C y=-3x.-1=zx=1
6 I 6 O<x=2§ d 1 4
x=1 1 4 16
h y t!i
y=% | 02 16 | 54 | 128
y.il
14 1
T T > 12 4
0 8 x 10
9 . 8
7 y=—— D cx>0
i CYg QIMNAaln: x > 64
8 a y=92(1-12x=a=9.b=12 44
b Domain: qu‘:— Range: -1<y=1 24
9 y=sintcos (%) - cost sin (E) & & 10121416 %
o -4 |
53 |I3 Lo i
=£sin£—lcos£_ll' 4) ot B
2 2 2 -84
- -10-
=3(2/3- 322 - 4) - Wiz =32 - ) ~124
t=0=x=2,l=n=x=-2,50-2<x<2.
. . 3 |t -z o = 0
10 a y2=25(1—L] b x>50<y<5 4 6 s
x -4 x=tant + 1 0 0.423 | 0.732 1
11 x=-—2 x50 y =sint ~0.707| -0.5 |-0.259] 0
\f9—92
P I z 3 T
Challenge 12 6 4 3
(4y* -2 +22)0 + 1222 -3=0 x=tant+1 | 1.268 | 1.577 | 2 | 2.732
. =sint 0.259 | 0.5 | 0.707 | 0.866
Exercise 8C Y
1 |t -5 -4 -3 -2 -1 | -0.5 y
x=2t | -10| -8 | -6 | -4 | -2 | -1 1
=% -1 |-1.25|-167|-25| -5 | -10 1 8112141618 2 2224267
{ 0.5 1 3 4 5
x=2t | 1 2 6 8 10 4 a Y b yy
4_
=% 10| 5 | 25 167|125 1 1
XY
104 . 3
X
& s Hig¥ NS B
6 24
4
24 c W a
e 2468107
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d e Ua
~
, 5 4 0 E:
T 2 1
f Yy
3
T { K.
i {J“ \_/ x
5 a y=(03-xp
by,
74
_2_0 \_/ 5I x
6 a (x+272+(y-172=81
b Ya
(-2, 10)
(-2, 1)- (7::1)
0
¢ b
Challenge
YA As t approaches -1 from the
positive direction, the curve
_5_ heads off to infinity in the
2nd quadrant.
: : . As t approaches -1 from the
-10 -5 negative direction, the curve
heads off to infinity in the 4th
-5 quadrant.
Exercise 8D
1 a (11,0) b (7.0) ¢ (1,0),(9,0)
d (1,0),(2,0) e (3.0
2 a (0,-5) b (0.%) ¢ (0,0),(0,12
d (0.4 e (0,1)
3 4 4 4 5 (3.3)
6 t=31=-%(2 5 (3 -3
7 (1,2),(1, 2], (4, 4), (4, -4)
8 a (ﬁ— 1,0). (0, cos 1)
4 T
V3
b (2o
c (1,0)
9 a (e+5,0) b (In8, 0), (0, -63) c (20

10
11

12

13

14

Answers

t=2t=-1,(2 2,0, -1

2
3*
=1, (1n3, )

a ((jms (%) ) [6('0‘; (?;) 0)

b 4sin2t+2=4=4sin21=2 =sin2t=0.5
T bm T bm
2'{_6’ 6 T12'12
¢ (()mq( ) ) (6('0‘; (57r) 4)
12 12
Yy=2x-5=4t-1)=2120)-5= 412 -8t+5=0

Discriminant =8 -4 x4 x5=64-80=-16<0
Since the discriminant is less than 0, the quadratic
has no solutions, therefore the two equations do not
intersect.
a cos2t+1=k

max of cos2t=1,s0k=1+1=2

min of cos2t=-1,50k=-1+1=0

Therefore, 0 = k = 2
b y=1-2sin’t+1=2-2sin’t=2-2a*

k=2-2r"=2x+k-2=0

Tangent when discriminant = 0

Discriminant =0° -4 x2x (k-2)=0

-8k-2)=0=k-2=0=k=2
Therefore, y = k is a tangent to the curve thn k=2
15 a A(4,1), B0, 2) b Gradientof{=2-1-1
9 4 5
c x-5y+1=0
16 y+V/3x-V3=0
17 a A(0,-3), B3, 0)
b Gradientof [, = 4
Equation of , and l: y = 4x + ¢
¢—4=4“;]}+c=>52—4z:4£—4+cz
=P (8+c+4=0
Tangent when discriminant = 0
(~(8+c)P -4 x1x4=0
64 +16c+c-16=0
¢+ 1bc+48=0
(c+4)c+12)=0=c=-4orc=-12
So, two possible equations for [, and [; are
y=4xr-4andy=4x-12
e (5-2).(3-6)
Challenge
(1, 1), (e, 2)
Exercise 8E
1 a 83.3 seconds b 267Tm
32
c L= 09=>y ‘3209=>-J_ 9x
which is in the form, y = mx + ¢ and is therefore a
straight line.
d 3.32ms™!
2 a 3000m
b Initial point is when ¢ = 0. For ¢ = 330, y is negative
ie. the plane is underground or below sea level.
¢ 26400m (3 s.f)
3 a 353m
b Between 1.75 and 1.88 seconds (3 s.f')
¢ 30.3(3sf).
4 a 1P seconds b ZPm
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Answers

40

c t=2oy- —4.9(%)2 & 10(’5) =%y, 5¢

2 2

Therefore, the dolphin’s path is a quadratic curve
4 0
19

R _ i _ ¥- 12
5 a sint= 12 CoSt="— B
2
x\2 (¥- 12) i wad 3.
() +( ) Sl ately-120=144
Therefore, motion is a circle with centre (0,12) and
radius V144 = 12.
b 24m ¢ 27 minutes, 12 m/min
6 a 486(3s.f) b Depth=2
7 w3 b (0,2).(0,4)
¢ 2=2(=3022) 419
20=20-6t+4+10t=0=4t+4=t=-1
Since, ¢ > 0, the paths do not intersect.
8§ a 10m
b k=1.89 (3 s.f). Therefore, time taken is 1.89 seconds.
¢ 34.1m(3s.l)
d t=2
18
o i 49 2
=492 +4[L)+10=-—-2 2+ Zx+ 10
y=-49(35) +4(35)+ 3240° To* 7
Therefore, the ski jumper’s path is a quadratic
equation. Maximum height = 10.8 m (3 s.[)
9 a z:% b (50, 20)
¢ (77.87,18.19)
% <1< % which is when sin 2 is decreasing,
hence when y is decreasing, hence the cyclist is
descending.
10 a (4.35,4.33)(3sf) b 25m
¢ 3.47m(3s.f) d -7.21
Mixed exercise 8 e iy
/3 3] x =
1 a A4.0.B0.3) b33 e(7)+ (§) =1
2 A
=7
t= 3
t=m 4 » t=0 %
2
3 a y=h@x-1)-3r>e+1
b y>1+In2
4 y=-l@-2Inw,0<x<4y>0
5 a y=1-2x hﬁ,—g
2 2
1.
6 (= L
. 1
Subintoy=————
Y u+oi-o
€= 1 1\ (1 : 1
(1eg-1)1-3+1) (Fz-3)
. x? x?
y= =
1 1 2x -1
=(z)2-3)
402

7 a (x+3°F+(y-5°=16 b Ua

0 x

¢ (0,5+47),(0,5-V7)

8 a 2x(1+)=2-3t=xt+3t=2-x=x+3)=2-x
2-x
t=
K x+3
. 3+ 2t
Sub into y =
ub into y i
2—x
3 2(
yot x+3_]:3[x+3]+2[2—x]:3x+9+4—2x
+(2—x) r+3+2-x 5
r+3
:ﬂ:by:lx+£
5 5 5

This is in the form y = mx + ¢, therefore the curve €
is a straight line.

426
B 20
5
9 a y=2/x+2
b Domain: -2 =x =2 Range: 0=y =<4
c yn
4-/
-2 0 24
10 a cost="2 qint—y+5
08 8= 3, ¢ ==5
2
\2 5 2
(g) +(y; ) =l=x+(y+52=4
Since 0 = t = 7, the curve € forms half of a circle.
b Ly c 27
> 0 5 %
-3
Y
; (&
11 a y=2"+42? + 4 b
2 0 X

@ Full worked solutions are available in SolutionBank.



12

4-2=4(t-3)+20=0=0>+41+4
Discriminant=4* -4 x1x4=16-16=0

So, the line and the curve only intersect once.
Therefore, y = 4x + 20 is a tangent to the curve.
13 a (5,e°-1) b k>-1
14 a A[0,-), B(1,0) b x-2y-1=0
15 x+yln2-In2=0

16 a (= %, sub into y = 3000 — 30¢
X 3
y = 3000 - 30(%) =y =3000 - Zx

This is in the form y = mx + ¢, therefore the plane’s
descent is a straight line.

b k=99 ¢ 8458.56m
17 a 1022m B
b 1000=50/2¢=t=10/2
Subinto y = 1.5 - 4.9¢2 + 50/2 ¢
y=1.5-4.9(10/2) + 50/2(10/2)
y=21.5m
21.5 > 10, therefore, the arrow will be too high
¢ 11.8m(3s.f)
18 a 976m, 2 hours b 600m
19 a 10m b 80m
20 a 10m b 1 second ¢ 09m
Challenge
a k=3 b (4.5
Review exercise 2
2 in ([ 3w (T 5
1 wais: (-7 0}, (-5.0). (3.0). (5 0)
: 1 )
-axis: [0, —
% ( V2
2 a LS
14 = _a
/\y— cos (x 3} /
0 i x 3I7r 2I7r x
2 Z
-1
b : : 5 11n
y-axis at (0, 0.5). x-axis at o 0] and T 0
¢ x=2.89,x=>549 '
3 a 1.287 radians b 6.44cm
4 12+ 27cm
5 a 3lr+100% - 3r% = 40 = 20rf + 1000 = 80
:r&+59=4:r=%—5
b 28cm
6 a 6em b 6.7 cm?®
7 a 119.7 cm? b 40.3 cm
8  Split each half of the rectangle
as shown. L
— 22— B
T A
Area S = Erz ;,
a T !'
Area T= Y32 V3 /
8 ?r J
= Area R = (l .. L)rz ke
2 8 12 (2 S
rd
v
R

11

12

13

14

Answers

- _ ey _
U= (# 4r) 2R A
7 3 r
=(1-Z-1+12 —):2
1 "1 7%
A5
4 12
. Shaded area
2 =
=L 3/3-m e u
6 ak
D
a 3sin*x+7 cosx + 3 =31 -cosx) + Tcosx + 3
=-3cos’x+Tcosx+06=0
Therefore 0 =3 cos*x - T cosx - 6
b x=2.30,3.98
a For small values of #:
sindf = 46, cos 40 = 1 — %{48]2 tan 36 = 30
5
sin46 — cos 46 + tan 36 ~ 46 — (1 —%} +30
-8024+79-1
b -1
a y =4 - 2cosecx
e \s A
| | 2 | |
. 7N -
—271'5/ \;—7: O‘/ \ri 27rE x
b 2<k<6
T 117 b=
a § h k=2 ——12 2 —E
a _COSX 1-sinx _ cos®x + (1 - sinx)?
1-sinx cosx cosxll - sinx)
_ cos?y + 1 - 2 sinx + sinx __2-2sinx
cosx(l - sinx) cosxll — sinx)
2
ot 2 secx
37 5r 11lx 13=
R N
2 sinff  cosf _ sin?d + cos?d
cosfl  sin# cosfl sind
=g 1 = ,229=2mse(:29
Lsinzg S
2
]] yn i + : '
z-Us sUs s
-
20 90° 180° 270° 360° ¢
y = 2cosec2f
¢ 20.9° 69.1°, 200.9°, 249.1°
a Note the angle BDC = ¢
cosfl = ljg = BC =10cos#
sinﬂ:%:bBD: 10cotd
b 10 1 0=

10 cotf = — = cotf =
V3

1,7
V3 3

DC = 10080 cotf = 10(1)(%) =5
2\y3] 3
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Answers

16 a sin?# +cos?f=1

oy )
Sin*0 L €05%0 _ 1 _, tan2g+1=sec?d

cos2d  cos2f  cos2f
b 0.0° 131.8°, 228.2°
2
17 a ab=2,a==
b
4-ph2 4-b 4-b
b a2_1=1_1=4_b2:b2
b? b?
18 a I -y =arcco h £
a 3 -y=arccosx 2

1 1
19 a arccos =p=-cosp=—

Use Pythagorean Theorem to show that opposite
side of right triangle is yx2 - 1
i WP JZB =1
x x
b Possible answer: cannot take the square root of
a negative number and for 0 =x < 1,2 - 1 is
negative.

