Pure Mathematics Year 2 SolutionBank

Algebraic methods 1A

1 B At least one multiple of three is odd.

2 a At least one rich person is not happy.

b There is at least one prime number between 10 million and 11 million.

¢ If pand g are prime numbers there exists a number of the form (pg + 1) that is not
prime.

d There is a number of the form 2" — 1 that is either not prime or not a multiple of 3.
e None of the above statements is true.

3 a There exists a number n such that n? is odd but n is even.

b niseven sowrite n =2k
n? = (2k)? = 4k? = 2(2k?)
So n? is even.
This contradicts the assumption that n? is odd.
Therefore, if n? is odd then n must be odd.

4 a Assumption: there is a greatest even integer, 2n.
2(n + 1) is also an integer and
2(n+1)>2n
2n + 2 =even + even = even
So there exists an even integer greater that 2n.
This contradicts the assumption that the greatest even integer is 2n.
Therefore there is no greatest even integer.

b Assumption: there exists a number n such that n® is even but n is odd.
nisodd sowriten=2k + 1
n®=(2k + 1)*
=8k3+ 12k* + 6k + 1
= 2(4k3 + 6k? + 3k) +1
So n® is odd.
This contradicts the assumption that n® is even.
Therefore, if n® is even then n must be even.

¢ Assumption: if pqg is even then neither p nor q is even.
pisodd, p=2k+1
gisodd,g=2m +1
pg = (2k +1)(2m + 1)
=2km + 2k +2m +1
=2(km+k+m)+1
So pq is odd.
This contradicts the assumption that pq is even.
Therefore, if pq is even then at least one of p and q is even.
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4 d Assumption: if p + q is odd than neither p nor q is odd.
p is even, p = 2k
qiseven, gq=2m
p+q=2k+2m=2(k+m)
Sop+qiseven.
This contradicts the assumption that p + g is odd.
Therefore, if p + g is odd then at least one of p and q is odd.
5 a Assumption: if ab is an irrational number then neither a nor b is irrational.

o c i
aisrational, a = q where ¢ and d are integers.

b is rational, b = % where e and f are integers.

ab = ((j:_fe, ce is an integer, df is an integer.

Therefore ab is a rational number.

This contradicts assumption that ab is irrational.

Therefore, if ab is an irrational number then at least one of a and b is an irrational
number.

b Assumption: if a + b is an irrational number then neither a nor b is irrational.
o c )
aisrational, a = ] where ¢ and d are integers.

b is rational, b = % where e and f are integers.

cf +de

a+b= , cf, de and df are integers.

So a + b is rational. This contradicts the assumption that a + b is irrational.
Therefore if a + b is irrational then at least one of a and b is irrational.

c Many possible answers

e.g.a:2—\/§,b:\/§.

6 Assumption: there exist integers a and b such that 21a + 14b = 1.
Since 21 and 14 are multiples of 7, divide both sides by 7.

Sonow3a+2b:%

3ais also an integer. 2b is also an integer.
The sum of two integers will always be an integer, so 3a + 2b is an integer.
This contradicts the statement that
3a+2b= 1
7

Therefore there exist no integers a and b for which 21a + 14b = 1.
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7 a Assumption: There exists a number n such that n? is a multiple of 3, but n is not a
multiple of 3.
All multiples of 3 can be written in the form n = 3k where k is an integer, therefore
3k + 1 and 3k + 2 are not multiples of 3.

Letn=3k+1
n? = (3K + 1)’
=ok?+6k+1

=3(3k2+2k) + 1
In this case n? is not a multiple of 3.

Letn=3k+2
n? = (3k + 2)?
= 9Ok? + 12k + 4

=3(3k*+4k+1)+1
In this case n? is also not a multiple of 3.
This contradicts the assumption that n? is a multiple of 3.
Therefore if n? is a multiple of 3, n is a multiple of 3.

b Assumption: /3 is a rational number.
Then \/_: % for some integers a and b.

Further assume that this fraction is in its simplest terms:

there are no common factors between a and b.
2

So’3>:a—zora2:3b2
b

Therefore a> must be a multiple of 3.

We know from part a that this means a must also be a multiple of 3.

Write a = 3¢, which means a? = (3c)? = 9¢2.

Now 9¢? = 3b?, or 3¢ = b2

Therefore b? must be a multiple of 3, which means b is also a multiple of 3.

If a and b are both multiples of 3, this contradicts the statement that there are no
common factors between a and b.

Therefore, \/§ is an irrational number.

8 Assumption: there is an integer solution to the equation x> — y? = 2.
Remember that x? — y? = (X — y)(x +y) = 2.
To make a product of 2 using integers, the possible pairs are: (2, 1), (1, 2), (-2, -1)
and (-1, -2).
Consider each possibility in turn:

3 1
X—y=2andx+y=1=>x=—=-,y=-=
y y 5 y >
x—yzlandx+y:2:>x:§,y:1
2 2
3 1
X—y=-2andx+y=-1=x=-—,y= =
y y > y 5
3 1
X—y=-landx+y=-2=Xx=—-—,y= -=
y y > y >

This contradicts the statement that there is an integer solution to the equation x? — y? = 2.
Therefore the original statement must be true:
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8 (continued)
There are no integer solutions to the equation x? —y? = 2.

9 Assumption: 32 is a rational number

Then 32 = % for some integers a and b.

Further assume that this fraction is in its simplest terms:

there are no common factors between a and b.

This means that if a2 is even, a must also be even.

If aiseven,a=2n.

So a® = 2b® becomes (2n)3 = 2b® which means 8n° = 2b® or 4n® = b® or 2(2n%) = b3
This means that b® must be even, so b is also even.

If a and b are both even, they will have a common factor of 2.

This contradicts the statement that a and b have no common factors.

We can conclude the original statement is true: 32 is an irrational number.

10a The number aT—b could be negative.

eg.Ifn= % , N — 1 is non-positive.

b Assumption: There is a least positive rational number, n.

n= % where a and b are integers.

Letm= % . Since a and b are integers, m is rational and m < n.

This contradicts the statement that n is the least positive rational number.
Therefore, there is no least positive rational number.
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Algebraic methods 1B
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2 a (x+2)x 21 = M
X*=4  (x47)(x-2)
1

T Ix(x-2)

B 1 (a+3) (a-3)
T @r3@+3y 2
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c
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X2+ 2%y + y? LA
2 (x—y)*
(xhy? A2
CZ (x-yy
_2(x+y)°
- (x-y)

x> —64 64-x°

x2—36 x*—36

x*—64 x*>-36

X’ 36 64—x

_ () (x=8) (6] (x~6]
MM (8+%) (8—x)

_ (x=8)

- (8-%)

_ (x-8)

- —(x-9)

=1

2x? —11x—40 X* +8x+16 8x +20x—-48

X —4x—32  6X° —3x—45 10X’ —45x+45

=2x2—11x—40>< X* +8x+16 ><10x —45x +45
x> —4x—32 6x°—3x—45 8x*+20x—48

_ (x5 (8] (o) () 5(2x=3) (x<3]
MM 3MM 4 (2x=3) (x+74)

—1>< ><—

5

1

2
5b=12

X2 +2X— 24 X% —3x
2x% +10x x +3x-18
_ (x4 X (3
2X(x+5)  (x+6) (x-3)
_(x=4)
2(x+5)
_ x-4
~ 2x+10
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5 b In((x2 +2x—24) (X’ —3x))
—In ((2x2 +1Ox)(x2 +3x—18)) =2

|n[ (x? +2x~24)(x* ~3x) J _,

(2% +10x)(x* +3x-18) -

X —4 = 2xe? +10¢e?
x(l—2e2):10e2 +4

108 +4
X =
1-2¢?
2_ p— p—
5 af(x)zzx 3X 2+ 2x 2
6x—8 3X“ +14x-24
_ 2x2—3x—2x3x2+14x—24
6x—8 X—2
2x+1 6
_ @D (7 (3%=A) (x+6)
2 (3x=1) %<2
_ (@2x+1)(x+6)
2
_ 2X* +13x+6
2

b f(x) = x2+%x+3

Fr(x) = 2x+§

fray= 2xa+33 =29
22
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Algebraic Methods 1C

3 2 3

1 1 _ 4
la+-=—+ b ————
3 4 12 12 X=1 x+2
_ 7 _ 2(x+2) 3(x-1)
12 (X=-D(x+2) (x-D(x+2)
_ 2(x+2)-3(x-1)
b 3.2_.15_8 (X=D(x+2)
45 270 20 _ 2x+4-3x+3
= — (X=D(x+2)
0
_ X+
(x=1)(x+2)
c 1l a.p
P q E(iq Pq ) 4 +i
= 2x+1 x-1
Pa _Ax-D 2x+D)
| 3 1. 6 1 2x+)(x-1) (2x+1)(x-1)
Ix ax 8_x+8_x _ A(x-D+2(2x+1)
7 2x+D(x-1)
" 8x _ 4x—4+4x+2
(2x+1)(x-1)
3 1_3 x 8x—-2
¢ T 22 S T e
x2 x x* X (2x+1(x-1)
_3-x
x? 1 1
d Z(x+2)—-= 3
3( ) 2(X+)
;a_3_2 15 _2 3
5 2b 10b 10D = g X+ (x+3)
_2a-15 _2(x+2)—3(x+3)
10b - 6
_ 2x+4-3x-9
9 3 2 _3(x+1)  2x 6
X x+1 x(x+1) x(x+1) B
_ 3x+3-2x 6
X(x+1)
_ X+3 e x 1
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_ 3x  x+4
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© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Pure Mathematics Year 2 SolutionBank

5 4 2 3

2(x+3)+3(x—1) © Xbx+9 X 14x+3
o 15(x=D)  8(x+3) _ 2 3
B(x+3)(x—1) 6(x+3)(x-1) (x+3)*  (x+3)(x+1)
_ 15(x—1) +8(x +3) _ 2x+1)  3(x+3)
"~ B(x+3)(x-) (x+3)°(x+1)  (x+3)*(x+1)
_ 15x—15+8x+24 _ 2(x+1)-3(x+3)
T B(x+3)(x-)) (x+3)*(x+1)
- 23x+9 _ 2x+2-3x-9
B(x+3)(x—1) (x+3)*(x+1)
e Sl A
3a 2 41 (x+3)*(x+1)
X“+2x+1 x+1
2 1 2 3
= +— d +—
(x+1)°  x+1 yo—x*  y—x
2 x+1 _ 2 3
= + = +
(x+1)*  (x+1)° (Y+X)(y-%x) y-x
_ 2+x+1 _ 2 L 8y+x)
(x+1)? (Y+)(y=%)  (y+x)(y—x)
_ x+3 _ 2+43(y+x)
(x+1)° (y+x)(y—x)
_ 3X+3y+2
LA (y+X)(y—%)
X*—4  x+2
_ 7 N 3 . 3 ~ 1
(X+2)(x=2) x+2 X2+3x+2 x2+4x+4
_ 7 . 3(x-2) _ 3 !
(xX+2)(x=2) (x+2)(x-2) (x+D(x+2) (x+2)°
_ 7+3(x=2) _ 3(x+2) (x+)
T (x+2)(x-2) T (x+D(X+2)?  (X+1)(x+2)?
_ 7+3x-6 _ 3(x+2)—(x+1)
T (x+2)(x-2) C (x+D)(x+2)°
_ 3x+1 _ 3X+6-x-1
T (x+2)(x-2) T (x+D)(x+2)?
_ 2X+5
(X +D)(x+2)
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3 f x+2  x+1 b i_i+ 1

X —x-12 x*+5x+6 3X x—2 2x+1

_ X+2 x+1 _ A4(x=2)(2x+1) 6Xx(2x+1)

- (x—4)(x+3) - (X+2)(x+3) - 3X(x—2)(2x+1) - 3xX(x—2)(2x+1)

_ (x+2)? _ (x+D(x-4) L 3x(x-2)
(X=4)(x+2)(x+3) (X=4)(x+2)(x+3) 3X(x—2)(2x+1)

(X422 = (x+1D(x-4) _ 4(x—2)(2x+1) —6x(2x +1) + 3x(X —2)

T (x=A)(x+2)(x+3) 3x(x—2)(2x+1)

_ X +4x+4-x*+3x+4
T (x—4)(x+2)(x+3) _ 8x*—12x—8-12x* —6x +3x” — 6X
3x(x—2)(2x+1)

_ 7X+8
T (x—4)(x+2)(x+3) _ X’ -24x-8
3X(x—2)(2x+1)
6x+1 4
x*+2x-15 x-3 3 2 4
_ 6x+1 4 ¢ x—1+x+1+x—3
© (x+5)(x-3) x-3 _ 3+ D(x=3) | 2(x=D(x-3)
_ 6x+1  4(x+9) (X-D(x+D(x-3) (x=-D(x+1)(x-3)
© (x+5)(x=3) (x+5)(x-3) L A -D(x+D)
_ 6x+1-4(x+5) (X=D(x+1)(x-3)
© (x+5)(x=3)
_ BXx+1-4x-20 _3(x+D(x=3) +2(x - 1)(x-3) +4(x —D)(x+1)
© (x+5)(x=3) (x=D)(x+1)(x-3)
_ 2x-19
T (x+5)(x-3) _ 3x°—6x-9+2x" —8x+6+4x"~4
(X=D(x+1)(x-3)
54 5, 2 . 1 _ o 9x*-14x-7
X X+l X+2 (x=1)(x+1)(x—3)
=3(X+1)(X+2)+ 2X(x+2)
X(X+D)(x+2) X(x+1)(x+2) 5 4(2x—1)+ 7
X(X+1) 36x° -1 6x-1
X(X+1)(x +2) - M@x-n) 7
(6x-1(6x+1) 6x-1
(XA (X +2) +2X(X + 2) + X(x +1) _ 42x-)) N 7(6x+1)
- X(X+1)(x +2) ~ (6x-1)(6x+1) (6x-1)(6X+1)
3P+ OX+64+2X7 +AX+XP + X _ 42x=1)+7(6x+1)
- X(X+1)(X +2) (6x-1)(6x+1)
6X2 +14X+6 _ 8X—4+42x+7
T X D)(x12) (6x—1)(6x +1)
50x+3

) (6x—-1)(6x+1)
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36
7 a g(xX)= x+ +
909 X+2 x*-2x-8
6 36

+ +
X+2 (X—=4)(x+2)
=x(x+2)(x—4)+ 6(x—4)
(x+2)(x—=4) (x+2)(x—4)
N 36
(x+2)(x-4)
_ X(x+2)(x—4)+6(x—4)+36
- (X+2)(x—4)
_X°—2x* —8x+6X—24+36
- (X+2)(x—4)
X3 -2x% - 2x+12
T (x+2)(x—4)

b Using the factor theorem,

(23 —2(-2)2-2(-2)+12=0
So (x+2) is a factor of

X2 —2x* —2x+12
Hence, you can write
X2 —2x% —2Xx+12 = (x+2) xp(X)
for some quadratic polynomial
p(x).
You can find p(x) by long division:

X2 —4Xx+6
x+2)x3—2x2—2x+12

X3 +2x°
—4x% -2x
—4x° —8x
6x+12
6x+12

0
Hence, p(x) = x*—4x+6and so

_ (x+2)(x* ~4x+6)

9 = )

_ X" —4x+6
X—4
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Algebraic Methods 1D

Note that all questions in this exercise can be solved either by the method of substitution,
or by equating coefficients. Questions 1b and 1e have been solved by equating
coefficients. All others have been solved using substitution.

6Xx—-2 _ A N B
(X=2)(X+3)  (X=2) (X+3)
_A(X+3)+B(x-2)

T (x=2)(x+3)
6X—2 = A(X+3)+B(X—2)

Letx=2:
6x2-2=A2+3)+B(2-2)
10=5A
A=2
Letx=-3:
6x(-3)-2=A(-3+3)+B(-3-2)
-20=Bx-5
B=4
Henc 6X—2 2 4

e = +
(X=2)(X+3) (X=2) (X+3)

2x+11 _ A N B

(X+D(x+4) (x+1) (x+4)
_ A(X+4)+B(x+1)

T (X+D)(x+4)
2x+11= A(x+4)+B(x+1)

= AX+4A+Bx+B
=(A+B)x+(4A+B)

Equate coefficients of X:

2=A+B (1)

Equate constant terms:
11=4A+B 2

2)-:
9=3A
A=3
Substitute A=3 in(1): 2=3+B
B=-1
Henc 2x+11 3 1

XD+ A) (1) (x+4)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Pure Mathematics Year 2 SolutionBank

—7x—125AJr B
2x(x—4) 2x (x—4)
_ A(Xx—=4)+Bx2x
T 2x(x—4)
—7x—-12= A(Xx—4)+2BXx

Letx=4:
—Tx4-12=A(4-4)+2Bx4

—40=8B
B=-5

Letx=0:
-7x0-12=A(0-4)+2Bx%0

~12=—4A
A=3

-7x-12 3 5

2x-13 __A B
2x+1)(x=3)  2x+1) (x=3)
_ A(X=3)+B(@2x+1)

T (2x+1)(x=3)
2x—-13=A(x-3)+B(2x+1)

Letx=3:
2x3-13=AB-3)+B(2x3+1)

-7=Bx7
B=-1

me=—l:
2

2% 1 -13=A —1—3 +B| 2x 1 +1
2 2 2
1
—14=Ax-3—
2
A=4

2x—13 4 1
nce = -
2x+D)(x=3) (2x+1) (x=3)
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1 e First factorise the denominator:
6X+6  6X+6

X +9  (X+3)(X=3)

6X+6 A B
en = +

(x+3)(x-3) (x+3) (x-3)
_ A(X=3)+B(x+3)

 (x+3)(x=3)
6X+6=A(x—-3)+B(x+3)
= Ax—3A+Bx+3B
=(A+B)x+(3B-3A)

Equate coefficients of X:
6=A+B D
Equate constant terms:
6=3B-3A 2)

2)+3x():
24 =6B
B=4
Substitute B=4 in (1): 6=A+4
A=2
Hene 6X+6 2 4

f First factorise the denominator:
7-3X 7-3X

X2 —3x—4  (X=4)(x+1)

7-3x A B
n = +
X=X+ (x-4) (x+1)
_ A(X+1)+B(x-4)
(X =4)(x+1)
7-3x=A(X+1)+B(x—-4)

The

Letx=-1:
7-3x(-1)=A(-1+1)+B(-1-4)
10=Bx-5
B=-2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 2 SolutionBank

1 f (continued)

Letx=4:
7-3x4=A(4+1)+B(4-4)
-5=Ax5
A=-1
Hence 7-3X _ 1 2

X2—3x—4  (x=4) (x+1)

g First factorise the denominator:
8—X 8—X

X2 +4x x(x+4)

Then 8-x EA+ B
X(X+4) x (X+4)
=A(x+4)+Bx

T X(x+4)

8—x=A(x+4)+Bx

Letx=0:
8-0=A(0+4)+Bx0
8=4A
A=2
Letx=—4:
8—(-4)=A(-4+4)+Bx(-4)
12=-4B
B=-3
Hence §_X Eg— 3
X"+4x x (x+4)
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1 h First factorise the denominator:
2x-14 _ 2x-14

X +2x—15  (X+5)(x—3)

2x—14 A B
en = +
(X+5)(x-3) (x+5) (x-3)
_ AX=3)+B(x+5)
 (X+5)(x=3)
2Xx—14= A(X—-3)+B(x+5)

Letx=3:
2x3-14=A3-3)+B3+5)

—-8=Bx3&
B=-1

Letx=-5:
2x(=5)—14=A(-5-3)+B(-5+5)

~24 = Ax(-8)
A=3

x-14 31
X2 +2x-15  (x+5) (x=3)

Hence

—2X-5 _ A N B
4+x)(2-x) 4+x 2-X
_A2-Xx)+B(4+x)
T (4+02-x)
-2Xx-5=A2-X)+B(4+X)

Letx=2:
—2x2-5=AQ2-2)+B(4+2)
-9=Bx6
-3

B=—
2

Letx=—4:
2x(—4)=5=A(2—(-4)+ B(4+(-4))

3=Ax6

1_a

2
. -2x-5 1 3
(4+X)(2-X) 2(4+X) 2(2-X)

Henc
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A _2 B
(Xx=4)(x+8) x—-4 x+8
2(x+8)+B(x—4)
T (x—4)(x+8)
A=2(x+8)+B(x—4)

Letx=4:
A=2(4+8)+B(4-4)

=24

Letx=-8:
24 =2(-8+8)+B(-8-4)

=-12B
=B=-2

A=24,B=-2

2x* —12x—26 _ A N B N C
(X+D(x=2)(x+5) x+1 x-=-2 x+5
_AX=2)(X+5)+ B(X+1)(X+5) +C(x+1)(x—2)
B (X+1)(X—2)(X+5)
2x% —12x-26 = A(x—-2)(x+5)+B(x+1)(x+5)+C(x+1)(x-2)

Letx=-1:
2+12—26=Ax(—3)><4+0+0

-12=-12A
A=1
Letx=2:
8—24-26=0+Bx3x7+0
-42=21B
B=-2

Letx=-5:
50+60—26=0+0+Cx(—4)x(—7)

84 =28C
C=3

A=1,B=—2,C=3
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SolutionBank

~10x> —8x+2 D,E  F
X(2x+1)(3Bx-2) x 2x+1 3x-2

_ D@2x+D(Bx=2)+ EX(3Xx=2) + Fx(2x+1)
- X(2Xx +1)(3x—2)
—10x* —8x+2 =D(2x+ 1)(3x—2)+Ex(3x—2)+ Fx(2x+1)
Letx=0:
2=Dx1x(—2)+0+0

Letx= —l:
2

—§+4+2=0+E>< 1 X 7 +0
2 2 2

LetX=£:
3

—ﬂ—g+2=0+O+Fx 2 X 7
9 3 3 3

70 14

9 9
F=-5

D=-1,E=2,F=-5
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—5x*—19x—-32 A B C
et = + +
X+D(X+2)(x=5) (x+1) (x+2) (x=5)
_ AX+2)(X=5)+ B(X+1)(Xx=5)+ C(x+1)(x+2)
- (X+D(X+2)(x—5)
—5%% 19X —32 = A(X+2)(X—=5) + B(X+1)(X—5) + C(X+ 1)(x +2)

Letx=-1:
—5+19-32=Ax1x(-6)+Bx0+Cx0
-18=-6A
A=3
Letx=5:
—125-95-32=Ax0+Bx0+Cx6x7
-252=42C
C=-6
Letx=-2:
—20+38-32=Ax0+Bx(-1)x(-7)+Cx0
-14=7B
B=-2
— 2_ —
Henc 5x°—-19x-32 3 2 6

S XA D D(X=5)  (x+]) (x+2) (x=5)

7 a First factorise the denominator:
6X*+7x-3  6X*+7x-3
X’ =X X(X+1)(x=1)
6x*+7x-3 A B C
—+ +
X(X+1)(x-1) x x+1 x-1
_ AX+D(X =D +BX(X=1) + Cx(x +1)
B X(X+1)(x=1)

6X> +7x—3= A(X+1)(x—1)+Bx(x—1)+Cx(x+1)
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7 a (continued)

Letx=0:
—B3=Ax1x(-1)+0+0
=-A
= A=3
Letx=-1:
6-7-3=0+Bx(-1)x(-2)+0
-4 =2B
= B=-2
Letx=1:
6+7-3=0+0+Cx1x2
10=2C
=C=5

6x*+7x-3 3 2

5
O _— = —
X(X+D(x-1) x x+1 x-1

b First factorise the denominator:

8x+9 8Xx+9
10X* +3x—4  (5x+4)(2x-1)
8X+9 A B

cn = +
Gx+4)(2x-1) 5x+4 2x-1
_ A@2x-1) N B(5x+4)
Gx+4)(2x-1) (x+4)(2x-1)
8x+9sA(2x—1)+B(5x+4)

Letx= —i:
5

—£+9:Ax[—2j+0
5 5

B__13,
5 5
= A=-1

1

Letx=

4+9=O+Bx(%)

13=EB
2

=B=2

8X+9 1 N 2
Sx+4)(2x-1 5x+4 2x-1

So
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Challenge

Evaluating the denominator atX =2

2’ —4(2)+2+6=0

By the factor theorem, (X—2) is a factor of X’ —4x* +X+6

SolutionBank

So we can write X’ —4X> +X+6= (X - 2) xp(X) for some quadratic polynomial p.

