Further Pure Mathematics 1 SolutionBank

Vectors 1D

1 a The equation of the line is (r—a)xb=0=rxb=axb. This gives:

ij k
rx3i+j-2k)=i+j+2k)xGi+j-2k)=[2 1 2
31 2

= rx(3i+j-2k)=—4i+10j—k

b The equation of the line is (r—a)xb=0=rxb=a xb. This gives:

i j k
rx(i+j+5k)=2i-3k)x(i+j+5k)={2 0 -3
1 1 5

= rx(i+j+5k)=3i-13j+2k

¢ The equation of the line is (r—a)xb=0=rxb=a xb. This gives:

i j k
rx(—i-2j+3K)=(4i-2j+Kk)x (-i—2j+3k)=| 4 -2 1
-1 =2 3

= rx(-i-2j+3k)=—4i-13j- 10k

() ()

1
2 Leta=|a,|andb=| b,
a3 b3
Then the Cartesian form of the equation of the line that passes through a point with position vector a

and is parallel to the vector b is Gl N Al JEE Sl gy (from Core Pure Book 1, Section 9.1)

bl b2 b3

x=2 y-1 z-2

a =A
3 1 -2
b x—2=1=z+3 p)
1 1 5
— + —
. X 4=y 2=z 1=/1
-1 -2 3
(6) (1\ 5
3 a The line is in the direction | 4 3
2 5 3
1 5
The equationis [ r—|3 [|x| 1 |=0
5 -3
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(4)
3 b The line is in the direction {3 J
5

ol U “

¢ The line is in the direction 7J —{ 2 1=|5

The equation is {1‘ —{

—

A

The equation is {r— 2 J X {SJ =0
5

6
D (a) ()

d The line is in the direction {IJ { J { IJ
1 5

() [ 3)

The equation is {r—{l“ {—IJ =0
1 5

In each part of question 3 one solution is illustrated, but there are alternatives. Either given point may
be used for a in the equation (r—a)x b =0 and any multiple of the direction vector may be used as b.

4 The solutions for question 3 are in the form (r—a)xb =0, where a is the position vector of a point

on the line and b is vector parallel to the line. Use the standard formula for the Cartesian form of the
equation of the line (see solution to question 2). As with question 3, there are alternative solutions.

x—1 y-3 z-5_

a = = =1
5 1 -3

b x—3=y—4=z—12=/1
1 -1 -7
+2 -2 z-

. x+2 y-2 z 6=/1

5 5 5
Or x+2=y-2=z-6=p asi+j+Kkisalso in the direction of the line.
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x—=4 y-2 z+4
3 1 -5
direction of the line.

Or

= A as (4, 2, —4) is a point on the line and 3i + j — 5k is also in the

S A straight line with the equation r = a+ Ab passes through the point with position vector a and is
parallel to the vector b. The equation of the line can be written (r—a)xb =0.

a (r—(i+j-2k))x(2i-k)=0
b (r—(i+4j)x@Gi+j-5k)=0
¢ (r—QGi+4j-4k))x(2i-2j-3k)=0

_ _ _ _3
i 3=y+1=2z 3=/1canbewrittenasx 3=y+1=z 2

2 5 3 2 5

Il
NS

[\SJ[%)

3
The direction of the line is parallel 2i+5j+ 5 k

3
A point on the line has position vector 3i— j+ Ek

Therefore the vector equation of the line can be written as

o

i
r X 2i+5j+§k = 3i—j+§k X 2i+5j+§k =3 -1
2 2 2 5 s

(S VST OY [¥5)

:>r><(2i+5j+§kJ=—9i—§j+l7k
2 2
3. 3.)
ii r=3i—-j+—_k+¢ 2i+5j+-k
I r=31—] ; Ll ] 2}
Or r:3i—j+§k+s(4i+10j+3k)

() () [p) (2) ()
7 As(p, g, 1) lies on the line with equation rx{lJ={7J then | g | x| 1|= 7J

3 -3 1 3 -3
p) (2) i j Kk 3g—1
g|x|1|=|p g 1|==0Cq-)i-Bp-2)j+(p-2¢9)k=|2-3p
1)\3) [2 1 3 pP—2q

So3¢g-1=8=¢=3 and 2-3p=-T=p=3
Solution: p =3 and g =3
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(al\ ( l\ i j k (_az_a)
a, x{ 1 J =|a a, a |= (-a,—a)it(a +a)j+(a —a,)k=| a+a,
a) U114 a,—a,

These equations have an infinite number of solutions so let @ =0, thenas @ +a,=2 and a,—a, =1

this gives a, = 2 and a, = -1, therefore (0, -1, 2) lies on the line.
So the line equation may be written as r =—j+2k +#(i+ j— k)
9 a The direction vector for the line is (3i+4j—5k)—(-3i+2j+7k)=6i+2j—12k

Hence the direction cosines are given by:

6 6 _3
V36+4+144 184 a6
_ 2 _ U

"= iz Vae
12 _ 6

x—=3 y—-4 z+5

b A Cartesian equation of the line is
m n

z+5
—6
Alternatively use the fact that the Cartesian form of the equation of the line that passes through a
x—-a, y-a, zZ-—a,
b, b, b
The line passes through 3i+4j— S5k and is parallel to 6i+2j—12k

-3
Substituting for /, m and n and dividing by J46 ,this simplifies to XT =y—4=

point with position vector a and is parallel to the vector b is

x—=3 y—-4 z+5
2 -12

So an equation of the line is

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 4



Further Pure Mathematics 1 SolutionBank

10a The direction vector for the x-axis is just i hence the direction cosines are 1, 0, 0

b The direction vector for the y-axis is just j hence the direction cosines are 0, 1, 0

