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Integration techniques 6B
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4 dy 4 dy 2x° x? - L
4 2:—x3,502 2_T2 :—:—:i—:i\/; The arc in question is above
4 ydx 3 dx 3y % N the x-axis.
X
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5 y=—sinh” 2x, so — =2sinh2xcosh2x =sinh 4x
2 dx
So arc length = Lj V1 +sinh? 4xdx
1
=I0cosh4xdx
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1.
=Zsmh4:6.82 (3s.f)
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7 We have r=¢’, 15-¢ and substitute into the equation s=j (r) + 10 do

in order to get

s=[Ve +edo
= [, 2e’do
[
=2 (e"-1)
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8 The line y =4 intersects the parabola with equation y = x* where x =—2 and x = +2.

. 2 dy 2 Vi
Using symmetry arc length = 2.[0 1+ . dx : P »
£ Fie=s
=2[*V1+dx? dr
0 : :
2 0 7

Using the substitution 2x =sinhu, so that 2dx = cosh udu,
arsinh 4
arc length = .[o V1+sinh? u cosh udu

arsinh 4
= .[o cosh” u du

arsinh 4
_ J- (14 cosh2u) du
0 2

arsinh 4
:l u+lsinh2u
27 2 .

arsinh 4

=%[u +sinhu cosh u]o

:%arsinh4 +%(4\/1+16) <— Using coshu =+1+sinh’ u and sinhu =4

= %arsinh 4 + 2\/ﬁ

:%m(4+\/ﬁ)+2\/ﬁ D
=9.29(3s.f)

Using arsinhx = In {x+ (l+x2)}

9 As x=acosé?,y=asin0,£=—asin0,d—y=acosﬁ
de 12

2 2
So ﬁ + d_y =a’ (00520+sin2 0):a2
do do

T
The circumference of the circle = 4.[02 adf Using symmetry.

=d4al0);

=2na
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) dx .. d )
10 x =2acos’ t,y=2a sin® t,S0 E = —6acos’ tsin t,d—J; = 6asin’ tcost,

2 2

dx d ) ) ) )

(d—j + (d_yj =364’ (cos4 tsin® ¢ +sin* 7 cos? t) =364’ sin® t cos’ z‘(cos2 {+sin? t)
t t

=36a’sin’tcos’ ¢

At 4,t=0, at B,t=—,
2
n
so arc length 4B = .[02 6asintcost dt

= 3a.|.05 sin 2¢ dt

=3a
Total length of curve =4x3a =12a (symmetry)

11 x =tanhu, y =sechu, so ;ﬂ = sechzu, d_y = —sechu tanhu,

u du

2 2
(ﬁj + (d_yj = sech*u + sech’ tanh® u = sech’u (sechzu +tanh?u ) =sech’u
du du

1
So arc length = IO sechudu ~ «———— See Example 7.

12
= — du
0" +e

1 26"
Y
IO(eu)%l ’
= 2[arctan(e“ )I)

= 2arctan(e)—% or 0.866 (3s.f)
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12 As x=a(8+sinf),y = a(l—cosé?),% = a(1+cosé?),% =asinf

2 2
(dxj +(ﬂj =a’ (1+2cos€+c0520+sin2 0)

do) \de
=a*(2+2cos0) ) (6’)
<«——— Using cos24 =2cos” A—1 with A=| —
2 Z(QJ 2
=4a” cos” | —
2
n o
So arc length = 2aI cos (—Jd&
0 2
=4a sin(gJ
(3]
=4a

13 x=t+sint,y =1-cost

%=1+cost,d—y=sint
dt dt

So (%Jz + (%T = {(1 +2c0s?+cos’ t) +(sin2 t)}

=2(I1+cost)= 4 cos? (%)

2 2
Using s = J.tB (%J +(QJ dr
Ly dr dr

arc length = J.Og 4cos’ (é} dr

=2I3cos(£jdz‘
0 2
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14 x=¢'cost,y =¢'sint

dr_ e (cost—sint),ﬂ =e¢'(sinz +cost)
dt dt

So (%T +(%}2 = (e’ )2 {(cos2 t—2sintcost +sin’ t) +(sin2 {+2sintcost + cos’ t)},
= 2(&:’)2 (sin2 t +cos? t)
= 2(6’)2

arc length = j(;* 2(e') ar
=2 joje’ dr
[
-2 [ez—llorl.69 (3s.f)

2
15 We have r=1+cos6, j_; =—sin @ and substitute into the equation s = J.ﬁ (I’)2 +(§—;j do

in order to get
s= 2_..:\/(1+0050)2 +(—sin0)2d0

=2J.:\/2+20050d0
= 2\/§J.On\/1+cos 0deo

- 2\/5_[0“ 2cos® (g)d&

=4Incos(g)d0
0 2

]

=8-0

=8
Note that we have used the fact that the cardioid has a line of symmetry through the initial line and so