= p = arcsin

208 13, v

y = 2arccosx —%

0 x

m

(1’_5]

b (L_ 0)
V2 -
1 tanx+? 1
21 tan(x+£):_:;. s o s 2
6 6 V3 6
1 —?tanx

6tanx +2/3 =1 - 2 tanx

(%) tanx=1-2/3

w|

3-6/3 >< 18 -3 = 72 - 11143
18+V3 18-V3 321
22 a sin(x + 30°) = 2sin(x - 60°)

sinx cos 30° + cos x sin 30°
= 2(sin x cos 60° - cos x sin 60°)

lanx =

e 1 1 . V3
7 sinxy + E COsSY = 2(5 sinxy — 7 Cﬂsx)

V3 sinx + cosx = 2 sinx - 23 cosx
(-2 +v3) sinx = (-1 - 2v3) cosx
sinx =i 1- 2\-‘? - -1- 2\;’? % -2 - \.-"_3_
cosx -2+y3 -2 +43 -2-43
= 2+4/3+V3 +6
4+2/3-2/3-3
b 8- 5\;"§

=8+5/3

23

24

25

26

27

28

29

30

31

a sin165° =sin(120° + 45°
=5in120° cos 45° + cos 120°sin 45°

B, 11 V3-1_J6-42
2 J2 2 2 2/2 4
b cosec165°= ;
sin 165°

- 4 - {\-'E + \"1_2_] - 4[\-'6 + »?] Y
{\""‘E 2] {vrg +2) 6-2

3 i —\"'_7_
084 === sinA =
a cos 1 = gin n
sin24 = 2sinA cosA = 2(_;7)(%) = _SE:T
b cos2A4 =2cos2A -1 =%
(—3v"7)
sin 24 8 e
tan 24 = = =-3,7
an cos 24 (1) !
8
a -180°, 07, 30°, 150°, 180°
b -148.3° -58.3°,31.7°,121.7° (1 d.p.)
a 3sinx + 2cosx =13 sin(x + 0.588...)
b 169
¢ =x=2273,5976(3d.p)
a cotd —tang = S0sf _ sinf _ cos®) - sin*)

sinfl  cosf  sinf cos#

_cos2 _ 2cos2d

= S 2 cot 20

1
2
b #=-2.95,-1.38,0.190,1.76 (3 s.f)
a cos3f =cos(20 + #) = cos 20 cos# — sin 26 sin#
= (cos?f - sin?#) cosf — (2sind cos ) sind
= cos* 0 — 3sin?f cosd
cos®f - 3(1 - cos?d) cosf
4cos*# - 3 cosd

-27 _-27V2
b sec3d=—""—=
192 38
sin'f = (sin? f)lsin?6)
c0s20 = 1 - 2sin26 = sin20 2%

sindg = (1 - cos 26\[1 - cos 29]
2 N2

sint@ = %{l - 2¢08 26 + cos? 26)

sintf = l(1 - 20820 + w)
4 2
; 3.1 1
4 - gty
sin 9_8 2(‘,0529+8(:()549
a V40 sin(g + 0.32)
b i V40 ii 9=1.25

¢ Minimum of 2.68°C, occurs 16.77 hours after
9am = 1:46 am

d t=2251=7.29.5011:15am and 4:17 pm

a x+1l,y=-125

=d d

r-1 1-x

t=

L04 @ Full worked solutions are available in SolutionBank.



92(1:)2_3(13::)”

_ 16 120 -2 (1 -2
Y - -2 Ta-a2
_16-12+12x +1 - 2x + 12
e (1- 22

2+ 10x+5
y_i[l—xlz =a=1,b=10,c=5

32 a t=e*-2

3t _3e* -6

Tt+3 ersl
t>4=e"-2>4=e">6=2x>Inb6

b L=4=>-y=¥,x—>oc>,y—'3,%<y<3

1 1-x
33 x= t=
T x
Y= 1 = * = X
pol-x 2-(0-2 2x-1
x

34 a y=cos3t=cos(2t+1t)=cos2tcos! - sin2tsint
=(2cos?l - 1) cost — 2sin®t cosi
=2cos*t - cost - 2(1 - cos?t) cost
=4cos*t - 3 cost

x=2ms.5=>cos.-:=§
EPTEANNIEE AN T
y=4(3) -3(3)-3*-3
b O0sx=2-1=sy=1
5 —sinft+ ) =sintcos™ + ¢ in™
35 a g_sm(nﬁ) smzmsﬁ+msmm6

V3 1
=—8S8in{ —cost
2 T2

!
=73qm.5+%»1 - sin?¢
—%x+%\l —x?

“l=sint=l=-1=x=1
b A=(-05,0),B=(0,0.5)

36 a y:2(§)2—1,—3 <r<3

b A

[FTIE S
=Y

_; 3 0 3
3 __\—/ﬁ

37 y=3x+c= 812t - 1) = 3(48) + ¢ = 16¢* -
(-20)? - 4(16)(=c) < 0 s0 b64c < -400 = ¢ < -5

3/3 3/3
35 o (-333.0) ana (33,0
a 2 an 3

b 3si112£=].5=>-sin2.-:=%

7w dw 13n 17« 7 dr 13w ]771'
AT T TR T
:‘,=137r 177

1271

205—6:0

39 a 4912+ 25t+50=0

,_ —25 +25% - 4(-4.9)50)
2(-4.9)
t#-1.54,1=6.64s = k = 6.64
B ot
25¢3
2
y= 25( J 4,9( x,_) +50
25\"3 25/3
x 49
= 50
@ e
t=6.64x=25/31=25/36.64 =287.5
Domain of f{x) is 0 = x = 287.5
Challenge
T—2
1 e g
2+ 3rx
2 a sinx b cosx C COSEeCY
d cotx e tanx [ secx

3 a sin? +cosit=1

4 4

yh

(2V2+3,2v2-1)

x

(-1, —l)\ ?

b 227 x 4) =

CHAPTER 9
Prior knowledge 9
2 1

1 b6x -5 b -=-
< & x2 2Vx

3 (0,2),(0,12),11.1,0)

¢ 8x - l6x°

2 y=-6x+17
4 0.588,3.73

Exercise 9A

1 a f'm= l1rr[}
PR

flx + h} ﬁx])

= lim
h—0

qux + h] - qu)

i) h

i cos xleos h - 1] - sinx th)
h—0

_ hm(qu mqh —sinx sinh - rmx)

rmh qu (th) —
h—-[} . h

b Ash—0,cos h — l,so(cth_l) — 0
and (ﬂ] —1
ho e nh
o cosh — _ (sin .
Sofw = Llfr}((ih ) COS X ( 7 ) sin x)

=0cosx —sinx = —-sinx

2 a -2sinx cos 1x)
¢ 8cos8x d 4cos (3
3 a -2sinx b -5sin(2x)
¢ -2sin(Jx) d -6sin2x

Answers

P i 2
(QJ +(y+1) =1=@x-3P+y+1)2=16
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Answers

-8sin4x + 4sinx — 14sin7x

4 a 2cos2x-3sin3x b

¢ 2x-12sin3x d

—l, + 10 cos Sx
xz

5 (0.41,-0.532), (1.68, 2.63), (2.50, 1.56)
6 8 7 (0.554, 2.24),(2.12,-2.24)
8 y=-5xr+5n-1

dy
9 —=4x-cosx

dx de

Atx:w,y:Za'rz,—Jzéhr—(‘,()S?r:‘l':r+ 1

dx
Gradient of normal = —
47+ 1
Equation of normal:
y- 27%= #(x -
47+ 1

dr+1y-272Er+ 1) =-x+7

r+@r+ 1)y -8x*-272-7=0

r+ @+ Dy -a8x*+ 27+ 1) =0
10 Let flx) = sinx

P = lm‘ﬂ‘r +h) - fiwy _ sinle + A) - sinx
B0 h h
hm sinx cosh + cosx sinf — sinx
—0 h
= lim (M) sinx + (ﬂ) cosx
h—D h h
Since cnsi— 1 .o0and qu};%h — 1 the expression

inside the limit — (0 x sinx + 1 x cosx)

So lim sinlx + h) - sinx

=CosSx
) h

Hence the derivative of sin x is cos x.

Challenge
Let flx) = sin (kx)
i lim(ﬂx +h) - f(x}) . lim(sin {kx + kh) - sin kx)
h—d) h h—d) h
hm(qm kx cos kh + cos kx sinkh — sin kx)
T D h
= llm((%) sinkx + (sin kh.] cos kx)
i) h ko
Ash — 0, (sin kh.] — k and (W) — 0 as given,
ho \ h
So f'ix) = 0 sinkx + k coskx = k cos kx
Exercise 9B .
1 a 28e™ b 3*In3 ¢ (l) lnl d L
2 2 x
3 E -3r -T T
e 4(3)ln§ I = g 3e+3e™ h -e'+e
P 2x
2 a 3%4In3 b (i) 2In3
2 2
¢ 2%8In2 d 2¥3In2-2"In2
3 32395(2d.p) 4 4y=15In2(x-2) + 17
5 %:2.9&—% Atx= 1,y=ez,%=292—1

Equation of tangent: y — e* = (2e* - 1){x - 1)
=y=02e*-1)xr-2e’+1+el=y=(12e’-1x-e*+1
6 -9.07 millicuries/day
7 a P,=37000,k=1.01(2d.p) b 1178
¢ The rate of change of the population in the year 2000

406

8 The student has treated “In kx” as if'it is “e®” — they
have applied the incorrect standard differential.
Correct differential is: %

9 Let Y= k= y= glnat — gkrina
d
9 . kIlna et = k Ina e = gtk Ina
dx

. g

10 a 2e =
b 2¢%-2-2= 2ae%-2=2a= ale®-1)=1

11 a 5sin(3x0)+2cosB3x0)=0+2=2=y

When x =0, y = 2, therefore (0, 2) lies on C.
b y=-5x+2
12 y=-—L _xi_1 162
648 In 3 648 In 3

Challenge

y=3x-2In2+2

Exercise 9C

1 a 8(1+2x)° b 20x(3-2x2)°
c 23 +4a)t d 7(6 + 2x)(6x + x2)°

2 1
e —= r —
(3 + 2x)2 207 —x
g 128(2 + 8x)* h 18(8 - x)~
2 a -sinxe™ b -2sin(2x-1) c %
2x/lnx
d 5(cosx - sinx)(sinx + cos x)*
e (bx-2)cos(3x2-2x+1)
I cotx g —8sin4x eo h -2e*sin(e™ + 3)
3 -1 4 y=-54x+ 81 5 12e7
1 1 1 4y
6 b —sec2 d
& o+l evrd  C2%CH 1+3y°
1 16
T 1 : 8 i
x
W =
9 a e dy
b y=lhx e =x
Differentiate with respect to y using part a
gl = ﬂ = i = %
dy el dx
y_1
Since x = e¥, i E
10 a 4cos2(F (% =2
When y = I, x = 2, therefore lies on C.
2 (2-§)1
dx .
b —=-8sin2
dy Y
dx _ (»?)
At -8 2 -8+ =-4/3
Q2 g) o e (6)= 8% '
d
So, o S ]_
dx 43
¢ 43 x- y- 8/3 + % e
11 a 6sin3x cos3x b 2(x + 1)el1# ¢ -2tanx
2 sin 2x 1 1
s o e -—cos|—
(3 + cos 2x)2 x2 (1)
12 3125x - 100y - 9371 =0 13 9In3
Challenge

4/x sinvx

Cosv% b 9esivBr+4 cog(3x + 4)sin(3x + 4)

@ Full worked solutions are available in SolutionBank.



