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Further Pure Mathematics Book 2

Exam-style practice: A level

1 We apply the Euclidean algorithm to 17 and 2 b The Cayley table is

75 in order to find the greatest common
divisor.

75=4x17+7

17=2x7+3
7=2x3+1
3=3x1+0.

So the greatest common divisor is 1.
We now work backwards in order to find the
multiplicative inverse of 17 modulo 75.
1=7-2x3
=7-2(17-2(7))=5(7)-2(17)
=5(75-4(17))-2(17)
=5(75)-22(17)
=22(17) =-1+5(75)
So 22x17 =-1 (mod 75), so
-22x17 =1 (mod 75) and since
—-22 =53 (mod 75) and so we have that 53 is
the multiplicative inverse of 17 modulo 75.
However we require solutions congruent to 2
and so multiplying through by a factor of 2
gives us 106 which is congruent to 31 (mod
75).
Hence the solutions to 17x =2 (mod 75) are

given by the set of all x satisfying x =31
(mod 75).

2 a List the prime numbers less than 20 in

order to make the problem easier.

2,3,5,7, 11,13, 17, 19.

We then calculate “8 choose 3” which is
8!

TR

xp| 1 5 7 11

111 5 7 11
515 1 11 7
717 11 1 5
11111 7 5 1

All entries in the Cayley table are in S,

so we have closure. The row and column
corresponding to 1 are the same as the
column and row headings, so 1 is the
identity.

All elements are self-inverse and so we
have inverses for all elements.

Thus S, forms a group under x,, .

Since all elements have order <2, there
are no elements that can act as a generator
for the group (we would require order
equal to the size of the group)so §, isa

non-cyclic group.

S5 has element 3 with order 4, so Sz is a
cyclic group of order 4.

Schas 1?=32=52=72=1, so has no
elements of order 4, so Sc % Ss. Since
there are only two possible groups of
order 4, S4 must be isomorphic to either Sz
or Sc.

Assume that n>6. Then 2* = 4, which is
not in the set, so the set is not closed under
X , so cannot be a group.

Assume that n<4, when n is either 2 or 4,
2? =4 =0, but 0 is not in the set either.
This means the set is not closed under x .

Therefore the set cannot form a group
under x, , for any even n.
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3 a A Cartesian equation for the locus of P is

found by converting Z=X~+iy.
\/§|Z—i|=|z—4|

3\/§|x+iy—i| =|x+iy—4|
3\/5‘X+i(y—l)‘:‘(x—4)+iy‘
=2 +(y-1) = (x—4) + )

= 2x° +2(y—1)2 :()c—4)2+y2

=2x"+2y" —4y+2=x"-8x+16+)’
=x"+y’—4y+8x=14
= (x+4) +(y-2) =34,

b The equation we found above is a circle
centred at (—4, 2) with radius J34.

ImA

(x+4P+@y-27°=34

¢ The expression |arg(z + 1)| <g is the right

hand side of the line z = —1.
lih A

arg(z+ 1) = %

(x+4)P+@Yy-272=34

arg(z+ 1) = —%
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3 d The complex numbers which satisfy both

equations are the intersection points of the
line and the circle on the graph above.

IT

We can solve this by setting z+1= re? so

that we have |arg(z + 1)| = g
Note that 7 is real and we have chosen g

instead of —g for a slightly lower chance
of dropping a minus sign, but
arg(z+1) :g and arg(z+1)= —g

produce the same line just in opposite
directions (if we allow 7 to be negative),
so solving the problem with either is fine.

in

z+1=re? is equivalent to

T .. T .
z+1=r|cos| — |+isin| — | |=ir
( (2j @J

So, z=—-1+ir.
Since the intersections must lay on the
circle we defined in part a, we can

substitute z=x+1y =—1+ir into
(x+4)2 +(y—2)2 =34 in order to get
(—1+4)" +(r-2)" =34

=3+ —4r+2° =34

=7’ —4r-21=0

r_4i\/42—4><1><—21

2x1

=>r=2%5

Thus we have z =-1+7i and z = -1-3i
as our points of intersection.

If we had forced r to be positive, we
would have neglected the second solution

and then went ahead with the —g solution

which would come outto »=-2+5.
Then we would take the » =3 solution and

neglect ¥ =—7, substitute into

E E)

and get
Z+1:3(0—i)
=>z=—1-3i
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4 a i We find the determinant of 4 b We find the eigenvectors using the
1 0 a 1 00 equation
M-2I={0 2 0|-4/0 1 0 10 V2)(x)  (x
a 00 00 1 0 2 0 jy=4y
-2 0 a V20 0 )\z z
=l 0 2-4 0 For A=2,
a 0 -2 x+2z) (2x
to be 2y  |=|2y
-2 0 a 2x 2z
det(M-AI)=| 0 2-24 0 Equate the top elements to get
a 0 —A x++2z=2x
:(1—1)2_1 0 3)(?:\/52
0 -4
0 0 If x#0, then we have a corresponding
-0 a —/1‘ V2
0 2-4 eigenvector | 0 | with normalised form
+a 0 ‘ 1
a

=(1-2)(A-2)A+a*(1-2)
=(4-2)(a* - 27 +2).
Now if we substitute in 4 = —1 and

solve this equal to zero, we can deduce
conditions for a.

