Further Pure Mathematics Book 2 SolutionBank

Integration techniques Mixed exercise

1 a Using integration by parts gives
I = I(ln x)" dx

=.[1><(1nx)"dx

x(Inx)" —.[)cz(ln)c)n_1 dx

X
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2 Wehave y = 3x -1 sod_y=9f

, dy ’ 9\/7
1+—x
4

=%\/4+81x

Now we use the equation for arc length

1 d 2
S=I 1+(—dex
0 dx

=ljlx/4+81xdx
240
1 r 1
— | (4+81x)
243 .
ERE
L 524
243
3
L 852_8
243
_ 8585 -8
243
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3 In order to calculate the area of the generated surface we want to use the equation
d 2
S=2m["y 1+ —yj dx
%, dx
We find % = —sin x and substitute into the surface area equation to find

S = 275_[05003 xy/1+ (—sinx)zdx
= 21[_[05 cos x+/1+sin? xdx

We now use the substitution
u=sinx,

u
— =Cosx
dx

which makes our integral

S = 21t.|‘0E cos xv1+sin® xdx
:2n.[;\/l+u2du

We now use a second substitution of

u =sinhv,
du
—=coshv
dv

which makes our integral

S :2n_[;\/1+u2du
= 271_“:“1{11\/1 +sinh? v cosh vdvy

sinh™'1 )
=27 I . cosh” vdv

= nrmhill(cosh 2v+1)dv

0

[ sinh 2v Tnhll
=7 +v
2 0

— n[sinhvcoshv+v]™"

- n[sinh vl +sinh? v +vI:nhl1
(2 +sinh 1)

= n(ﬁ+ln(ﬁ+l))
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—9 J‘ 20 1+ sinh? ( X J dx Using the symmetry of the catenary
0

=8sinh5
=594 (3 5.f)
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5 In order to calculate the area of the generated surface we want to use the equation
s (Y (dyY
S = 2an Y (—) +(—yj dt
7 dt dr
We find % =3¢ and — dy = 6¢ and substitute into the surface area equation to find

S = 2nj 3t,/3t +(61)’dr

=2n.|.03t1/9t )+(36¢)dt
=18nj;t3\/t2+4dt

Now use the substitution

u==t+4,
&y
de

which makes our integral

S:18nj2t3x/t2+4dt
—9nj (u— )\/_du
[ 4x/_jdu
S ,
2u? _8u2

5 3

L 4

3 3
—on|| 282 -S> -(ﬁ-ﬁj
5 3 5 3
3
=9 i82 +(%J
15 15

()

=91

T

6 ai Io—j2c0sxdx [sinx]05=1

7'5 T

i 1= _[ 2 x cos xdx =[xsin x|? z _[ 2sinx dyxe | Using integration by parts

T

T
=5+[cosx]§

T T
=Zifo-11=2-1
+[ ] 5
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6 b Integrating by parts with # = x" and % =CoS X

du n—1 .
—=nx , v=S8nx

dx

T

T T
Sol, =J.02 x" cosx dx =[x” sinx]g —nJ.O2 x"'sinx dx

=(£j —an”_l sinx dx *
2 0

T
Integrating by parts on IOZ x"Vsinx dx with u =x"" and % =sinx

%:(n—l)x"_z, V=—Cosx

T T T
gives .[02 x"sinx dx = [—x”_l cos x]g +(n- 1).[02 x"% cosxdx

=(n-D1,, as [—x"_l cos x];; =0

Substituting in *

I, = (gj" -n(n-1)1,_,

b 3
> n
c Iozx3 cosxdx =1, :(Ej -3(2)],

3
. -6 E_lj Using aii
2 2

3
=T _3n+6
8

=%(n3 —247+48)

T 4
> T
d IOZx4 cosxdle4:(EJ -403)1,

{3 {3200

4
_T 32404 as [, =1 fromai
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. dx
7 Since we have x = a(cos@ +0sind) and y = r(sinf -0 cosd), we have @:aecosa and

d_y =r@sing.
do

We substitute into the equation

1) ()