We can find p using long division:

x> —2x-3
x—2>x3—4x2+x+6
X’ —2x°
—2x> + X
—2x> +4x
—-3X+6
=3X+6
0
5% -15x-8  5x*—15x-8
XA+ X+6 (X=2)(X* —2X—3)
57 —15x-8
T (x=2)(x+1)(x-3)
_A B _C

=x—2 x+1+x—3
_ AX+D(X=3)+B(x=2)(x=3)+C(x=2)(x+1)
- (X—=2)(X+1)(x=3)

5x* =15x—8 = A(x+1)(x=3)+B(x—2)(x=3)+C(x=2)(x+1)

Letx=2:
20—30—-8=Ax3x(-1)+0+0
—-18=-3A
= A=6
Letx=-1:
5415-8=0+Bx(-3)x(-4)+0
12=12B
=B=1
Letx=3:
45-45-8=0+0+Cx1x4
—-8=4C
C=-2

5x* —15x—8 6 1 2
SO 3 2 = —
X —4X"+X+6 X-2 Xx+1 x-3
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Algebraic Methods 1E

3x*+x+1 A B C

X“(x+1) x x° x+1
_ AX(x+1)+B(x+1)+Cx*
B X2 (x+1)

3x* + X +1= Ax(x+1)+B(x+1)+Cx*

Let x =0:
0+0+1=0+Bx1+0
B=1

Letx=-1:
3-14+1=0+0+C x(-1)?
C=3

Equating terms in x*:
3=A+C
3=A+3
A=0

A=0,B=1,C=3

-x°-10x-5 D E F
2 = + 2 1

(x+D)°(x-1) x+1 (x+1)° x-1

_D(x+D)(x-D)+E(x-1) + F(x+1)’
B (x+1)%(x—1)

—x* -10x-5=D(x+1)(x-1)+ E(x-1)+ F(x+1)2

Let x =—1:
-1+10-5=0+Ex(-2)+0
4=-2E
E=-2
Letx=1:
-1-10-5=0+0+Fx2?
-16 = 4F
F=—4

Equating terms in x*:
~1=D+F
-1=D-4

D=3

D=3 E=—2,F=—4
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2x°42x-18 P Q R
T =y =4
x(x-3)>  x x-3 (x-3)
_ P(x-3)> +Qx(x-3)+Rx
- X(x—3)?

2x% +2x-18=P(x—3)" + Qx(x—3)+ Rx

Let x =0:
-18=P x (-3)2+0+0
-18=9P

P=-2

Letx =3:
18+6-18=0+0+Rx3
6=3R
R=2

Equating terms in x?:

2=P+Q
2=-2+Q
Q=4

P=-2Q=4R=2

4 First factorise the denominator:
5x2—2x—1=5x2—2x—1
XC-x2 X3(x-1)
2
Then —5X2 2x lEE+22+—E
x“(x-1) x x° x-1

_ Cx(x=1)+D(x-1)+Ex®

X2 (x=1)
5x? —2x—1=Cx(x—1)+ D(x—1) + Ex’
Letx =0:
—1=0+Dx(-1)+0
~1=-D
D=1
Letx=1

Equating terms in x*:
5=C+E
5=C+2
c=3

C=3D=1E=2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2



Pure Mathematics Year 2 SolutionBank

2X A B
5 2= + 2
(x+2)° x+2 (x+2)
_Ax+2)+B
 (x+2)?
2x=A(x+ 2)+B
Let x = —2:
-4=0+8B
B=—4
Let x =0:
0=2A+B
0=2A-4
A=2
A=2B=—4
6 10x2—10x+17_ A B C

2x+1)(x=3)°  2x+1 x-3 ' (x-3)
_ A(x=3)* +B(2x+1)(x=3) +C(2x+1)
(2x+1)(x—3)?
10x* —10x+17 = A(x—3)* + B(2x +1)(x—3) + C(2x +1)

Letx:—lz
2

2
E+5+17: Ax(—zj +0+0
4 2

B_49,
4 4
A=2

Let x = 3:
90-30+17=0+0+Cx7
77=7C
c=11

Equating terms in x°:
10=A+2B
10=2+2B

B=4

A=2,B=4,C=11
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39x%4+2x +59 _ A N B N C

(x+5)(3x-1)*> x+5 3x-1 (3x-1)°
_ A(Bx—-1)*+B(x+5)(3x—1) +C(x+5)
B (X+5)(3x—1)

39x% + 2x + 59 = A(Bx—1)° + B(x+5)(3x—1) + C(x +5)

Letx=1:
3

§+g+59=0+0+CxE
9 3 3

64-0¢
3

C=12

Let x = —5:
975-10+59=Ax (-16)>+0+0
1024 = 256A
A=4

Equating terms in x*:
39=9A+3B
39=36+3B

B=1

A=4B=1C=12

4x+1 A B
= +
(x+5)° x+5 (x+5)°

_A(x+5)+B
~ (x+5)?
4x+1=A(x+5)+B

Let x = —5:
—-20+1=0+8B
B=-19

Letx =0:
1=5A+B
1=5A-19
A=4

4x+1 _ 4 19
(x+5)>  x+5 (x+5)°
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6x°-x+2 A B C
— " =" +
x(2x-1)> x 2x-1 (2x-1)?
_ A2x-1)* + Bx(2x—1) +Cx
B x(2x —1)?

6x% — X + 2= A(2x—1)* + Bx(2x—1) + Cx

Letx =0:
2=Ax(-1)?>+0+0
A=2
Letx:E:
2
E—1+2=0+0+C><1
2 2 2
C=6
Equating terms in x?:
6=4A+2B
6=8+2B
B=-1
6x*—x+2 2 1 6
So ————=—— + .
X(2x-1)° x 2x-1 (2x-1)
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Algebraic Methods 1F

3 2 _
X® +2X° +3X 4EAX2+BX+C+ D
x+1 x+1

1

X2+ X+2
x+1>x3+2x2 +3x—4

X3+ x2

x> +3x
X2+ X
2x—4

2X+2

-6

X} +2x% +3x—4

=X x42-—0
X+1 x+1

So A=1B=1C=2,D=-6

2 Using algebraic long division:
2x* -3x+5
x+3)2x° + 3" - 4x +5
2x°% +6x°
- 3x% - 4x
-3x? - 9x
5x+5
ox +15
-10

3 2
2X° +3X 4X+5=2x2—3x+5— 10

X+3 X+3
Soa=2,b=-3,c=5andd=-10
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3 Using algebraic long division:
x2+2x+4
x—2>x3+0x2 +0x-8
x®-2x°
2x° +0x
2x° - 4x
4x -8
4x-8
0

3

so X =x>+2x+4

X—2
p=1,g=2andr=4

4 Using algebraic long division:

2
x2—1)2x% + 4x +5
2x° +0x—2
4x+7

2x° +4x+5 AX+7

2 =2+ 2
X“ -1 x° =1
Som=2,n=4andp=7

5 Using algebraic long division:
4x+1
237 + 2>8x3 +2x% +0x +5

8x° +8x
2x° -8x+5
2x° +2
-8x+3

8x2+2x2+5=(4x + 1)(2x* +2) —8x + 3
SoA=4,B=1,C=-8and D=3.
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6 Using algebraic long division:

4x-13
x2+2x—1>4x3—5x2+3x—14
4x° +8x° — 4x
—13x*+7x-14
—13x? —26x+13
33x-27
3_ 2 _ _
4x 25x +3X 14z4x—13+ ?;SX 27
X°+2x-1 X°+2x-1

SoA=4,B=-13,C=33and D =-27.

7 Using algebraic long division:
x2+2
x2+1)x*+3x° -4
x't+x’
2x° -4
2x" +2
-6

x*+3x° -4,
. =X t2-3
X“+1 X°+1
Sop=1,9g=0,r=2,s=0andt=-6.
8 Using algebraic long division:

2x*+x+1

x2+x—2>2x4+3x3—2x2+4x—6
2x* +2x° - 4x°

X+ 2x%+4x

x> +6x-6
x2+x-2
5x-4
2x* +3x° —2x* +4x—6 ) 5x—4
5 =2X"+ X+1+—5——
X+ X—-2 X+ X-2
Soa=2,b=1,c=1,d=5ande=-4.
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9 3x*—4x>-8x*+16x—2=(Ax*+Bx+C)(x* —3)+ Dx+E
Compare coefficients of x* :

A=3
Compare coefficients of x*:
B=-4
Compare coefficients of x*:
-8=-3A+C
-8=-9+C (substituting A=3)
c=1
Compare coefficients of x:
16=-3B+D
16=12+D (substituting B = —4)
D=4
Equate constant terms:
-2=-3C+E
-2=-3+E (substituting C =1)
E=1

Hence 3x* —4x* —8x* +16x —2 = (3x* —4x+1)(x* =3) +4x+1

Note: After lots of comparing coefficients, it is a good idea to check your answer by
substituting a simple value of x into both sides of the identity to check that your answers

are correct. For example,
Substitute x =1 into LHS

= 3-4-8+16-2=5
Substitute x =1 into RHS
= B-4+1)x(@1-3)+4+1
=0x-2+4+1=5
LHS = RHS, so you can be fairly sure the identity is correct.

10a x*—1=(x*-1)(x*+1)
= (X=1)(x+1)(x* +1)

x* -1 (X=D(X+1)(x*+1)
x+1 (x+1)
= (x-1)(x* +1)
Soa=1,b=-1,c=1,d=0ande = 1.
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Algebraic Methods 1G

X*+3x-2 =x2+3x—2
(Xx=D)(x=2) x*=3x+2
1
x2—3x+2ﬁ2+3x—2
x> —3x+2
6x—4
X2 +3x-2 1+ 6x—4
(x=1)(x=2)  x*=3x+2
6x—4
+—
x=1D(x-2)
6X—4 B C
et = +
(x-DH(x-2) x-1 x-2
_B(x-2)+C(x-1)
S (x=D(x-2)
6x—4=B(x—2)+C(x-1)

Therefore

Letx=2:
12-4=0+Cx1
C=8

Letx=1:
6—-4=Bx(-1)+0
2=-B
B=-2

X2 +3x-2 1. 6x—4
(x=1)(x=2)  (x=1)(x=2)
-2 . &
X—1 Xx-=-2
SoA=1,B=-2and C=38.
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x*-10  _ x*-10
(X=2)(x+1) x*—x-2
1

xz—x—2}x2+0x—10

X — x—2
X— 8
Therefore x*~10 =1+ 2x—8
(xX=2)(x+1) X" —x-2
X8
(x=2)(x+1)

X—8 B C
et = +
(X=2)(x+1) x-2 x+1
_B(x+)+C(x-2)
T (x=2)(x+1D)
X—8=B(x+1)+C(x-2)

L

Letx=-1:
-1-8=0+C x(-3)
—-9=-3C
C=3

Letx=2:
2-8=Bx3+0
-6 =3B
B=-2

x> —10 1. X—8
(X=2)(x+1)  (x=2)(x+1)

SoA=1,B=-2and C=3.
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SolutionBank

X —x*=x-3 X -x"-x-3

x(x-1)  x*=x
X
xz—xix3—x2—x—3
X} —x?
-X-3
32y v
Therefore X-x-x=3 = ;( 3
X(x—1) X" =X
—X-3
=X+
X(x=1)
Let X3 EE+ D
x(x-1) x x-1
_C(x-D+Dx
o x(x=1)

-X-3=C(x-1)+Dx

Letx=0:
0-3=Cx(-1)+0
-3=-C
C=3

Letx=1:
-1-3=0+Dx1
D=—4

X —x*—x-3 -Xx-3
— =X+
X(x—1) X(x—1)

3 4
=X+———
X Xx-1

SoA=1,B=0,C=3and D=-4.
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—3X+2
4 x2+2x—3>—3x3—4x2+19x+8

—3x* —6x% +9x
2x* +10x+8
2x*+ 4x-6
6x+14
—3x3—4x2+19x+8= 6Xx+14

> —3X+2+—
X +2X-3 X" +2X-3

6x+14
(X=D)(x+3)

Therefore

=-3X+2+

6x+14 C D
et = +
(X=D(x+3) (x-1) (x+3)
_C(x+3)+D(x-1)
 (x=D(x+3)
6X+14=C(x+3)+D(x-1)

Letx=1:
6+14=Cx4+Dx0

20=4C
5=C

Let x=-3:
6x(-3)+14=Cx0+Dx(-4)
—4=-4D
D=1

X +2x-3 (Xx=1)(x+3)

5 1
+

(x=1) (x+3)
SoA=2,B=-3, C=5and D=1

33 —4x* +19x+8 6x+14
= 3X+

=2-3x+
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1

5 4x*-25 i4x2 +25

4x> -25
50
4x* +25
Therefore p(x) = PNCREY:
:1+L
4x* 25
0
(2x=5)(2x+5)
50 B C

Let = +
(2x=5)(2x+5) 2x-5 2x+5
_ B(2x+5)+C(2x-5)
T (2x=5)(2x+5)
50=B(2x+5)+C(2x—5)

Letx=§:
2

50=Bx10+0
50=10B
B=5
LetX=—§:
2

50 =0+ C x (—10)
50 =—-10C
C=-5

_AX 425
T 4x*-25

p(X)

L0
(2x=5)(2x+5)
5 5

2x—5_2x+5
SoA=1,B=5and C=-5.
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2
6 X2 +2x+1)2x +0x—1
2X° +4x+2
—-4x-3
2x% -1 —4x-3
2 52+ 2
X" +2x+1 X*4+2x+1
—4x-3
+—
(X+1)?
—-4x-3 B C
= +
(X+1)*  x+1 (x+1)°
_B(x+1)+C
O (x+1)?
—4x-3=B(x+1)+C

Therefore

Let

Letx=-1:
4-3=0+C
C=1

Letx=0:
-3=Bx1+C
-3=B+1

B=—4

2x* -1 2+—4x—3

XC+2x+1 (x+1)?
EZ—i—k !
X+1 (x+1)°

SoA=2,B=—4and C=1.
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4
7 a x2+3x—4}4x2+17x—11
4% +12x-16
5x+5
2 —
Therefore 4x2+17x 11E4+ 25x+5
X" +3x—4 X" +3x—-4
5X+5
= +—
(X+4)(x-1)
S5X+5 A B

A=D1 4 (x=])
CAGX=D)+B(x+4)

T (x+4)(x=1)
5X+5=A(X-1)+B(x+4)

Letx=1:
S5x1+5=Ax0+Bx5
10=5B
B=2
Letx=—4:
5x(-4)+5=Ax(-5)+Bx0
-15=-5A
A=3
2
Hence 4x2+17x 11E4+ 5X+5
X" +3x—-4 (x+4)(x-1
=4+ 3 + 2
(x+4) (x=1
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X
7 b x3—4x2+4x>x4—4x3+9x2—17x+12

X' —4x’ +4x°
52 —17x+12

XP—4x} +9x* —17x+12 =X+5x2—17x+12

Therefore

x> —4x> +4x x> —4x> +4x

5x2—17x+12

=Xt ———F—

x(x-2)
5 -17x+12 A B C
Let —=—+ + 3
X(x—2) X X=2 (x-2)
=A(x—2)2+Bx(x—2)+Cx

- x(x—2)2

5 —17x+12 = A(x—2)2+Bx(x—2)+Cx

Letx=0:
12 = Ax(-2)’
12=4A
A=3
Letx=2:
5%(2)" -17x2+12=2C
~2=2C
C=-1

Compare terms in X’ :
5=A+B

5=3+B
B=2

X4 +9x° -17x+12 5% —17x+12
3 2 =X+ 2
X’ —4X" +4x x(x—2)
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2X—3
8 3x2+x—10>6x3—7x2 + 0x+3
6x° +2x* —20x
—9x* +20x+3
—9%? —3x+30
23x-27
3_ 2 _
Therefore wz2 3+M
3x“+x-10 3x“+x-10
N 23x-27
(Bx=5)(x+2)
23x-27 C D
et = +
(BX=5)(x+2) 3x-5 x+2
_ C(x+2)+D(3x-5)
T (B3x=5)(x+2)
23x-27=C(x+2)+D(3x-5)

=2X-3

£—27=C><£+0
3 3

—=—C
3 3
_34
11
Let x=-2:
—46—-27=0+D x (-11)
:7_3
11
6x> —7x>+3 23x—27
3Xx"+x-10 (BX=5)(x+2)
=2X-3+ 34 + 73
113x=5) 11(x+2)
34 73

SoA=2,B=-3,C=—and D= —.
11 11
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2X+2
9 4x2—4x+1>8x3+0x2+0x+1

8x° —8x* +2x

8x* —2x+1
8x” —8x+2
6x—-1
3 f—
Therefore %EZX+ +26X—1
X" —4x+1 4X° —4x+1
E2x+2+6x—_12
2x-1)
6x—1 C D
Let > = + >
2x-1)° 2x-1 (2x-1
_C@2x-1)+D
o (2x-1)?
6x—1=C(2x-1)+D
Letx=l:
2
3-1=0+D
D=2
Letx=0:
0-1=Cx(-1)+D
-1=-C+2
C=3
8x +1 6x—1
2—5 X+2+—2
4% —4x+1 (2x-1)
2

=2X+2+

+
2x—1 (2x-1)?
SoA=2,B=2,C=3and D=2.
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X*—X+5
10 x2+x—2>x4+0x3+2x2—3x+8

X+ x2—2x2

— X +4x* -3
=X’ = x*+ 2x
5% — 5x+8
5% +5x-10
—-10x+18
4 2 B
Therefore +§X 3x+8EX2_X+5+M
X +X-2 X +X-2
o X x4 54 LOXHI8
(X+2)(x-1)

—10x+18 D E
€ = +
xX+2)(x-1) x+2 x-1
_D(x-D+E(x+2)
(X +2)(x=1)
~10x+18=D(x—1)+ E(x+2)

Letx=-2:
20+ 18=D x (=3)+0
38=-3D
p=_38
3
Letx=1:
-10+18=0+Ex3
8=3E
-8
3
X' +2x*-3x+8 -10x+18
= =X —X+5+———
X"+ X=2 (X+2)(x-=1)
=X X458 8

+
3(x+2) | 3(x=1)
SoA=1,B=-1,C=5D= —§ and E = %
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Algebraic methods Mixed exercise 1

1 Assumption: \/g is a rational number.

Then \/g = % for some integers a and b.

There is a further assumption that this fraction is in its simplest terms: there are no
common factors between a and b.

a.2
S00.5= — or2a®=b?

Therefore b? must be a multiple of 2.

We know that this means b must also be a multiple of 2.

Write b = 2¢, which means b? = (2¢)? = 4c?.

Now 4c? = 2a?, or 2¢? = a2.

Therefore a> must be a multiple of 2, which implies a is also a multiple of 2.

If a and b are both multiples of 2, this contradicts the statement that there are no common
factors between a and b.

Therefore, \/g is an irrational number.

2 Assumption: There exists a rational number q where g? is irrational

So write g = %, where a and b are integers.

As a and b are integers, a? and b? are integers.
So ¢? is rational.

This contradicts assumption that g? is irrational.
Therefore if g? is irrational then q is irrational.

Xx—4 2x+8 x-4 2(x+4)

3 a X = X
6 x*-16 6 (x—4)(x+4)

1
3

X’ -3x-10  6x*+24 _(x-5)(x+2)  6(x*+4)
32—21 X +6X+8 3(x*=7) * (X+2)(x+4)
_2(x* +4)(x-5)
T =T)(x+4)

b
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Pure Mathematics Year 2 SolutionBank

4% +12x+9 . 4x*-9  4x*+12x+9_ 2x*+9x-18

3 2 T oy2 - 2 x 2
X® +6X 2X°+9x-18 X° +6X 4x° -9
_(2x+3)° . (2x=3)(x+6)
X(x+6) (2x—3)(2x+3)
_ 2X+3
X
A 4x* —8x Xx2+6x+5: ax(x=2)  (x+1)(x+5)
X*=3x—4 2x°+10x (x=4)(x+1)  2x(x+5)
_2(x-2)
T ox-4
_2x-4
- x-4

b 6=In((4x2—8x)(x2+6x+5))—ln((x2— 3x— 4)(2x+ 10x))

(4x* -8x)(x? +6x+5) J

(xz— 3x— 4)(2x2+ 10x)

i 4x(x—2)(x +1)(x+5)J

(x—4)(x+1)2x(x+5)

2x—4)
=In

X—4
2X_4 — ee
X—4

2X —4 = xe® — 4e°

4e® — 4 = xe® - 2x

4(e°-1)=x(e*-2)
6_

= 4(‘2 1)
e -2
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5 a g(x):4x3—9x2—9x+ 2)(2—3x
32x+24 6x°—-13x-5
_4x3—9x2—9xx6x2—13x—5
32x+24 x® —3x
_ X(4x+3)(x—3) y (3x+1)(2x-5)
8(4x+3) X(x—3)
_ (Bx+1)(2x-5)
- 8
_ 6x*—13x-5
- 8
3, 13 5
=—X ——X——
4 8 8
a= §,b:_E’c:_§
4 8 8
v 3 13
b g'(x)= EX_§
, _ 3 13
g(-2) = E(—z)—g
_ 37
)

6 6X+1+ 5X+3 :6X+1+ 5x+3
Xx—5 x*-3x-10 x-5 (x=5)(x+2)
=(6x+1)(x+2)+ 5x+3
(x=5)(x+2) (x=5)(x+2)
_6x2+13x+2+ 5X+3
(x=5)(x+2) (x=5)(x+2)
_ 6x%+13x+2+5x+3
T (x=5)(x+2)
_ 6x”+18x+5
~ x2-3x-10
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8

3 1
x-1 x*+2x-3
_x(x+3)(x—1) 3(x+3) 12

X+

~ X(x+3)(x-1)+3x-3

- (x+3)(x-1)

:(x—l)[x(x+3)+3]
(x+3)(x-1)

_ X*43x+3

© X+3

X—3 =é+i
x(x-1) x x-1
_ A(x-1)+Bx
B X(x—-1)

x—3= A(x-1)+Bx

Letx =0:
0-3=Ax(-1)+0
-3=-A
A=3

Let x =1:
1-3=0+Bx1

(x+3)(x-1)  (x+3)(x-1) (x+3)(x-1)
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—-15x+21 _ P N Q N R
(x=2)(x+1D)(x-5) x-2 x+1 x-5
_ P(x+D)(x-5)+Q(x—-2)(x-5)+R(x-2)(x+1)
B (x—2)(X +1)(x -5)
—15x+ 21=P(x+1)(Xx-5)+Q(x—2)(x—5)+ R(x—2)(x+1)

Let x =2:
-30+21=Px3x(-3)+0+0
-9=-9P
P=1

Letx =—1:
15+21=0+Q x(-3)x(-6)+0
36 =18Q
Q=2
Letx =5:
—75+21=0+0+Rx3x%x6
—-54 = 18R
R=-3
P=1,Q=2andR=-3

16x-1 _ D N E
Bx+2)(2x-1) 3x+2 2x-1
_ D(2x-1)+E(3x+2)
T (Bx+2)(2x-))
16x 1= D(2x~1) + E(3x +2)

Letx:—g:
3

_g—]_:DX
3

_Zj +0
3

3 D

3

(62}

wl~

D=5

Letx=1:
2
8—1:O+E><(ZJ
2

E

N~

7
E=
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10  (continued)

16x-1 5 2

= +
(Bx+2)(2x-1) 3x+2 2x-1
D=5E=2

11 ———=

_ AX(x+D)+B(x+1)+Cx?
- X2 (X +1)

7X% +2x—2= AX(x+1)+ B(x+1) + Cx?

Letx=0:
0+0-2=0+Bx1+0
B=-2
Let x =-1:
7-2-2=0+0+C x(-1)?
C=3
Compare terms in x*:
7=A+C
7=A+3
A=4

A=4,B=-2andC=3

21x% ~13 D E F
(X+5)(3x-1)°  x+5 (3x-1) ' (3x—1)°
_ D(3x-1)* + E(x+5)(3x—1) + F(x+5)
(x+5)(3x—1)°
21x% —13= D(3x —1)® + E(x+5)(3x—1) + F (X +5)

Let x = -5:
525—13:D><(—16)2+0+0
512 = 256D
D=2
Letx=£:
3
Z—13:O+O+F><E
3 3
232 _16
3 3
=2

Compare terms in x*:
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12 (continued)

21=9D + 3E
21=18+3E
E=1

21x* -13 2 12
(x+5)3x-1)? x+5 (Bx-1) (3x-1)?
D=2E=1F=-2

X2 —4x+3
13 x—2>x3—6x2+11x+2

X3 — 2x2
—4x? + 11X
—4x® + 8x
33X+ 2
3X—6
8

X2 —6x2 +11x+2=(x—2)(x* —4x+3)+8
A=1B=-4C=3andD=8

2x2 —4X+6
14 2x+1>4x3—6x2+8x—5

43 + 2x2
—8x% + 8x
—8x? — 4x
12x -5
12X + 6
=11

3 2
4x° —6X +8X_552x2—4x+6— 11
2x+1 2x+1
A=2,B=-4C=6andD=-11
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X% +1
15 xz—lix4+0x2+2
x* —x?
x>+ 2
x2—1
3
4
x2+2EX2+1+ 23
X -1 X =1
SoA=1,B=0,C=1,and D =3.