Exercise 9D
1 a (Bx+1018x+1) b 2(3x%+ 1¥(212% + 1)

¢ 16x*x + 3)%7x+9) d 3x(5x - 2)(5x - 1)*
2 a -4x-3)2x-1)e*>

b 2cos2x cos3x - 3sin 2x sin 3x

¢ ef(sinx + cosx) d 5cosbxln(cosx) — tanx sin 5x
3 m h2 b 13 c &

1 343 5t

4 (2,0), [—g, f] 956

6 V2 (-4l + 8y - m-?(” > 2) -0

7 6x(5x - 3F + 32%3(5x - 3)4(5)] = 6x(5x - 3)* + 45x%(5x - 3)°
= 3x(5x - 3)2(2(5x - 3) + 15x) = 3x(bx — 3)4(10x - 6 + 15x)
=3x(5x-3)20x-6)=>n=2,A=3,B=25,C=-6

8 a (x+3)(3x+11)e b 85e°

2sinx - 3cosx

9 a (3sinx+2cosx)In(3x) + =
b x¥(7x + 4)e7 3

10 21.25

Challenge
a -e'sinx (sin*x — cosx sinx — 2 cos?x)
b —(4x - 3)3(4x — 1)5%(256x2 — 148x + 3)

Exercise 9E
5 4 5
1 a WP, P S -
x+1)2 (3x - 2)2 (2x + 1)2
d - 6% 15x + 18
@x- 17 53+ 31
2 a e*(sinx + 4 cos x 1  Inx
cosix e +1) o+ 12
= e2(2x(e* — 1) Inx - e¥ - 1)
x(In x)?
d (e* + 3)2(le* + 3) sinx + 3e* cosx)
cos?x
o 2sinxcosx  sin’x
Inx alln x)2
' L 4 2 5 (0.5, 2¢)
16 25
6 'g - 27 In AL
6 1 ' " (9]
y=ze 7T —
8 a (30 b y=-gx+5
9 x%3x sin 3x + 4 cos 3x)
cos? 3x
1 & (v — 2)2(2e%) — e[2(x - 2)] _ 2(x - 2)%?* - 2e%(x - 2)
(x - 2)¢ (x - 2)¢
_ 20 - 2)e?r — 2% _ 2e*(x-2-1) _ 2e*(x - 3)
x -2 x -2 (x - 2)2

A=2.B=1,0=3
b y=4e’xr - 3e*

11

12

Answers

a 2x . ox __2xlx+2) bx
x+5 (+5lx+2 k+5kx+2 x+5kx+2
_2x(x+2+3) _ 2xlx+5) 2x
Tlx+5r+2 k+Sx+2 +2

T 3
25

a f'(x)=-2e2(2sin2x - cos2x) =0

25i112x—c052:c=0=>~t3112x=3

b -1.47 <flx) < 6.26

Exercise 9F
1 a 3sec’3x b 12tan®x sec’x ¢ sec’(xr-1)
1, 21 1 3 1
d Exi secigx + 2% tanx + secﬁ{x - 5]
2 a -4cosec’dx b 5secbx tan bx
¢ —4cosecdx cotdx d 6sec®3x tan3x
; sec?y(2xtany — 1
e col3x - 3x cosec” 3x f %
g —6cosec® 2y cot 2x
h -4cot(2x - 1) cosec®(2x - 1)
3 a %[secxﬁ tanx b —%{cotx]‘% cosec?x
¢ -2cosec’x cotx d 2tanx sec’x
e 3Jsectytanx f -3cot?x cosecx
4 a 2xsec3x + 3x*sec3xtan3x
b 2xsec?2x — tan 2x . 2x tanx — x%secy
x2 tanZx
= 2
d e'sec3x(1 + 3tan 3x) e tanx - xsec’x Inx
xtan®x
f e"™ 7 secx(tanx + sec®x)
R SO b 2
cos’x  sinfx
¢ 24x-9y+12/3 -87=0
6 __1 %z cosxx0-1x-sginx _ sinx
Y =TCosz' g cosix cosy
1 =secx tanx
7 y=——
Y=tanx 1
d _ 2 2 2 )
9y _tanx x 0 ‘l X SeCw _ _SeCw _ _COSX _ _ oicac?y
dx tanZx tanx sinZx
cos’x
dax .
8§ a Letg:arccosx:;-cnsy:x:;-@=—smy
dy 1 1 ~ 1

dr sing  f1_cos?y V1-x2
b Lety=arctanx

Then, tan y = x

ﬂ=5;ec2y
o1 11
dx  sec’y 1+tan?y 1+a?
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Answers

- S p - L
5 cot by cosec Sy Sxva® -1
Exercise 9G
2t-3 612 4 156
1 b —=t —_— d
&2 61 ¢ T+6r 2
: 21 2
e -3¢ rou1-t h —=
U-9 8 575 &+ 20e
2 sin 2t
i -3tan3t j 4tant k cosect W
2-2cos 2t
A n 2 0 1
te! el
5 1 3
a g:—§x+§—?r b 2y + 5x =57
3 a x=1 b y+/3x=/3
4 (0,0) and (-2, -4)
5 a y=1x
dy =let-05e=0
dx 2

No solution, therefore no stationary points.
6 y=x+7

7 a -fsectcosec’! b 8x+/3y-10=0
8 .
%3
d
b —y=—4cnt2£cose02£,ﬂ=4cos£
dt dt
d_yz —4cot2( cosec 2t _ —cot 2t cosec 2t
dx 4cost cost
T dy 4
Att= =
3 dx 3

Gradient of normal: —%

Equatinn of normal:

4‘3 =——{x—2»3_]=>9x+12y 34/3=0
9 a (30,101) b y=2x+41
c 12-100+5=2(2+1) + 41

-10t+5=20+ 2t + 41

0=1*+12t + 36

Discriminant = 122 -4 x 1 x 36 = 144 - 144 =0
Therefore the curve and the line only intersects once.
Therelore it does not intersect the curve again.

10 a - 2/2sin¢ b x-V6y-2/3=0
2sint -V12cos2t-2/3 =0

sint —v3cos2t -3 =0

2V3sin?t + sint - 2/3 =0

(2sint — V3)(V3sint + 2) =0

5;ina_73 (antf,: —%) = L_Enr%
. 2 27 o 47 . 1
Bis when.s_? (2q1n?,»2mq?) = (»3,—5)

Same point as A, so [ only intersects € once.

]

3V/3

11 a -C082¢ b y=-x+
sint

¢ y=—-xandy=-x-—

Exercise 9H 5
Letting u = yn, S8 pyn-t
etting u = y FF ny

du _du dy _ ..dy

"]_— K — =
dy ~ dx dx
d d d dy dy
2 x— —(x r—+1 r—
{y] (}+d Xy = dx+ XY= dx+y
2% % -3-x
3 =t b -—

R 5y ¢ Sy_4
4 - bxy a 3x% -2y ¢ 3% -y
3x? + 3y? 6y — 2+ 2x 2+x
4x-y?-1 h ety — e¥ i -2/xy -y
1+4(x-y)? re¥ — et 4y /Xy + x
7 23

I =——x+— 5 y=2x-2

Yy 9 + 9 )

(3, 1) and (3, 3) 7 3x+2y+1=0

8 2-3In3 9 14+3In3)
COS X T 27 27
ey (e 2y

& Ssiny W 3
3+ 3yer

11 a 75’9
e—.!x_zy
dy 3+0
b ALO,—= =
dx e”—(]

So the tangent is y — 0 = 3(x - 0), or y = 3.

Challenge
dy dy dy x-y-3
a 6+2y—d +2y+2x—d =2x = T Gy
dy
So—=0 -y=3
0 =0ez-y

Substitute: 6x + (x — 3)* + 2x(x - 3) =
So2x¥*-6x+9=0
Discriminant = —36, so no real solutions to quadratic.

d
Therefore no points on C s.t. % =0.

b (0, 0) and (3, -3)

Exercise 91
1 a i [l,«) ii (=, 1]
3 " 3

b i (o0, 01U [3 ) ii [0,5
c i [m 2n) ii (0, ]
d i nowhere ii (—o0, o)
e i [In2, =) ii (—eo,In2]
f i nowhere ii (0, w)

408 @ Full worked solutions are available in SolutionBank.



2 a Lety=1{lx). Then x = sin y.
dx dy 1 1
— =C0sYy = — = e
dy dx  COSY¥ T _sin%y
50 ['(x) = — 1
\-'1 -2
b f(x) = ——, ) = —F
vl - :c'2 1-2x%:
f"(x) = 0 = x = 0, so f{x) concave for x € (-1, 0)
¢ f"(x) = 0= x=0,so flx) convex for x € (0, 1)
d (0,0
x 1} (5= 1}
3 a (53 (F-3)
b (1,-1) ¢ (0,0)
4 flar)=2x+4xlnx=2x(1+2nx), "x)=6+4lnx
f'(x) = 0=>4lnx——6=>lnx—i=>x—9 E
There is one point of inflection whprp r=et
5 a (0,2), point of inflection b (— 2; %)
. e
6 a (—1, —%), minimum b (—2, —&)
& y
y = xe*
2 1
=2, —?] -1,-3)
7 A 1 negative ii positive
B i zero ii positive
C i positive ii negative
D i zero ii zero
8 f'(x) = sec’x, ["(x) = 2sinx sec’x
fa)=0«<sinx=0(assecx#0) = x=0
So there is one point of inflection at (0, tan 0) = (0, 0).
d
9 a -2=152(3x - 1)* + (3x - 1)°
dx
d2y .
—= =30(3x - 1)* + 180x(3x - 1)?
da?
1 32 ‘1
B (9’ - 2187)’ (5’0)
d2y .
10 a Although Fra 0, the sign does not change, so there
x
is not a point of inflection when x = 5.
b (5, 0); minimum
dy _2 1 d?y _2
11 P 3:t:ln:c+3;r: 2, T lnx+1
d%y 2
@aﬂﬁglnxa—l@x;e i
Challenge
1 A general cubic can be written as f{x) = ax® + ba® + cx + d.
f"[x]:éax+2hf”[x)=0@x=—3£
a
Lete >R, =>0:
i"[—b ) 6az = 0, i"[———e)——f)aeqo
. 3a 3a b
So the sign of {"(x) changes either side of x = ———, and
this is a point of inflection.
2 a f"(x) =12ax® + 6bx + 2¢ is quadratic, so there are at

most two values of x at which "(x) =

dZ
b —?: 12ax? + 6bx + 2¢
dx?

Answers

96ac < 0 < 3b* < 8ac

d2y J
So when 362 < 8ac, —
W <<

Discriminant = 36b% —

= (0 has no solutions.

Therefore € has no pmnts of inflection.

Exercise 9)
1 6r 2 15¢ 3 -2 49% 5 &L_kp
dy dy 1 e 1
6 Fo kxy,a;t(él Zde 2,@08!&: k_E
Therefore o
d dx 16 d
7 9V ratein - rate out = 30 - Zv = 159 - 450 _2v
de qv 15 di
So - 15E =2V - 450
dQ dv &
8§ ——=-k =
de Q 2 dt  x?
10 a Circumference, C, = 27r, s0 ‘:i—(; =27 x 0.4
=0.87cms™!
Rate of increase of circumference with respect to time.
b 8rem?s! c %cm
11 a 0.070cm per second b 20.5cm?®
2BV o VT o e e
rn dt
dh _ dh dv [h
Fripy 7 ol al s iy
LY, SRR Y
‘p"kz 4 .
_ (A2 1(A)\z
B V‘(o) b 4(6)
1 1
dv_dv dA _1(A\2 ., _1(,2)2 _ 1.
AT A Z(E) . 2‘2(@ =3
14 V= Eréh = —[h tan 30°)2h = ghii
dh dh dV _ dv_ 1 iy A8
@ avar dh dr - Tpo TTh?
So dh o L ay :
de — h2

Mixed exercise 9

1
2

8

a g
S dy d d
a 2—=1-sinx—{cosx) - —I(sinx) cosx
dx dr ot " 3

b 2xsin3x + 3x°cos 3x

=1 +sin?x - cos?x = 2sin?x

d :
So s 4 sinZx
dx

b (55 (37

a YCOs¥-sinx _ 2x
x2 x2+9
a k=/2 b (0,0), (i\fﬁ 14“3)
v
a x>0 b (V256,32In2 + 16)
™ DYy m (57 5) (3w
. 5) (2.1, (32, 5), (31,
(6 4) (2 J (() 43-1 2° )
Maximum is when — Y =0
d o N
—y:v‘sinx+x(cosxx ,]_) 2251113::1(:053: =0
dx 2Vsinx 2Vsinx

So 2sinx + xcosx =0 = 2sinx = —xcosxy = 2tany = —x
s2tanx +x=0
a f'(x)=0.5e"> - 2y
b f'(6)=-1957...<0,f(7)=2.557...>0
So there exists p € (6, 7) such that {'(p) = 0
. there is a stationary point for some x = p (6, 7).
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10
11
12

13
14

15

16 a

17
19

20

21

24

26

27

28

30

410

Answers

8’ vz/'\8" 2

b "(x) = 2e*(-2sin 2x + 2 cos 2x) + 4e*(cos 2x + sin 2x)
= 4e*(-sin 2x + cos 2x + cos 2x + sin 2x)
= 8e* cos 2x

3=

T 8 & . (5]
[ (ﬁ, —:) 1§ a4 maximum; (E = —4) is a minimum.
8 2 8 V2

() (1)

x+2y-8=0
a x=1 b y=-Jx+13
a ['(x) =e*(2cosx - sinx) b y=2x+1

2cosx —sinx=0=tanx =2

1

a y+2ylny b 36
a e*(-x*+3x*+2x - 2)
b '(0) = -2 = gradient of normal = J

Equation of normal is y = %x

(a3 - 2x)e*=Jx = 223 — 4x = xe* => 20’ = e + 4
a 1l+x+(1+2x)Inx
b 1+x+(1+20)lnx=0=x=ers&
dy 4
de 8
3y +x =33 18 y=2x+1

3
dy
a d—x=—251n.: + 2(:052:;(1—‘:: —sint — 4 cos 2t

dt -

b y=2x-8

b 3 ¢ y+2x=

dy dr _, dy _3¢-4
ha A TS L,
*w N E
I S T
Att 1, e Z,x_l,g_S.
Equation of /is 2y + x = 7.

b 2
dv M dp

=-kV 22 M _ _im 23 L _kp-
dr di dt ¢
dr_k do

e 25 < = -k(0 - 6)

ks 3
a 3 b [ eosect

dy 3

c e = gradient of normal = =

y-3=3-2>6y-162+23=0

2
_123
64

a -ysect b 4y +4x=5a

; 5
c Tangent crosses the x-axis at x = Zﬂ., and crosses

the y-axis at y =%a.
1(5 )2 25
S a AOB = —[— a’ k=
0 area 2 g% =329 32
y+xr=16 29 1
Y- 2e*
2e¥ —x

31 (1,1) and (-V=3, V=3).