= ["\/(abcosOY +(absinb) do
0

= jo“aede

|2
0

_mlq
2

1

dv -
8 a Using integration by parts on / , with u = x" and & = (1—x)3

n’

so T _ i and v=—§(1—x)§
dx 4
I, =—%[x" (1—x):£ +%”jfx"‘1(1—x)§ d
:%” ;x"_l(l—x):dx
I () 1) e
=%”’ jx"‘l(l—x);dx—?% S (1-x)3 d
=1, =2 - 1=

4 1
b j; (1+x)(1— x)3 dx =j;(1+x2)(1—x)§dx — 1,1,

L =I;(1+X);dx={—%(1—x)§}l -2

0

3 3(3 27
Usinga I, =>1 =2 271 || ==L
SneafTeh 5(7 OJ( 140)

4
So [[1+0(1-x) dv=2- 2L
0 4 140 140 70
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9 x=t-Int, so %:1—1
dr t

d 2
= dt,50 ==
Y dr

2 2 2
(%j +(d—yj :1—2+i2+i:1+%+l2:(1+1j
dr dr r t t r t t

2
a Arc length = (1%) dt=jl4(1+%jdt=[t+1nt]f=(4+1n4)—1=3+1n4

dx) (dyY
b Usi ) i +(—yJ dr
sing |, yJ( dJ a) &

4
the area of the surface is 27tjl 4\ﬁ (1 +%J dt

- 8n.[14(\/; +%J dt

- 4
3 1
=8n %tz +2t2]

1

- 5]

_160x
3
d 5 dr Y
2
10 We have 7 =1—cos0, é =sin @ and substitute into the equation § = L ( i”) + (@) do

in order to get
s = Iozn\/(l —Cos 0)2 +sin” 0d6

= IOZH\IZ —2cosfdl
=2  |2sin’ (Q)de
0 2

= 2_[02“ sin (g)d@

8]

=2(2——2)

= 8 units

=80 cm
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d 1
11 y =2+/x represents the section of curve for x>0,y >0, so LANEE
de  Jx

4 Using 2nj % 1+(:§:J dx
area of surface:2njol2\/; 1+ldx
X
= dx[ VxS g
0 X
=4r 1\/1+x dx
0
1

b dz| Vi+xdr= 47{3(1”)3}

0

:8?"(2\/5—1)

¢ Using the symmetry of the parabola, arc length is 2 x the length of arc from origin to (1, 2)

2
so arc length = 2Ix2 1+ (%j dx

St

d Using x =sinh? @,dx = 2sinh @ cosh 6d @

X sinh? 6
—4 j cosh? 0d@
= 2j(1+cosh29)d9

=2(9+ s1nh29}+c
2
=2(0+sinh@cosh )+ C

= 2{arsinh\/;+\/;\/1+ x} +C

.2
2 ()H_Ide 2 [M}Qsinhecoshﬁdﬁ

So arc length = 2j ()H_Ide 2(ars1nh1+\/_)

:2[\/5+1n(1+\/5)}

arsinhx=ln{x+\/1+x2>
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12 Since we have x = cos# and y = In(secd + tan &) —sin §, we have c% =—sin# and

dy _ sec@tan 6 +sec’ 0
do secd +tan 0

=secf—cos b
We substitute into the equation

o i) ()

= If\/(—sin 6?)2 +(secd —cos 6?)2d6?
= Ifxlsecz 6-1d60

= IEtaanH

—coséd

= [ln(sec 9)]§
=In2-Inl
=In2

13a I - I[s1n(2n+1)x sin (2n — l)x]
h = sin x

_IZCOSZI’DCSIHX &
sin x A snBe? A+B) . (A-B
:IZcosandx Sin S b = 2COS ) Sin )
_sin2nx
n
sin10x sin 8x sin 6x sin 4x
b Is—1,= 714_3: ,13—22 =1 = )
I, -1, =sin2x
) inl i i in4 )
Adding : I _sin 0x+sm8x+sm6x+sm x+sm2x+10
5 4 3 2
where [ =J-1dx=x+C
sinlOx sin8x sin6x sindx .
= + + +sin2x+x+C
5 4 3
n
. J~’2tsin(2'n+1))cd)C J~ ~sin (2n — l)x [sm2nx}2:sin(mt)
0 sin x sin x n 0 n
sin(2n+1)x sm 2n—1Dx
So, if n is any a positive integerj ( ) ———dx— ( ) ———dx=0
0 sinx 0 sin x
sm 2n+1x sm 2n-1 x Tsinx
0 sinx 0 sinx 0 sinx 2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 10