X2 +2x+3
16 x2—2x+1>x4+0x3+0x2+0x+0

X —2x3 + X2

2x3 — x2 +0x
22X —4x% + 2X
3x2—2x+0
3x> —6x+3
4x -3
x* 4x -3

————=x*+2X+3+—;
X°—=2x+1 X°—2x+1

4x -3
(x-1)
4x-3 _ D _E
(x-1)° x-1 (x=1)°
_D(x-)+E
o (x-1)

4x-3=D(x-1)+E

=X +2X+3+

Let

1:
E

Let x
4-3
E=1

Letx=0:
-3=Dx(-1)+E
-3=-D+1
D=4

4
2X—5x2+2x+3+ 4x 32
X" —=2X+1 (x—l)

— x84+t :
x=1 (x-1)

A=1B=2,C=3,D=4andE=1
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17  Using algebraic long division:
2
x?+2x-3)2x*+2x-3
2x*+4x-6
-2x+3
2x% +2x-3 —2x+3
2 EZ+ 2
X°+2x-3 X +2x-3
—2Xx+3

(x+3)(x-1)

2x+3 _ B _C
(x+3)(x-1) x+3 x-1
_ B(x-1)+C(x+3)
T xX242x-3
—2x+3=B(x-1)+C(x+3)

=2+

Let

Letx=1:
—-2+3=0+Cx4

C:l

4

Let x =-3:
6+3=Bx(-4)+0

9=-4B

-9

4

1
18  x*-2x)x*+0x+1
x> - 2x
2x+1
X +1 . 2x+1
X(x—2) X(Xx—2)
Let 2x+1 59+l
X(x=2) x x-2
_ Q(x—2)+Rx
B X(x—2)

2X+1=Q(x—-2)+Rx
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18 (continued)

Let x =0:
0+1=Qx(-2)+0
1=-2Q
1
Q:_

2
Letx =2:
4+1=0+Rx2
5=2R

R:§

19a f(-3)=2x(-27)+9x9+10x(~3)+3
=-54+81-30+3
=0
f(-3)=0 so x=-3 isaroot of f(x)

OR

2x% +3x +1
x+3)2x3 +9x2 +10Xx+3

2x° +6x°
3x? +10x
3x° + 9x
X+3
X+3

0
(x+3) is a factor of f(x), so by the factor theorem x =-3 is a root of f(x)

b 10 _ 10
f(x) 2x°+9x*+10x+3
10

= by part a
(x+3)(2x2+3x+1) [oy parta]

10
(x+3)(2x+1)(x+1)
A B C
= + +
(x+3) (2x+1) (x+1)
_ A@x+D(x+1) + B(x+3)(x+1) + C(x+3)(2x +1)
B (x+3)(2x+1)(x +1)
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19b (continued)

10= A2x+1)(x+1) + B(x+3)(x+1) + C(x+3)(2x +1)
Letx=-1:

10=Ax0+Bx0+Cx2x(-1)
10=-2C
C=-56
Letx=-3:
10=Ax(-5)x(-2)+Bx0+Cx0
10=10A
A=1

Lax:—i:
2

10=Ax0+ Bx(gjx(1j+Cx0
2 2

10:58

B=8

10 1 8 5

Hence = + -
f(x) (x+3) (2x+1) (x+1

Challenge

Assumption: L is not perpendicular to OA.

Draw the line through O which is perpendicular to L.

This line meets L at a point B, outside the circle.

Triangle OBA is right-angled at B, so OA is the hypotenuse of this triangle, so OA > OB.
This gives a contradiction, as B is outside the circle, so OA < OB.

Therefore L is perpendicular to OA.
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Functions and graphs 2A

1 a E‘:E 3 a g(4)=|4*-8x4
a4 =[16-32|
b |-0.28=0.28 =[-16]
=16
3-11=|-8
° | ”_'8 | b g(-5)=|(-5)° ~8x(-5)|
. ~[25+40]
d ‘Ej‘_‘ﬂ_é 65
7 8| |56 56
19 c g(8)=\82—8x8\
56 —|64-64
e [20-6x4 =[20-24) =0
qu 4 a ,
=4 I
f ‘42x2—3x7‘:|32—21| V= lx-1
=11
2 a f(1)=[7-5x1+3 >
=[7-5+3 The graph meets the axes at
=3 (1,0) and (0, 1)

b f(10)=|7-5x10/+3
=|7-50+3
=|-43+3
=46

(@]

f(~6)=|7—5x (~6)|+3
=[7+30[+3
=40
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/2;[+3|
3

'l
,17

The graph meets the axes at

(—1%, oj and (0, 3)

=Y

The graph meets the axes at
(10, 0) and (0, 5)

O

Y

The graph meets the axes at

G 0) and (0, 7)

o 7

=Y

The graph meets the axes at
(7,0) and (0, 7)
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4 f 5 a

\ :rﬂ glx) = |4_%-t| /

} h(x) = 5

H“

0

e —

b At the left-hand point of
intersection:

The graph meets the axes at 3
3 4——Xx=5
(E, 0) and (0, 6) 2
3 x=-1
2
g 2
X=—=
YA ) 3 )
At the right-hand point of
intersection:
e 3
—(4-=Xx)=5
(4-2%)
L 3 x=9
y=—-|x| 2
X=6

The solutions are x = _E and x=6
The graph meets the axes at (0, 0) 3

The graph meets the axes at

(% oj and (0, ~1)
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6 a C
YA YA
A ' B h(x)=5 /
3.
g(x) = |4.1'+3|
g(x)=3x -1
olr E ¢ £
3 % O X
AtA: -(3x-1) =5 P
-3x=4 2 —
4 .
X= -3 The graphs do not intersect so there
are no solutions.
AtB: 3x-1=5
3xX=6 d
X=2 YA
: 4 t—t
The solutions are x = —5 and x=2 A\ B h(x) = 4
b 31
YA
% g(.\')=|7x—3|
A\/} h(x)=1 ol s >

0 s X
AtA: —(7x-3)=4
AtA —(—X_5j=1 7x=-1
2 1
X—5=—2 X==7
X=3
X5 AtB: 7x-3=4
AtB: =1 B
X—5=2 x=1
X=7

. 1
. The solutions are x=—=and x=1
The solutionsare x=3 and X=7 7
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h(x)=3

g
f:_’
I =
o =
|
— [ 5}
=

0 6 X

=Y

=-2
AtA: 4%
3 =-12
—5x =2
2 . X
X=—= AtB: —-1=3
5
X
|
4—-5x 6
AtB: - =
t ( 3 j ? X=24
-5x=-10 _
X =2 The solutions are

2 x=-12 and x=24
The solutions are x:—g and x=2
Vi

r= -2
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7 b Intersection point A is 9 a

on the reflected part of y = 1 X—2
2 A

y=6-x|
—(lx—zjz—Zx
2

1 y=3x-5
2X——X=-2 6
2 //.;

b The two graphs do not intersect,
therefore there are no solutions to the

equation |6 — x| = % X—5

2(x) = |3x - 5| .
10  The value for x cannot be negative as
it equals a modulus which is >0

11a

Y
h(x)=11 -x T y=2x-9

o s N
3

At A: —-(3x—5)=11-x
—6 =2X
X=-3

g(x)=~|3x + 4|

AtB: 3x-5=11-x
4x =16
x=4

The solutions are Xx=-3 and x=4
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11b At the left-hand point of intersection:
3X+4=2x-9
X=-13

At the right-hand point of
intersection:

—(3x+4)=2x-9
—-5x=-5
x=1

The points of intersection are
x=-13 and x=1

So the solution to —[3x+4| < 2x—9
isx<—-13andx>1

12

y= \2x+9|

x b
AtA: —-(2x+9)=14—-x
—-Xx=23
X=-23
AtB: 2x+9=14—x
3x=5
5
X=—
3

The points of intersection are
x=-23 and x= g

So the solution to [2x+9| <14 —x

is —23<x<E
3
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13a For there to be one solution, the

graphs y =|6—x| and y=%x+k

must intersect once at the vertex of
y=[6-X

N
6

This vertex occurs at (6, 0)
Substituting (6, 0) into y = % x+k
gives:

1
0==x6+Kk

2

0=3+k
k=-3
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Challenge ~10+64/2
X=—"—""—

2
Xx=-5+3/2

At the two inside points of
intersection:

a

UM flx)=22+9x+ 8

—(X* +9x+8)=1—x
X2 +9x+8=x-1

0 " x> +8x+9=0
‘\ ) =12

Using the formula:

b At the far left-hand and far right-hand

2
points of intersection: = —8+4/8" —4x1x9
2x1
X2 +9x+8=1-x x=_8i@
X2 +10x+7=0 —_—

Using the formula:

2
- —8+27
‘= —10++/10%° —4x1x7 B

2
2x1 X:—4J_r\ﬁ
~10+4/72
X = — The four solutions are

x:—513\/§ and x=—4i\ﬁ
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Functions and graphs 2B

1 ai

il Every element in set A gets
mapped to one element in set B,
so the mapping is one-to-one.

i {f(x) =12, 17, 22, 27}

b i

ii - Two elements in set A get
mapped to one element in set B,
so the mapping is many-to-one.

iii{g(x) =3, -2, 1, 6}

c i

ii  Every element in set A gets
mapped to one element in set B,
so the mapping is one-to-one.

7
i {h(x) =1, Z,?}

a

SolutionBank

VA

=Y

i One-to-one as each value of x is
mapped to a single value of y

il Yes, this mapping could
represent a function.

wy

i One-to-one as each value of x is
mapped to a single value of y

il Yes, this mapping could
represent a function.
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Vi

X

el
\\

One-to-many (see
explanation in part ii)

Not a function.

Values of xwhich are less than a

do not get mapped to a value of y.
Values of x which are greater than
a get mapped to two values of y.

y A

-

=Y

N,
_,\Jl

One-to-many (see
explanation in part ii)

Not a function.

Values of x for which —r <x<r
get mapped to two values of y.
Values of x for which

X<—r orx>r don't get mapped
to a value of y.

SolutionBank

sl

b X

One-to-one as each value of x
(except for x = 5) is mapped to a
single value of y.

i Not a function. The value x =5

doesn't get mapped anywhere.

Vi

=Y

N

Many-to-one as there are two
values of x which map to each
value of y.

il Yes, this mapping could represent

a function.
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3 a Substituting x =a and p(a) =16 into 4 b g:X|—>\/;
p:XxH—>3x—2, xeR gives:
16=3a-2 i
18=3a

a=6 n

b Substituting x =b and q(b) =17 into
q:x—x* =3, xeR gives:
17=b*-3
20 = b*

b= 20

b= 12\/5 ii One-to-one function as each value
of x maps to a single value of y.

¢ Substituting x =c and r(c) =34 into
rix—2x2"+2, xeR gives: ¢ h(x)=x?
34=2"2°42
32=2"2°
16=2°
c=4

d Substituting x=d and s(d) =0 into
S:X> x> +Xx—6, xeR gives:

ATAY,

0=d’+d-6
0=(d+3)(d-2)
d=2, -3
il Many-to-one function as there are
4 a f(x)=2x+1 four values of x which map to two

values of y.
i

ii One-to-one function as each value
of x maps to a single value of y.
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4 d jixe E b
A
flxy =22+ 5
i
1 2
2,9

2 > 1 2.9)

X 5 0 x
3 7 ii—
4 >3 i Range of f(x) is f(x) > 9

2

S 5 iii One-to-one function as each value

of x maps to a single value of y

ii One-to-one function as each value

of x maps to a single value of y. c i
I
e k(x)=e*+3 flx) = 2sinx
2 -
i
-2 3.14 0 x
-1 >~ 3.37
0~>1T-4 i Range of f(x) is0 <f(x) <2
1 > 5.72
2 10.3 Il Many-to-one function as there are

two values of x which map to a
single value of y

il Every element in set A gets
mapped to one element in set B,
so the mapping is one-to-one.

d i
y flx) =vx + 2
5 ai
Ha
flx)=3x+ 2

0| "

2 -

) X i Range of f(x) is f(x) > 0

i Range of f(x) is f(x) > 2 iii One-to-one function as each value

of x maps to a single value of y

iii  One-to-one function as each value

of x maps to a single value of y.
© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4
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e i
yA flx) =e*
1_.
0 i
ii  Range of f(x) is f(x) > 1
iii One-to-one function as each value
of x maps to a single value of y
fi
r
vt flx) = Tlogx

=Y

Of]

il Rangeis f(x)eR

iii One-to-one function as each value
of x maps to a single value of y

a Although g(x) is supposed to be
defined on all real numbers, it does
not map the element ‘4’ of the
domain to any point in the range.
Hence g(x) is not a function.

f(4)=25, so for each xe R there
exists a y such that f (x)=1y
Hence, f(x) is a function.

SolutionBank

f(x)

=

4
ci f(3)=4-3=1
(Use 4—x as 3<4)
i f(10)=10? +9=109
(Use x* +9 as 10 > 4)

Vi

90

AN

4 a

=Y

The negative value of a is where
4-a=90=>a=-86

The positive value of a is where
a’+9=90
a’=81
a=19
a=9

The values of a are —86 and 9
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7 a b p(a) =50
y The negative solution is where
10 s(x) e2=50
\ —a = In(50)
> a=-391
N N oo
The positive solution is where
a>+4=50
b There is no solution to a®=46
10—x=43forx>0 a=3.58
s(a) = 43 only when The solutions are
) a=-3.91anda=3.58
X" —6=43
X% =49
X=_7 9 a

X cannot be 7, since X
A
s(x)=x*—6forx<0 v

271
¢ The negative solution is where 14- /

X2 —6 =X
X2 —x—-6=0 9
X — 3 X+ 2 = 0 T T T -
( )(X:3)OI’X:—2 -10 -4 0 0 :
Asx<0,x=-2 .
b Range of h(x) is {2 <h(x) <27}
The positive solution is where
10-x=x ¢ h(@)=12
2x =10 L. .
x=5 One solution is for the function
h(x) =—2x—6
The solutions are x =—2 and x =5
= —2a—-6=12
8 a = a=-9
¥ The other solution is for the function

h(x) = gx+12

1 = Ea+12=12
2

-5 0 4 X = a=0

The solutionsarea=-9anda=0
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10 g(x)=cx+d 12 h(x)=x*-6x+20
g(3)=10 = cx3+d =10 =(x-3)?-9+20
= 3c+d=10 (D = (x-3)7+11
9(8)=12 = cx8+d =12 This is a w-shaped quadratic with
= 8c+d=12 (2) minimum point at (3, 11)

2) - )= 5c=2 4

oo g h(x)
5

Substitute ¢ = é into (1):

G, 11)
3x§+d:10

§+d:10
5

“y

4
)

d This is a many-to-one function.

For h(x) to be one-to-one,

— 3 —_—
11 f(x)=ax +bx-5 we must restrict domain to x >3

f)=—4 = axl®+bx1-5=-4 Vi
a+b-5=-4
= h(x)
= a+b=1 @
f(2)=9 = ax2’+bx2-5=9
= 8a+2b-5=9
= 8a+2b=14
2)-1) = 3a=6 >
X
= a=2
Substitute a =2 in (1) Hence smallest value of ais a= 3
2+b=1

b=-1
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SolutionBank

Functions and graphs 2C

—p[ = 2 a fg(x)=f(x*-4)
1 —8y=p| =%

a pq(-8) P(4j e
AN =4x*-15, xeR
=1-3(-2)

- b gf(x)=g(4x+1)
b qr(5) =ql(5 —2)°] =(4x2+1) 4
~d®) =16x’ +8x-3, xeR
_2
4

¢ rq(6) =

¢ "
ol
B

=—-4, xeR,x=0
X
Z

d fh(x)= f(lj
X

=4X(lj+1
2(=5)=p(1 = 3(-5)) X
d p2(=5) = p(l - 3(
a 25(16) =i+l, xeR,x#0
=1-3(16) x
o e f’(x)=ff(x)
e pqr(8) = pql(8 —2)°] = f(4x+1)
= pq(36) = 4(4x+1)+1
= (ﬁj =16x+5, xeR
p
4
=p09)
=1-3(9)
=26
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SolutionBank

3 a fg(x)=1f(x%)
=3x*-2, xeR

b gf(x)=g(3x-2)
=(3x-2)

When fg(x)=gf(x) then
3x* -2=(3x-2)
3x°-2=9x"—12x+4

0=06x"—-12x+6

0=x"—-2x+1

0=(x-1)
Hence x =1

42 qp(x)zq(xljj

:3x( ! j+4
x—2

_ 3 +4(x—2)
x—2 x—2
_4x-5

x-=2

, xeR,x#2

b If gp(m)=16 then

3( ! j+4=16
m-—2

:‘9_4(3x—2j
2
=[9—-6x+4

= |13-6x|

Now fg(x)=x when [13-6x|=x

Q\
BNy - | 13 - 6x| 2
B
A
AtA: 13—-6x=x
13="Tx
13
x:_
7
AtB: —(13 —6x)=x
Sx=13
13
x:_
5

The solutions are

x=E andeE
7
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(x+1j
+1
x+2

1

(x+1+x+2

x+2

=(x+2j,x¢—1,x¢—2,x¢—%

2x+3

7 a st(x)=s(x+3)

=22"3  xeR

b ts(x) = t(2%)

Pure Mathematics Year 2

)

¢ 2¥"3=2v43

23 -r=3
2x 23 -2r=3
258~ 1) =3
2=2
7

2 E)

x In =ln(
ln(

[ W

)

x=

In2

a gf(x) = g(e™
=4 In(e™)
=4(5x)
=20x, xeR

b fo(x) = f(4 Inx)
— e5(4 Inx)

Inx%

=520

a qp(x) = q(In(x + 3))
= 3G +3)

3
= )

,xeR, x>0

SolutionBank

=x+3P°-1,xeR,x>-3

Since x > —3, so qp(x) > —1

b qp(7)=(7+3) -1
=999

¢ qp(x)=(x+3)P°—1=124

_ o (x+3)3=125
2*+3, xeR c13=5
x=2
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10 2(x)=t(5—2x) 11a Range of gis -8 <x <12
=5-2(5-—2x) b From the graph,
=5-10+4x
BRI g(x) = —Lx+12 for 0<x<14

2
(x) = (t(x))> =0 and g(0) = 12
—S5+4x—(5-2x)*=0
—5+4x—25 +20x—4x2=() So gg(O):g(lZ)
—4x* +24x—-30=0 1
2= 12x+15=0 =5 (129)+12
=6

Using the formula:

124/(-12)> —4x2x15 27)-5
X = = A S A——
%2 ¢ gh(7) g( 107 J
12424 =g(3)
4 - Ly
12+26 2
= :10.5
4
—32 Y0
2
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Functions and graphs 2D

1 ai yeR ii Lety=f(x)
y=4-3x
ii Lety=f(x) x=4_y
y=2x+3 3
x=— f(x)=
2 =73
| :x—3
o)== iii The domain of f'(x) is xR

The range of f !(x)is y eR
iii The domain of f'!(x)is xe R
The range of f '(x) is yeR iv

iv
Y4 flx)=2x+ 3
. -3
f1
[x] 2
%‘/‘ di yeR
ii Lety=f(x)
_ 3
bi yeR y=x" -7
x=3/y+7
i Lety=1f(x) fl(x)=Yx+7
_x+5
2 iii The domain of f'!(x)is xeR
x=2y-=35 The range of f '(x) is yeR
£l =2x— 5
iv
iii The domain of f™'(x) is xeR Ut a7
The range of f '(x) is yeR -
iv fl)= Va-7
ya [x)=2x-5 ___./'/-_-—_- R
7 0 x
f(x.]=x+5 j
5 2
/z -7
//15 0/‘; x /
2
—/ 2 a Rangeoffis f(x)eR
Let y = f(x)
) y=10—x
¢ci yeR x=10—y

flx)=10—-x, {xeR}
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2 b Rangeoffis f(x)eR The inverse function is g ' (x) =4 —x
- |
Let y = g(x) Now {Range g} = {Domain g~}
X and {Domain g} = {Range g}
= Hence, g ' (x)=4—-x, {xeR,x<4}
x=5y

g'(x) =5x, {xeR} Although g(x) and g™ (x) have identical

¢ Range of fis £(x)#0 equations, their domains and hence ranges

are different, and so are not identical.

Let y = h(x) 1
_3 4 a i Maximum value of g when x =—
X 3
1
N Hence {g(x) eR, 0<g(x)< 5}
y
i 3
@)=, x%0) |
x i g'(x)=—
x

d Range of fis f(x)eR ‘
iii Domain g! = Range g

Let y = k(x) .
y=x-28 = Domain g~ : xeR,O<x£—}
x=y+8 3

k'(x)=y+8, {xeR} Range g! = Domain g

= Range g ' (x): {g"l(x) eR, g'(x)= 3}

A i v
yi 1v E : 1
o~ 00 =1

. e~—— B = i

X

g:x—4-x, {xeR, x>0}
g has range {g(x) e R, g(x) <4}
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4 b i Minimum value of g(x) =-1 iv

when x=0
Hence {g(x) e R, g(x)> —1}

ii Letting y=2x—1:>x=y7+1
Hence g '(x) =xT+1 T
- x

iii Domain g ' = Range g S =
= Domain g™ :{xeR, x> -1} ' '

I-J
-

Range g ! = Domain g
g (eR,
g (x) 20

= Range g ' (x): { d i Minimum value of g(x)=2
when x=7

_ Hence {g(x) e R, g(x)> 2}

iv

ii Letting y=+vx-3=x=3"+3
Hence g'(x)=x"+3

iii Domain g! = Range g
= Domain g : {x eR,x2> 2}
Range ¢! = Domain g
= Range g ' (x): {g‘1 (x)eR, g'(x)> 7}

iv

gl(x) = x2 + 3

¢ i g(x)o>+oasx—2
Hence {g(x) e R, g(x)>0}

.. : 3
ii Letting y=——=x=
x=2 y

Hence g'(x) = 2x+3

iii Domain g! = Range g
= Domain g : {x eR, x>0}
Range g ! = Domain g
= Range g”'(x): {g*1 (x)eR, g'(x)> 2}
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4 ei 2°+2=6

Hence {g(x) eR, g(x)> 6} iii Domain g! = Range g
= Domain g™ : {x eR, x> O}
ii Lettingy=x>+2 Range g ! = Domain g
y—2=x (x)eR,
x=Jy=2 :Rangeg_l(x):{g *) @ 2}
g (x)2
Hence g !(x) = Vx—2 iv
Y
iy [g[x} —y1_8
iii Domain g ! = Range g
= Domain g™ : {x eR, x> 6} | ,
Range g ! = Domain g 9. gW-ve+s
-1
- g () eR, >
= Range g 1(x):{ L } 0" 9 X
g (x)>2
iv 5 t(x)=x"—6x+5, {xeR, x>5}
A )
gla)=x%+2 Lety=x"—-6x+5
y=(x-3)"-9+5 (completing the square)
6_
y=(x-3)"-4
g x) =vx - 2 This has a minimum point at (3, —4)
.p-'-""_'-—--’
2_
o 3 z > For the domain x>5, t(x) isa

one-to-one function so we can find

an inverse function.
f i Minimum value of g(x)=0

when x =2 Make y the subject:
Hence {g(x) e R, g(x)> 0} y=(x=3)7 -4
y+4=(x-3)

i Letting y=x"-8=x=23y+8 \/_
+4=x-3
Hence g '(x) = x+8 d
Jy+4+3=x
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b Changing the subject of the formula:
5 (continued) y=(x+2)"+5

Domain t' = Range t y=5=(x+2)
:Domaing‘lz{xeR,xZO} Jy—5=x+2

Hence, t™' (x) =vx+4+3, {xeR, x>0} [y—5-2=x
Hence m™' (x) =vx—-5-2

Vi

tx)
¢ Domain of m™'(x): {x eR, x>5}

7 a Asx—>2, h(x)—)%

(0, 5) and hence h(x) —> o

b To find 4™ (3) we can find what

(5,0) X element of the domain gets mapped
to 3

6 a m(x)=x"+4x+9, {xeR, x>a}

Lety=x"+4x+9
y=(x+2)"-4+9

h(a) =3

y=(x+2)+5 2 &
This has a minimum value of (-2, 5)
a = h-'(3)
Vi

Suppose h(a)=3 for some a such that

a+2

Then 2a+1 =3

a—
(—2..5) 2a+1=3a-6
T=a
o Soh'(3)=7

For m(x) to have an inverse it must
be one-to-one. Hence the least value

ofais =2
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7 ¢ Lety=2x+1 and find x as a 9 st(x)zs(z’_—xj
x— X
function of y 3
y(x=2)=2x+1 :(3;”_1)
w=2y=2x+1 3
yx—2x=2y+1 =(3—x+x)
x(y=2)=2y+1 =x
x= 2y+1 st(x) = t(ij
y-2 x+1
_3
Soh_l(x)=2x+1, {xeR, x¢2} =( ”1)
x-2 (1)
. . (3x+3—3)
d If an element b is mapped to itself, - xl
then h(b) = b ()
=X
2b+1 b
b—2 The functions s(x) and t(x) are the
2b+1=b(b-2) inverse of each other as st(x) = ts(x) = x
_p2_
2bwl=b"=2b 10a Lety=2x"-3
0=>"-4b-1
; 4+J16+4 4+-20 The domain of f™'(x) is the range of f(x).
S22 f(x)=2x>-3, {xeR, x<O0}! has range f(x)>-3
4+2.5
R =245 Letting y=2x"-3=x=4 x—2|-3
The elements 2 ++/5 and 2—+/5 get We need to consider the domain of
mapped to themselves by the function. f(x) to determine if either
8 a nm(x)=n(2x+3) £ (x) =+ |x+3 . £ (x)=— [x+3
2x+3-3 2 2
2 5 .
=x f(x)=2x" —3 has domain {x e R, x <0}
b mn(x) = m(x 3}
2
= (x—_?’j +3
2
=X