2x-2-y

32 a — % b
1+x-2y a3
(5+2»13 4+\13) (5 2/13 4—vl‘3)
3
dy dy dy -7x-24y
33 14 48 48x— - 14 =0= S
Ry T Y - 2az-7y
-Tx-24y 2
24x -7y 11
= -T7Tx - 264y =48x - 14y =2+ 2y =0
d
34 lny:xlnxﬁéx%:x%‘{lnx] +%(x] Inx=1+Inx
50_ 41 + lng) = 21 + In)
S0 —= +Inx) =2a" nx
dx y N
35 a Ina*=ne*=xha=kxlne=kxr=k=Ina
dy
b y=¢bh2r = "Y_n2eln2x_- 2x|p2
‘(; dx
¢ ¥ _2m2-4In2-m2*-n16
dx
InP-InP,
36 a = Mo} godyears ¢ 0.172P,
In1.09
A
37 a (E’O)
d*y ) )
b Froi —cosecix. cosec?x > 0 for all x,
d2
hence —cosec’x < 0, so _g < 0 for all x.
dax?
Thus € is concave for all values of x.
38 a 40e'™ =33.31.. b -9.76e02
¢ The mass is de(:reasing
39 a f,mz_231r12x+(',052;t:

ex
f'lx) =0 < 2sin2x + cos 2x = 0 < tan 2x = -0.5
A(1.34, -0.234), B(2.91, 0.0487)
b Maximum (6.91, 2.19); minimum (5.34, 1.06) to 3 s.f.
¢ 0<x=0.322,1.89 = x <7 (decimals to 3 s.f))

Challenge

a

=

4cos 2t
5 sin(.: + %)

b 53 5 5/3
(32 (%2 -2) (52) ()
Cuts the x—axis at:
(4.83, 0) gradient -3.09; (-1.29, 0) gradient 0.828
(-4.83, 0) gradient 3.09; (1.29, 0) gradient -0.828

Cuts the y-axis twice at (0, 1) gradients 0.693 and -0.693
(-5,-1) and (5, -1)

a

- 2)

—4.83 -1.29
(=5.-1)

(-3£.-2) (2E.-2)

@ Full worked solutions are available in SolutionBank.



Answers

CHAPTER 10 9 a Yi b 2
Prior knowledge 10
1 a 325 b 11.24
2 a flr)=—3_4+8z4+12 b f'x)=—2_ — 7 0 x
2Vx X x+2
¢ f'lx)=x%cosx + 2x sinx + 4 sinx y=e"—-4
3 w=2,u,=25u;=29 / y=Inx

¢ flx)=lnx-e"+4.0(1.4)=0.2812... <0,

Exercise 10A f{1.5) = -0.0762... < 0. Sign change implies root.
1 a f(-2)=-1<0,1(-1) = 5 > 0. Sign change implies 10 a h'(x) = 2cos2x + 4e*. h'(-0.9) = -0.3451... < 0.
root. h'(-0.8) = 0.1046... > 0. Sign change implies
b f(3) = -2.732 <0, f(4) = 4 > 0. Sign change implies slope changes from decreasing to increasing over
root. interval, which implies turning point.
¢ f(-0.5) = -0.125 < 0, f{-0.2) = 2.992 > 0. b h’'(-0.8235) = -0.003839.... < 0, o
Sign change implies root. h'(-0.8225) = 0.00074... > 0. Sign change implies o
d f(1.65)=-0.294 <0, f{1.75) = 0.195 > 0. lies in the range -0.8235 < o« < -0.8225,

Sign change implies root. 50 o = —0.823 correct to 3 decimal places.

2 a f(1.8)=0.408 > 0, f(1.9) = -0.249. Sign change ikl & Y y= 2
implies root. x
b f(1.8635)=0.00138... > 0, {{1.8645) = -0.00531...
< 0. Sign change implies root.
3 a h(1.4)=-0.0512... <0, h(1.5) = 0.0739.... > 0. 0 T
Sign change implies root.
b h(1.4405) = -0.00055... < 0, h(1.4415) = 0.00069...
> 0. Sign change implies root.
4 a f(2.2)=0.020> 0, f{2.3) = -0.087. Sign change

Y=y

implies root. b 1 point of intersection = 1 root .

b f(2.2185) = 0.00064... > 0, {{(2.2195) = -0.00041... ¢ f(1)=-1,{2)=0414... dp=3g=4 e 4
< 0. There is a sign change in the interval 12 a f{—lJ,9]_= 1.5561 >0, f_[—C';S] =-0.7904 < 0.

2.2185 < x < 2.2195, 50 o = 2.219 correct to There is a change of sign in the interval [-0.9, -0.8],
3 decimal places. so there is at least one root in this interval.
5 a f(1.5)=16.10... >0, f(1.6) = -32.2... < 0. b (1.74,-45.37)t0 2dp. ¢ a=3,b=%andc=6
Sign change implies root. d ¥
b There is an asymptote in the graph of y = f{x) at \j 3 l
T . . - A -
B 1.57. So there is not a root in this interval. -0.9\ |9 3 x
6
(1.74,-45.37)
Exercise 10B
s ; x?+ 2
1 ai 2-6x+2=0=6brx=2+2=2x= G
i 3 , i 22-6r+2=0=22=61r-2=x=1/6x-2
Alternatwely:z+2=0=>fz—2 =>x=—§ iii x2—6x+2=0=>-x—6+%=0=>15=6—%
7 a f(0.2)=-04421.., 0.8) = -0.1471... b i r-=0354 Qi r=5646  iii x=50646

b There are either no roots or an even numbers of t a=3.p-7
roots in the interval 0.2 < x < 0.8. 2 a i 2°—5¢r-3=0=12=5¢x+3=>2r=VBx+3

¢ f(0.3)=0.01238... > 0,f(0.4) =-0.1114... <0, {{0.5) -3
=-0.2026... < 0,{{0.6) = 0, f{0.7) = 0.2710... > 0 iil #*-52-3=0=2*-3=5r=x= .

d There exists at least one root in the interval b i 5.5(1dp.) i -0.5(1dp)
0.2Ic_quJ,B,0,3¢J€{0.4and0.7qxq0,8, 3 a 22-6x+1=0=22=6x-1=x=y6x-1
Additionally x =IlJ,6 is a root. Therefore there are at ¢ The graph shows there are two roots of flx) = 0
least four roots in the interval 0.2 < x < 0.8. bd g,

8 a y ] y=x
y=x
y=\oxr-1
y=e*
O| - A

b One point of intersection, so one root.

¢ f(0.7) =0.0065... >0, f{0.71) = -0.0124... < 0. 0 ‘;
Sign change implies root. 2
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10 a

412

Answers

a Sl
1+
= 6 / y=x
Y
xr-2 X
xe*—x+2=0=e*= = ef=
N 8 x x-2
= x=In|—=
|x—2

2, =-1.10, , = ~1.04, x3 = -1.07
i 23+5¢%-2=0=>9%=2-5¢2=>2=y2-52°

i x3+5x2—2=0=:-x+5—£,=0=>-x=£—5
x2 x2
g 2 _ 2 - 3 2_2-28
i 27+ 522-2=0=bxt=2-03 =z xt="——
[2 - x%
==
II 5
xr=-4917 ¢ x=0.598

It is not possible to take the square root of a
negative number over R.

x4—3x3—6=0=:-%x4—x3—2=0

Ste o gang e o gl B

3 I3 3’

%, =-1.260, x, = -1.051, x; = -1.168

f-1.1315) = -0.014... <0, f{-1.1325) = 0.0024... > 0
There is a sign change in this interval, which
implies o = -1.132 correct to 3 decimal places.

3costt) +x—2=0= coslx?d) = 2%

2y B 2—x)]"‘1
3 J =X = [arccos( 3

x,=1.109, x, = 1.127, x, = 1.129

f{1.12975) = 0.000423... > 0,

f(1.12985) = —-0.0001256... < 0. There is a sign
change in this interval, which implies o = 1.1298
correct to 4 decimal places.

f(0.8) = 0.484..., f{0.9) = -1.025.... There is a
change of sign in the interval, so there must exist
a root in the interval, since ['is continuous over the
interval.

= x2= arccos(

4cosx 4 cosx
- -Br+3=0=8xr=———""+3
sinx sinx
_ cosx 3
2sinx 8

x, = 0.8142, x, = 0.8470, x, = 0.8169
f{0.8305) = 0.0105... > 0, f{0.8315) = -0.0047... < 0.
There is a change of sign in the interval, so there
must exist a root in the interval.
e1+2r-15=0=e*1=15-2x

= x-1=In(15- 2x)

= x=In(15 - 2x) + 1 where x <32
x;=3.1972, x, = 3.1524, x4 = 3.1628
{{3.155) = -0.062... < 0, {{3.165) = 0.044... > 0.
There is a sign change in this interval, which
implies o = 3.16 correct to 2 decimal places.
A(0, 0) and B(ln4, 0)
fflx)=zxe*+e*-d=e(x+1)-4

¢ ['0.7) =-0.5766... <0, {'(0.8) = 0.0059... > 0.
There is a sign change in this interval, which
implies {'(x) = 0 in this range. f'(x) = 0 at a turning
point. s _—

d ef[x+1]—4=0=>-ef=—=>x=ln( )

x x

+1 +1
e x,=1.386,x,=0517, 2,=00970,x,=0.708

Exercise 10C

1

a f(1)=-2,f(2) = 3. There is a sign change in the
interval 1 < o < 2, so there is a root in this interval.
b x,=1.632

a fW=2x+24+6 b -0.326
xZ

a It's a turning point, so {'(x) = 0, and you cannot
divide by zero in the Newton-Raphson formula.
1.247
f{1.4) = -0.020..., f{1.5) = 0.12817... As there is a
change of sign in the interval, there must be a root
« in this interval.
x, = 1.413
f{1.4125) = -0.00076..., f{1.4135) = 0.0008112....
a f(1.3)=-0.085..., f(1.4) = 0.429... As there is a
change of sign in the interval, there must be a root
« in this interval.
Pa)=22+5 ¢ 1316
f{0.6) = 0.0032... > 0, f{0.7) = -0.0843... < 0.
Sign change implies root in the interval.
f{1.2) =-0.0578... <0, 11.3) = 0.0284... > 0.
Sign change implies root in the interval.
f{2.4) = 0.0906... > 0, f(2.5) = -0.2595... < 0.
Sign change implies root in the interval.
b 1It’s a turning point, so {'(x) = 0, and you cannot
divide by zero in the Newton-Raphson formula.
c 2.430
a f(3.4)=0.2645... >0,(3.5)=-0.3781.... < 0.
Sign change implies root in the interval.

b 'x)= -2z ¢ 3.442

- -

o

3
3x-4

Challenge

a

b

From the graph, fx) > 0 for all values of x > 0. Note
also that xe™ > 0 when x > 0. So the same must be true

fnrx>é_
7
f() = e*(1 - 229 =0 =1 =L
V2
So f'(x) < O for x > %
N

fla) . . .
Xy =2, m 15 an mcereasing sequence as

flx) > 0 and {'(x) < 0, for x > % Therefore the
J

Newton-Raphson method will fail to converge.
-0.209

Exercise 10D

1

a %:E—O.l sin E, if I is a root then f(F) = 0

E-01sinE-k=0=FE-0.1 sinE:k::-%:k

b 0.5782...
¢ [(0.5775) = -0.00069...< 0, f{0.5785) = 0.00022 > 0.
Change of sign implies root in interval [0.5775,
0.5785], so root is 0.578 to 3 d.p.
a A(0,0) and B(19, 0)
=10 _ (M + l)
t+1 2 2

@ Full worked solutions are available in SolutionBank.



(5.8 =—10 _ (lnl5‘8 +1) +1) -0.0121...50
58+ 1 2

8+ 2
0 .. (lnl5‘9+ 1 +1)=—0,0164..,q0
59+ 1 2 2

The sign change implies that the speed changes
from increasing to decreasing, so the greatest speed
of the skier lies between 5.8 and 5.9.
) 10 In(t+1) 1
ro= 2% - (2524 ) -0
In(t+1+1_ 10
2 T
{t+Unt+1)+1) =20
i 20
In(t+1)+1
TIn(t+1)+1
t,=6.164, 1, = 5.736, t, = 5.879
dix)=0=2x2-3x=0
2Mr-3)=0=2x=0,2=3
The river bed is 3 m wide so the function is only
valid for 0 = x = 3.

'(5.9) =

d'[x} = 2ye-06r _ §x28 -0br _ Jp-U6e 4 gxe—ﬂ.ﬁx
5
d'(x) = e-06x( - 3yz 4 e 13
5 5 5
d'@) = - Le-06x(3x2 ~ 192 + 15)

5
Soa=3,b=-19andc=15
-3e 02050 d'(x) =0 =322 - 1% +15=0

i 3x2-19x+15=0=3x2=19x - 15

19x - 15 19x - 15
2= =
= X 3 = x '|.'| 3
ii 3x2-19x+15=0=3x2+15=19x
3x2+ 15
Bl macT
iii 3x2-19x+15=0=3x2=19x - 15
L g 192-15
3x

Part i and iii tend to 5.408... which is outside the
required range. Part ii tends to x = 0.924.