(A- 2)(a2 5 +l) =0 Ifx = 0, then we have a corresponding

Sl- = &S

0
= (-1-2)(a’-1-1)=0 o
normalised eigenvector | 1
=a’=2 0
=a=2 ¢ We already have the components for P as
we have 3 normalised eigenvectors.
ii Since we have that ) 1
det (M ~A1)=(2-2)(2=22 + 1), we 505
can clearly see that this will be zero P=| 0 1 0
when 4 =2 and so our other 1 5
cigenvalue is 2. NG 0 =
We factorise fully in order to find 3 3
which eigenvalue is repeated. We fortunately do not need to calculate D
(4 _2)(2_/12 + /1) ——(A-2)(2-2)(A+1) as we know that P is a matrix with the
normalised eigenvectors of M as its
2
=—(A-2)(4+1) columns and so D=FP MP is a matrix with
So, our repeated eigenvalue is 2. the corresponding eigenvalues along the
diagonal.
2.0 0
D={0 2 0
0 0 -1
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S a Sincewehave I, =S +M, +D, wecan

substitute expressions into this until we
are only left with 7, terms.
Il ,=S.+M, ,+D,

n+l

=S, ., +(4S,.,-S,)+d

n+l
=55 -S +d

ZEIVHI _lln +d
6 6

n+l

First we solve for a complementary
function from the equation
5 1
n+2 = gl
1

That s, 7, —%Iﬂ_l +EI"—2 =0, which

I I

n+l _g n

gives us an auxiliary equation of

r’ —§r+l=0
6

1 1
=Sr=—orr=—
2 3

So the complimentary function is of the

form [ = A(lj +B(lj
2 3

Now we try a particular solution of

I =An+u,
I =%In1 —%Iﬂz +d

ln+,u=%(l(n—1)+,u)—%(l(n—2)+,u)+d
ln+y=(§ln—%l+§yj+d

llnﬁ-lﬂﬁ-lﬂ—d:()
3 372

Thus, 2 = 0 since there are no terms with
n as a factor on the right hand side.
1=3d by equating the remaining terms.
So now we have the general solution

L] a2 v
2 3

5 b (continued)
Finally, we use the initial conditions in
order to find the values for 4 and B.

1Y 1Y
a2 ea(2] a
2 3

=A+B+3d=d

1 (1)
a2 en[2)
2 3
_4 + B +3d = U d
2 3 6
= A+ 28 +6d = U d
3 3
We combine these results by subtracting
the first from the second and getting

—§+3d=fd
3 3
= B=5d

= A=-7d
So we finally have the solution

I =-7d (lj +5d GJ +3d
2 3

¢ Since the solution has three components,
we look at their behaviour as » tends to
infinity.
For the first two terms, as n — o, they
tend to 0. The third term is constant, so as
n—o, 1 " —3d.
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6 a We use the parametric version of the arc
length equation which uses the parametric

1
derivatives dx =2(r-1) and _ 4¢2 .
dt dt

Substituting these values into the equation
for arc length gives

() (3
[ s e

=J.:\/4t2 _81+4+16¢dt

=j:,/4(t+1)2dt

=I:(2t+2)dt

=[t2+2t]0
=a’+2a
=8
So now we solve
a’*+2a—-8=0
2444432
- 2
a>0,s0q4=2

— 143

b In order to calculate the area of the
generated surface we want to use the

2
equation S = 27‘£L x\/(%} (((11); j dz.

We substitute into the surface area
equation to find

S=2nj22 t-1 2(t+1)dt

_4nj' t+1 dt
4 3 2
=4n t——t——t—+t

4 3 2 |
16
=—7
3
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7 a Using integration by parts we get
.= j: sin”"™) xdx

i
= j sin?"*! xsin xdx
0

. n T .
= [— cos xsin*""! x]o + jo (2n+1)cos’ xsin®" xdx

j 2n+1) 1 sin® x)sinz” xdx

)j (sm x—sin ("“)x)dx

2n+1)(1,-1,,,)
(2n +1)I

(2
(

= (1+2n+1)1
=

n+l

. 2n+lln
2n+2

7 b First we prove the base case of n=0;

(2%0)! xx

J.O SiIl0 xdx = [X]O =T and WZR
and so the base case holds true. We

LA (2]()'7[
assume that IO sin™* xdx = W and now

we wish to prove this true for £ +1.
I : sin”* xdx =1, ,

2k +1
= I,
2k+2

= 22]]5:1 Ionsinzk xdx

_2k+1  (2k)'n

k42 (k!)222k
(2k+1)n

T (kY (k1)1

o (2k+1)In(2k+2)

(R (k+1)122 (2 +2)
(2k+2)n

((k+1)1) 2%

) ((k+1)1) 22

So, if the solution is valid for » = & , it is
valid for n = k +1.

Thus, the solution is valid for all » e Z
and n>0.
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8 a 0 does not contain 7 in any position.
We look at all positive integers that are
less than or equal to 9999 and we will
include the case of 0 for the sake of ease
in calculations (this is why we specified
that O does not contain 7, because then it
doesn’t matter if it is included or not).
If we want to have a single 7 in the
number, the 7 may be in one of four
positions,7  , 7 ., 7., 1T
The three remaining positions may take
any value between 0 and 9 that is not 7, so
there are 9 choices. This means there are
4x9x9x9=2916 positive numbers that
contain the digit 7 exactly once.

b In order to calculate how many positive
integers less than 10000 contain the digit
7 at least once, we calculate how many
don’t contain 7 at all.
Similar to above, each position can take
any of the 9 values between 0 and 9, not
including 7 (note that this is 0 to 9999 not
10000).

Thus, there are 9* =6561 non-negative
integers that are less than 10000 that do
not contain the digit 7.

That is, 6560 positive integers less than
10000 that do not contain the digit 7.

So, since there are 9999 positive integers
less than 10000, there are

9999 — 6560 = 3439 positive integers less
than 10000 that contain the digit 7 at least
once.
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