The functions m(x) and n(x) are the
inverse of each other as
mn(x) = nm(x) = x.
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10 a (continued)
Hence ' (x) must be the negative square root

x;3,{xeR,x>—ﬂ

£ (x)=—

flx) =242 -3 M

b If f(a)= f"'(a) then a is negative

(see graph).
Solve f(a)=a
2¢°-3=a
2a°~a-3=0
(2a-3)(a+1)=0
a :%, -1

Therefore a = —1
11 a Range of f(x) is f(x) > —5

b Lety=1(x)
y=¢e"—-35
ef=y+5
x=In(y+5)
f1(x) = In(x + 5)
Range of f(x) is f(x) > -5,
so domain of f !(x)is {xe R, x >—5}

SolutionBank

d Lety=g(x)
y=In(x—4)
e=x—4
x=¢ +4
gl =e'+4
Range of g(x) is g(x)e R,
so domain of g '(x)is {xeR}

e g'l(x)=11

et +4=11

et =7
x=1In7
x=1.95

3(x+2) 2

X +x-20 x—4

_3(x+2) 2

C (x+35)(x—4) x—4
3(x+2) 2(x+5)

(x4 5)(x—4) (x+5)(x—4)

_ 3x+6-2x-10

(x5 (x—4)

_ x—4

C(x+5)(x—4)

12a f(x)=

= ! ,x>4
x+5
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12b The range of fis
{f(x) eR, f(x)< é}

¢ Lety=1(x)
1

x+5
w+5y=1
yx=1-5y
x:1—5y
y

x=l—5

y
1 _ l
Fl0) = -5
x
The domain of f!(x) is

{xeR,x<é andx;tO}
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Functions and graphs 2E

Ui a2 T _ y

f(x) =22 - Tx -8 Wxn
_{{ A x
_E" c

X _ _I 0 f ;
o =)l 360 \_/_1_ N/ 360

8
3 a
g X
Y4 flx) =x(x + Dx-2)Nx+ 3)
c
Ui 6
\ /y= £(]c]) \
| =

]
oo
=Y
—
%}
=

f[.t} = 0S4 = |f{-ﬂ|
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3 ¢C
iii m(x) =m(x|) is true:
7 —a -
y = f(lz) m(x) = 3 =3 =m(x)
) I
. 5 a
_ '\/_"1 '5'| 1\)’2 x y
y = [plx)]
B(+4, 5)
3D
4 a
y A C E2,1)
A i _:g :2 |D E
k(x) = 4> 0
b
o v v =pllz)
3D
b There is no need to sketch y = |k(x)|
{_2! 1} El:z! 1} -
and y=k(x|) as these graphs would 0] >
match the original graph.
c 6 a
A
o B(-8,9) yA
y = lqlx)|
d i [k()|=|m(x)| is true: b
al |-a
kO =2z | =z =m0 Y1
i k(x|) =m(x)) is false: _4\;:
a -a
K(X)) =—5 #—5 =m(|x
(| |) |X|2 |X|2 (| |) —4
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glx) = e flx) = e?

0
(] x

b b The graphs of y =|f(x)| and
¥, y =|g(x)| are the same as the original
graph.
c
0 A
y =1z
c
I
y=glx)
0 x
o
10 a
8 a Ua
A y = flx)
1
0 X B 0 %

b y=|m(x)| and y=m(x|) are

reflections of each other in the
X-axis.

[mE)|=-m(x)
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10b

y = f(|x])
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Functions and graphs 2F

1 a y=3f(x) b y=f(x-2).
Vertical stretch, scale factor 3. Horizontal translation of + 2.
v
312 '
( ) VA (5. 4)
(0. 0) X .
0 / (2. 0) \ v
(0, -2} ¢
(=2, —6) y=f(x-2)-5.

Vertical translation of —35.
y =3f(x)+2. Vertical translation of +2.
i yi

(3, 14)

0 (5,-1) =

/(0. 2)
. 2, -5)

(Ue=T1)

-—'---.
ey
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1 ¢ y=f(x+1 d y=1f(2x)
Horizontal translati f—1. ) 1
orizonta ranf fl ono Horizontal stretch, scale factor —
(2, 4) 4 |
(15, 4)
(~1, 0 . (0, 0) ~
O \ X %
(-3, -2) (-1, -2)
1
y= 5 f(x+1)
1 y=—1(2x)
Vertical stretch, scale factor 5 Reflection in the x-axis.
Vi (or Vertical stretch, scale factor —1).
VA
2, 2)
(—15:2)

€L 0) ./ & (0. 0)
/ 0 \ X

=¥

(13. -4)

y= |f (x)| . Reflect, in the x-axis, the

(4]

parts of the graph that lie below the
X-axis.

Y* 3,9
{_2: 2}
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1f yzf(—x). y=3f(x-2)
Reflection in the y-axis, Vertical stretch, scale factor 3.
y= |f(—x)| . 5
: (1,12)

Reflect, in the x-axis, the parts of the
graph that lie below the x-axis.

o

(-3,4) ¥
2, 2)

2 a y=f(x-2)
Horizontal translation of +2 (0. 0) R
x

1
b y=f|=
d (2xj

Horizontal stretch, scale factor 2.

(1, 4)

(0, 0) .
Y 2,49 7

(0, 3)

-

(-4, 0)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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2 b (continued) y=—f(x)+4

(1 Vertical translation of +4.

) 1
Vertical stretch, scale factor —

2 /
4 (0, 1)

(-2, 2) e
k (1. 0)
(-4, 0) * d y=f(x+1)
Horizontal translation of —1.
VA
¢ y=—f(x) 2.9

Reflection in the x-axis.

(Or vertical stretch, scale factor —1). \
[ (=3, 0) X

X y=="2f(x+1)
Reflection in the x-axis,

and vertical stretch, scale factor 2.

\ YA
>
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2 e y="(|x]) can be written
, x20
r= {f , x<0
1s a reflection of

y= f(x) in the y-axis.

Hence, y = f(|x])is the following:

v =2f ()

Vertical stretch, scale factor 2.
)
6
7] x

2 f y=f(2x-6) canbe written as

y=1(2(x-3))

y=f (2x) : Horizontal stretch,

1
scale factor E

( 5*4)

= 4

(—1,0) 0

y= f(2(x — 3)) : Horizontal

translation of +3

5
?f‘ (_554)

A 4

3 a y=3f(x)
Vertical stretch, scale factor 3.
Y

N

0 ] y=0

y=3f(x)-1
Vertical translation of —1.

AN

Asymptotes: x =2, y=-1
A:(0,2)
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3 b y=f(x+2) ¢ y=1f(2x)
Horizontal translation of —2. ) 1
Horizontal stretch, scale factor —

Yi
Yi
0 y = 0 X
x=0 _
i y = 0 X
y=f(x+2)+4 |
Vertical translation of +4. = 1
Vi i

y =—f(2x). Reflection in the x-axis.

Yi

Asymptotes: x=0, y =4
A: (-2,5)

Asymptotes: x =1, y =0
A:(0,-1)
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3 d y="f(|x|) can be written
{ f(x), x>0
y =
f(—x), x<0
y=f (—x) is a reflection of
y =f(x)in the y-axis.

Hence, y = f (|x])is the following:

Ha

0 x

Asymptotes are x = -2, x =2 and

y=0.
A:(0, 1)
4 a

Ha
\ /y = glx)
S\ o 5 x

-5

2,-9)

b i(2+4,-9x2)=(6,—18)

i (2x %,—9)=(1,—9)
i (2,-9x-1)=(2,9)

¢ y=g(]x]) can be written

g -2)-9,x20
{g( x x + 2 -9, x<0
( is a reflection of
( ) in the y-axis.

Hence, y =g(|x])is the following:

A
\ /y - gllx)
5 0 5 x
-5
-2,-9)| (2, -9)

5 a y=2sinx is a vertical stretch of
y=sinx by a scale factor 2.

Y+ B9o, 2)
2 v =h(x)

90 180 %

A(=90, —2) 2

b minimum A4(—90° —2) and
maximum B(90°, 2)
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translation of +90°
h(x—90)+1 is a vertical

translation of +1.

5 ¢ i h(x—90) is a horizontal 6 y= f(%x + 2) can be written as
1
3

y=f (%x) : Horizontal stretch, scale

factor 3
Ya
| B(180, 3)
y = hix - 90
\ (90, 1) y = f(x)
T T T T =-' 4
-90N\Z]_~ 90 150 270 s
-1T4(0,-1) 0 21 e
A(12,-2)

iih (%xj is a horizontal stretch

scale factor 2

lh(% xJ is a vertical stretch

4

scale factor l
4

y
180, 1
of 29 ngw
N 0(0, 0) N
~360._-180_A 180  360NT
A(-180,-1) *

iii h(—x) is a reflection in the y-axis
|h(—x)| causes the part of the graph below

the x-axis to be reflected in the x-axis.

%|h(—x)| is a vertical stretch scale factor

1

2

4(=90.1) /4 B9, 1)
y = z/h(=x)]

180 90 O[(0,0)gp 180 *

-1

y= f(%(x + 6)) : Horizontal

translation of —6

¥ A
Y= f(li(i + ()))
B | -
(760)‘\‘\._/]'-5 T "
A(6,—2)
So O is transformed to (—6,0)

A is transformed to (6,—2)
B is transformed to (15,0)
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Functions and graphs 2G

b Start with y=|x|
1 a Start with y:|x|

YA y=|x+2|

|
[\S)
S
“Y

=Y

y= |x + 2| is a horizontal
y =4]|x| is a vertical stretch by translation by —2
scale factor 4

1 . .
y= §|x + 2| is a vertical stretch

by scale factor %
y=4]x| g

_L
773

z/

. . - 2 O x
y= 4|x| —3 is a horizontal

translation by —3

x+2‘

=Y

y =%|x+2|—lis a vertical

y translation by —1
=4fx|-3
\ I /y " ,
Y7 '5: T /=%|x+2|—1
~— 0 .

— X
_3 M

e
e

The range is f(x) > —3 The range is f(x) > —1
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1 ¢ Start with y:|x| d Start with y=|x|

¥

By

=Y

S50 .
y= | x— 1| is a horizontal y= —E|x| is a vertical stretch by

translation by +1 5
y scale factor ——
- 2
y=lx-2|
YA
X
o 5
y= —2|x —1| is a vertical stretch s | ‘
y=—"|x
by scale factor —2 2

YA
ol 1 _ y= —§|x| +4 is a horizontal
translation by —3
, y
. 4
y=—3lxl+4
o -
y=-2 |x -1 | s L '.'-1‘,'
y=—2|x—1|+6isavertical /5 x

translation by +6
A The range is f(x) < 4

7%:—2&—1“6
/—2 0 4\ %

The range is f(x) <6

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



SolutionBank

Pure Mathematics Year 2

b The region where y > p(x) is the
y= | Y+ 4| is a horizontal region which lies on and above
translation of —4 the line y =2 |x * 4| =3

2 a Start with y:|x|

Ua

Ve \ . y=2x+4/-5

by

>x
3 aq(x)=6-3x+9|=-3|x+3|+6
Start with y =|x|
y=-3 |x| is a vertical stretch
scale factor —3
y=2 |x + 4| is a vertical stretch y A

scale factor 2

4 y=2|x+4|

yd

8 X
\/ y:—3‘x‘

y= —3|x + 3| is a horizontal

=Y

translation of —3

y=2|x+4|-5is a vertical

translation of -5 A
y\/ 3
y=2|x+4|-5 ) .
7 X x
E) L3 x y:_3‘x+3‘
2 2
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3 a(continued)
y= —3|x+ 3| +6is a vertical
translation of +6

4
-

5 _\O %
/ |y =-3[x+3[+6

3 b The region where y < q(x) is the

region which lies below
the line y = —3|x+3| +6

U A
e f—

=Y

4 a Start with y:|x|

y= |x + 6| is a horizontal

SolutionBank

translation of —6

y= |x+6|

YA

y= 4|x + 6| is a vertical stretch

scale factor 4

Yy

4

=Y

y= 4|x+6|+1is a vertical

translation of +1

y=4x+6/+1
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4 b  Therangeis f(x)>1 5 a Start with y= | x|

¢ At one point of intersection: y= |x - 2| is a horizontal
translati f+2

—4(x+6)+1=—%x+1 ranslation o
YA

—4x—23=—lx+1
2

—8x—46=—x+2
48 ="Tx

48

X=——

7

At other point of intersection:

4(x+6)+1=—%x+1

4x+25=—lx+l y=—§|x—2| is a vertical stretch
2
8x+50=-x+2 scale factor _3
9x =-48 2
16
X= _? yA
So the solutions are 0 %
48 16 x
x=——and x= Y

;

y= —%|x—2|+7 is a vertical

translation of +7
]

y=—3x-2|+7

/I \"

b The range is g(x) <7
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5 ¢ Atone point of intersection:

—%(x—2)+7=x+1

—§x+12=x+1
2
—Sx+24=2x+2
22="Tx
22
xX=—
7

At other point of intersection:

%(x—2)+7=x+1

§x+2:x+1
2

S5x+4=2x+2
Ix=-2
2

X=——

3
So the solutions are

2 22
x=——and x=—
3 7

SolutionBank

6 For the equation m(x) = n(x) to have no

real roots, it must be the case that
vy =m(x) and y = n(x) do not intersect.

The least value of
y=n(x)=3]x-4]+6 is
y=6 whenx=4

Hence, we need m(4) < 6 to avoid
intersection
So—2(4)+k<6

—8+k<6

k<14
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7 For the equation s(x) = t(x) to have 8 a The range is h(x) > -7
exactly one real root, it must be the case .
that y = s(x) and y = t(x) intersect at the b h(x) is many-to-one, therefore h™'(x)

would be one-to-many, and so would

minimum point of t(x).
not be a function.

¥ ¢ At one point of intersection:
2
——(x-1)-7=-6
Y =1(x) 3 (=)
o 2x-24+21=18
i 0/ X 2x = —11
| 1 g X = —5
0N . . .
y=s(x) At other point of intersection:
The least value of g( x—1)—-7=-6
y:t(x):2|x+b|—8is 3
y=-8 whenx =-b 2x—2—§1:—18
Hence, we need s(—b) = —8 to ensure x=>5
one intersection x= 3
= -8=-10—(-b) Z
So the solutions are
b=2 1 5

x=——and x==
2 2

h(x) <—6 between the two points of
intersection, so the solution to the
inequality h(x) <—6is

1 5
——<x<=
2 2
d Since h(x)>-7 and h(1)=-7,
then for the equation h(x)= %x +k
to have no solutions, we require

2
—(1)+k<-7
3()+ <

=>k<——
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9 a We can write h as
10a The range of m(x) is m(x) <7

a+2(x+3), x<-3
h(x)=
a—2(x+3), x>-3

The line which has gradient —2 and
passes through (0,4) is y =-2x+4

So, for x> -3

2x+3)+ta=—2x+4

—2x—6+a=-2x+4
a=10

b At P, h(x) =10 (from part a)

So 10=10-2(x +3)

—2x—-6=0
x=-3
At Q,h(x)=0
So0=10-2(x+3)
4—-2x=0
x=2

P(=3,10) and O(2, 0)
¢ h(x)= %x +6
At one point of intersection:

10—2(x+3)=§x+6

4—2x=lx+6
3
12—-6x=x+18
Tx=-6
6
X=——
7

At other point of intersection:

10+2(x+3)=%x+6

16+2x:§x+6

48 +6x=x+18
5x =-30
x=-6

So the solutions are

x=-6 and x=—é
7

b m(x)= %x +2
At one point of intersection:

—4(x+3)+7=§x+2

—4x—5:§x+2
5

—20x-25=3x+10
—23x=35
35
23

X =

At other point of intersection:

4(x+3)+7:%x+2

4x+19:%x+2
20x+95=3x+10

17x =—85
x=-5
So the solutions are x =-5 and
35
23

¢ For two distinct roots, there are two
points of intersection, so m(x) < 7.
Therefore, k< 7.
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Challenge
1 a AtA:
—2(x—4)-8=x-9
-2x=x-9
-3x=-9
x=3
y=3-9=-6
At B:
2(x—4)—-8=x-9
2x—-16=x-9
x=17
y=T7—-9=-2

A3, —6) and B(7, —2)

b Taking the shaded triangle R and
enclosing it in a rectangle looks like:

B(7,-2)

| 4
4
A(3,-6) 4

R 3 ]
C(4,-8)

R=(4><6)—Gx4x4j—ex6x3j—6x2x1J

R=24-8-9-1
R = 6 units?

SolutionBank

2 At the first point of intersection:

x—=3+10="2(x—-3)+2
x+7=-2x+8

3x=1
1
x:_
3

At the other point of intersection:
“(x—=3)+10=2(x—3)+2

—x+13=2x—-4
—3x=-17
17
x=_
3

Maximum point of f(x) is

f(x) = 10 when x = 3, so at (3, 10)
Minimum point of g(x) is

g(x) =2 when x =3, so at (3, 2)

Area of a kite = % x width x height

17 1
(?‘5] (10 - 2)
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Functions and graphs Mixed exercise 2

1 a b Intersection point 4 :

2(x+1)=2—-x
2x+2=2-x
3x=0

/ x=0

y=x+1

0 x Intersection point B is on
/ the reflected part of the
modulus graph.
¥i 2(x+1)=2-x
—-2x-2=2-x
-x=4

x=-4

¥
y=2[x+1]|
o X .. .
Minimum value of y = |2x -1 1| is
11
=0atx=—
4 2
vi For two distinct solutions to
‘ 1
_ ) |2x—11|:—x—k,we must have
B y=2|x+1]| 2

lx—k>0altx=E
2 2

lx£+k>0
2 2

k> ——
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3
4 a y=|l2—5x|=5—(x—£j‘
y=|5x-2| :
Start with y =|x]|
B y= x—% is a horizontal
> translation of +£
0|2 x
5
v
yelx-
D

At 4: ’

1
~(Sx=2)=-_ x+8 - . -
—20x+8=—x+32 ’

—19x =24
24
X=—-—

19 ,

At B: y =5|x——] is a vertical stretch,
1
Sx-2= _Zx"" 8 scale factor 5

20x—8=—x+32 u
21x =40
40
=

= \ X

So the solution are ol \ x
24 40

x=——and x=—
19 21

b The graphs do not intersect, so there
are no solutions.
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5 a i One-to-many. d i Many-to-one.
ii Not a function. ii Is a function.

a

—
S

= —
-V

x value a gets mapped to two

values of y. 5 e i
x value b gets mapped to no
values.

One-to-one.
ii Not a function.
yi

b i One-to-one.
ii Is a function.

Yi —“'/

al

S x value a doesn’t ;get mapped to
any value of y. It could be

redefined as a function if the
domain is said to exclude point a.

f i One-to-one.
ii Not a function for this domain.
Y

¢ i Many-to-one.

ii Is a function. /
Vi /

17, X

x values less than a don’t get
mapped anywhere. Again, we

\ could define the domain to be
x < a and then it would be a
A function.
—u a _{

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 2

SolutionBank

a

(6. 4)

(1, -1)
Forx< 1, f(x) =—x
This is a straight line of gradient —1.

At point x =1, its y-coordinate is —1.

Forx>1, f(x)=x-2

This is a straight line of gradient +1.

At point x =1, its y-coordinate is also —1.

Hence, the graph is said to be continuous.

b There are two values x in the range

~2 < x < 6 for which f(x) = _%

Lat

Point a is where

—X=—-—= X=

Point b is where

1 1

X-2=——= x=1—
2 2

Hence, the values of x for which

f(x)=—l atrex=l amdx=1l
2 2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

7 a pq(x)=p2x+1)
=2x+1)?*+302x+1)—4
=4x*+4x+1+6x+3—4
=4x>+10x, xeR

b qq(x) =q(2x+1)
=2(2x+1)+1
=4x+3

pq(x) = qq(x) gives
4x* + 10x =4x +3
432 +6x—3=0

Using the formula:
| —6+4/6" —4x4x(-3)

X =
2x4
x_—6i\/8—4

8
x_—64_rz\/ﬁ

8
L_o3Val
4

8 a y=2x+7is astraight line with
gradient 2 and y-intercept 7

Vi gx)=2x+7

o |

0

For x > 0, the range is g(x) > 7

b The rangeis g '(x) > 0.
To find the equation of the inverse
function, you can use a flow chart.

S S T Sk

X 2x
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X 1

=1 x+1
X 1

T D=1 (x+1)
_ X 3 x—1
C(x+D(x=1) (x+D(x-1)
g _ x—(x-1)
(x+1)(x—1)
1
T (x+D)(x-1)

g (x)= and has domain x > 7 10a f(x)=

x=7
2

Vi gx)=2x+7

2

b Consider the graph of
g'(x) is the reflection of )= 1 forxeR :

g(x) in the line y = x. (x—D(x+1)

9 a To find f'(x), you can change the
subject of the formula.
2x+3
x—1
y(x—1)=2x+3

_ =y [ 1
yx—y=2x+3 (0, 1)

flx)

Lety=

=Y

»—=2x=y+3
x(y-2)=y+3
o y+3

y=2

For x>1,f(x)>0
x+3,xeR,x>2

Therefore f~'(x) =

1
b Domain f(x)= Range £ (x) ¢ gfln=g ( (- D(x+ 1))
.'.Rangef’l(x):{yeR,y>1} 2

- 1
((x—l)(x+l)]

o a=DertD)

=2(x—l)(x+1)

gf(x)=70=2(x-1)(x+1)=70
(x—D(x+1)=35

x*—1=35

x> =36

x =16

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 5



Pure Mathematics Year 2 SolutionBank

11a f(7)=4(7-2) ¢ Lety=x"+1
=4x5 (change the subject of the formula)
=20 y—l=x

A3
g(3)=3"+1 1=

z 2; + Hence g 7' (x) = Yx—1 {xeR}
h(_2)=3" d fg(x)=f(x'+1)
| = 4(x* +1-2)
32 =4(x’-1),xeR, x>-1
1 e First find gh(x) :
9 gh(x) =g(3")

This is a straight line with gradient 4

_13x
and intercept —8. =37+l
The domain tells us that x > 0, so the B
graph of y =f(x) is: gh(a) =244
3a _
Vi f(x) 3+1=244
3% =243
33(1 — 35
3a=5
5
% a= 3
f First find £™'(x)
Lety=4(x-2)
—8 (changing the subject of the formula)
The range of f(x) is Yo
f(x)eR, f(x)=>—8 4
Y
—+2=
gx)=x"+1 4 o
£ 2(x) Hence f'(x) = §+ 2
1
' (x)=—=
(x) 5
/ Xio= L
e 4 2

The range of g(x) is g(x)eR
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12a f' exists when fis one-to-one.

Now f(x) = x>+ 6x — 4
Completing the square:
fox) =(x+3)>— 13
The minimum value is
f(x)=-13 whenx+3 =0
= x=-3
Hence, f is one-to-one when x > -3
So least value of a isa = —3

b Lety={f(x)
y=x*+6x—4
y=@x+3)?-13

y+13=(x+3)
x+3=,/y+13

x=4/y+13-3

So f':x>/x+13-3

For a = 0, Range f(x)is y > -4

So Domain f'(x) is x>—4

13a f:x—>4x-1
Let y =4x—1 and change

the subject of the formula.