1.10 m.

h(t) =0

40 sin (%) - 9cos (%) -0.5t2+9=0
40 sin (%) - 9cos (%) +9=0.5t2

80 sin (%) - 18 cos (%) + 18 = (2

== 1,’13 +80sin (<5 - 18 cos (%)

t,=7.928,1,=7.896,t,=7.882, 1, = 7.876
h'(6) = 4cos =L + 0.9sin[-L) - ¢
© (10)+ el (10)

7.874 (3d.p.)

Restrict the range of validity to 0 =t = A
' — _Fn-t X 1

¢'(x) = —5e +2ms(2J

2
i —5e~+ 2cos (%J + % =0

ii

=

Answers

= C0S (5) =20+ -1y - 2arccos [ée-* - l]
2/ 2 4 2 4

4 cos(g) +1
10

—Se-f+2ms(§)+%=0=:- et =

o 10— 10
B 4cns(g)+1=}’x ln(4cos(§)+1)

xy=3.393, x, = 3.475, x4 = 3.489, x, = 3.491
x1=0.796,x, = 0.758,x4 = 0.752,x, = 0.751

The model does support the assumption that the
crime rate was increasing. The model shows that
there is a minimum pnint% of the way through
2000 and a maximum point mid-way through
2003. So, the crime rate is increasing in the interval
between October 2000 and June 2003.

Mixed exercise 10

1

a

¥-bxr-2=0=2x%=6x+2

:;.x2=6+%=>x=:1,"6+%;a=6,b=2

x1 = 2.6458,x, = 2.5992,x, = 2.6018,x, = 2.6017
f{2.6015) = (2.6015) * - 6(2.6015) - 2 = - 0.0025... < 0
f(2.6025) = (2.6025)% - 6(2.6025) - 2 = 0.0117 > 0
There is a sign change in the interval

2.6015 < x < 2.6025, so this implies there is a root
in the interval.

f(3.9) =13, f(4.1) = -7

There is an asymptote at x = 4 which causes the
change of sign, not a root.

2 roots — 1 positive and 1 negative
+et-4=0=2xl=4-e"=x==x(4-eY"

Xy =-1.9659, x, = -1.9647, x5 = -1.9646,

Xy = -1.9646

You would need to take the square root of a
negative number.

g(1)=-10 < 0, g(2) = 16 > 0. The sign change
implies there is a root in this interval.
gx)=0=2°-5x-6=0

= x5 =51 +6 = x = (5x + 6F

p=54g=6,r=5

x,=1.6154,x, = 1.6971, x, = 1.7068

g(1.7075) = -0.0229... <0, g(1.7085) = 0.0146...> 0.
The sign change implies there is a root in this interval.
gx)=0=x>-3x-5=0
=x2=3x+5=x=V3x+5
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Answers

BEEO R B

o

11

= -08xr=In(3-2x) = x=-1.25In(3 - 2x)
p=-1.25

d x, =-2.6302, 1, = -2.6393, x, = -2.6421,
root =-2.64 (2 d.p.)

1 dy G
a Iny=xlnx ¢§a=(l](lnxJ +(x)(EJ

1dy _ dy _ ool

#ga_lnx+l ﬁa_y[lnaw 1) =241 + Inx)

b f(1.4)=-0.3983... <0,f{1.6)=0.1212... > 0.
Sign change implies root in the interval.

0 1 x ¢ x,=1.5631(4dp)
d f(1.55955) =-0.00017... <0,
A y= 12— 5 {1.55965) = 0.00011... > 0. Sign change implies
/ 3 root in the interval.
» 12 a [(1.3)=-0.18148..., f(1.4) =0.07556..... There is a
sign change in the interval [1.3, 1.4], so there is a
root in this interval.
y=x b (0.817,-1.401)
) ¢ x;=0.3424, x, = 0.3497, x, = 0.3488, x, = 0.3489
d x,=1.708
e f(1.7075) = 0.000435...., f{1.7085) = -0.002151....
> There is a sign change in the interval [1.7075,
1.7085], so there is a root in this interval.
or 7 € Challenge
a fiy=x%+ 2% Tx2-x+3

f{1.1) = -0.0648... <0, f{1.15) = 0.0989... > 0.
The sign change implies there is a root in this
interval.
Sx-4sinx-2=0=5x=4sinx+2
>x=%sinx+Z=sp=%¢=2
x7=1.113,2,=1.118, x3=1.119, x, = 1.120

N y=x+3 b 2

Z

f'(x) = 625 + 322 - 142 - 1
"(x) = 30x* + 6x - 14
fMax)=0=1524+3x-7=0

i 15;1:4+3:.»—7=0#.3x=7—15;1:4:;-3:.:7"Tl~”-"f4
ii 152*+3x-7=0=15x*+3x=7
e TL. T LT OE Jp—
1523+ 3
fii 152¢*+3x-7=0=15x*=7 - 3x
7-3x _47-3x

= xt=

15 {15

0 b Using formula iii, root = 0.750 (3 d.p.)
¢ Formula iii gives the positive fourth root, so cannot be
used to find a negative root.
d -0.897 (3d.p)
%=x+3=>0=x+3—%,letﬁx]=x+3—% CHAPTER 11
f{0.30) = -0.0333...< 0, {{0.31) = 0.0841... > 0. Prior knowledge 11
Sign change implies root. 1 a 1202x-7)5 b 5cos5x c —ef
1 ; 3
==x+3=1=x2+3x=0=22+3x-1 2 .
ke N ’ 2 a g,«:ﬁxi—lei b 268
0.303 3 3
g'(x) = 327 - 14x + 2 b 6.606 B s i I 4 6 units?
@-1z-6x-4)=>22-6x-4=0=2x=3+/13 4r-1 x2+3

0.007%

f{0.4) =-0.0285... <0, f10.5) = 0.2789... > 0.
Sign change implies root. 1
0.410

f{-1.1905) = 0.0069... > 0,

f{-1.1895) = -0.0044... < 0.

Sign change implies root.

1
ehfr— — —— =0=(3-2x)e’%-1=0
3-2x : }
= (3-2x)e%=1=3-2x=e08
= 3-e08=2y=x=15-0.5e08 2

%, = 1.32327..., x, = 1.32653..., x, = 1.32698...,
root = 1.327 (3 d.p.)

plde _

=0=el8r= = 3-2x=e08&

3-2x 3-2x

Exercise 11A

) 2t
Sef+4dcosx+—+¢

=

a 3tanx+51n|x|—%+c

¢ -2cosx-2sinx+xf+¢c d
2

3secx - 2ln|x| + ¢

e Ser+dsinx+z+c r %ln|x|—2(:0tx+c
1 1 ; .

g Inpr|---—+¢ h e —cosx+sinx+e¢
T 227

i -2cosecx -tanx +c¢ j e +Injx|+cotx+c
1

a tanx-—+c¢ b secx+2e*+c¢c

x
1
¢ —cotx - cosecy — —+ Injx| +¢

—cotx + In|x| + ¢ e
f sinx - cosecx + ¢ g

—COSX + SeCX + C
—-cotx +tanx + ¢

@ Full worked solutions are available in SolutionBank.



h tanx +cotx +¢
j tanx +secx +sinx + ¢

Exercise 11B

3 a 2e7-2e b ?—;

4 a=2 b a=7

7 a x=4 b Lat-
¢ 3L _41n4

i tanx+e " +¢

¢ -5 d 2-/2
6 b=2

4ln x| + ¢

3

1 a —%cos[2x+ 1 +c b je*+c
c 4e™i d —%sin{l—Zx]+c
e —lcot3xr+c f lsecdx+c
g -6cos[ix+1)+c h —tan(2-x)+c
i —%cosech+c i %(sin3x+cos3x]+c
2 a Je+lcos(2x-1)+c b Je¥+2e +x+c
¢ tan2x+3sec2x +c
d -6cot(yx) + 4cosec(jx) + ¢
e e r+cos(3-x)-sin(3-x)+¢
3 a fln2v+1+c —mw
3
c %+c d 3lnj4x-1|+c
e -3In|1-4x|+c ﬁ+c
(3x + 2)° 3
A T a1-22p ¢
4 a -3cosx+1)+2In2x+1|+c
o (L=ap
b lew-
SP 6
c —%cot2x+%ln|1+2x|—;+c
2(1 + 2x)
3
d (3x +2)° 1 e
9 3(3x + 2)
7 2\'§ 5
a 1 b : c 9 d ElnS
6 b=6 7 k=24 8 k=3
Challenge
a=4,b=-30ora=8b=-6
Exercise 11C
1 a —cotx-x+c¢ 3% +1sin2x + ¢
?

—§C0S4x + ¢

stan3x -x+c

—- oo

c
e

g x-jcos2x+c
i -2cot2x+c

2 a tanx-secx+c¢ b -cotx - cosecx + ¢
¢ 2x-tanx +c¢ d -cotx-x+c¢
e —-2cotx-x-2cosecxy +c¢
f —cotx-4x +tanx + ¢ g x+%(:032x+c
h -3x+lsin2r+tanx+c i -Jcosec2x +c
3 fqmzxdx f%(l—lmst)dx
: 27z
1 1 .. ; T, 1 _2+x
= |=X — —& 2 =— 4+ —=
[2" ks x]~ g8¥1" "3
4/3 9/3-10-x r T V2 -1
4 h— - 2V2 - = d
3 8 ¢ He-g 2

X - Zrnqx——‘;mZx +C

-2cotx —x + 2cosecx + ¢

1 1
gt —gzsindx + ¢
1;

3x+4sindx —sin2x + ¢

Answers

a sin(3x + 2x) = sin3x cos 2x + cos 3xsin 2x
sin(3x - 2x) = sin 3x cos 2x — cos 3x sin 2x
Adding gives sin 5x + sinx = 2 sin 3x cos 2x

b So [sin3xcos2xdx
= %(—%cos 52 - c0Sx) + ¢ = —-cos 5x -
a bsinx+7cos’x=50+2cos’x=6+(2cos’x-1)

= [3(sin 5x + sinx) dx

FC0SX + €

=cos2x + 6
b (1 + 37)
; 2
a costx=I(cos?x)? = (%) = % i % cos 2x
+ 1('05*2 2= l lcns 2x +—(] * cos4x‘)
4 4 2 2
=%+%6032x+éms4x
| ) 23
b 551n4x+15m2:c+§x+c

Exercise 11D

1

a shnjx2+4[+c b Slnjex+1|+¢

¢ (@ +4)7+e d —;(e*+1)2+c

e JIn|3 +sin2x| +¢ f 13 +cos2x)2+e

g 1ef+c h (1 +sin2x) + ¢

i ltan":c+.:' j tanx+%tan-‘x+c

a L(?+2x+3P+c b —fcot?2x+c

¢ Lsin3x+c d er4c

e shnjex+3|+¢c f %(x2+l)%+c
2az+x+5)i+c h 2(x2+x+5)0+¢

i -lcos2x+3)+c j -ilnjcos2x + 3|+ ¢

a 468 b 2In3 ¢ 3In(18) d -1

k=2 5 9:%

a In|sinx| + ¢
b [tanxdx = -Injcosx| + ¢ = ln‘

=Insecx| + ¢

1

(‘qu‘ te

Exercise 11E

1

a 20+ -2(1+x)+c b —ln|l—sinx|+c

cos’x

c - COSX + ¢ d ln

e 21+ tan x): -2+ tanx)i + ¢

tanx + %tan-‘x +c

a 3% b 22 ¢y dlf-2/3 e 1ln
7 6 . . = =
a [3+2§x)_[3+2x} +¢ b 21+ -2T+x+c

a B8 ¢c2-2n2
592
3
In4 84“' V2 Z[RZ & 2}3
LJ eI_zn:ix=f —du

= fl‘z(Zas + 1203 + 24u + E) du

2z
= %uﬁ +3u*+12u?+ 161n u]

1
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Answers

= (l"} 161[1\-’?) = (ﬁ+ l(jlnl)
2 3

= 16lm"'?=?+ 8In2 =

70

a=70,b=3,c=8,d=2

T X= cnss,@= —sin#
db

J‘— L dx:f—é{—smmde
V1 - 22 sinf

= [1df =6 + ¢ = arccosx + ¢

=

= 1 1
s 2 — [Z(y2_ 2 = [2e _ g2
8 fnsm X cos xdx_J; (2 -1)u 1dt.a_fI (u* — u?)du

- [lus _ lua] 2_ 47
1

5 3 T 480
27 + 33
? 96
Challenge

x= 351nu,&£= 3cosu = dx = 3cosudu
1

(3 sinu)? + (3 cosu)2=9

G2
=x2+(3cosu)?=9= cosu:‘ng
1
(3 cosuldu

[==%= [5am
22/9 — x2 9sin?ucosu

=lfmsec2uda:_l SOty = SOE U
9 9sinu
VO — a2
3 VO - x?
= +C=- +C
3x Ox

Exercise 11F

1 a -xcosx+sinx+c b rxer-e'+c
¢ xtanx - Injsecx|+c¢ d xsecx - Insecx +tanx| + ¢
e -xcotx +In|sinx| +¢

x

3xlnx-3x+¢ b x—zlnx—£+c

2
8 2

c _m_i d

2x*  4x* "