¢ The direction vector for the z-axis is just k hence the direction cosines are 0, 0, 1

d The direction vector for the line x= y =zisi+j+k
1

NG

11a The direction vector of Ly is i+ 2j+ 3k so:
1 1

2 3
= = m, = — n =—
NJ1+44+9 \/ﬁ : x/ﬁ : \/ﬁ

b The direction vector of L> is 3i+2j+ 3k so:
3 3 2 1

= = m, = — n, =——
NJ1+4+9 \/ﬁ 2 x/ﬁ 2 \/ﬁ

So the direction cosines are

¢ Let r, and r, be the direction vectors of the two lines.
The angle between the two lines @ satisfies cosd = | I |.|r2 |
r, |,

0= (i+2j+3k).Gi+2j+k) 3+4+3 10 _5

\/_4 x/14 14 14 7

3,2 2 3 1 34443 5

N TR A T T TR T e

So [l + mm, +nn,=cos@

So cos

L, +mm,+nn, =

d Given any pair of intersecting lines with direction vectors s, and s, divide each direction vector
by a constant to produce direction vectors r, =(x,,y,,z,) and r, = (x,,y,,z,) such that

Ir,[=1and |r,|=1

X

[ 2 > . M
Xyt

And m=y,n=z,=x,m=y,n =z

So [ = as |r | =1, x} +y} +z/ =1

2

l'l.l'2 _ X, X, + Yy, + zZ,z,

A N

Therefore cosé = =xX,+yy,+zz, =L +mm +nn

12 Use the formula cos@ =11 +mm, +nn, (see question 11d)
—3+2+3 2
JViix14 154

0 =cos” (ﬁj =1.41 (3s.f)

This gives cos@ =
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13 The direction cosines for this line are by definition: / =cosa m=cos S n=cosy
As I’ +m* +n* =1, this gives cos’a+cos’ f+cos’y =1
Using the trigonometric identity cos2x = 2cos” x — 1 this gives:
cos2a +cos2+cos2y =2cos’ a—1+2cos” f—1+2cos’ y —1

=2(cos’ a +cos” f+cos’ ) -3

=-1
2 2 3 4
14 The direction cosines are: [ = = m= n=
V4+9+16 \/5 \/E \/E
So the angle made with the x-axis is @ = cos™' (%9) =68.2° (1d.p.)

The angle made with the y-axis is € = cos™’ j =56.1° (1d.p.)

A/
N-lks‘w
NS} NS}

The angle made with the z-axis is € = cos™ (—j =42.0° (1d.p.)

N

15 Two of the direction cosines are; [ = cos45° = % = 7 and 7n=cos60° = l

To find the possible values of m use the fact that [* +m* + n* =1

.. ) 1 1 1 1
This gives m" =l-———=—=>m=%—
2 4 4 2
So there are two solutions. In Cartesian equation form:
2x X 2x X
—=2y=2z>—F—==y=z and —==-2y=2z=>—F—==-y=z
NG NG N N

In vector equation form:

(
(2 .
rx| 1 |=0, which is equivalent to r x ﬁ =0
1

s~
Il
(e

and r x| —1 | =0, which is equivalent to r x| —
1

J
()
(7) {
16 a The direction cosines satisfy /=m=n

1
As P +m*+n* =1=31° :1:>l:m:n:£
Note that since all the direction cosines are equal the choice of sign does not matter.
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x—1 y-2 z+1

16 b A Cartesian equation for the line is
m n

This gives xl_lzyjzzzfl

V3 3 \3
This simplifiesto x—1=y—-2=2z+1

17 a The direction cosines are given by /=cos75°, m=cos15°,n=0
Using cos(A4+ B) =cos Acos B—sin Asin B

cos75° = cos(45°+30°) = cos45°c0s30° —sin45°sin30°
BB Je-h
o2 22 4

Using cos(A4— B) =cos Acos B +sin Asin B

cos15° = co0s(45°—30°) = cos45°cos30° +sin45°sin 30°
_ 3 1 V642
R

=0

So in surd form, the direction cosines are / =

Jo-i el
. " , N

4
[ (o)) (Vo2

Hence a vector equation for the line is | r — {0 X «/g +\/5 =0
6 0

b Expressing each line in a vector equation of the form r = a + tb, for the wires to intersect requires
finding A and g such that:

() (Vovz) (51 [5-2/6-v2)
{0J+’1 Vo2 ={2J+ﬂ 2-2(6+42)
-

6 0 1

This gives:
(«/E—JE)/1=5+(5—2(J€—«/5));¢ (1
(\/g+\/5)/1=2+(2—2(\/g+\/§)),u @)

6=1-5u 3)

From (3): u=-1

From (1): (\/g—\/g)/i =5—5+2(\/g—\/5):>/1 =2
This result satisfies (2): 2(«/3 +«/§) - 2—(2— 26 +J§)) - 2(«/3 +x/E)

Hence the lines intersect.

¢ In reality the cable will not be completely horizontal but might have some slack due to gravity.
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Challenge
a From the diagram, the point with spherical polar coordinates (3,%,%} has a position vector:
.M T, . T . T, T
rsin—cos—i+rsin—sin—j+rcos—k
3 4 3 4 3

So the direction cosines are:

T
[/ =sin—cos—=—
3 4
.M. T 6
m=sin—sin— = —
4 4
1
n=Ccos—=—
2

b In general a point on the line will have a position vector:
rsingcosdi+ rsingsinfj+ rcos pk

So the direction cosines are:
[ =singpcos@, m=sin@sinf, n=cose
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