= y+1l=4x
:> x:y—H
4

Hence f‘I:xH%, xeR

b gf(x)=g(4x-1)
3
C2(4x-1)-1
3
 8x-3

Hence gf : x>

8x-3
gf(x) is undefined when 8x-3=0

That is, at x = %

.. Domain gf(x) = {x eR,x# %}

SolutionBank

¢ If 2f(x)=g(x)

3
2x(4x—-1)=
( ) 2x—1
8x—-2= 3
2x—1
Bx-2)2x-1)=3
16x* —12x+2=3
16x> —12x—1=0
—b++/b* —4dac
Use x =
2a
witha =16, b=-12 and c =-1.
12++/144 + 64
Thenx=———
32
_12++4/208
32
=0.826,—0.076

Values of x are —0.076 and 0.826

X
x—2
y(x=2)=x

yx—2y=x (rearrange)

14a Lety =

X—x=2y
x(y-D=2y

b The range of f'(x) is the domain
of f(x):

') eR, f'(x)=2}
1.5
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b From the diagram, you can see

14d If g(x)=f(x)+4 there are two values of x for which
3 X n(x)=50
= + 4 VA
x x-=2 )
3(x=2) = x* +4x(x—2) N 50 /
3x—6=x"+4x" —8x '
0=5x"-11x+6
0=(5x-6)(x—1)
= x= é, 1
5
15 y = 5—x is a straight line with gradient i &
—1 passing through 5 on the y axis. The negative value of x is where
y=x"is a U-shaped quadratic passing S—x=350
through (0,0) x=5-50
x=-45
4 The positive value of x is where
y=5-x y = x x* =50
x=~/50
x=52
The values of x such that n(x) =50
5 are —45 and +52
16a
X YA |
| ! y=tanx
a n(-3)=5-(-3) ! : -
=5+3 ~180  -90 90 180 %
-8 a a
n(3) =32 i i
=9
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Pure Mathematics Year 2 SolutionBank

16b y= |tan(x)| reflects the negative c
parts of tan x in the x axis. BT A(6, 3) /
W YA | ,
i | x
| '\ v=ltanx ‘ [N/
l l B(11, -3)
. : | —> d y=f(tx+2) can be written as
- - 0 ' x 2
180 90 90 180 (L (x4 4)
, y=£(zx)
¢ y=umﬂﬂﬁdkasmmmnme Horizontal stretch, scale factor 2
y-axis.
xS B[lE 3)
T ST
| |y =tanly|
| | 0 '?}
-180\ -90 O 90 80 * A[S’ -3)
| ! = f(L(x+4))
i i Horizontal translation of —4
R B[l4 3)
17 a
UL B(4.5, 4)
0 '}
44[4, -3)
Al2,-2)
18a g(x)>0
b b gf(x) = g4 - x)2
M
B(9,3 =5x"—24x +
Al4, 3) ( )
gf(x) =48
= 2 _ —
0 T 3x 2421x + 48 =48
3x*—24x=0
3x(x—8)=0

x=0orx=28
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SolutionBank

Pure Mathematics Year 2

18¢ 19b y=f(2x)
y Horizontal stretch, scale factor %
Vi
4
- ¥ = [(2x)
O| 4 x
|f(x)|=2 when |[4-x|=2,s0
4-x=2=>x=2 _
(0, a)

or —(4-x)=2=>x=6

“Y

19a
9 &9

c |2x—a| =%x
Either (2x—a)=%x
=a :%x
Given that x = 4,
_3x4

o (g 0) X p 6
2
Or
0, - a) 1
—-2x—a)=—x
( ) 5
5
=>a=—x
2
Given that x = 4,
For y=2x—al: a:SX4=10
2

Whenx =0, y=|-al|=a (0,a)
Wheny =0, 2x—a=0

(0, a)
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Pure Mathematics Year 2

SolutionBank

20 a

(0]

(0, =2a)

For y=|x-2a]:
Whenx =0, y=|-2a|=2a (0,2a)
Wheny =0, x—2a=0

= x=2a (2a,0)

VA

(0, 2a)

¢ y=—|x—24g
Reflect y =|x —2aq| in the x-axis

b |x—2a| :§x
. 1
Either (x—2a) = Ex
1
= x——x=2a
3

= gx=2a
3
= x=3a

or —(x—2a):lx
3
1
= -x+2a=—x
3

= ix:2a
3

0 2a. 0) X

(0, =2a)

y =a—|x—2a| Vertical translation by +a

For y=a—|x-2a]:

When x =0,
y=a—|-2a|
=a-2a
=—a (0,—a)
When y =0,

a—|x—2a|=0
|x—2a|=a
Eitherx—2a=a
= x=3a (3a,0)
or —(x—2a)=a
= —x+2a=a
= x=a (a,0)

AN

=7

0 (a. 0) (3a, 0)
(0, —a) /
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21a & b

(0, =2a)

Fory=2x+al:
Whenx=0, y=lal=a 0, a)

Wheny =0, 2x+a=0

- x=-2 —E,O
2 2

¢ Intersection of graphs in b

gives solutions to the equation:

|2x+a|=l
X
x|x+a|=1

x|2x+a|—1:0

The graphs intersect once only, so
x|2x + a| —1=0has only one

solution.

SolutionBank

d The intersection point is on the non-
reflected part of the modulus graph,
so here |2x— a| =2x-a

x2x+a)-1=0
2% +ax—1=0
o +a’ +8
4
As shown on the graph,
X is positive at intersection,
~a+a’+8

4

SO X =

22a f(x)=x"-7x+5Inx+8
f'(x) = 2x—7+i
X
At stationary points, f'(x) =0:

2x—7+2=0
X

2x° —7x+5=0
2x-5)(x-1)=0

x=§,x:l
2

Point4: x=1,
f(x)=1-7+5In1+8
=2
Ais (1, 2)

Point B : xzi,
2

f(x)=£—3—5+51n2+8
4 2 2

:51n§—E
2 4

B is i,Slni—2
2 2 4
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Pure Mathematics Year 2

SolutionBank

22b y=f(x-2)
Horizontal translation of + 2.
Graph looks like:

Vi

y=-3f(x-2)
Reflection in the x-axis, and

vertical stretch, scale factor 3.
Graph looks like:

Vi

C

23a

Using the transformations,
point (X, Y)
becomes (X +2,-3Y)

(1,2) > (3,-6)

Minimum

é,Slné—E -

2 2 4
g,g—ISInE
24 2

Maximum

The range of f(x) is —2 < f(x) < 18

ff(-3) = f(-2)
Using f(x) =2x + 4
f(-2)=2x(-2)+4=0

18+

W

5-35-20

H,_
=Y
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Pure Mathematics Year 2

23 d Look at each section of f(x)

separately.
S<x<L 3
Gradient =—=2=0_— 4
-3-(-5)

LX) - (-2)=—4(x-(-3)=>f(x)=—4x-14
So in this region, f(x) =2 when x=—-4

.. fg(x) =2 has a corresponding solution if
gx)=—4=g(x)+4=x"-Tx+14=0
Discriminant (-7)* —4(1)(14) =-7< 0

So no solution

18-(-2

7- ((—3)) =2
Sf0)-(2)=2(x-(-3) = f(x)=2x+4

So in this region, f(x) =2 when x = -1

—3 < x < 7: Gradient =

- fg(x) =2 has a corresponding solution if

g(x)=—-1=g(x)+1=x"-Tx+11=0

DR 400D 7245

2(1) 2

24 a The range of p(x) is p(x) < 10

b p(x) is many-to-one, therefore the
inverse is one-to-many, which is not
a function.

¢ At first point of intersection:
2x+4)+10=—4
2x+18=—4
x=-11
At the other point of intersection:
2(x+4)+10=—4
—2x+2=-4
x=3
—11<x<3

SolutionBank

d For no solutions, p(x) > 10 atx =—4

25a

So —%x+k>10 atx=-4

1
——(~4)+k >10
2( )

2+k>10
k>8

Completing the square

3x* —12x+20 =3(x* —4x)+20
=3((x-2)"-4)+20
=3(x-2)"-12+20
=3(x-2)"+8

1 1
3x° —12x+20  3(x—2)*+8
The maximum value of g(x) is ¢
(when x = 2)
As x approaches
approaches 0
Therefore the range is 0 < g(x) < ¢

g(x)=

infinity, g(x)

Challenge

a

[V

b y=(a+x)a—x)

Wheny=0,x=-aorx=a
Whenx =0, y = a*
(—a, 0), (a, 0), (0, a°)
Whenx=4,y=a>—x>
=a*-16
y=x+ta
=4+a
a@—-16=4+a
a—a—20=0
(a=5)(a+4)=0
Asa>1,a=5

and
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Sequences and series 3A

1

a

i U=5n+2
n=1- u=51)+2=7
n=2 — uz=5(2)+2=12
n=3 - uz=5@3)+2=17
n=4 —» Us=504)+2=22
iia=7andd=5
i u=9-2n
n=1— uu=9-2(1)=7
n=2 — u=9-2(2)=5
n=3 — uz=9-23)=3
n=4 —» uu=9-2(4)=1
iia=7andd=-2
iun=7+0.5n
n=1 — w=7+051)=75
n=2 - uz=7+0.5(2)=8
n=3 - uz=7+0.53)=85
n=4 - us=7+0504)=9

i a=75andd=05

iUn:n_lo

n=1 — uu=1-10=-9
n=2 — u=2-10=-8
n=3 - us=3-10=-7
n=4 — u=4-10=-6
ii a=—9andd=1

SolutionBank

557->9-511
+2 +2 +2
10thterm=5+9x2=5+18=23
nthterm=5+(n—1) x 2
=5+2n-2
=2n+3

558511514
+3 +3 +3

10thterm=5+9x3=5+27=32
nthterm=5+(n—1)x3
=5+3n-3
=3n+2

2452151815
-3 -3 -3

10th term =24 + 9 x (=3)

=24-27=-3
nthterm =24 + (n— 1) x (-3)
=24-3n+3
=27—-3n
-1-53->7->11
4 44 44

10th term =—1+9 x4
=-1+36=35

nthterm=—-1+(n—-1) x4
=—-1+4n—-4
=4n-5

X—2X—>>3Xx—4X
+X +X +X

10th term = x + 9 x x = 10x
nth term = x + (n — 1)Xx = nx

a—a+d—a+2d—a+3d
+d +d +d

10th term =a + 9d
nthterm=a+ (n—1)d
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3—>7—-11...83—->87
4 44 +4

number of jJumps = 8%_3 =21

so number of terms =21 +1 =22
5—3)8—3)11...119—3)122

number of jumps = % =39
therefore number of terms = 40

90;)88;)86 .. .16;)14

90-14 _138

number of jumps =

therefore number of terms = 39

4—>9—->14...224—229

+5 +5 +5

229-4 45

number of jumps =

therefore number of terms = 46

X—>3X—>5x...35x%

+2X +2X

35X—X

number of jumps = 17

therefore number of terms = 18

a—d>a+d—d>a+2d ...a+(n-1d

number of jumps =

a+(n-1d-a

d
_(h-Dd
d
therefore number of terms =n

n_

SolutionBank

ur =14 and us = 32

d=(32-14)+3
d=6
Un=pn +q

Uus=9,50 6p+q=9 (1)
u=11,s09p+q=11 (2)
(2) — (1) gives:

3p=2
p=2
3

Substitute p =§ in (1):

2

6| <|+q=9
@ |
q=5

Constants are p =§ andgq=5

uz=30and ug =9
d=(9-30)+6=-35
Uo=5.5,u11 =2, ui2=-15
The first negative term is —1.5

U2 = 14 and ugo = —6
d=(-6-14)+20=-1
Ui =14 —10(-1) =24

ur=5p,u2=20and uz =3p
d=20-5pandd=3p—20
20—5p=3p—20

8p =140

p=5

d=20-5x5=-5
Uo=5%5-520—-1)=-70

ur=-8, u; =k%and uz = 17k
d=k*+8andd =17k — k?
k?+8=17k — k?
2k>—17k+8=0
2k—-1)k—-8)=0

kzl ork=8
2
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Pure Mathematics Year 2 SolutionBank

10a=k% d=k,us =41
us = k? +(5-1)k =41
k> +4k —41=0
Using the formula:

_ —Ax 4 —4x (1) x(-41)

k
2x1
k:—4iJ153_0
2
k:—416J§
2
k=-2+35

Ask>0, k=-—2+35

Challenge
Un=Ina+(n-21lnb

uz =In 16 and uz = In 256
d=Inb

d= %(In 256 —In16)

Inb= %(In 256 —In16)

1 1

Inb = In256% —In16*
Inb=1In4-In2

woen(s

Inb=1In2

b=2

us=1In16
=Ina+(3—-1)In2
=Ina+In 22
Solnl6=Ina+In4=In4a
a=4,b=2
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Sequences and series 3B

1 a 3+7+11+14+...(for 20 terms)
Substitute a =3, d = 4, n =20 into

S, =%(2a+(n—l)d)=%(6+l9x4)

=10x82 =820

b 2+6+10+14+...(for 15 terms)

Substitute a =2, d =4, n= 15 into

n 15
S =—(2 ~1)d)=—(4+14x4
= 2(2a+(n-1)d) = (a+14x4)
_ 15 60=450
2

C 30+27+24+21+. .. (40 terms)
Substitute a =30,d =-3, n=40
into
S, =E(2a+(n—1)d)

2

=?(60+39x(—3))

=20x(-57)=-1140
d 5+1+-3+-7+...(14 terms)

Substitute a =5, d = —4, n = 14 into

Sn=%(2a+(n—1)d)

=%(10+13x(—4))

=7 x(—42) =-294

SolutionBank

e 5+7+9+...+75

Here,a=5,d=2and L=75.
UseL=a+ (n-1)dto find n:
75=5+(n—1)x2
70=(n—1)><2

35=n-1
n =236 (36 terms)

Substitute a=5,d =2, n =36 and
L =75 into

n 36
S, =Ma+L)=2(5+75

=18x80=1440

4+7+10+... +91
Here,a=4,d=3and L=91.
UseL=a+ (n—1)dto find n:
91=4+(n—1)><3
87:(n—1)><3
29=(n-1)

n =30 (30 terms)

Substitute a=4,d =3, L =91 and
n =30 into

n 30
S =— L)=—(4+91

=15x95=1425
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1 g 34+29+24+19+...+-111
Here,a=34,d=-5and L=-111.
UseL=a+ (n—1)d to find n:
—111=34+(n—-1)x(-5)
—145=(n—-1)x(-5)

29=(n-1)
n=30 (30terms)

Substitutea=34,d=-5,L=—-111
and n = 30 into

320(34+( 111))

n

n
S, =—(a+L
Mar)=

=15x(=77)=-1155

h X+ D) +@x+1)+GBx+1)+...+
Q1x+ 1)
Here,a=x+1,d =X and
L=21x+1.

UseL=a+ (n—1)dto find n:

21x+1=x+1+(n-1)xx
20x=(n—1)xx
20=(n-1)
n =21(21terms)

Substitutea=x+1,d=x,
L=21x+1and n=21 into

S =g(a+ L):%(x+1+21x+1)

“—x(22x+2)=21(11x+1)

=231x+21

SolutionBank

2 a 5+8+11+14+...=670

Substitute a=5,d =3, S,= 670
into

n
2(2::1+ (n-1)d)
670 == (10+ n—1)x3)

670 :5(3n +7)

1340=n(3n+7)
0=3n’+7n-1340
0=(n-20)(3n+67)
n=20 or—ﬂ
3

Number of terms is 20.
3+8+13+18+...=1575
Substitute a=3,d =5, S, = 1575
nto

2(2a+ (n-1)d)
2

1575=—(6+(n- 1><5)

1575 :E(5n+1)

3150 =n(5n+1)
0=5n>+n-3150
0=(5n+126)(n-25)

126

n=—-——,25
5

Number of terms is 25.
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2 ¢ 64+62+60+...=0

Substitute a = 64, d =—2 and
Sh =0 into

(2a+(n-1)d)
(

128+(n—1)x(-2))

n
2
n
2
0—3(130—2n)
2
0=n(65-n)
n=0 or 65
Number of terms is 65.
d 34+30+26+22+...=112
Substitute a =34, d = —4 and
Sn=112 into

n
2(2a+ (n-1) )

n
112_2(68+ 4))

112=2(72—4n)

112=n(36-2n)
2n*-36n+112=0

n*-18n+56=0
(n-4)(n-14)=0
n=4orl4

Number of terms is 4 or 14

SolutionBank

3 S=2+4+6+8+...

4

50 terms

This is an arithmetic series with
a=2,d=2andn=50.

n
Use S, =5(2a+(n—1)d)

So S = 50(4+49><2)

=25x102=2550

TH12+17+22+27+. ..
Using Snzg(2a+(n—l)d)

> 1000

1000=%(2x7+(n—1)5)

2000 = n(14+5n—5)

2000 = n(5n+9)

5n® +9n — 2000 = 0
 —9+4./9% —4x5x(~2000)

- 2x5

—9++/40081

10
n=19.12... or n=-20.92...
So 20 terms are needed.
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5 Let common difference = d.
Substitute a =4, n = 20, and
S0 =—15 into
S, =ﬂ(2a+(n ~1)d)
2

—45=%?@+{20—Ud)

~15=10(8+19d)

-1.5=8+19d
19d =-9.5
d=-0.5

The common difference is —0.5.
Use nth term = a + (n — 1)d to find

20th term =a + 19d
— 4419 x (-0.5)
=4-95=-55

20th term is —5.5.

SolutionBank

6 Let the first term be a and the common

difference d.
Sum of first three terms is 12, so

at(@+td+@+2d)=12
3a+3d=12

at+d=4 D
20th term is —32, so

a+19d=-32 2)
Equation (2) — Equation (1):

18d =36
d=-2

Substitute d = —2 into Equation (1):
a+(-2)=4
a=6

Therefore, first term is 6 and
common difference is —2.

Spo=1+2+3 +..+48+49+50 (1
Sy =50+49+488+...+3 +2+1 (2

Adding (1) and (2):
2 x S50 =50 x 51

50x51
Sso =
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8 Sumrequired =1+ 2 + 3 + ...+ 2n

Arithmetic series witha=1,d =1 and
n=2n.

n
Use Sn=5(2a+(n—1)d)

=%(2xl+(2n—1)xl)
_Zn

Z
=n(2n+1)

(2n+1)

Requiredsum =1+ 3 + 5+ 7 + ...

nterms

This is an arithmetic series with
a=1,d=2andn=n.

Use s, =2 (2a+(n-1)d)
=g(2><1+(n—1)><2)

n
=—(2+2n-2
Y(2+2n-2)

:nxz’n
Z

=nxn

:n2

10a us=233,soa+4d =233 (1)

Ujp=68,s0a+ 9d = 68(2)
(2) — (1) gives:
5d =35
d=7
a=>5
2225=-1
2
4450 = n(7n+3)
7n* +3n—-4450=0

(2x5+(n-1)7)

SolutionBank

_4+./3% _ _
10b 0o 34437 —4x 7 x(~4450)
2x7

. -3+.,/124 609
14
-3+353
n=
14
n=25or—-2542
Son=25

1la up=a+(n-1)d
303=k+1+(n—-1)k+2)
303=k+1+nk+2n—k—2
303=nk+2n—1
304 =n(k +2)
304
k+2

n:

n

(304)
b s =k—;2(k+1+303)

snzﬁ(k+3o4)
k+2

152k +46 208

Sn
k+2

152k +46 208

k+2
2568(k +2) =152k +46 208
2416k =41072
k=17

c 2568 =

12a S, =%(3+99)
= 1683

b i 4p+(n-1)4p=400

4pn = 400
100
n = —
p
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[looj Challenge
12bii S, =P Z(4p+400) Uy=1In9+(n— Din3
502 a=In9 d=In3
Sn=?(4p+400) Sn=2(21n9+(n—1)1n3)
20 000
S, =200+ =D n81-m3+nin3)
p 2
n
=E(ln27+nln3)
C Ugo=3p+2+@0—1(22p+1) n
—3p+2+158p+79 =—(In3*+In3")
— 161p + 81 ﬁ
- ln3n+3
2( )
13a up=a+(n—1)d 1w
—6+(n-1)5 =530
=6+5n-15 1
— 50+ 1 Therefore, a = 5

b up=5x10+1=51
Sloz%(6+51)

=5x57
=285

c Sk=§(2x6+(k—1)5)

k
=—(12+5k-5
2( )

K
=—(5k+7
S Ok+T)

%(5k+7)<1029

5k +7k <2058
5k? +7k —=2058 <0
(5k—98)(k+21) < 0

d Ask>0,5k—98=0,k=19.6
Sok=19
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SolutionBank

Sequences and series 3C

1 a 1525458516532
x2 x2 x2 x2 x2

Geometric, r=2

b 25558511514

+3 +3 +3 +3

Not geometric
(this is an arithmetic sequence)

¢ 40—->36—32—>28
-4 -4 -4

Not geometric (arithmetic)

d 25651854

x3 x3 x3

Geometric, r=3

e 10—>5—>2 5—)1 25

><7

2 2 2

Geometric, r =%

f 5--555-5-5
x(-1) x(-1) x(-1)

Geometric, r=-1

g 3—->3—5>3—>3->3
x1 x1 x1 x1

Geometric, r=1

4 — -1 0.25 — ~0.0625
X(‘z] X[‘Z] T

Geometric, r = —%

QD

5 —3)15 —3) 45 —3)135 —3) 405 —3)1215

b 4—>-8->16 »>-32 > 64 »>-128
x(-2) x(-2) x(-2) x(-2) x(-2)

c 60—1>30—l>15—1>7.5—1>3.75—1>1.875
XE ><E XE ><E XE
1 1 1 1 1
d Ib-—H—H>—>——
L4.,116 .1 64 .1 256 .1 1024
4 4 4 4 4
e lopop’-p’op'-p°

f
X = —2x% > 4 —> -8x* — 16x° — —32x°
x(—2X) x(—2x) x(—2x) x(—2x) x(—2x)
3 a3 x 9

. term2 term
Common ratio = € or € :_?'ﬁorg
terml term23 x

Therefore,

x | ©

(cross multiply)

x X x N owlx
Il Il Il
N
%) ﬁ?l\'
<~
w

&
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3 b Term4=term3 xr

Term 3 =9 and

_ term?2 3«/_ _

 terml

Soterm 4= 9%

a 2,6,18,54, ...
6th term =2 x 3°
=2 x 243
=486
nth term = 2 x 37!

b 100, 50, 25, 12.5, ...
1 5
6th term = lOOx(Ej

- 100x L
32
_ 2
8

l n-1
nth term = 100 x (Ej

1,-2,4,-8, ..

6th term =1 x (—2)°
=1x-32

=-32

nth term = (—2)"?

1,1.1,1.21,1.331, ...
6th term =1 x (1.1)°
=1x1.61051
=1.61051

nth term = (1.1)"*!

5 nthterm=2 x 5"

Istterm =2 x 51 =10
5th term = 2 x 5° = 6250

SolutionBank

Let the first term be a and the common

ratio=r
6th term is 32
=ar® =32
=ar’=32 1)
3rdtermis 4
ar’ =4
sar’=4 )
1) = (2):
a _32
art 4

3 — 8

=2

Common ratio is 2.

Substitute r = 2 into equation (2)
ax22=4

ax4=4

a=1

First term is 1.

First term is 4.
>a=4 @
Thirdtermisl=ar’ '=1

sar’=1 2)

Substitute a = 4 into (2)

4r? =

r2

Nl B

q
Il
I+
N |-

The sixth term =ar® ' = ar®
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7 (continued) s_ 1
p = —
1 1Y 1 ¥ 1
If r=— thensixthterm =4x| = | == 5= l
2 X(zj 3 log p° = log c
5logp=1log1—log5
> S5logp +log5=0
Ifr:—%then sixth term:4x(—%) P J
. b logp= —log5
== 5
8 —log5
p=10 °
p=0.725

Possible values for sixth term: % —%.

10a =4, us =108 = 4r3

r3=27
8 a Y U r=s3
u We want kth term > 500 000
- So 4 x 31> 500 000
X X 31> 125000
8—x 2x log 3 > log 125 000
4;)(2 = 8;@ -x (k — 1)log 3 > log 125 000
X*—4x“=0 K—1> log125 000
log3
b XZ(X—4):0 k—1>10.68
x=0or4 k>11.68
Asx>0,x=4 Sok=12
a=4,r=2
20th term = ar'® 11a=9,r=4
=4 x 219 Up=9x4" 1:383616
= 4 % 524288 4""* =42 624
(n—1) log 4 =log 42 624
c If 4096 in the sequence then, n—1= log 42 624
for some n, ar"! = 4096 log 4
4 x 2" =4096 n-1=7.69
2"1=1024 n =8.69
n—1=10 n is not an integer so 383 616 is not in
n=11 the sequence.
Yes, 4096 is in the sequence as n is an
integer. 12a=3,r=-4
3,-12,48,-192, 768, —3072, 12 288,
—49 152
9 a a=200,r=p S0 49 152 is not in the sequence, but
Us = 200p° = 40 ~49 152 is.
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13 3—4)12—4)48...

This is a geometric series with a =3
andr =4.
If a term exceeds 1 000 000 then

ar"~1> 1000000
Substitute a =3, r = 4:

3x 4" >1000000
1000000
3

l0g 4™ > log (1000000)

4"t >

3

(n—-1)log4 > log (%j

(1000000)
log —3
n-1>

log 4
n-1>9.173...

n>10.173...
Son=11

Term is 3 x 410=3145728
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Sequences and series 3D

1 a 1+2+4+8+... (8terms)
In this series a=1,r=2,n=38.