3 3
e Ynx-Yixlnx-x+c¢
3 9

—e*x? - 2xeT -2  +¢
2sinx + 2xcosx — 2sinx + ¢
. x(3 + 2x)7 (3 + 2x)°
2(3 4 2400 —
23 + 2x) - + 112
—x?cos 2x + xsin 2x + %cost +C
x?sec?x — 2xtanx + 2In|secx| + ¢
2In2-3 b 1 c --1
15[1 -1n2) e 9.8 f 2/27+8/2-16
3(1-In2)

p(4xsin4x + cos 4x) + ¢

x(lnx)? - 2xlnx+2x + ¢

o

]

= T - VI -9
N

é([l - 8x%)cos 4x + 4xsin4x)) + ¢

=2}
-]

—%{S—x]%+c
du do I 2 3
U=x-2=>"=1,"=8-x=>p=-28 -2
dx dr 3

I=i(x= 2](—%{8 . xl%) a f— %{8 —xide

-

=2 _2)8 - 2 + 2((8 - x)}
=-3&-2)8 x]+3f{8 x)idx

416

7

A S S S
= 3{x 2)(8 - x) E(S xF+c
2

TV v B NN -
= 3[x 2)(8 — x) E{S )8 -2 +c

ﬂS—xﬁ(—%{x—Z}—%{S—xi i

22 B\ .- _2g_ 4
_{g—xl( - 5)+c_ £8-ix+2)+c
c 156
a 1tanS;t:+c b lxtanS;r:—llnlser,S;t:I+e:
3 3 9

c f:x sec?3x = le tan 3z ~ B A 3xl] 9
x 3 9 18

V3 1 NEY S | 2
L 2)— s i
(27 9" (162 9 nv-'§)
5737 1 1 1 0y
N -=In2+=In2-=1nv3
162 9 n +9 n 9 Iy
5/3x 1 V3
= - In3 =——andgqg=
162 18 TP 162899713
Exercise 11G
1 a Injx+12x+2)|+e b In|x-22x+1]|+¢
3
ln|[x+3) +c d 111‘2+x+r:
-1 1-x
2 a rx+Inx+14%2x-1|+c b % iz+ln| £ ¢
+ + 1)% | + T |[x+1]3+
2
c x+ln‘x_2‘+c d —x+ln‘(3+x)
xr+2 1-x
3 a A=28=2 b2+, . clnd,sok=3
1-2x
2 1 1 1 10
4 = b++In
a f) 3+2x 2-x (2-2x02 2 g
5 a A=1,B=2,0=-2 b a=2b=-4c=3
_ 3 : L8 e
6 a ﬂx]—;—x_'—z b ﬂ—z,b—i
3 3
7 =2 - ,50A=2B=-3and C=3
a f{x) 4x+1+4x—l S0 an
3 35
b k=5m=5
Exercise 11H
1 a 2In2 b In(2 +3) ¢ 2In2-1
d \-"_2_—1 e %
2 ahnd b In3-2 c 1
a 2221 e l(1-n2)
3 In4 4 2e*-2e+In2
5 a A(0,0),Bl(m 0)and C(27, 0)
x 2n
b Area:fxsinxdx—f x sinxdx
0 i )
=[-xcosx + sinxl, - [- x cosx + sin ]
=7+ 3n=4dn
6 a ix’lnx-Jxi+c b #4n2-1)
T ‘T 3
7 a A(—E, 0),3(5, 0),C(7, 0) and D(0, 3)
b 2(sinx+1):+¢ ¢ a=32

@ Full worked solutions are available in SolutionBank.



Answers

9
8 a N @9 fx) = 22 b3 c L—»2x+1=:-fla (2% + 1)
= (2¢ + 1)'dt = dx = tdt = dx
5(x) = 3x — a2 3 7 .
9 f e'2f+”""dx=f teldt =a=1,b=7,k=1
0 1
3 d 23.20
0.0 B0\ x
s = S ) Exercise 11)
9 a A(— §,3),B(§. 3) and C( ) 1 a y=Ae-*-1 b y=ksecx
b a=4b=-4c=3(0ra=4b=4c=-3) g paeilen.. d y=In|2e +¢|
Br tanx —x + ¢
:f_ (-2cosx + 4)dx - f (2(‘0:;x+2)dx 5 o 1 _cos’x b sin2y+ 2y = 4tanx - 4
2 . 24 3
sz (~4cosx + 2)dx = [—4Siﬂx+2xlj— ¢ tany=1sin2x+x+1 d y=arccosle") .
g - 5 ; 3 a y=Axe” b y=-e¥e?=-xel
(2»3 + 3*] —(—2«'3 +?) 43438 " 9=1|"|ﬁ 5 In|2+ef=—xer—e*+c
8 4x 3 31 +2)+1
Rs:R 43 +55:4/3 - = 3V3 + 27:3V3 - = ==~ -
2 = 4 +"3 v 3=>~ V3 + 2w 3 T 6 y i 7 ¥y 30+ -1
10 y=sinf:Area = | 2sinfdf = [-2cosb], = (2) - (-2) = 2 =
y f . [ lg =) ==2) 8 2 212 9 tang:;t:+%s;inZ;t:+247r
y=sin20:Area = f 4sin20dd = [ -2 cos 28]2 10 Injy|=-x cosx +sinx -1
2
=(2)-(-2) = 11 a 3x+4lnjx|+¢ b y= %x+21n|x[+g)
i 1
1 a (I, —_) 3 1
(4 ] il 3x—8+x—2
bi2-1 idiz2-.2 iii V2 b Iny=3Ini3z-8l+Inlx-2+c
c H1:R;2=>v'(_2 - 1_:2—\:"2 B B c y:S(x-Z]Bx_S]%
=2 -12+v2):(2-v2)2 +V2) = v2:2 13 a y=x’-4x+c
d o 3 A _ 3 on b Graphs of the form y = 2* - 4x + ¢, where ¢ is any
12 Area = fy xda ‘L CEE A=z (V4P =5 25 Faal nimbar
=3y =2 V2 14a y=—1_+c¢
15 2 . r+2
3 b Graphs of the form y = + ¢, where ¢ is any
14 a x+y= 16 b 589 real number x+2
1
N 3
Challenge ¢ ¥=z2?
. 2-42 d
Area of region R = 2" : 15 a d—y_—ﬁﬁfydyzf—xdx
Exercise 111 >yl =-p+bylat=c
1 a 1.1260, 1.4142 b i 1.352 ii 1.341 b Circles Wlth centre (0, 0) and radius /¢, where ¢ is
2 a 0.7071,0.7071 b 0.758 any positive real number.
¢ The shape of the graph is concave, so the trapezium c yr+a2=49
lines will underestimate the area.
3 g 8-227 f) ?‘gi% Exercise 11K
4 a 1,1.4581 b i2549 ii 2.402 1 a y=200e" b 1lyear R
¢ Increasing the number of values decreases the ¢ The population could not increase in size in this
interval. This leads to the approximation more way forever due to limitations such as available
closely following the curve. food or BRAce:
_ 2 m Mt b 2 M hes 1
d [xInxdx Jrzln;rzd;rz+fld:t:;s i 3 ¢ M approaches
=[(%x2—2x)lnx—%x2+3xll 3 a %zéz,.%xs:kprc
(3 27 (11'__; e e e e a S R
( n3+2) - (L) =-2m3+4

§x3=m£+§=ﬁx=v(ﬁﬁ+]}

16 1 o,
5 a 10607 b1337 SE=m = d 11.4% b x=3,1t=74.3 days. So it takes 54.3 days to

it _5 increase from 2 cm to 3 cm.
6 & B=as0a8y g 3536 4 a The difference in temperature is T — 25. The tea is
¢ 0.7313 d In (—9) e 2.5% cooling, so there should be a negative sign. & has to
24 be positive or the tea would be warming.
7 a 4.1133,5.6522,7.3891 b 23.25 b 46.2°C

417



Answers

2

201
5 =
a (1+19£)
20\% _ 400
b At des ( ) from bel
51— co, ]9 36] rom below
6 a v=6000h =Y _ 6000 9 = 12000 - 500%,
dh dt
dh AV . dv
ch_CV.aV__1 (12000 - 500h
de = dt T dh 6000{ J
609% ~ 120 - 51
dit
5
b t=121 (—
. 7)
(io0e0)._\ioocn)
2 4 10000/ = 110000,
P 10000 — P
b p=_10000 o -10000,6=1andc=3
1+38—[F.5.r
¢ 10000 deer
dv 1 dv
8 & Padfo Po-d® 0D
dt 7 dt
b V=160 + 4840e", a = 160 and b = 4840
¢ V—160
dR 1
9w Theoiy I—dR:—k dt
dit w0 R J
= InR=-kt+c=R=e*kie
=R=Ae=R,=Ae"= A=R,=> R=Re"
1
b k=—rin2
¢ 0.1R, = Ryemn"hixt
&1
I iy (—) t= t=~19035
e BT U
Exercise 11L
196 1456
1 a 567 27]1 3 ¢ —E
2 —1+ln(T]
3 4523

Mixed exercise 11

1 a

418

1 1 5 1 a
el2x -3 +c b Gldx - 1)+ 5dxr - 1)+ ¢

1 i & 1.2
Fsinx +¢ d —Inx--2*+c¢
R 2 4

-3lnlcos2xl+¢  f -7Ini3-dxl+c

‘?‘?408“ b %ﬂ'—%an ¢ 922
e 1, (35 4
Srt e qm(g)  rom()
FLmsar-tnaf- 1) - - Y
1 s Inx 1

9 | Inx 1 3 . 2
f]?hlxdxz . E]]—(—E——J—(D—llzl—g

1 A B g 3
(x+1][2x—1}‘x+1+2x—1="’4‘ 38=3
(LI o 2 )
@+ D2r-1) l 3(x+1] 322 - 1)

= 1 1 _ (L
_[ s+ 1)+ 3 1)]‘_I3

s
(307 - ) -5 0(37)

10

11

12
13

14

b=2 5

- -

- I -

-]

oo

o==1
2x-20x+T+c h 8

—Llrcos8x + Lsin8x +¢
® [

iouaras 1
0% sin 8x + 5x cos 8x -
A=1B=-2,C=-1

sInjx| + 2Infx - 1|+x1

2,6 sin8x + ¢

]+C

. n ) 1
LI‘{x]dx_[z In|x| + 2 In|x 1|+x—] )

= (llng +2In8 +%) - (lln4 +2In3 +%)

(ln3+ln()4+8) (an +ln9+3)
1 [3x64) 5 _ (32
_ln(2x9) 24 )

x=4, y=20

2

Py _3,1,96

dxz 4 :c1

dzy 15

PPk =3 >0 = minimum

%2+481n4;p_62,q 48,r=4

when x = 4,

Lamor-Las e
3 9

15 1.7
Lmax - Le3| =
¥ In2x 9x )
215
72
(1 +sin2x)?2 =1+ 2sin2x + sin?2x

1-cosdx _3 , oginoy -
2 2

(3 + 4sin2x - cos 4x)

(9In6 - 3) - (0—%)

=9In6 -

+ 2sin2x +

cos 4x
2

1
1
2
9 T
e ¢ (Z‘ 4)

-xe*-e*+¢ b cos2y=2e"(x-e"+1)

~12C08 2% + T8N 2% + ¢

tany = -3a cos 2x + ;sin2x - +

2y —sin2y=1In|l+2
Yy — sin 2y n|+x|+1+2x

A=

—ex* +2x + 2) + ¢

y=-+In|3e*(a?+ 2x + 2) - 5|

1

zIn7 :
Ly 2y 1lnF

|7 e+ 1dx = [e—+xl‘
0 3

0

eof 1 fogleayg
_(3+31r17) (3 0) 2+ In7

@ Full worked solutions are available in SolutionBank.



19 a A=1,B=1,C=-3
b x+3Injx-1|-JInjx+1=2t-3In3
20 a 4.00932 b 2.6254
¢ The curve is convex, so it is an overestimate.
.
d B2 pe 302 e 2.5%
2e
21 a d—Vz—kV=>fldV=f—de:>an=—k.s+c
de Vv
= V=Ae*¥
b vy
Ao
V=Ae*
0 I

¢ A=de = =g 2o In2=kT
22 a f(k—y}dy:fxdx#ky—%y2=%x2+c
»2+(y-k2=C
b Concentric circles with centre (0, 2).
23 a 09775 b 3.074
¢ Use more values, use smaller intervals. The lines
would then more closely follow the curve.

