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Integration techniques Mixed exercise 

1 a Using integration by parts gives 
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2 We have 
3
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Now we use the equation for arc length 
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3 In order to calculate the area of the generated surface we want to use the equation 
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4 
d 4
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Using the symmetry of the catenary 
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5 In order to calculate the area of the generated surface we want to use the equation 
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Using integration by parts 
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6 b Integrating by parts with 
nu x  and 
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7 Since we have  cos sinx a      and  sin cos ,y r      we have 
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9 

2 2 2

2 2
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   
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10 We have 1 cos ,r    
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11 2y x  represents the section of curve for     0, 0,x y� �  so 
d 1

d

y

x x
  
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 c Using the symmetry of the parabola, arc length is 2  the length of arc from origin to (1, 2) 
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 d Using 2sinh , d 2sinh cosh dx x      

  

 

 

 

2

2

2

1

0
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2

2
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1
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x
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C
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
  
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12 Since we have cosx   and  ln sec tan sin ,y       we have 
d

sin
d

x



   and 

2
d sec tan sec

cos
d sec tan

sec cos

y   


  
 


 


 

   

We substitute into the equation  

 

   

 

2 2π

3

0

π
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3

0

π
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0

π

3
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π

3

0
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d

d d
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   

 

 



       
   

   

 



   
 









  

 

13 a  
1

sin(2 1) sin (2 1)
 d

sin

2 cos 2 sin
 d

sin

2 cos 2 d

sin 2

n n

n x n x
I I x

x

nx x
x

x

nx x

nx

n



  
 












 

 

 b 
5 4 4 3 3 2 2 1

1 0

sin10 sin 8 sin 6 sin 4
, , ,

5 4 3 2

sin 2

x x x x
I I I I I I I I

I I x

       

 
 

  

5 0

0

sin10 sin 8 sin 6 sin 4
Adding : sin 2

5 4 3 2

where 1d

sin10 sin8 sin 6 sin 4
sin 2

5 4 3 2

x x x x
I x I

I x x C

x x x x
x x C

     

  

      

  

 

 c 

π
π π

2
2 2

0 0
0

sin (2 1) sin (2 1) sin 2 sin ( π)
d d

sin sin

n x n x nx n
x x

x x n n

          

  So, if n is any a positive integer 

π π

2 2

0 0

sin (2 1) sin (2 1)
d d 0

sin sin

n x n x
x x

x x

 
    

  

π π π

2 2 2

0 0 0

sin (2 1) sin (2 1) sin π
d d d

sin sin sin 2

n x n x x
x x x

x x x

 
      …  

  

sin sin 2cos sin
2 2

A B A B
A B

 
 

   
   
   
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14 a The point A on the curve has coordinates (1, 0). 

  Using symmetry, the length of the loop is 

2
1

0

d
2 1 d .

d

y
x

x

   
   

  

   

    

  

 

 

 

22 3 2

2

1
3

22 2 2

1 1
As 1 2

3 3

d 1 1
2 3 4 1 3 1 1

d 3 3

3 1 1 3 1d 1
So

d 2 3
2 1

3

3 1d 9 6 1 9 6 1
and 1 1

d 12 12 12

y x x x x x

y
y x x x x
x

x x xy

x x x
x

xy x x x x

x x x x

    

     

  
  

 

         
 

 

  

1

0

1

0

1
3

2

0

3 1
Therefore, arc length 2 d

2 3

1 1
3 d

3

1
2 2

3

4 4 3

33

x
x

x

x x
x

x x




 
  

 

 
  

  

 




 

 b Using 
2

1

2
d

2π 1  d
d

x

x

y
y x

x

   
   for area of surface generated about the x-axis 

   

1

0

1

0

1 2

0

1
2 3

0

1 (3 1)
Area of surface 2π (1 ) d

3 12

π
(1 )(3 1)d

3

π
1 2 3 d

3

π

3

π

3

x
x x x

x

x x x

x x x

x x x


 

  

  

    







  

  

Note: y is +ve for OA, so you need to 

take 
 1 (1 )

3 3

x x x x
y

 
    
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15 By Pythagoras’ Theorem, 2 2 2r x y   and we want to use the equation 

2

d
2π 1 d

d

B

A

y

y

x
S x y

y

 
   

 
  

So we rearrange the Pythagoras’ Theorem to express 
2 2

x r y   and obtain 
2 2

d

d

x y

y r y





  

Substituting these expressions into the equation 

2

d
2π 1 d

d

B

A

y

y

x
S x y

y

 
   

 
  

gives  

 
  

2

2 2

2

2 2

2

2

2π 1 d

2π 1 d

2π d

2π d

2π d

2π

2π

2π

r

r h

r

r h

r

r h

r

r h

r

r h

r

r h

y
S x y

r y

y
x y

x

x y y

r y

r y

ry

r r r h

rh













 
  
  

    
 

 







  













 

 

16 a 
2 2

sec d sec sec d
n n
x x x x x

   

  Let 
2secnu x and 2d

sec
d

v
x

x
  

  2 2d
( 2)sec (sec tan ) ( 2) sec tan and tan

d

n nu
n x x x n x x v x

x

       

  Integrating by parts 

  

 

  

2 2 2

2 2 2

2 2

2
2

2
2

sec d sec tan ( 2) sec tan d

sec tan ( 2) sec sec 1 d

sec tan ( 2) sec d ( 2) sec d

sec tan ( 2) ( 2)

So ( 1) sec tan ( 2) , 2, *

n n n
n

n n

n n n

n
n n n

n
n n

x x I x x n x x x

x x n x x x

x x n x x n x x

I x x n I n I

n I x x n I n

 

 

 







   

   

    

    

   

 

 

�
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16 b 
5 3

5 3

3
1

1 3
sec d sec tan

4 4

1 3 1 1
sec tan sec tan

4 4 2 2

x x I x x I

x x x x I

  

    
 


 

  But 1 sec d ln | sec tan |I x x x x C     

  So 5 3
5

1 3 3
sec d sec tan sec tan ln | sec tan |

4 8 8
x x I x x x x x x C       

 c      

  

π
3

54

0

1 3 3
sec d 2 2 ln 2 1

4 8 8

1
7 2 3ln 2 1

8

x x    

  


 

 

Challenge  

 

 We use the parametric version of the arc length equation which uses the parametric derivatives 
2d π

cos
d 2

x t

t

 
  

 
 and 

2d π
sin .

d 2

y

t

 
  

 
 

Substituting these values into the equation for arc length gives 

 

2 2

0

2 2
2 2

0

0

0

d d
d

d d

π π
cos sin d

2 2

1d

a

a

a

a

x y
s t

t t

t t
t

t

t

a

       
   

   
    

   











  

 

Substituting 5n   in * 

Substituting 3n   in * 

On Edexcel formula sheet  