As|r|>1luse S, =M.
r-1
5 cart-1  1x(2°-1)

. —256-1=255
r-1 2-1

b 32+16+8+... (10 terms)

In this series a=32,r :%, n=10.

As |r|<1 use S, =M.
I-r
a(l-r'")
S, =1
R
32(1—(%)10)
=————/=63.938(3d.p)

=1.110

d 4-12+36-108+...(6 terms)
In this series a=4,r=-3,n=6.

Sn=a(r —1).

As |r|>1 use
r-1

SolutionBank

=-728
r—1 -3-1
1
729-243+81— ... -3
Here, a:729,r:ﬂ:_l
729 3

and the nth term is —%.

Using nth term = ar"™

n-1
L =729x (—lj
3 3

Son-1 =7
=n =8

There are 8 terms in the series.

I-r"y .
As |r|<1 use sn=a(1—r) with

a=729,r=—% and Nn=8.
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1 f a=-2.r=——n=15 S 3+.6+12+2_4+.._.1sage0metr1c
) series witha=3,r=2.
15
-2 1—[—1] a(r'-1) 3(2"-1)
2 2 So S, = = =3(2"-1)
Sis = 1 r-1 2-1
1+—
2 We want S, >1.5million
=-1.667

S, >1500000

3(2” —1) > 1500000
2 a=3,r=04,n=10

0= T 04 2" >500001
= 4.9995 ' log 2" >log 500001
nlog 2 >log 500001
3 a=5r=2.n=8 . logs00001
3 . log?2
5 1_(2) n>18.9
3
Sy = - 3 Least value of nis 19.
1=~
3
=14.4147
6 5+4.5+4.05+...1s a geometric
4  Let the common ratio be r. series witha=5and r =% =0.9.

The first three terms are 8, 8r and 8r’.
a(l-r") 5(1-0.9")

Given that the first three terms add up Using S, = =
1-r 1-0.9
to 30.5,
=50(1-0.9")
8+8r+8r’ =305 (x2)
16+16r +16r> =61 We want S, >45
16r> +16r —45=0 50(1-0.9") > 45
R 50
4 4 1-0.9">0.9
9 0.9" <0.1

Possible values of r are % and T
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SolutionBank

6 (continued)

7 aa=2ir=%,&>61

0.4
25(1 - 0.6")>24.4
1-0.6>0.976
0.6“>0.024

k 1og(0.6) > 10g(0.024)
K> log(0.024)

log(0.6)

b k>7301
k=28

8 S =M=4.48

2

1-r
a(l-r*)=4.48(1-r)
a=4.48(1;r)

1-r

_ 4
4:M=5.1968

a(l1-r*)=5.1968(1-1)

10

5.1968(1—r)
a=—"———
1-r
448(1—-r)  5.1968(1—)

1-r? 1-rt

1 116
1-r2  (1-r})1+r?)
116

(141
1+r*=1.16
r’=0.16
r=104

a=a,r=+3
a(\@w—l)

TR

_a(243-1)(V3+1)

(V3-DH3+1)

_242a(\3+1)

o 3-1

=121a(\3 +1)

First series:
a=a,r=2
a(2-1)
21
S,=15a
Second series:
a=b,r=3
b(3*-1)
A
S, =40b
15a=40b

a=§b
3
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11 a 2k+5:L
k k-6

2k + 5)(k— 6) =k’

2k + 7k —30=k?

k> + 7k —30=0

b (k+3)k—-10)=0
k=-3ork=10
Ask>0,k=10

0 _2_ 55
2
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Sequences and series 3E

1 a i r=0.1 so the series is convergent
as |r|<1.
||SOO:——1——=19
1-0.1 9

b r=2 so the series is not convergent
as |r| >1.

¢ i r=-0.5 so the series is
convergent as |r| <1.

d This is an arithmetic series and so
does not converge.

e r =1 so the series is not convergent

as |r| >1.
. 1 .
fi r=§ so the series is convergent
as |r|<1.
||Sw:—3——=2=4l
1_1 2 2
3

g This is an arithmetic series and so
does not converge.

h i r=0.9 so the series is convergent
as |r|<1.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

2 a=10, S, =30

_EL=30
1-r

10 =30(1 - r)
30r =20

r==
3

a=-5,5,=-3
=5

l-r
—5=—3(1-1)
3r=-2

2
r=-=

SolutionBank



Pure Mathematics Year 2

. 23 23 23
023...=—+ + +...
100 10000 1000000
= =
100 100

This is an infinite geometric series:

100 100
_23 10023
100 99 99

$,=9,S, =8
_a-r?)
1-r
S,=——=8 ()
1-r
8(1—r’) =9 (substituting (2) into (1))

S, =9 (1)

- =2
8

a= 8(1+%) (from (2))
a=12

8 a a=1,r=-2x

As the series is convergent,

—2x/<1

Ifx<0then2x <1, so x<%;

if X > 0 then —2x < 1, so X>—%

Hence, —l< X <l.
2 2

b

SolutionBank

1
1+2X

S

0

9 a a=2,S, =16xS,

_ 3
5, 20-r)
I-r
3
16)(2(1—!‘):L
I-r I-r
32(1-r’)=2
P13
16
r=0.9787

b us=ar’=2x0.9787° =1.875

10a a=30, S, =240

20 240
1-r

=251
4
30(1_(71 J
8
54 =—7
)
=993
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0.875" =0.25
ne log0.25
log 0.875

n=10.38
n=11

I-r
a=81-r
15
a=—

8r
15

o =81-0

15 = 64r — 64r°
64r° —64r +15=0

b (8r—3)@8r—-5)=0

3 5
r==orr==
8 8

¢ When rzg

When r ==
8

a= S(I—EJ =3
8

SolutionBank

0.,

5

8
1-0.375" = 0.99875
0.375" =0.00125
o _ log0.00125

log0.375
n=6.815
n="7

Challenge

a First series: a+ar +ar> +ar’ + ...
Second series: a2 + a’r’ + a’r* + ...
Second series has first term a° and
common ratio r* so is a geometric
series.

b For the first series: S =7
a

1-r
a=7(1-r)
For the second series: S, =35

a2

— =35
(1-r)(+r)

_ 2
M:_@,s
(1-r)1+r)

49—-49r =35+35r

14 = 84r, so r:l
6
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Sequences and series 3F

ii S =135
5
1ai Y @r+)=4+7+10+13+16
r=1
3ai 7+13+19+...+157=) (6r+1)
r=1
ii S.=50 6n+1=157
n=26
6
b i D 3r7=3+12+27+48+75+108 %
= i Y (6r+1)
ii S, =273
b i
1 2 4 64 &[1 (2)"1
5 —t—t——+...+ = —x| =
c i ) sin(90r°)=1+0+(-1)+0+1 3 1575 46875 I3 \5
r=1
L (zj 64
3 46875
i S,=1 G
5) 15625
8 r _ 10g(0.004096)
di22(—lj S S - log(0.4)
<" 3 243 729 2187 6561 g
40 oL (2)”
i =—— 11 —X| =
t6561 2[3 (SJ J
4
2ai 24446+8=) 2 ¢ i 8-1-10-19-..-127=>(17-97)
r=1
17-9n=-127
i S, =20 n=16

b i 2+6+18+54+162:i(2x3”1)

r=1

20
i S, =242 4 a > (7-2r)=5+3+1+...-33
r=l1
a=5,1=-33,n=20

20
S ="(5-33)

C 1
3 15
6+4.5+3+1.5+0-1.5= Z —rt — 280

r=1
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10
4 b Y 3x4 =12+48+192+...+3145728
r=1
a=12,r=4,n=10
12(4"° —1)
=4194300

100
¢ D (2r-8)=—6-4-2+...+192
r=1

a=-6,1=192,n=100

SolutionBank

0.09375(1-0.5")
Sog =
1-0.5
=0.1875

100

d D 1=1+1+1+...+1
i=5
a=1,1=1,n=96
S, =22(1+1)

=96

100
S0 = —(—6 + 192) These are the answers to Q6 and Q7 in the 2020
2 update to the student book. The answers to the

=9300 .. .
original questions are below.

e 1Y 7 7 7
d TN—=| =—=+———+
Z ( 3) 3 9 27

r=1

7 1
a=-——,r=——
3 3
_7
Sm=—31
1+
3
:_Z
4

S 1 1.1 1
5a ) Sr—— |2 4449t + 149

r=9

a=44l, l=149l,n=22
2 2

s, =224l 1401
2072 2

=2134

200

b > (3r+4)=304+307+310+...+604
=100
a=304, 1=604,n=101

S = %(3o4+ 604)

=45854

C
100

23 x0.5" =0.09375+0.046875+0.0234375+...

r=5

a=0.09375, r=0.5,n=96

30 30 30
6 D (r+2)=)r+y2
r=1 r=1 r=l1

30
) 30(3;)+1) 465

r=l1

30
D2 =2+4+8+...
r=l1

a=2,r=2,n=30

S - a(r" —1)
r—1
202" -1

. = 2147483646

30 30 30
So D (r+2)=)r+y2

r=1 r=l1 r=l1
=465+2147483646
=2147484111

7 i(zr—5+3r)=i(2r—5)+i3r
r=1 r=1 r=l

1ZZ:(2r—5):(—3)+(—1)+1+...+19

a=-3,d=2,n=12
S :g(2a+(n—1)d)

S, =%(2><(—3)+ (12-1)(2)) =96

12
D3 =3+9+27+...

r=l1
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a=3,r=3,n=12

n k
s —atr —11) 8 ¢ (7-2r)=—13-15—...+(7-2k)
7 — r=10
2 _ a=-13,1=7-2k
S, =—3(3 D =797160 k—9
3-1 Sy =——(-13+7-2k)
k-9
So 2

12 12 12 - —9)(—3—k)
2r-5+3")=» (2r-5 37 =96 797160=7972g%
;( r—=5+3") Z;( r )+rZ=1: + 726 o

00 1 r B
9 2200{1) =

These are the answers to Q6 and Q7 in the r=10
original version of the student book. o 1Y = Y
220(){—] - 200{_]
n r=l1 4 r=l1
6 2r=2+4+6+...+2
2.2 " a=50, r=%
a=2,1=2n .
1
Sn:£(2+2n) 50 1_(j
2 g g 4
=5 4+ 52 w P9 = -
n+n 1_1 1—1
4 4
7 =n+n’ ’
;21’ n+n 50_50[1_[1JJ
R 4
> @r=1)=1+3+5+...+(2n-1) B 3
r=l1 o
a=1,1=2n-1 4
" _200(1
Sn=5(1+2n—l) 314
=n? 25
98304

Zn:2r—zn:(2r—1):n+n2—n2 =n
r=1 r=1
k

10a > 8+3r)=11+14+17+...+(8+3k)

k
Y — Ak r=1
8 a ;4( 2) =—8+16+...+4(-2) G— 1118+ 3k n—k
a=-8r=-2 Sk:5(11+8+3k)
¢ _81-(2)") 2
g 142 %(l9+3k):377
8 k
=§((—2) ~1) 19k +3k> = 754

3k* +19k=754=0
Bk +58)(k—13)=0
k
b Z(lOO—2r):98+96+...+(100—2k)
r=1 B
a=98, [1=100-2k b Ask>0,k=13

S, =§(98+100—2k)

=99k —k*

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



SolutionBank

Pure Mathematics Year 2

10

As Z(a+(r—1)d)=i(a+(r—1)d)

k
1la Y 2x3=59046
r=1 r=1 r=11
a=6,r=3 5(2a+9d) = 2(2a+23d)
k_ =
g :6(3 1)259046 10_a+45d 4a + 46d
d=6a

k

3(3* =1)=59 046
3*=19683

klog3 =1og19 683
;. log19683

log3
b k=9
13 13 9
D 2x3 =)"2x3" =) 2x3¥
r=10 r=1 r=1

13
_86° 7D 59046

=4782966 — 59 046
=4723920

12a r=3x

As the series is convergent, 3x| <1

|x|<§

2

b § = L =
1-3x
1=2(1-3x)
6x=1
1
xX=—
6

Challenge

10

D (a+(r=Dd)=a+(a+d)+...+(a+9d)

r=1
= %(a+a+9d)
= 5(2a+9d)
14
Y (a+(r=Nd)=(a+10d)+...+(a+13d)
r=11

%(a+10d +a+13d)

= 2(2a+23d)
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Sequences and series 3G

u
e un+1=?“,ulzlo
1 a U+1=up+3,ur=1

n=1 = u,=u+3=1+3=4 2 52
N=2 = U;=U,+3=4+3=7 n=2 = u3:%=§=2.5
n=3 = U,=U,+3=7+3=10

n=3 = u4=“—23=%=1.25

Termsare 1, 4, 7, 10, ...
Terms are 10, 5, 2.5, 1.25, ...

b uU+1=un—5u1=9

f o Us1=(Un)?—1,u1=2

n=1 = u,=u-5=9-5=4
=2 = U;=U,-5=4-5=-1 n=1 = u,=(uy) -1=2"-1=4-1=3
n=3 = U=U,-5=-1-5=-6 n=2 = u=(u,) -1=3-1=9-1=8
Terms are 9, 4, —1, -6, ... n=3 = u4=(U3)2—1=82—1=64—1=63
Termsare 2, 3, 8, 63, ...
C Un+1=2Un U1 =3
n=1 = u,=2u,=2x3=6 2 a 3-55-57-9...
n=2 = u,=2u,=2x6=12 o
n=3 = u,=2u,=2x12=24 Un+1=Un+2,u1=3
Terms are 3, 6, 12, 24, ...
b 20:)17;)14;)11...
d Un+1=2un+1,u1=2 Un+1=Un—3, U1 =20
n=1 = u,=2u+1=2x2+1=5
n=2 = U;=2U,+1=2x5+1=11
N=3 = u,=2u,+1=2x11+1=23 C 1222428
Terms are 2, 5, 11, 23, ... Un+1=2 X Un, U =1

d 100—->25—>6.25—1.5625...
+4 +4 +4

u =%”, u, =100

n+1
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2

e

1--1->1—>-1...
x(-)  x(-1) x(-1)

Uh+1=(—1)xUnUu1=1

35>7—->15-531...

x2+1  x2+1 x2+1

Un+1=2Un+1,u1=3

0>152—>5->26...
0?41 141 2241 5%41

Un+1:(Un)2+1, ur=0

26 >14 ->8 —>5—>35...

+2+2 +2+2  +2+2  +2+2

Uh=2n-—1.
Substituting n =1, 2, 3 and 4 gives

Uu=1->u,=3->U,=5->u,=7
+2 +2 +2

Recurrence formula is
Upn+1=Un+2, U1 =1.

Un = 3n + 2. Substitutingn =1, 2, 3 and
4 gives

u1=5;>u2 =8—->U,=11—>u,=14

Recurrence formula is
Un+1=Un+ 3, U1 =5.

C Un=n+2. Substitutingn=1,2,3and 4
gives

uy=3—->U,=4—>U,=5—>Uu,=6
+1 +1 +1

Recurrence formula is
Up+1=Un+1,u1=3.

d u, =nT+1. Substituting n =1, 2, 3 and
4 gives
3 5
u1=1+—;>u2 =§:>u3:2:>u4=§

Recurrence formula is

1 -
un+1=un+§,u1—1.

e Uun=n? Substitutingn =1, 2, 3and 4:

u=1->u,=4—->u,=9->u,=16
+3 +5 +7

Differences are
2x1+1,2x2+1,2x3+1

Uh+1=Un+2n+1, u=1.

f Un:3n_1
uu=3t-1=2
up=32-1=38
us=3-1=26
us=3*-1=80

Uh+1=3Un+2,U1 =2

a Un+1:kUn+2,
u=3
uz =kus + 2
=3k+2

b us=kuy+2
=k(Bk +2) +2
=3k®+ 2k +2
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4 ¢ uz=42,503k*+2k+2 =142
3k2+2k—40=0
(k+4)(3k— 10) =0

Sok=—4or k=?

5 Un+1=pun+q
up=2
Uz=2p+q=-1,soq=-2p—1
Us=p@p+0q)+q=2p°+pg+q=11
2p?+p(-2p—-1)—2p—-1=11
2p?—2p*—p-2p—-1=11

—3p=12

p=—4
q=—"2(-4)—-1=7
p=—4andq=7

6 a Xn+1=Xn(p— 3Xn)
X1=2
X2=2(p—3%x2)=2p—12
x3=(2p—12)(p — 3(2p — 12))
=(2p — 12)(-5p + 36)
=—10p? + 132p — 432

b —10p? + 132p — 432 = 288
—10p?+132p— 144=0

5p? — 66p + 72 =0
Gp-6)(p—12)=0

6
=—orp=12
p 5 Y
As pis an integer, p = 12

C xs=-288(12 — 3(-288)) = —252 288

7 a ai=k
a>=4k+5
az=4(4k +5) +5=16k + 25

b as=4(16k + 25) + 5 =64k + 105
4
D a, =k+4k+5+16k + 25+ 64k +105

r=1

= 85k + 135
= 5(17k + 27)

4
Therefore, > a, isamultiple of 5.

r=1
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Sequences and series 3H

1

a

The sequence is increasing.

The sequence is decreasing.
The sequence is increasing.

The sequence is periodic.

Order 2

Uno=20-3n
up=20-3(1)=17
u=20—-32)=14
us=20-33)=11
us=20-34)=8
us=20-3(5)=5

ii The sequence is decreasing.

b i

uy=2"""
U1=21_1=l
u=2*""'=2
u=2"""=4
u=2*"1=8
us=2>"1=16

ii The sequence is increasing.

U, = cos(180n°)

u; = cos(180(1)°)=-1
U, =cos(180(2)°) =1
us = cos(180(3)°) =—1
Us = cos(180(4)°) =1
Us = cos(180(5)°) =-1

ii The sequence is periodic.

iii Order 2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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i U =CD"
u=(1'=-1
U =(-1)*=
us=(-1)° =1

Uy =(-1)"=

Us = (-1’ =1

ii The sequence is periodic.

iii Order 2

i U+1=Up—5
u; =20
u=20-5=15
u=15-5=10
u=10-5=5
Uus=5-5=0

ii The sequence is decreasing.

I Up1=5-Uuy
u; =20
Uu=5-20=-15
U3=5+15=20
Uu=5-20=-15
Us=5-5=20

ii The sequence is periodic.

iii Order 2
2
I U, =5u,
3
U1:k
2k
u, :?
2[2k 4k
u3:— _ | = —
303 9
2(4k] 8k
u4:— —_— | = —
309 27
2(8k] 16k
u5:— _— = —
3\27 81
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2gii  The sequence is dependent on the value Challenge
of k.
a Cl+u,
n+2 un
3 un+1 = kun
S u =a
u, =
1 ) u, = b
U, =3 1+b
u, = 5k* b=
If k > 1 the sequence is increasing. 1+b
If k < 0 the sequence is periodic. u = I+ a _a+b+l
If 0 <k <1 the sequence is decreasing. ‘7 b ab
| a+b+1
4 u ., =pu,+10 U = + ab _ab+a+b+l
u =5 ’ 1+b b(1+b)
u,=5p+10 a
U, = p(5p+10)+10 =a(b;11);b+1=a;1
As the sequence is periodic with order 2, a(_’_-li_ )
5p+10)+10=5 o
p(zp 0) o U _1+ b _a+b+1x ab _a
Sp+10p+5= ‘" a+b+1"  p at+b+1
p’+2p+1=0 ab
(p+17°=0 I+a b
p=—1 u7:—a+1:(l+a)>< +1:b
. b
5 a a,=cos(90n°) Therefore, the sequence is periodic and
a, =co0s(90(1)°) =0 order 5

a, =cos(90(2)°) =-1

a, = c0s(90(3)°) =0 b Whena=2andb=9

u, =2
a, =cos(90(4)°) =1 L -9
a, =¢0s(90(5)°) =0 2 4o
a, =c0s(90(6)°) =1 u3=T=5
Order 4 24+49+1 2
u, = ==
2x9 3
S 2+1 1
b >a =111(0-1+0+1)=0 U ==5==3

r=1
5

Du, _24945+241 17
= 33

5 10 15
Series is periodic so Zur =Zur = Zur

r=1 r=6 r=11

and so on.
100 5

C SoY u, =20xY u, =20x17=340

r=1 r=l1
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Sequences and series 3l

1 a Initial amount = £4000
(start of month 1)

Start of month 2 = £(4000 + 200)

Start of month 3 = £(4000 + 200 + 200)
= £(4000 + 2 x 200)

Start of month 10 = £(4000 + 9 x200)
— £(4000 + 1800)
= £5800

b Start of mth month
= £(4000 + (m — 1) x 200)
— £(4000 + 2007 — 200)
= £(3800 + 200m)

2

20000 + 20500 + 21000 + 21500+...

T T T T

Year1 —» Year2 — Year3 — Year4
Ist 2nd 3rd
increment increment increment

Carol will reach her maximum salary after

25000-20000
500

=10 increments

This will be after 11 years.

a Total amount after 10 years
=20000 + 20500 + 21000 + ...

This is an arithmetic series with
a=20000, d=500and n = 10. Use

S, =§(2a+(n—1)d).

:§(4000O+9><500)

=5x%x44500
=£222500

From year 11 to year 15 she will
continue to earn £25 000.

Total in this time =5 x 25 000
=£125000.

Total amount in the first 15 years is
£222 500 + £125 000 = £347 500

It is unlikely her salary will rise by the
same amount each year.

Amount saved by James

=1+2+3+...+42

This is an arithmetic series with a =1,
d=1,n=42and L =42.

n
Use S, = E(G +L)

42
=22(1+42
2(+02)

=21x43
=903p
=£9.03

To save £100 we need

1+2+3+...=10000
%V—J

Sumtonterms
g(2x1+(n—1)><1)=10 000

g(n+l)=10 000

n(n+1)=20000
n* +n—20000=0

—14(1)" —4x1x(~20000)
2
n=140.9 or —141.9

n=

It takes James 141 days to save £100.
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4 A growth of 10% a year gives a
multiplication factor of 1.1.

a After 1 year number is 200 x 1.1 =220

b After 2 years number is 200 x 1.1 =242

c After 3 years number is

200 x 1.1° =266.2 = 266
(to nearest whole number)

d After 10 years number is

200 x 1.1'°=518.748... = 519
(to nearest whole number)

5 Let maximum speed in bottom gear
be akmh™

This gives maximum speeds in each
successive gear of ar, arz, arS,Where r is the
common ratio.

We are given

a=40 1)
ar’ =120 2)
Substitute (1) into (2):

40r°* =120 (+40)
r =3
r=33
r=1442...(3dp.

Maximum speed in 2nd gear is
ar=40x 1.442...=57.7kmh"'

Maximum speed in 3rd gear is
ar’ =40 x (1.442...)> =832kmh™’

6 a r=0.85
ax0.85°=11054.25
a=£18000

b 18000x0.85" > 5000

0.85" >i
18

lo (Sj
g 13
>

log(0.85)
n>17.88

a Total commission

=10+ 20 + 30 + ... + 520

Arithmetic series with a = 10, d = 10,
n =52.

:%(2x10+(52—1)><10) using

5,=5(2a+(n-1)d)

26(20+51x10)
26(20+510)
26x530
£13780

b Commission = policies for year 1 +
policies for 2nd week of year 2
=520+22=£542

¢ Total commission for year 2

= Commission for year 1 policies +
Commission for year 2 policies

=520x52+(11+22+33+...52x11)

UseSn=g=(2a+(n—1)d)

withn=52, a=11, d =11

=27040+%(2><11+(52—1)x11)

=27040+26x(22+51x11)
=27040+£15158
=£42198
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8 a Costofdrilling to 500 m

= 500 + 640 + 780 +
T T T

Ist 2nd 3rd

50m 50m 50m

There would be 10 terms because there
are 10 lots of 50 m in 500 m.

Arithmetic series with a = 500, d = 140
and n = 10.

Using S, =g(2a+(n—l)d)

120(2><500+(10 1)x140)

= 5(1000+9x140)
= 5%2260
= £11300

This time we are given S = 76 000. The
first term will still be 500 and d remains
140.

Use S :§(2a+(n—1)d)with
S=76000, a=500, d= 140, and solve

for n.

76000—2(2><500+ n—1)x140)
(

76000—Z 1000+140(n-1))

76000 =1n(500+70(n—1))
76000 = 1(500+70n—70)
76000 = n(70n +430n) (multiply out)
76000 = 701" +430n (+10)

7600 = 7n* +43n

0="7n"+43n-7600

43+ ,J(43)" —4x7x(~7600)
2x7
n=30.02, (~36.16)

n=

Only accept the positive answer, so there
are 30 terms (to the nearest term).