4
d f (lxz)lnx—x + 2dx
115
4
S [Lx’* Inx-Lys - Lyzy 21]
15 45 2 ,

_ (64, 64} (1 1 ,\_-29 064
_(151n4 ) (45 2+2J_ e

45 10
e 2.0%
(1 + 22%)°
——+c

24
25 arctanx + ¢ 26 y° =

24 a b tan2y=15(1 + 249+ 1
8x
x+2
27 a A=7rr2=>-@=2wr

B 0 A e oy O B8 gl 7
dt dA . dt ~ 2ar stm(:}:r) T 2nr Sm(3ﬂ')
b ﬂ:—écos(?’i)+7 ¢ 6 days, 5 hours

T 2l T
28 = b —
® 3 2

29a -2 p g,«—&;’?:—i x—i_) ¢ 10-97
41 3 5 2 2
30 —

60

Challenge

a 15 b -3

CHAPTER 12

Prior knowledge 12

1 a 5i b -13i+ 11j

2 a /34 Bl d
V34 /34

3 a -2i-1j b 3i+ 3]

Exercise 12A

1 2/21 2 73

3 a /14 b 15 ¢ 5/2 d V30

4 k=5o0rk=9
Challenge
a (1,-3,4)(1,-3,-2),(7,3.4),(7,3,-2), (7, -3, -2)

5 k=10ork=-4

Answers

Exercise 12B

-3
1 ail|5
-9

b a-bis parallel as -2(a — b) = 6i — 10j + 18k
—a + 3b is not parallel as it is not a multiple of
6i - 10j + 18k.

11
ii (—1])
19

3 -3

2 33+2h=3(2)+2(_2)=3i+2j+5k=%[6i+4j+10k]
-1 4

3 p=2,qg=1r=2

4 a 35 b 2/5 ¢ V3 d /170 e 5/3

s (3) 2 (2) <)) -G

6 Ti-3j+2k 7 6or—6 8 V3or-3
9 a i A:2i+j+4ak B:3i-2j+4k C i+ 2j+2k
i 3i+j 2k
i V14 i 3
10 g Mg %k b (3 e ol dy=lfp

13 7130 13
11 a 61+4+3k bVBT ¢ ——21+-2 4. 3 ¢

—1+—==]+—

V61 Vo1 Vo1
10 g st L B Qi-%j—ﬂk

V29 V29 V29 5 5
V5 2/2. V3
c Ti 3 j Tk
— —_— —_—
13 a AB=4j—k AC=4i+j-k, BC=4i-3j
— — L —
b |ABl =V17,|ACI = 3/2,|BCl =5
¢ scalene
—_— —_
14 a AB=-2i-6j-3k AC=4i-9j—k,

—
BC = 6i - 3j + 2k
—_— —_— e
b IABl=7,1ACI = 7/2,IBC1=7 ¢ 45°
15 a i 98.0° ii 11.4° iii 82.0°
b i 69.6° ii 62.3° iii 35.5°
¢ i 56.3° ii 90°
16 5.41
— — — AT
17 |PQ| =14, |QR| - /29, PRl = V35
Let # = ZPQR. 14 + 29 - 2/406 cosf = 35
= cosf#=0.198... = #=78.5°(1d.p.)

Challenge
25.4°

iii 146.3°

Exercise 12C
1 a i loal=9;l08 =9 [0l = o5l

9 6
i AC = ( 4 ) [adl = v581; BC = (_4), Bl = 581
22 23

Therefore lAT”| = |"B_(’1
b 0ACB is a kite

. — s

2 a AB=2i+3j- 2k = [4B = /17
—_— —|
AC=-6=[acl-6
BC=-2i+3j+2k=[Bd=vi7
|f47§| = |§‘| so ABC is isosceles.

b 6/2 c (0,4,7)

419



Answers

.
3 a AB-=4i-10j- 8k=2(2i-5j - 4k)
CD = -6i + 15 + 12k = ~3(2i - 5] - 4k)
— —
CD = -3AB, so AB is parallel to CD

AR:CD=2:3
b ABCD is a trapezium

a=8b=-1,¢=3
(7, 14 -22), (-7, 14, -22) and (183, 14, -22)

20 0
a 18.67(2d.p) b 168.07 (2d.p.)

Let / = point of intersection of OF and AG.
J— —_— — —_—
OH = rOF= 0A + sAG

— —
OF=a+b+c,AG=-a+b+c¢
Sorfa+b+e¢)=a+s(-a+b+c)

—_ —_ —_— —_—
r=1-s=s=r=s=1 50 OH=JOF and AH = JAG.
8 Show that FP =
Show that PE = %a (multiple methods possible)

b BE= N1 B N

%a (multiple methods possible)

Therefore FP and PE are parallel, so P lies on FE
FP.PE =2:1

Cha]lenge
1 p= 11'q ﬁ'r__4
2 OM —a+h+cBN a-b+l cAF_—a+h+c

Let OM and AF intersect at X: AX = rAF = rl-a+b+cl

OX = sOM = siza+b+¢| for scalars rand s

OX=0A+AX =a+rl-a+b+c

= sza+b+c)=a+r-a+b+c

Comparing coefficients in a, b and ¢ givesr = s =%
— —_— —_— —

Let BN and AF intersect at ¥: AY = pAF = pl-a + b + ¢

— — f

BY=gBN=gla-b+ Le) for scalars p and ¢

—_— — — N

BY=BA+AY=a-b+pl-a+b+c

=gla-b+icj=a-b+pl-a+b+c

Comparing coefficients in a, b and ¢ gives p =1, ¢ = %

—_— y—t — o

AX = 2AF, AY = 1AF

Sothe line segments OM and BN trisect the diagonal AF.

Exercise 12D

1 a (5i—j+4k)N b V42N

2 2\-"72§m

3 a [21——_|+?k)mq"3 b 154ms?

4 (5i-3j-7TkK)N

5 a a=-2,b=4 b (i-3j-4k)N
¢ Gi-3j-2kms? d 1/26ms?

e 126°

Mixed exercise 12

1 /22 2 ag=5o0ra=6

3 [ABl=-5/229+02+25-50>12=16>1t=4
6i - 8] - Stk = 6 - 8] - 10k = ~2(~3i + 4j + 5k) = ~24B
So AB is parallel to 6i - 8j - 3tk

4 a PQ=-3i-8j+3k PR=-3i-9j+8k QR=-j+5k
b 20.0
420

=2

o oo~

11
12

— —_— . —

a DE =4i+ 3j + 4k, EF = -3i - 4j + 4k, FD =
— —_— — =

b IDE| = /41,|ER = /41, |FD| = /66 c
—_ —_— —_

a PQ=9i-4j PR=Ti+]-3k QR =-2i+ 5] -3k

|PQ| =97, tPRI =59, |QR| =38
31.5°

184 (3 s.f)

a (2,-7,-2) b rhombus ¢ 36.1

—_ — —_—
Q— Ha+b-c,RS=1-a+b+c) Tuzgia b+
LPtPQ R‘? and TU intersect at X: PX rPQ_

—_—  —

RX_QRS'——[—a+h+cJ

-i+j-8k

isosceles

=

o I

a+b-c

A
TX_ tTU = > Lia —b + ¢ for scalars r,sand ¢

—_— —  —F —

RX = HO+OP+PX—2[ a+c]+—(ﬂ+b—c}

:>21{—a+h+cJ=§[—a+c]+§(a+h—c}

Comparing roefﬁripnts ina,bandcgivesr=s= %

—_— o —
TX = TO+0P+PX—§(h+cJ +ia+b-c

=>§{a—h+cJ=

Comparing coefficients in a, b and ¢ gives ¢ =%
Sothe line segments PQ, RS and TU meet at a point
and hi%ert each other.

b=1or ?

a Air resistance acts in opposition to the motion of
the BASE jumper. The motion downwards will be
greater than the motion in the other directions.

b (16i+13j-40k)N ¢ 20 seconds

I(ﬂ.—h+ﬁ}

Challenge

1 0 1
Ifa:(o),h:(l),c=(1),thena+b+c=2a+2b+0c.
0 0 0

Review exercise 3

1

d
—y=x—4sinx
dx i ) ”
x=§;&=%_4sy:7‘;sfnn— £_4
2

R (_E)

8 Ty 2

2

= 8y(8-7n)-16x +7lx2 - 8r + 8)=0
dy 2 dy
—=3e¥-= xr=2,y=e-1n4, —=3e-1
dx x = dx
y-eS+Ind=(3eb-1)x-2)

=y-3et-1x-2+In4+55=0
8x+36y+19=0

a % = 4(2x - 3e2) + 2(2x - 3)2(e)
= 2(e2)(2x - 3N2x - 1)

3
b (2 )and(z 49)
dy _(x - 1)2sinx + cosx - x cosx)
dx sinZx

baege G g2

y—{f—l)Z:[m——Z](x—g)

o2

=>g=(w—2]x+(1—T)

@ Full worked solutions are available in SolutionBank.
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10
11

12

13
14

16

17 a

18

19

a y:cosecx:#

sinx
dy _ cosx _ 1
dx sin?x sinx
dy _ |
v ex/a?-1
Yy =arcsinx = x =siny
dy _ 1

dx
d—y:msy::-E=m

co%x
sinxy

- cosecx colx

——_ i, 4
Cﬂsy=y-'1—sin£g:\.-]_xz:},d_iz .-]1x§
1%

b y=-Jx+2

a -2sin’lcost

8
C =
Y 4+ x°
x = 0 is the domain of the function.

b y=-_*
Y=oz -1

a y=-9x+8
Tx+2y-2=0
dy _cosx
dx  siny
b Stationary points at (; 237] and (
the given range.
dzy
da?
are x = 2 + /2 which means that f"(x) = 0 for all x < 0.
a W_ynpe Ol B0l o
dr dt =(2¢+ 1)
a g(1.4)=-0.216 <0, g(1.5) = 0.125 > 0. Sign change
implies root.
b g(1.4655) =-0.00025... <0, g(1.4665) =
0.00326... > 0. Sign change implies root.

a p(1.7)=0.0538... > 0, p(1.8) = -0.0619... < 0.
Sign change implies root.

b p(1.7455) = 0.00074... > 0, p(1.7465) =
—0.00041... < 0. Sign change implies root.

3x+5=0=e"2=3x-5
>2-2=IBx-5=>x=MBx-5+2,2>3
xp=4,x,=39459, x, = 3.9225, x; = 3.9121

f{0.2) = -0.01146... <0, f{0.3) = 0.1564... > 0.
Sign change implies root.
—,+412=0=>;=—4x2
E x - 2)3
il
izl {x—2}‘=>.||||4—12+2 x
¢ xg=1,1,=1.3700,75, x,=1.4893,
x5 = 1.5170, x, = 1.5228
f{1.5235) = 0.0412... > 0, {{1.5245) = -0.0050... < 0

a It's a turning point, so the gradient is zero, which
means dividing by zero in the Newton Raphson

formula. RIS
h n+t - 2 9 _ N e

23.825...
a i There is a sign change between {{0.2) and {{0.3).
Sign change implies root.
ii There is a sign change between {{2.6) and £(2.7).
Sign change implies root.

a

=2
= ] only in

2’

= e~*x? - 4x + 2) can show that roots of x* — 4x + 2

a eri_

=2.922

3 2:: 1 3 1
b 2 a3-23+1-4=0=>32x3=25-21+4
10 Tx 10 T
.10 1 10 1)
= xd = 3(4+x3—§J=>-x_|v( (4+x1—EJ)

=2.6275, Xo = 2.64006, Xqy =

¢ xp=2.5,1
xy=2.6420
-1.10670714
& B -12.02597883
20 a R=0.37,a0=1.2405
b v(x)=-0.148 qm(% + 1. 2405)
¢ v'(4.7)=-0.00312... <0,v'(4.8) =
Sign change implies maximum or minimum.
d 12.607
e v'(12.60665) = 0.0000037...
-0.0000021...
or minimum.
21 a=1
22 a cos7x +cos3x = cos(5x + 2x) + cos (5x — 2x)
= (08 5% cos 2x — sin 5x sin 2x + cos 5x cos 2x +
sin 5x sin 2x = 2 cos 5x cos 2x
b 3sin7x+sin3x+c

=0.208

23 m=3 24 16

25 %—3;? 26 1(2¢7 + 10)

27 a oo E:‘:3)+(af— 2]523:3—3 x12 L
28 a 2(‘0@.-1—?1=;~c_05;.5=%f,~.szgor.sz‘r’:T’r

b [ yd"dz_f(l -2 cost)(1 - 2 cost) dt

- f_(l ~ 2 cost)? dt

Answers

2.6419,

0.002798... =0

>0, v'(12.60675) =
< 0. Sign change implies maximum

¢ 47+ 3/3
29 a \1; a b 6.796 (4 s.f)
30 a fe?+]
blx|o] 02 | 04 | 06 [ 08 1
y | 0]0.29836[0.89022[1.99207(3.96243]7.38906
2.168 (4 5.1 d 3.37%
20-1 —1 4
S *ox-3
b, ART-37 10(2x - 3)
G- 1) T Tw-D
32 a 3k _ b r_[g—k£+A”
1672r 8
av

33 a Ratp in = 20, rate out = —kV So — T =20-kV

b A= k 0 andB = 2_£ ¢ 108cm® (3 s.f)
(é{; —kC, because k is the constant of
proportionality. The negative sign and k > 0
indicates rate of decrease.