2n n
we may use _[0 =2_[0
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16a We have y=In(cosx) so d—y:_smxz—tanx.
COS X

=secx
2 2
b os=|¢ 1+(9jdx
0 dx
=J.gsecxdx
0

=In(+3)

Thus the value of & is \/5

—-2x

2
- X

Substituting into the equation s = J. \ f dx gives
s = J. ( j dx

_ 0,5 \/(1—x2)2 +(2x)2 i

2

17a We have yzln(l—xz) and so Y =
dx

IOS \/1 2x +x o

J-os 1+x

05]—x°
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2

2
17b Using partial fractions we can rewrite the integral as I+ x2 = I+x _ v
1-x (1—x)(1+x) x+1 x-1

So we now can compute

_J-OS 1+x

051 — x

= [ln|x+1|—1n|x—1|—x]?'05.5
=(In[1.5|-1n|0.5|-0.5) ~(In[0.5| —In|-1.5| +0.5)
=2In[1.5|-21n|0.5]-

=2In3-2In2+2n2-1

=2In3-1

L w_al

18 First we find the length of the segment to the left of the origin x =—y? and so ™ )
Ly
We use the equation

s_j ( j +1dy

1 /9)}
J.O T-i—ldy
E 1
— £(9_y+1j2
27\ 4

0

E
_8 (Ejz_l
27| 4
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18 (continued)

3
3
Now we find the length of the segment to the right of the origin x = y? and so dr_ %

dy
We use the equation

s_j ( j +1dy

4 ’9)}
J.O 7+1dy
i 4
3 9_y+1 ’
27\ 4
0

=2—87((10); —lj

s= S [ BV 10022
Adding the above two results gives ~ 27| | 4

~10.5cm.

19a Since we have y =acosh (ij —40, we have Y =sinh (ij
a dx a

We substitute into the equation

b d 2
S=J. 1+(—yj dx
-b dx

b i Ifthe poles are 50 metres apart, 2b =50 so b =25. If the lowest point of the wire is 20 metres
above the ground then a—40 =20 so a =60 (note that we have used the fact that the minimal

point of cosh (ij occurs at x =0 and has a value of 1).
a

The length of the wire is found by substituting our @ and b values into the equation found in

s =2x60sinh (EJ
60

the previous part =120sinh (%J

=51.46 (4 5.f)
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19b ii We find the height at which the wire should be attached by substituting @ and x =25 into the
equation for y in order to get

y =60cosh (EJ -40
60
=25.28 (4s.f)

20a i In order to satisfy the condition of the wire crossing itself at x =0 we must satisty

x =3t —t =0. Since we don’t want to include the origin for the intersection (clearly shown in
diagram that the origin is a separate point on the line x =0) then we only need to satisfy

3t —~1=0 and this is solved to give # =—. This is the point at which the intersection occurs

J3

: 1
and so we require k > —

NE]

: : 1
ii The minimum length of wire needed to make the brooch is when k =—. We use the

3

parametric version of the arc length equation which uses the parametric derivatives T =9 -1
t

and d_y =6t
dt

Substituting these values in gives

1 2 2
{8 &)
NG dt dt
Ry
-4 \/(9# 1)+ (6r) dr
3

= J'}i(%z +1)dt
7

1

=[30+1 ][5

&

4
J3
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20 b We use the parametric version of the arc length equation which uses the parametric derivatives

& o2 1 and ¥ g
dt dt

Substituting these values in gives
3 2 2
=[(&) (2]
1 dr dr
3
- ,[,42\/(%2 —1)2 +(6t)"dt
4

= Ii3(9t2 +1)dr
4

3

= [3t3 +tfE

4

129
32
=4.03 cm (3 s.f)

21 In order to find the area of the roof, we must find the arc length and multiply by the length of the
hangar (300 feet). In order to find the arc length we first compute % = —sinh(0.05x) and then
substitute into the arc length equation

2
s = IZS 1+ (d_yj dx
25 dx

=7 J1+sinh? (0.05x)dx
-25

25

= j cosh (0.05x)dx
=25

=[20sinh (0.05x) "

= 405inh(1.25)

64.08 feet (4 sf).

So the area is 4 =64.08x300 =19 224 square feet and so finally the cost of the foam is
approximately 19 224 x17 ~ £327 000.
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Challenge

We compute the same as always. Note that we do not need to explicitly need to calculate the integral
in f(x) since we are going to differentiate anyway. We will write

£(x) = [ V£ =1de =[F(®)]; = F(x)-F(1)
where F(1) is just going to be a constant and F(x) = _[ VX' —1dx.
Now we find the expression % =f'(x)=F'(x)=+/x’ =1 in order to substitute into the equation for

arc length and find that
4 dy 2
s:J. I+ — | dx
1 dx
2
:J.141/1+(\/x3—1) dx
4
2dx

3

Lx
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