SolutionBank

So the greatest depth that can be drilled
is 30 x 50 = 1500 m (to the nearest
50 m).

Ist year = 500
2nd year = 550 =500+ 1 x 50
3rd year = 600 = 500 + 2 x 50

40th year = 500 + 39 x 50 = £2450
Total amount paid in

= £500 + £550 + £600 + ... + £2450

This is an arithmetic series with a = 500,
d =50, L =2450 and n = 40.

S, =5(a+L)

Su 420(500+2450)
= 20%2950
= £59000

Brian’s amount

= 890 + (890+d) + (890+2d) +

40 years

Use 8, =7 (2a-+(n=1)d) withn =40,

a =890 and d.
S =ﬂ(2x890+(40—1)d)
=20(1780+39d)

Use the fact that
Brian’s saving = Anne’s savings

20(1780+39d)=59000 (+20)
1780+39d =2950 (~1780)
39d=1170  (=39)

d=30
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10 If the number of people infected increases

11

12

by 4% the multiplication factor is 1.04.

After n days 100 x (1.04)" people will be
infected.

If 1000 people are infected

100x(1.04)" =1000
(1.04)" =10
log(1.04)" =log 10
nlog(1.04)=1

I
" log(1.04)
n=58.708 ...

It would take 59 days.

If the increase is 3.5% per annum the
multiplication factor is 1.035.

Therefore after n years I will have
£4 x (1.035)".

If the money is doubled it will equal 24,
therefore

24

Ax(1.035)"
(1.035)" =2
log(1.035)" =log2
n log(1.035) =log?2

log?2

n=——5°__=20.14879...
log (1.035)

My money will double after 20.15 years.

The reduction is 6% which gives a
multiplication factor of 0.94.

Let the number of fish now be F.
After n years there will be F x (0.94)".

When their number is halved the number

will be lF.
2

Set these equal to each other:

Fx(0.94)" =—F

= N

(0.94)" =

1

log (0.94)" = 1og(5j

1

nlog(0.94) = log(Ej

1
log| =
_ Og(zj
log(0.94)
n=112

The fish stocks will halve in 11.2 years.

13 No.grains=1+ 2 + 4 + 8 + ...

64 terms

This is a geometric series witha =1, r=2
and n = 64.

a(r" —1)
r=1
-y

Number of grains = 1 -

As|r|>1use §, =

=1.84x10"

14 a

10m

Tm
49m

SN
x0.7 x0.7

After the 1st bounce it bounces to 7 cm

After the 2nd bounce it bounces to 4.9 cm
(x0.7)

After the 3rd bounce it bounces to 3.43 cm
(x0.7)

After the 4th bounce it bounces to 2.401 cm
(x0.7)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4



Pure Mathematics Year 2

SolutionBank

14 b Total distance travelled

=10 +7+ 7 +49+49 +...
—~ - ——

Ist 2nd 3rd
bounce bounce bounce

=2x(10+7 +49 +..)-10

6 terms
a=10,r=0.7, n=6

A6
=2X10(1 0.7 )_10

1-0.7
=48.8234m

15a a=10,r=1.1
S, =M=IOOO
1.1-1
1.1"-1=10
1.1"=11
. logl1

B logl.1
=25.16
So 26 days

b On the 25th day:
ar’* =10 x 1.1** = 98.5 miles
16  Jan. Ist, year 1 = £500
Dec. 31st, year 1 =500 x 1.035
Jan. 1st, year 2 =500 % 1.035 + 500
Dec. 31st, year 2

= (500 x 1.035 + 500) x 1.035
=500 x 1.035% + 500 x 1.035

Dec. 31st, year n

=500 x 1.035"+ ...+ 500 x 1.035"
+ 500 x 1.035

- 500x(1.035" +..+1.035 +1.035)

A geometric series with a = 1.035,
r=1.035 and n.

Use S, =M.
r—1

1.035(1.035" —1)

Dec. 31st year n=500x
1.035-1

Set this equal to £20 000.

1.035(1.035" —1)
1.035-1

20000 =500 x

20000 (1.035-1)
~ 500x1.035

(1.035" —1)

1.035" -1 = 1.3526570. . .
1.035" =2.3526570. . .
log (1.035") =log 2.3526570. . .
n log (1.035) = log 2.3526570. . .

| _ 10g2.3526570...
log1.035

n=24.9 years (3 s.f.)

It takes Alan 25 years to save £20 000.
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Sequences and series Mixed exercise 3

1 a Leta=firsttermand r = common ratio.
rdterm=27=ar’=27 (1)
6thterm=8 = ar> =8 2)

Equation (2) + Equation (1):

The common ratio is %

b Substitute r :g back into Equation (1):

27x9
a=
4
a=60.75

The first term is 60.75.

¢ Sumto infinity:i
1-r

L5 RS 0TS gy

Wk

Sum to infinity is 182.25.

d Sum to ten terms

a(l—r“’)
1-r

im0l Reawo)
)

=179.0895...

Difference between Sig and S, = 182.25
—179.0895=3.16 (3 s.f.)

2nd term is 80 = ar’ "' = 80
ar =80 (@)

5th term is 5.12 = ar’ 1 =5.12
ar*=512 (2

Equation (2) + Equation (1):

art 512

ar 80
r =o.064(%/_)

r=04

Hence common ratio = 0.4.

Substitute r = 0.4 into Equation (1):

ax0.4=80(=0.4)
a = 200

The first term in the series is 200.

S, = a _ 200 =200=3331
1-r 1-04 0.6 3
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N 15
2 d Sumtonterms:a(l ) iu :76x5x[1_[fj j
1-r el 5
Al =366.63=367 (to3s.f.)
So s, =2000=047) _ 533 3304385
(1-0.4)
Required difference
1 d s =2 -7 75 s6.5_380
S, S, =333.3324385 333 l1-r 4 4 1
5
=0.0008947 =8.95x10(3s.f)
Sum to infinity is 380.
3 a u, = 95(£j 21\"
5 4 a u = 3(-} -1
3
4 1
Replace nwith 1 = u, = QS(EJ =76 Replace n with 1 =

1
u1=3x(§j ~1=2-1=1

2
Replace n with 2 = u, =95(EJ =60.8
5 Replace n with 2 =
2
u, =3><(EJ —1=3><£—1=1
3 9 3

b Replace n with 21 =

4\ Replace n with 3 =
u21=95[§j =0.876 (3s.f.) Y3 8 1
U, =3x| = | -1=83x—-1=-=
3 X(sj 27 9

15 4 15
c D, :76+60.8+...+95(§j

n=1

15terms

A geometric series witha =76, r = %

Use S, = ad-r’)
1-r
15 15
76[1—(4j J 76{1—(4J J
15 5
un = =

=" I

5 5

(+%is equivalent tOXSJ
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{3@3_1}...{3@“_1]
:3{;}3@2+3x@3+...+3x(3

ageometricserieswith 15 terms

—1-1-1-...-1
15times

where a=3x§:2 and rzg

5 a Leta =firstterm and r = the common

ratio of the series.

We are given

3rd term = 6.4 = ar’ = 6.4
4thterm =5.12 = ar® =5.12
Equation (2) + Equation (1):

ar’ 512

ar’ 64
r=0.8

The common ratio is 0.8.

SolutionBank

b Substitute r = 0.8 into Equation (1):

ax0.8°= 6.4
6.4

a=—

0.8

a= 10

The first term is 10.

c UseS, =% witha=10and r =0.8.

s _ 10 10 o
1-08 0.2

Sum to infinity is 50.

4 s _a(@-r*) 10(1-0.8%)
2 1-r 1-0.8
=49.8111...

Sw =S5 =50 —-49.8111. ..

=0.189 (3s.f.)

6 a u,=20000x0.85"=£8874.11

b 20000x0.85" <4000

0.85" <0.2

S log0.2

log0.85
n>9.9

So the value will be less than £4000 after
9.9 years.
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P(29+2) _ p(29-1)
pBa+1) p(2q+2)
(29+2)* =(29-1)(3q+1)
49° +8q+4=60°-q-1
29> -99—5=0
(d-5)(29+1) =0

1
—5o0rq=-=
q 9=-3

b q=5,S,=896,a=16p,r=0.75

16p
1-0.75
p=14
a=224
 224(1-0.75%)
¥ 1-0.75
= 867.62

=896

8 a S=a+(@+d)+(a+2d)+...

+(a+ (n—2)d) + (a+(n—1)d)
Turning series around:

S=(@+ (- 1)d + @+ (n— 2))
+...(a+d)+a

Adding the two sums:

25=(R2a+ (n—1)d) + (2a + (n — 1)d)
+...(a+(n—1d)+(2a+(n—1)d)

There are n lots of (2a + (n — 1)d):
2S=nx(2a+ (n—1)d)

n
(+2): S:§(2a+(n—1)d)

b The first 100 natural numbers are 1, 2, 3,
... 100.

We need to find
S=1+2+3+...99+100.

This series is arithmetic witha =1, d =
1, n=100.

Using S :g(2a+(n—l)d) with
a=1,d=1andn =100 gives

n_lix/1—4><2><—2000

SolutionBank

S =%(2x1+(100—1)x1)

:%(uggxl)

=50x101=5050

3 (4r—3) = (4x1-3)+(4x2-3)

r=1

+(4x3-3)+...+(4xn-3)

=1+5+9+...+(4n-3)

Arithmetic series witha =1, d = 4.

Using S, :g(2a+(n—1)d) witha = 1,
d =4 gives

S, = 2(2xL+(n-1)x4)= 2 (2+4n-4)
=2(4n—2)
=n(2n-1)
Solve S, = 2000:
n(2n—1)=2000
2n? —n = 2000

2n>—n—2000=0

=31.870r-31.37
2x2

n must be positive, so n = 31.87.

If the sum has to be greater than 2000
then n = 32.
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10 a Leta = first term and d = common
difference.

Sum of the first two terms = 47
>a+a+d=47
=>2a+d=47

30th term = —62

Usingnthterm=a+ (n—1)d
=>a+29d=-62

(Note: a + 12d is a common error here)

Our two simultaneous equations are
2a +d =47 Q)
a+29d=-62 (2)
2a+58d=-124 (3) ((2) x 2)
57d=-171 ((3) - (1))
d=-3 (+57)

Substitute d = =3 into (1):
2a—3=47=2a=50=>a=25

Therefore, first term = 25 and common
difference = —3.

. n
b using S, :§(2a+(n—1)d)

Seo =6—20(2a+(60—1)d)=3o(2a+59d)

Substituting a = 25, d = -3 gives
Se0 = 30(2 x 25 + 59 x (—3))
=30(50 — 177) =30 x (—127)

=—3810
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11 a Sum of integers divisible by 3 which lie
between 1 and 400

=3+6+9+12+...+399

This is an arithmetic series with a = 3,
d=3and L =399.

Using L=a+(n-1)d
399=3+(n—1)x3
399=3+3n-3
399=23n

n=133

Therefore, there are 133 of these integers
up to 400.

S, = g(a+ L) =%(3+399)

=%x402=26 733

11 b Sum of integers not divisible by 3
=1+2+4+5+7+8+10+...+400

=(1+2+3+4+...+4399+400)
Arithmetic series with a=1, L=400,n=400

-(B3+6+9+...4+399)

Frompart a, this equals 26 733

S, = 4—(2)0 (1+400)
— 200401
=80 200

So sum of integers not divisible by 3
= 80200 — 26 733
=53 467
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12 Let the shortest side be x. 15 a Usenthterm=a+ (n—1)d:
10
Sip =~ (X+2%) =675 Sth term is 14 = a + 4d = 14
5(3x) =675 Use 1st term = a, 2nd term = a + d, 3rd
15x =675 term = a + 2d:
x=45 .
Length of shortest side is 45 cm. sum of first three terms = -3
13 = at+tat+td+a+2d=-3

Sum=4+ 8 +12 +...+ 8n = 3a+3d=-3 (+3)

0 T T 0
Ist 2nd 3rd 2nth

= a+d=-1

Our simultaneous equations are
This is an arithmetic series with a = 4,
d=4andn=2n. a+4d=14 (1)

Using Sn:E 2a+(n-1d): a+d=-1 2
" 2a (n-1)
(1)—(2):3d=15 (+3)

82n:§(2x4+(2n—1)x4) d=5
=n(8+8n-4) Common difference =5
=n(8n+4) Substitute d = 5 back into (2):
=nx4(2n+1)
= 4n(2n+1) ats5=-1

14 a Replacing n with 1 = U, = ku; — 4 a=-6

Fi =—
Uuu=2=u,=2k—4 st term 6

Replacing n with 2 = us = ku, — 4 b nth term must be greater than 282

Up=2k—4=>u3=k(2k—4)-4 = a+(n—-1)d>282

J— + J—
= U3 = 2K — 4k — 4 = T6+5(n-1)>282 (+6)

b  Substitute uz = 26 = 5(n—1)>288 (+5)
= 2k —4k—4=26 = (n-1)>576 (+1)
= n>58.6

= 2k-4k-30=0 (+2)
- K-2k-15=0 (factorise) - least value of n =59
= (k=5)k+3)=0

=> k=5,-3
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16 a Weknownthterm=a+ (n—1)d c If the 7th term is 12, then
4th term is 3k a+6d=12
= a+(4-1d=3k Substitute values of a and d:
+3d =3k -
= a —8k+9+6><(11kng=12
n
We knoan:E(2a+(n—1)d) —8k+9+2(11k—9)=12
-8k +9+22k -18=12
Sum to 6 terms is 7k + 9, therefore 14k —9 =12
6 14k =21
E(2a+(6—1)d)=7k+9 2
14
3(2a+5d)=7k +9 =15
6a+15d =7k +9 d Calculate values of a and d first;
The simultaneous equations are a=9-8=9-8x15=9-12=-3
a+3d =3k (1) g_1k-9_11x15-9 165-9 7.5
6a+15d=7k+9 (2 3 3 3 3
=25
(1) x 5: 5a + 15d = 15k (3) 20
2)-(3):1la=-8k+9 S = (22+(20-1)d)
=10(2a+1
> a=9-sk 0(2a+190)
=10(2x(-3)+19x2.5)
First term is 9 — 8k. _10(~6+475)
=10x41.5
b Substituting this in (1) gives =415
9-8k +3d =3k Sum to 20 terms is 415.
3d =11k -9
d- 11k3—9 17a a =

Common difference is L

1k -9

So the sequence is periodic with order 2.
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SolutionBank

1000
17b Y a, =—1ooo(p+1]
= 2 p

=500(p+£j
p

18a a =k
a,=2k+6
a,=2(2k+6)+6=4k +18
As the sequence is increasing:
& <a <@
k<2k+6<4k+18
k>-6

b a,=2(4k+18)+6=8k+42

4
C Y a =k+2k+6+4k+18+8k +42

r=1

=15k + 66
=3(5k + 22)

4
Therefore, > a, is divisible by 3.
r=1

19a a=130, S, =650
@=650
1-r
130 =650 - 650r
—520 = —650r
4
r=—
5

A6 7
b u,—u;=ar’—ar

6 7
zlgo(ﬁj _1so(ﬂj
5 5
- 6.82
_ 130(1-0.8")

1-08
=513.69 (2 d.p.)

c S,

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

4 1300-08")
1-0.8
130(1-0.8")

> 600

> 600

1-0.8" > 12
13

0.8" < i
13

nlog0.8 < —-log13
. —log13
log0.8

20a a=25000,r=1.02
ar’> = 25000 x 1.02?
= 26010

b 25000 x 1.02" > 50 000
1.02">2
nlog 1.02 > log 2
S log2
log1.02

c n>35.003
Initial year was 2012, and n is an integer,
so 2048.

_ 25000(1.02° -1) _

1.02-1
=214574

d s, 214574.22

e People may visit the doctor more frequently
than once a year, some may not visit at all.
It depends on their state of health.

2la 3,5,7,...
nthterm=3+(n—-1)2)=2n+1

b 2k+1=301
k=150

cis, =%(2x3+(q—1)2)= P

a@+2)=p
q°+2q=p
q°+2q-p=0



Pure Mathematics Year 2

21cii p>1520
q°+2q9=p
q° +2q >1520
q°+29q-1520>0
q°+2q-1520=0
(4-38)(q+40) =0
g=38o0r—40
As 0°+209-1520>0, q > 38
minimum numbers of rows is 39.

22a ar=-3, S_=6.75

6.75r —6.75r>+3=0
27r> —=27r-12=0

b 9r’-9r—-4=0
Br-4)@r+1)=0

4 1
r=—orr=—=
3 3
As the series is convergent, |r| <1 so
1
r=—=
3

22¢ ar=-3soa=9

SolutionBank

Challenge

un+2 = 5un+1 - 6un
=5[p(3™*) +q(2"*)]-6[p(3") +a(2")]

1 n+2 1 n+2
el
1 ’ n+2 1 ? n+2
—6(p(§j @3 )+Q(Ej (2 )J
5 6 n+2 5 6 n+2
=(§ p—§ pj(3 )J{Eq—ZqJ(Z )
— p(3n+2)+q(2n+2)

b u =5=p@3)+q(2")
u, =12 = p(3*) +q(2°)
5=3p+2q
12=9p+4q

Solving simultaneously:

10=6p+4q Q)
12=9p+4q 2

(2) - (D)
2=3p

)2
3

2q=5-2=3

=3

Therefore, u, = [EJB” +(§j 2"
3 2

C uloo — (%j 3100 + (g) 2100

= 3.436 x 10"
So it contains 48 digits.
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Binomial expansion 4A

1ai (1+ x)_4=l+(—4)x+(_4)(_5) x2+(_4)(_5)(_6) X +...
2! 3!
=1—4x+10x> =20 +...

i [x|<1

b i (14+x)" =1+(-6)x+ O, LOCDED) s,
2! 3!

=1-6X+21x* =56X> +...

i [x|<1

x>+ X +..
2! 31
) G
—1+[ jx+ 2 2 X+ 2 2 2 X +..
2 6
IS TE VR SN
16
i [x]<1
s GG GG
di (1+x)3=1+(—jx+ x>+ X +..
3 21! 3!

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1
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i [x|<1

2 ai (143x)° =1+(- _3)3x)+ D 3)( 4)(3x) M@x) +.

=1+(- 3)(3x)+( 3)( 4)9 2 ( 3X 64)( 5)27x +.
=1-9Xx+54x%’ —270x +...
i [3x]<1

x| <
3

o1 (1vhe] o[ ) RO oD L)
2 2! 2 3! 2

(e 5)( ] (5)2( 6)‘1‘ : (—5)(—66)(—7) % ot

EONIEIVE SIS B
2 4 8

x| <2
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=1+3x—§x2+ix3+...
2 8 16

i [2x]<1

81
i |-5x<1

X<
5

8]
|
—_
N
~~
o))
<
N
LS}
+
|
(SSHRN)
N—
|
W N
|
—_
~
|
)
|
N—
~
o))
<
N’
"

e i (1+6x)§:1+(_§j(6x)+%
I ) ) .

=1—4x+20x2—3§—0x3+...

i [ox|<1

X<+
6
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3ai — ~=(1+x)" =1+(—2)x+(_2)(_3) 2 2 s
(1+ x) 2! 3!
=1-2X+3x* —4x +...
i [x<1
b i —(1+13x) =(1+3x)" = 1+(—4)(3x)+—(_4;(!_5) (3x)* +—(_4)(_3?)(_6) (3X)’ +...

=1+(-4)(3x)+ (_4)2(_5) 9%’ + (_4)(_65)(_6) 27% +...
=1-12X+90x* —540%> +...
i [3x<1

x| <
3

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4
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oy g Gl
gy B
o

L

6

X

315

4 20 320 ,
=14+ =X+—X"+—X +...
81
i |24 <1
1

<1
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4 11—+2Xx = (1 + X)(l — 2X)_1 Expand (1 — 2X)71 using binomial expansion
=(1+X)(1+(—1)(—2x)+(_1)(_22)!(_2)() +(—1)(—2)g—!3)(—2x) +J

=1+ X)(1+2X+4x> +8X +..) Multiply out
=14+2X+4X7 +8X +...+ X+2X* +4x° +8x* +... Add like terms
=143X+6X>+12x* +...

b (1-2x)" is only valid when |-2x|<1= x| <%

1
So expansion of 2% is only valid when |X| < 5

GG, GG,

5 a f(x)=(1+3x);=1+(%j(3x)+

2! 3!
25, G
:1+(lj(3x)+u9x2+ LVANEYINEYE TN I
2 2 6
3x  9x* 27x’
=l+——-+
2 8 16

b When sz,f(x): 1+3(L = /@Z_VIO?’
100 100 100 10

¢ Using the expansion:
L+ 3(0.00) 9(0.01)* N 27(0.01)°

£(0.01) =
( ) 8 16
=1.014889188...
1.014889188—11003
Percentage error = x100 =0.0000031%
s J103 ’
10
o I ()
6 a (I+ax)2 =1+ ——= |[(aX)+—————2(ax)’ + @x)* +...
2 2! 3!
41, LR
S (ax)+#a2x2+ 28 2 2 gy
2 2 6
& 3a’x’  s5a'x’
2 8 16
2
32 oy
8
a’ =64
a=4=8
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3
b Whena=38, _3®) =-160
16
_Q\3
When a= -8, R =160

7 For small values of X, ignore terms in X and higher.

/”—X=(1+x)%(1—x)’%
1-x

1 1
X 1+x2(1-x) =(1+lx—lx2j(l+lx+§x2j
278 278

1-x

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7
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6

8 a h(x)= -
1+5x 1-3x

=6(1+5x) " —4(1-3x)"
(1+5x) "' = 1+(—1)(5x)+w(5x)2 +...

2!
:1+(—1)(5x)+L2(_2)25x2+...
=1-5X+25x" +...

(1—3x)_1 =1+(—1)(—3x)+w(—3x)2 +...

2!
=1+(—1)(—3x)+%9x2 +...

=1+3X+9x* +...

h(x)=6(1+5x)" —4(1-3x)"
=6(1-5X+25%X> +...)—4(1+3X+9x* +..))
=6-30X+150x" —4—-12X—36X" +...
=2-42x+114X% +...

6 4
1+5(0.01) 1-3(0.01)
h(0.01) =2—42(0.01)+114(0.01)> =1.5914
1.5914 —1.590574374

1.590574374

b h(0.01)= =1.590574374

x100=10.052%

¢ The expansion is only valid for |X| < % |O.5| is not less than %

9 a (13X)§_1+(§J(3X)+w(3x)2 Gj(;_l](;_2j(_3x)3

9x 27x* 27x°
+

=1-224 +
28 16
3 3 3
2
b When x=—— [1-3[ | (27 ) - Vo7 _ 97497
100 100 100 10 1000

2 3
c (\/0.97 )3 —1- 9(0;)1) + 27(0;)1) + 27((1)'601) —0.955339...

0.97 =3/0.955339... = 0.984886

V97 =1/0.97x100 = 0.984886x10 = 9.84886
d To improve the accuracy of this approximation, use more terms from the binomial expansion of

3
(1-3x)2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 8
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SolutionBank

Challenge

Y =L O

1( 1)(1}@%

- +...
X 2 X
:1—L+i2+...

2x  8X

! ! 1 Jio

T T

9 9 10) 1o 10
c h(9):ﬂ
10

?h@):\/ﬁ
SO\/I_=E(1 ! 3 j

[ + —_
30 209 89y

10, 1 3

= 1-—+—
30 18 648
52

=3—=3.16
324
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Binomial expansion 4B

1 ai +(4+2x) Writein index form.

1
= (4 + 2X)§ Take out a factor of 4

2
= [4(1 + %)] Remember to put the 4 to the power %

= 2(1 +§j2 Use the expansion with n =% and X :g

ooy BT BRI

+...
2\ 2 2! 3!

X x X

=2|l+———+—+...| Multiply by the2
4 32 128 J HHPY DY

ii Valid if | 5| <1= |x|<2

X
2

b i L Write in index form
2+ X

= (2 + X)_l Take out a factor of 2

-1
=2 (1 +§D Remember to put 2 to the power —1

-1
=2 (1 + éj , 27'= % Use the binomial expansion with n =—1 and X =§

2
2 3
ZL(H(_I)(&}M@) +M(£j +J
2 2 21 |2 3! 2
1 x x* X 1
——1-24+2 -2 4+ | Multiply by the —
2[ 2+4 8+j ultiply by e2
_1lox ¥ X
2 4 8 16
iiValidif§<1:>|x|<2
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-2
=47 (1 —5) , 47 = % Use the binomial expansion with n =-2 and X = _2

e e e e

1
+—+—+—+...| Multiply by —
2 16 16 j AT

1,x,3¢ X

t—t—t—
16 32 256 256

X

ii Valid if 4<l:>|x|<4

d i+9+x Write in index form
1
=(9+x)* Take 9 out as a factor
1

(3]

1

2

1 1
=92 [1 +§j , 9% =3. Use binomial expansion with n =% and X = g

—

20 9 31 9

. H@@}Mgﬂi)(i)(3)@:

3

2
=3(1+i—x—+ X +] Multiply by 3

18 648 11664

X X x>
=3+——— +
6 216 3888
.. ) X
il Valid for 5 <l:>|x|<9

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2
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(. xY2 5 1 1 o N 1 X
=221+4—| , 2 2?=—=—"Usebinomial expansion withn=—-— and Xx=—
2 2 2 2

oy By

2!