34 a

b C=Ae* ¢ k=;In10

35 k=-4, k=16 36 130.3°
. . 10 . 5 . 2
37 a 10i-5j-2k b —i- —_——
J V129 ’_29 »-'129

¢ 100.1° d Not parallel: PQ: mAB
38 k=2 39 p=-2,g=-8,r=—4
Challenge
1 a (O O)and(ﬁ %]

. 2
b g—;=0=>g=2x+%=>5x2+2ax+%=0

b? - 4dac=4a?-5a2=-a?<0

2 3/3-1
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Answers

Exam-style practice: Paper 1

d 2

1 o 2_59‘“"‘ = 1 = cosecl sect ¢
dx 2sintcost sintcos®!

2 ax>-3 bx<—4,1>-1 cx>-1

3 a 2x+y-3=0—-y=3-2x
vrkr+yr+dy=4
+rkr+(3-2x)2+4(3-2x)=4
Sxf+ kx-20x+17 =0
5x2+ (k- 20)x + 17 > 0 for no intersections.

b 20—2\-"'_8_5_-(1’(?{ 20+2\-"'_8§
4 Letf(f)=cos@
ﬂ9+h} ﬁﬂ)zumcosta+h]—cosﬂ

)= B0 h
- lim 08¢ cnsh —sin# sinh - cos#
= h
=lim (M)cnsﬁ (th)sme —sin#
h—0 | h h
a p=4,p=-4 b Usep=-4,-18 432
49 705!
6 [==— _)
( 8 64
7 a u=au=9%=ar,5.=600= 1“
96
So 5 I~ 600 = 96 = 600r(1 - r) = 96 = 600r
— 600r? and therefore 2512 - 25r + 4 =0
b r=0.2,08 ca=120 dn=39
8 a

(-10, 0) [—3,bi0| 4,00 *

b B(6,16) Y4

E(4,5)

DO0,-1) X

D(3,12)

cof \E@.0
AE7,000 0O x

B(-3,-22)

9 x=0.77,2=5.51

10 a %:—kVﬁan:—k.-:+c=>V=Vne-*‘

b k:%ln(g),v’[,:ﬂs 100 ¢ ¢ = 11.45 years

11 a 14.9 miles
b It is unlikely that a road could be built in a straight
line, so the actual length of a road will be greater
than 14.9 miles.

13

a y=279-001x-11*,A=279,B=0.01,C=-11
b 11m from goal, height of 2.79 m.

¢ 27.7m (or 27.70m)

d x=0,y=1.58.The ball will enter the goal.

a Surface area of box = 2x2 + 2(2xh + xh) = 222 + 6xh

Surface area of lid = 22* + 2(bx + 3x) = 22* + 18x
Total surface area = 4x* + 6xh + 18x = 5356

_ _ 4 g2 _Qy_ 9 42
r%"125356 l.Sx 4 x =2678 9x -2 x

bx 3x
V=2xh=2(2678x - 9 x2 - 2 x9)
b 622+ 18x-2678=0,x=19.68
2

g%;q 0 = maximum d 22648.7cm® e 21.1%

Exam-style practice: Paper 2

1
2

10

11
12
13

14

a=-1,b=-4,c=4

a y=-4x+28 b y=1x+

¢ R(-10,0) d 204 units
=1n(x + 1), 2> -1

a ritudtﬂnt did not apply the laws of logarithms
correctly in moving from the first line to the second
line: 44+ % 41 + 45

b x=-2. Notex=-5

Bl e

T

a R Y
o _~— |
14 \ot— 10 %
61
b -6=y=18 ¢c a=-T,a=0
a k=4 b x=-2z= 3+v‘?,x=3—v’7
a Area= [;r—lC-}(x 3) sin 30° = [ x2-13x+30)
=1

Sox?-13x+30=44,and x> - 13x-14 =0
b x=14(x#-1,as x - 10 and x - 3 must be positive.)

a h=-5k=2c=36 b _13“
i o s g 7. 23 .
a A=4,B=5,C=-6 b Sx 32x

—_— e
OA=aand OB=h

— — _— —_ —
MN=MB+BN=10B+1BA=1b+1l-b+al=1a

— D D —
Therefore 0OA and MN are parallel and MN = %OA as
required.

a 2.46740 b 2922 ¢ 3.023 d 3.3%

a £3550 b £40950 ¢ £45599.17

a R=041,a=1.3495

b 40 cm at time ¢ = 2.70 seconds

¢ 0.38 seconds and 5.02 seconds.

a h’(ﬂ) = Se—il.ifl—ﬁ.-"] R, Setl.ﬂlt—l’:.‘i]

b % @-0.301-64) = p08(-6.4) ln{% e-i].:s[a—r..—ﬂ] =0.8(t - 6.4)
- %ln(%e“’-“‘“’-“j —t—-64=>t= %ln(%e“”"“’-"} +6.4

¢ t,=5,1 = 5.6990, t, = 5.4369, t, = 5.5351, ¢, = 5.4983

d h'(5.5075) = 0.00360...> 0, h'(5.5085) =

-0.000702... < 0. Sign change implies slope change,
which implies a turning point.

422 @ Full worked solutions are available in SolutionBank.



absolute value 23
addition, algebraic
fractions 7-8
addition formulae 167-172
algebraic fractions 5-8
addition 7-8
division 6, 14-17
improper 14
integration 310-312
multiplication 5
subtraction 7-8
angles between vectors
341-342
arc length 118-120
arccos x 158-160
differentiation 248
domain 159
range 159
arcsin x 158-160
differentiation 248
domain 158
range 158
arctan x 158-160
differentiation 248-249
domain 159
range 159
areas of regions, integration to
find 313-314
argument, of modulus 24
arithmetic sequences 60-61, 63
arithmetic series 63-64

binomial expansion 92-102
(1 + bx)* 92-95
(1 +x)" 92-95
(a + bx)* 97-99
complex expressions 101-102
using partial fractions
101-102
boundary conditions 323

Cartesian coordinates, in 3D
33R-339
Cartesian equations, converting
to/from parametric
equations 198-199,
202-204
CAST diagram 117
chain rule 237-239, 261-263
chain rule reversed 296-297,
300-306
cobweb diagram 278
column vectors 340
common difference 63
common ratio 66
composite functions 32-34
differentiation 237-239
compound angle
formulae 167-172
concave functions 257-259
constant of integration 322
continuous functions 274
contradiction, proof by 2-3
convergent sequences 278-279
convex functions 257-259
cosf
any angle 117
differentiation 232-233

small angle approximation
133-134, 232
cosec x
calculation 143-144
definition 143-144
differentiation 247
domain 146
graph 146-147
identities 153-156
range 146
using 149-151
cosines and sines, sums and
differences 181-184
cotx
calculation 143-144
definition 143
differentiation 247
domain 147
graph 146-147
identities 153-156
range 147
using 149-151
curves
defined using parametric
equations 198-199
sketching 206-207

degree of polynomial 14
differential equations 262-263
families of solutions 322-323
first order 322-324
general solutions 322-323
modelling with 326-328
particular solutions 323
second order 322
solving by integration
322-324
differentiation 232-263
chain rule 237-239, 261-263
exponentials 235
functions of a function
237-239
implicit 254-255
logarithms 235
parametric 251-252
product rule 241
quotient rule 243-244
rates of change 261-263
second derivatives 257-259
trigonometric functions
232-233, 246-249
distance between points
338-339
divergent sequences 278-280
division, algebraic fractions 6,
14-17
domain
Cartesian function 198-199
function 28-30, 36
mapping 27-28
parametric function
198-199
double-angle formulae
174-175

equating coefficients 9

exponentials, differentiation
235

functions
composite 32-34, 237-239
concave 257-259
continuous 274
convex 257-259
domain 28-30, 36
inverse 36-38
many-to-one 27-30
one-to-one 27-30
piccewise-defined 29
range 28-30, 36
root location 274-276
self-inverse 38
see also modulus functions

geometric sequences 66-69,
70, 83

geometric series 70-72, 73-75,
83

implicit equations,
differentiation 254-255
improper, algebraic
fractions 14
inflection, points of 258-259
integration 294-328
algebraic fractions 310-312
areas of regions 313-314
boundary conditions 323
chain rule reversed 296-297,
300-306
changing the variable
303-306
constant of 322
differential equations
322-324
flax + b) 296-297
as the limit of a sum 329
modelling with differential
equations 326-328
modulus sign in 294
of a parametric curve 314
partial fractions 310-312
by parts 307-309
standard functions 294-295
by substitution 303-306
trapezium rule 317-319
trigonometric identities
298-299
intersection, points of 209-211
inverse functions 36-38
irrational numbers 2
iteration 278-280

key points summarics

algebraic methods 21

binomial expansion 106

differentiation 271-272

functions and graphs 58

integration 336

numerical methods 292

parametric equations 224

radians 141

sequences and series 90

trigonometric functions
164-165

trigonometry and modelling
196

vectors 351

limits
of expression 73
of sequence 66
in sigma notation 76
line segments 345
logarithms, differentiation 235

many-to-one functions 27-30
mappings 27-30
domain 27-28
range 27
mechanics problems, modelling
with vectors 348-349
minor arc 120
modelling
with differential equations
326-328
numerical methods,
applications to 286
with parametric equations
213-217
with series 83-84
with trigonometric functions
189-190
modulus functions 23-26
graph of y =|f{x)| 40-42
graph of y = f]x| 40-42
problem solving 48-51
multiplication, algebraic
fractions 5

natural numbers 63
negation 2
Newton-Raphson method
282-284
notation
differential equations 322
integration 294
inverse functions 36
limit 73
major sector 122
minor arc 120
minor sector 122
sequences and series 60
sum to infinity 73
vectors 340, 344, 345
“x is small” 97
numerical methods 274-286
applications to modelling
286
iteration 278-280
locating roots 274-276
Newton-Raphson method
282-284

one-to-one functions 27-30
order, of sequence 81

parametric differentiation
251-252
parametric equations 198-217
converting to/from Cartesian
equations 198-199,
202-204
curve sketching 206-207
modelling with 213-217
points of intersection
209-211
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parametric integration 314
partial fractions 9-10
binomial expansion using
101-102
integration by 310-312
period 81
position vectors 340
product rule (differentiation)
241
Pythagoras’ theorem, in 3D
338-339

quotient rule (differentiation)
243-244

radians 114-134
anglesin 115
definition 114
measuring angles using
114-118
small angle approximations
133-134, 232
solving trigonometric
equations in 128-131
range
Cartesian function 198-199
function 28-30, 36
mapping 27
parametric function 198-199
rates of change 261-263
rational numbers 2
recurrence relations 79-82
reflection 44-47
repeated factors 12
reverse chain rule 296-297,
300-306
roots, locating 274-276

secx
calculation 143-144

424

definition 143
differentiation 247
domain 146
graph 145-148
identities 153-155
range 146
using 149-151
sectors
areas 122-125
major 122
minor 122
segments, arcas 123-125
self-inverse functions 38
separation of variables 322-324
sequences 60-84
alternating 66, 80
arithmetic 60-61, 63
decreasing 84
geometric 66-69, 70, 83
increasing 81
order 81
periodic 81
recurrence relations 79-82
series 60-84
arithmetic 63-64
convergent 73
divergent 73
geometric 70-72, 73-75, 83
modelling with 83-84
sigma notation 76-77
sinfl
any angle 117
differentiation 232-233
small angle approximation
133-134, 232
sines and cosines, sums and
differences 181-184
small angle approximations
133-134, 232

staircase diagram 278
stretch 44-46
substitution 9

subtraction, algebraic fractions

7-8
sum to infinity 73-75

tan ¢
any angle 117
differentiation 246
small angle approximation
133-134
transformations
combining 44-47
reflection 44-47
stretch 44-46
translation 44-46
translation 44-46
trapezium rule 317-319
trigonometric equations,
solving 128-131,
177-179
trigonometric functions
143-160
differentiation 232-233,
246-249
graphs 145-148
inverse 158-160
modelling with 189-190
reciprocal 143
using reciprocal functions
149-151
trigonometric identities 130,
153-156
integration using 298-299
proving 186-187
using to convert parametric
equations into Cartesian
equations 202-204

trigonometry
a cosf + b sin # expressions
181-184
addition formulae 167-172
double-angle formulae
174-175

unit vectors 340

vectors 338-348

in 3D 340-342

addition 340

angles between 341-342

Cartesian coordinates in 3D
338-339

column 340

comparing coeflicients 345

coplanar 345

distance between points
338-339

geometric problems
involving 344-346

modelling mechanics
problems 348-349

non-coplanar 345

position 340

scalar multiplication 340

in three dimensions 340-342

unit 340

vy = f(x)], graph of 40-42
v = flx|, graph of 40-42