Further Pure Mathematics Book 2 SolutionBank

14a The point 4 on the curve has coordinates (1, 0).

2
1 d
Using symmetry, the length of the loop is 2 .[0 I+ (ayj dx.
As y? :lx(x—l)2 :l(x3 —2x* +x)
3 3

2y =%(3x2 —4x+1) =%(3x—1)(x—l)

go® _3Gx-D(x-1) __ 1 (3x-1)

. i2\/§(x—l) 2B

2 2 2 3x+1)
and (o[ D) 97 —6x+1_9x 6x+1_ (3x+1)
12x 12x 12x

Therefore, arc length =2 _[ St dx

i g

{2;@ +24/x }

- -

3 3

2
b Using 2n J- " v, |1+ (%J dx for area of surface generated about the x-axis

Area of surface =2n li\/;(1 -X) Gx+1) dx

on/g J12x
=§j;(1—x)(3x+1)dx

Note: y is +ve for OA, so you need to
Va(x-1) Jx(-x)
J N

take y = —

=§j;(1+2x—3x2)dx

T 1
=—|:)C+)C2 —)C3:|0
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2
15 By Pythagoras’ Theorem, »* = x> + y*> and we want to use the equation S =2 _[ " 1+ ((;ﬂj dy
Ya y

So we rearrange the Pythagoras’ Theorem to express X =4/ r— y2 and obtain % = Z_—y
3 ro—y

2
Substituting these expressions into the equation § =2n _[ x 1+ (;ﬂj dy
Ya

3
gives

2
_oxl’ y
S=om| x 1{ sz dy

2
T —

2
P ¥
—2n_|‘rihx 1+(xj dy

= 27t_|.:7h\/x2 +y*dy
:2n_|1h\/r7dy

=2n J.rih rdy

=2n[ry]
:27t(r2 —r(r—h))
=2mrh
16a Isec” xdx= J‘sec"_2 xsec” xdx
Let 1 =sec"? xand ¥ = sec? x

dx

du _ _
e (n—2)sec” 2 x(secx tan x) = (n—2)sec” > xtan xand v = tan x

Integrating by parts

Isec” xdx=1 =sec" xtanx—(n— 2)_[ sec”? xtan® xdx
=sec" % xtanx —(n— 2)_|.sec”_2 x(sec2 X —1) dx
=sec" ? xtanx —(n —2)Isec” xdx+(n —2)_|.sec”_2 xdx

I, =sec" > xtanx—(n—2)I, +(n-2)I, ,

So (n-11, = sec” % xtan x+ (n -1, ,,n=>2, *
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1 3 .
16b Isecs xdx =1 =Zsec3xtanx+zl3 «— | Substituting n=5 in*

1 3(1 1 o .
=Zsec3xtanx+2(5secxtanx+511j<— Substituting n =3 in *

But /, = I secxdy=In|secx+tanx|+C < On Edexcel formula sheet

1 3 3
So Isecsxd}c:[5 :Zsec3xtanx+§secxtanx+gln|secx+tanx|+C

c J‘(}:secsxdx=%(\/§)3 +%(\/§)+%ln(\/§+l)
=%{7\/§+31n(\/§+1)}

Challenge

We use the parametric version of the arc length equation which uses the parametric derivatives

2 2
%:COS l al’ldd—y:Sin 717_ .
dt 2 dt 2

Substituting these values into the equation for arc length gives

Iy(&) (5]
E e

=I”1dt

=[],

=a
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