1
= |1-2422 2% 4 | Multiply by —
2[ 432 128 J RN
1 X 3x° 5x°

W2 3z 1282
\/Ex 32%2 5\/§X3+...
8

64 256

+... Rationalise surds

i Valid if§<1:>|x|<2

Write in index form

Fi 3+2x
=5(3+2x)"" Take out a factor of 3

)

=5x3" (1 + %j , 3= l Use binomial expansion with n=-1and X = %

ey )

_5 1_2 4x*  8x°
3 3 9 27

5 10x 20x° 40x3Jr

3 9 27 81

j Multiply by %

ii Valid if |— <1:>|X|<E
3 2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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1 g

in index form

X Wit

B 24X

=Yoo ) AR 2] U

2 2!
2 3 2 3
S| XX Muttiply [1- X XXyl
2 2 4 8 2 4 8 2
1 x x* x
=l-| -2+ "4
2 4 8 16
LS S S S
2 4 8 16
o X
il Valid for |— 1:>|X|<2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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1 h i [2+x

1-Xx

1 1
=(2+x)2(1-x) 2 Putboth in index form

5 1
22 1+§j2 (I-x) 2 Expand both using the binomial expansion

5 H(szywﬁz+@(‘§)(‘;)(1j+...

2)\2 2! 2 3!

=\/§(1+lx—ix2 Ly +...](1+%x+§x2 +%x3 +j Multiply out

TIPS SIS NI U Y S TS SYCII AN
2 8 4 2 8 16

1, 1 3., 5, 1 1 3., 5,
—— X I+=X+=X"+—X +... |[+—X | |+ =X+=X"+—X +...|t...
32 2 8 16 128 2 8 16

I+=X+=X"+—X +—X+—=X
2 8 16 4 8

_ 2

3o Lo L 1
32 32 64 128
Collect like terms

Multiply by +2
-2 1+§x+£x2+ix3+...] Py by

47327 128
:\/§+3\/§x+15\/§x2+51\/§x3+...
4 32 128

i Valid if |2

5 land |-x|<1=|x| <1 for both to be valid.
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2 2 o
2 (5+4x)_2=£5(1+§xn =52(1+§x) =%(1+%xj

I = TE ]

25 2t 5 31 5
s (—2)[i xj LE2EI6,  EDENEA) 64 s j
25 5 2 25 6 125

1 8 48 , 256 ;
=—|l-=X+—X ——=X +...
25 5 25 125

1 8 48 , 256 .
X X +

T25 125 625 3125

3 a J(@d-x) =(@4-x)?

:2{1+(%)(—§]+(;)§—!—;)(—2j2 +}
:2(1—2—%+..)

X

Valid for 7 <l=|x|<4

b Substitute x =é into both sides of the expansion:

P, o1
9 36 5184 373248
V35 736055

3 373248

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6
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N P -
36 5184
~5.916087963

V35 =5.916079783

Percentage error = 5916087963 = 3.916079783 x100 =0.000138%

5.916079783

= —— || = —x*+..
a% 2 )\a 2 a’
2
= 11 1—£x+3—be2+..J
Sl 22 sa
1 b 3b?

:———x+—5x2+...:3+§x+%x2+...
a? 2a’ 8a’

Equating coefficients gives Ll =3,s0a= 1
a2 ?
and — b 3 1
= 3
2 1]2
9
b1
23
27
A
81
azl, bz—l
9 81
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Coefficient = i
486

3+2x—x2 _ ,
5 TE(3+2X—X2)(4—X) " Write

. as (4—X)_1

-1
:(3+2X—X2)[4(1—§D Take out a factor of 4
N X\ x)" . L .
= (3 +2X—X )Z 1- 1 Expand I_Z using the binomial expansion

2
=(3+2X—X2)l 1+(—1) X +M X +...| Ignore terms higher than x>
4 4 2! 4

2
:(3+2x—x2)% 1+§+T—6+...J Multiplyexpansionby%

2

= (3+2x— Xz)[%+%+%+..) Multiply result by (3+2X— X2)

1 x x 1 x x (1 x X
=3 =+ —+—+. |+ 2X] —F—F+—+. [ X | =+ —+...
4 16 64 4 16 64 4 16 64

=§+ix+ix2 +lx+lx2 ——X*+... Ignore any terms bigger than x>
4 16 64 2 8 4

Expansion is valid if it PYTEN |X| <4

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 8
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1 1
1 1 2 Y2 1 2 Y2

6 a =(5+2X 2_52 1+=X =—|]1+=X
V542X (5+2x) ( 5) ﬁ( 5)

N YN 2! 5
)23

SIS e

=% 1——x+—x2+..]

I S SV A

RN TN

\/2)(;1 fol[ 2 J'z

3
=(2x—
(Xl)\/§5\/7 \/—X+j
2 2

3
L L S .
555 555 5045

111 23,

= X=X
50550 5045

7 a (16_3)();_(16(1_%’(1));1‘2(1—%@‘1‘
ez

2!

64" 8192
s 32 e
327 4096
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7 b Letx=0.1
Y157 = 2——01 ——Ol
©0.1) 4096( )
=1.991

8 a 3 =3(4—2x)'1=3(4(1—1xD =§(1—lxj
4-2x 2 40 2
(b2
4 2 2! 2
3( (2]
=—|1-] ==X |+=X"+...
4 27) 4

1 -1
2 _a(+sx) =23[142x|] =2[142x
3+5x 3 303

a3 25

2( 5. 25, ]
=—|l-—=X+—X"+...
3 9

+
—

3

+
1272 432

b g0.0l)=— > 2 (0980311
4-2(0.01) 3+5(0.01)

€ Using the series expansion:

g(0.01 )~i2 m(001)—2(001) = 0.098028009

Percentage error = 0.09803 11 0.098028009 x100=0.0032%

0.098028009
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Binomial expansion 4C

1 a Let 8x+4 _ A N B
(1-x)(2+x) (1-x) (2+x)
A(2+x)+B(1-x)

(1-x)(2+x)

Set the numerators equal:
8x+4 = A(2+x)+B(1 —X)
Substitute x = 1:

8x1+4=Ax3+Bx0
=12 =3A
=>A=4

Substitute x = —2:

§x (—2)+4=Ax0+Bx3

=—-12=3B
=>B=—4

8x+4 4 4
Hence hl = —

(1-x)(2+x) (1-x) (2+x)
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:4£1+(—1)(—x)+(_1)(_22!)(_)() +J

=4(1+x+x2+...)

=44+ 4X+4X° +...

4
(2+x)

=4(2+x)"

(ee3))

2
2
=2 1—£+X—+...
2 4
=2—x+1x2+...
2

Therefore

8x+4 4 4

(1-x)(2+x) (1-x) (2+Xx)

:(4+4x+4x2+...)—(2—x+1x2+...j
2

2
:2+5x+%+...

is valid for x| < 1

4
(1-x)

is valid for |x| < 2

4
(2+x)

Both are valid when |x| < 1.
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2 a Let _2X25A+ 82
(2+x)° (2+%) (2+x)
_A(2+x)+B
B (2+x2

Set the numerators equal:
-2X = A2+x)+B
Substitute x = —2:
4=Ax0+B=>B=4
Equate terms in x:
—2=A=>A=-2

—2X _ -2 N 4
2+x) 2+x) (2+x)?

Hence
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(2ex) (2+%) (24x)

x x* x x> x°
=—l+———+—=—+. A+l -X+———+
2 4 8 4 2

Hence B = % (coefficient of x?) and C = —g (coefficient of x3).
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Pure Mathematics Year 2 SolutionBank

-2 . .
c is valid for |x| < 2
(2+x)
> is valid for x| < 2
(2+x)
Hence whole expression is valid |x| < 2.
6+ 7x+5x% A B C
3 a Let

L+ 0)0=—02+x)  A+%)  A=%)  2+x)
_AQ-x)(2+x)+ B+ x)(2+x) +C(1+x)(1-X)
a A+ x)1-x)(2+X)

Set the numerators equal
6+7X+5X=A1-X)(2+X)+BL+X)(2+X)+C (L +x)(1-Xx)
Substitute x = 1:

6+7+5=Ax0+Bx2x3+Cx0
= 18=6B
=>B=3

Substitute x =—1:
6—-7+5=A%x2x1+Bx0+Cx0
=4 =2A

=>A=2

Substitute x = —2:

6-14+20=Ax0+Bx0+Cx(-1)x3

= 12=-3C
>C=-4

6+7X+5x%° 2 3 4
Hence

L+ 0)0-02+x) (%) (=% 2+%)
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3 Db i=2(1+x)*1
1+x
= 2[l+ D00+ (—1>(—;)(x)2 L (DEE? j

3!
=2(1-x+x*=x*+..)
~2-2x+2x>-2x> Valid for | x|<1

3
—=301-x)"
1 x 1-x)

_ 3(1 (x4 EREAEY° | CDEABX’ j

2! 3!
=30+ X+ X2+ X0 +..)
~3+3x+3x*+3x> Valid for | x|<1

i:4(2+x)‘1
2+ X

)
2
=4x 2_1x(1+ ijl
2

2[1(I)HMHMHJ

2 2! 2 3! 2
:2[1—5+X—2—X—3+...j

4

X2 3

~2-x+ %X valid for |x|<2
2 4

Hence _ 6+7x+5¢ _ 2 3 4
A+x)A-X)2+%x) @A+x) @1-X) (2+X)

2 3
=(2—2x+2x2—2x3)+(3+3x+3x2+3x3)—(2—x+%—%]+
x° X
:2+3—2—2x+3x+x+2x2+3x2—?—2x3+3x3+7+...

:3+2x+gx2+%x3+...

¢ All expansions are valid when |x| < 1.
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A3 1e2x 1-3x 1+ 20)(-3X)

12x-1 A N B _ A(Ll-3x)+B(l+2x)

S0 12x—1= A(1—-3x) +B(1+2x)

2

—6—1:AXE +0
2

—7:§A
2

1

2x-1 -4 9
(1+2x)(1-3x) 5(1+2x) 5(1-3x)
4 Mo
5(1+2x) 5

14 (-D(-2) 2
:_€(1+(—1)(2x)+T(2x) +j

=—%(l—2x+4x2+...)

14 28 56,

5 5 5

9 9 a
5039 50N

9 -1(-2 2
:§(1+(—1)(—3x)+%(—3x) +j

:§(1+3x+9x2+...)

9 27 81,
= X+ — X+
5 5 5
-14 9 14 28 5 , 9 27 81,
n =t X — X o — X+ — X+,
51+2x) 5(1-3x) 5 5 5 5 5 S

=—1+11X+5x*+...
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2X2 +7x—6 C

a XHXZ0_,, B
(Xx+5)(x—4) X+5 x-4
2

x2+x-20)2x°+7x-6

2x” +2x - 40

5x+34
A=2
2x2+7x—6=2+ 5x + 34
(X+5)(x—4) (x+5)(x—4)
5x+34 B N C :B(x—4)+C(x+5)

(x+5)(x—-4) x+5 x-4 (x+5)(x—4)
5x+34=B(x—4)+C(x+5)
Letx=-5:
—25+34=Bx(-9)+0
9=-9B

B=-1
Letx=4:

20+34=0+Cx9,

54 =9C '

C=6

2x* +7x-6 _ 1 +i
(x+5)(x-4)  x+5 x-4

-1 -1
b 2— 1 0 o BG+X)"+6(—4+x)" = 2—1(1+1xj —E(l—lxj
X+5 x-4 5 5 2 4

S

ity
5 5 25

101 1,

——Xx*+
5 25 125

E(l—l xj_l = §(1+ (-1) (—l xj ) (—l x)z +.. j
2 4 2 4 2! 4

2
3 2
=+ ox+—x"+
2 8 32
oot L6 5 [l—ix+ix2+...)—[§+§x+ix2+..}
X+5 x-4 5 25 125 2 8 32
3 67 407
= X+ ——X"+...

10 200 4000
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5 ¢ [x<4
3
6 a x’+x-6)3x"+4x-5
3x*+3x-18
x+13

A=3

3x* +4x-5 _3, X+13
(x+3)(x-2) (x+3)(x-2)

x+13 B N C :B(x—2)+C(x+3)
(x+3)(x-2) x+3 x-2 (x+3)(x-2)
X+13=B(x—2)+C(x+3)

Letx=-3
—-3+13=Bx(-5)+0
10=-5B

B=-2

Letx=2:
2+13=0+C x5,
15=5C

C=3
A=3,B=-2andC=3
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3x* +4x-5 _

6 b SXTAX5 5 2 3
(x+3)(x-2) X+3 x-2

X+3 Xx-2

g(1+lxj_1 = Z£1+(—1)(l xj+w[l sz +J
3 3 3 3 2! 3

:g(l—lx+lx2+...j
3

-1 -1
32 . 3 =3-2(B+X) " +3(-2+x)" =3—§(1+%xj —g(l—lxj

3 9

2 2 2,
== —=X+—X+

3 9° 27

2

3 3 )
=—+—X+—X"+

2 4 8

2 3 (2 2 2, j (3 3 ) j
3———+——=3—| ==X+ —XF... || o+ =X+ =X +...
X+3 x-2 3 9 27 2 4 8

5 19 97 ,
== - X-———X+

6 36 216
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2x% +5x+11 _ A N B N C
(2x-D*(x+1) 2x-1 (2x-1)° x+1
_ARx-1)(x+1)+B(x+1)+C(2x-1)?

- (2x -1 (x+1)

2x% +5x+11= A2x-1)(x+1) + B(x +1) +C(2x-1)°

2

l+§+11=0+B><§+0
2 2 2

14=§

-2
3

Let x=-1:
2-5+11=0+0+Cx9
8=9C

8

C==-
9

Equating coefficients of x? gives:

2=2A+4C

2-2A+ 22
9
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2x* +5x+11 -7 28 8
(2x 1)%(x+1) 9(2x 1) 3(2x 1)? 9(x+1)

——(-1+2x ‘1+— —1+2x ‘2+— 1+x)7*
9( ) 3( ) 9( )

7 b

7 -1 28 -2 8 -1

25(1—2X) +?(1—2X) +§(1+X)

7 2T oy CDED) o
-2 _9(1+( n(-20)+ 22 (20 +j

=g(l+2x+4x2+...)

7 14 28,
=+ X+— X +.
9 9 9

?(1—2x)‘2 238(1+( )(-2x)+ EAED 2;( 3 2w+ j

:§(1+4x+12x2 +)

@ £x+112x +.
3 3

8 i B8(1 .. (D) 2
5(1+x) _9£1+( Dx+ Y x+...)

8 2
:5(1—x+x +)
8 8 8,
V)

9 9 9

2x*+5x+11 7 14 28, 28 112 ) 8 8_ 8,
=t X+ XA+ XFLI2X A ==X =X
@2x-D°(x+1) 9 9 9 3 3 9 9 9

=11+38x+116X%+...

2(0.05) +5(0.05) +11

. ~13.23339212
(2(0.05) ~1)?(0.05+1)

¢ £(0.05)=

Using the expansion:

£(0.05) ~ 11+38(0.05) +116(0.05)° =13.19

Percentage error = 13.23339212-13.19 100 -0.33%

13.23339212
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Binomial expansion Mixed exercise 4

1 a i (1-4x)’Use binomial expansion with n =3 and x = — 4x

4 () (k) ¢ DAY BODAY
2!

3 As n =3, expansion is finite

and exact
=1-12x+48x* —64x°
ii Valid for all x

b i +16+x Writein index form

1
=(16+x)> Take out a factor of 16

(i)

X 1
=162 (1 + %)2 Use binomial expansion with n = al

1 ndx=—
2 16

=4£1+%(%)+%}”[&T+(; 2 (%j J

2 3
=4[1+i— r X +j Multiply by 4

32 2048 65536

2 3
X X X

+
8 512 16384

i Valid for %<1:>|x|<16

Write in index form

1-2x

=(1-2x)"" Use binomial expansion with n=~-1 and x =-2x

14+ (=1)(=2x)+ (DED(2%)° | (D32,
2! 31

=14+2x+4x>+8x° +...

ii Valid for \2x]<1:>\x\<%
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1di Write in index form
2+43x
=4(2+3x)"" Take out a factor of 2
3 -1
(03]
2
3x)" 3
:4x21x(1+7xJ Use binomial expansion with n =—1 andx:%
2 3
ARG TR T E
2 2! 2 3! 2
2 3
:2(1_3% ox _27x +j Multiply by 2
2 3
Soogye X X
2 4
ii Valid for 3—x<1:>|x|<§
4 o
e i =4(+4-x)" Write in index form
=44
1
=4(4—-x) > Take out a factor of 4
1
2
4]
4
-1 x) 2 L . : 1 X
=4x4? I_Z Use binomial expansion Wlthnz—z andx:—z
2 3
| ) x) ) xR (XY
2 4 2! 4 3! 4
x 3 5
=2\ 1+ +—x"— x’ +...| Multiply by 2
( 8 128 1024 j pyoy
=2+2 ix2+—x3
4 064 512
ii Valid |-

<1=|x|<4
4
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1+x

1f i =(1+x)(1+3x)" Write in index form then expand
1+3x 1+3x
=(1+x) [1 +(=D(Bx)+ (- 1)(—22')(3x)2 N (- 1)(_2):;_3)(3)6)3 . j

=(1+x)(1-3x+9x> —27x’ +..) Multiply out
=1-3x+9x* —27x* +x=3x* +9x” +... Collect like terms

=1-2x+6x>—18x" +...

ii Valid for ]3x\<l:>]x|<§

2 2
g i (I-HC) :(1+x)2 Write in index form
l1-x (1-x)

=(1+x)’(1-x)” Expand (1-x)~ using binomial expansion

= (14+2x + xz)(l +(=2)(—x) + (_2)(_23!)(_x)2 L2263 )3(!_4)(_’“)3 .. J

=(1+2x+x")(1+2x+3x" +4x’ +..) Multiply out brackets

=1+ 2x+3x> +4x> + 2x+4x* +6x° + x* +2x° +... Collect like terms

=1+4x+8x*+12x° +...

ii Valid for |x| <1
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Let x—3 = 4 + B
(1-x)(1-2x) (1-x) (1-2x)
_A(Q-2x)+B(1-x)
T (I-x)(1-2x)

1 hi

Put in partial fraction form

Add fractions.

Set the numerators equal:
x—3=4(1—-2x)+ B (1 —x)
Substitute x = 1:
1-3=4Ax—-1+Bx0
=-2=-14

=>A4A=2
) 1 1 1
Substitute x=—: ——3=Ax0+Bx—
2 2 2

1 1

=-2—=—RB
2 2
=B=-5
Hence x—3 2 >

I-n(1-2x) (-x) (I-2x)

a fx) =2(1-x)"
= 2(1 +(~1)(—x) + (—1)(—22!)(—x)2 + (_1)(_2)§!_3 ) +)
=2(l+x+x"+x +..)
=242x+2x" +2x° +...
q —Szx) =51-2x)"
= 5(1 +(~1)(-2x) + (_1)(_22)!(_2’“)2 + (_1)(_2)(3_!3 2, j
=51+ 2x+4x* +8x* +..)
=5+10x+20x" +40x" +...
Hence =3 2 5

I-0(1-2x) (-x) (1-20)
=Q2+2x+2x2+2¢°+..)— (5 + 10x + 20x2 + 40x> +...)

=-3—8x— 18x*— 38 +...
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1 hii 2 is valid for x| <1
I-x

is valid for \2x\<l:>]x|<%

Both are valid when | x |<%

3 a Using binomial expansion

=1 ) LIEAO QICIEAET

:l+lx—lx2 +Lx3 +...
2 8 16

Expansion is valid if |x| < 1.

oy 1. : . .
b Substituting x = 2 in both sides of the expansion gives
1 2 3
112 1 1 1 (1 1 (1
I+— | #l+—x———x|—| +—x| —
4 2 4 8 \4 16 \ 4

1
5)2 1 1 1
= ml4bo——+—
4 8 128 1024

5 1145

4 1024

\/3 1145

- Multiply both sides by 2
2 1024 Py Y

Nl

512
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4 a (1+9x)§ :l+(2j(9x)+w(9x)2 +(§j@_lj@_2j Ox)* +...

3 2! 31
:1+(3j(9x)+ EPANIEDF SIS VAN VINEE VY ST
3 2 6

=1+6x—9x* +36x° +...

Equating coefficients:
c=—9and d =36

b 1+9x=145
x=0.05
(1.45)5 ~1+6(0.05)-9(0.05)" +36(0.05)’
=1.282
c (1.45)§ =1.28108713

The approximation is correct to 2 decimal places.

RN

5 a Thex” term of (1+ax 5

b The x* term of (l+ax)% = (;)(;_lj(;_zj(axf

When a = 4:

), G,

3!

=4x°
When a = —4:

o)

3!

=—4x’
The coefficient of the x> term is 4 or —4
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6 a (1+3x)" Use binomial expansion with 7 =—1 and x = 3x
—1N\(- 2 1V 3
1~ 1))+ N 22')(3x) G 2); S)EEI N

=1-3x+9x*=27x* +...

1 )
" +3x =(1+x)(1+ ?ax)‘1 Use expansion from part a
+3X

=(1+x)1-3x+9x* —27x’ +..) Multiply out
=1-3x+9x> —=27x’ + x=3x> +9x” +... Collect like terms

=1-2x+6x>—18x’ +... Ignore terms greater than x’

X oo 1-2x+6x2—18%°
1+3x

Hence

¢ Substitute x = 0.01 into both sides of the above

ﬂ:l—zxo.mwxo.oﬁ—18><0.013
1+3%0.01

Lol 0.02+0.0006—0.000018, |LYL_101
1.03 103103

% ~0.980582 Round to 5d.p.

101
—— ~0.98058 (5d.p.
103 (5d.p)

7 a Using binomial expansion

n(n—-1)(ax)> n(n—1)(n-2)(ax)’
2 + 3 +...

If coefficient of x is —6 then na =—6 (1)

n(n—1)a’ _

(1+ax)" =1+n(ax)+

If coefficient of x* is 27 then 27 (2)

From (1), a =—. Substitute in (2):
n

n(n—l)[—_6j2 s
2 n)

n(n—1) Xﬁz
2 n’
(n—-1D18
=
(n—1)18=27n
18n— 18 =27n
—-18=9n
n=-2

27

27

Substitute n = -2 back in (1): 2a=-6=>a=3
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7 b Coefficient of x° is

n(n—1)(n-2)a’ B (=2)x(=3)x(—4)x 3’ _
31 - 3x2x1 -

-108

¢ (1+3x)?isvalid if|3x|<1:>|x|<%

8
3
=3(vJ4+x)" Write in index form
Va4+x

1
=3(4+x) * Take out a factor of 4

Ao

1 - 1
=3><42><(1+fj2 47=i1=l
4 4 2
2 3

:z{l ()£ ERLDE, CHCDEDEY,

3 x 3 , )
=—|l-—=+— Multipl =

2( 8+128 + j u‘upyby2

3 3 9 ,
=———X+—X +...

2 16 256

3 3 9 , . : .
~———x+——x" if terms higher than x~ are ignored.

2 16 256

1 3,
l+—x+—x"+...
8 128

1 3,
—Xx+—x"+

16 256
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2 16 256

1 , 1,
t—x+t—x +x+—x"+...
16 256 8

17 35 ,
=—+—x+—x"+...
2 16 256

[— o=

10 a (2+3x)"" Take out factor of 2

(-3

-1
=27 (1 + 3%) Use binomial expansion with n =—-1and x = 37)(

2 2 2! 2 3! 2

1.3 9, 27 I
=—|l1-=x+=x"-==x"+...| Multiply by —
2( 277 TR ) PYRY 3

3x

Valid for

2
<l=|x|<=
3

1+x

2+3x
=(+x)2+3x)" Use expansion from part a

1 3 9 , 27 , )
=(1+x)| ———x+=x"——x"+...| Multiply out
( )(2 4778 6 j P

b Put in index form

1 3

+2x2—2x3+lx—§x2+2x3+... Collect like terms
2 4 8 16 2
3
+2x
8

1 1

2 4

2

—— X +...

16

3x

Valid for <1:>|x|<§
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1 2
11 a (4+x)2= (4[1 +%D Take out factor of 4

1 - 1
=4‘2(1+f)2 PSS
4 a2

| —

1 1+£j Use binomial expansion with n = 1 and x="
2 4 2 4
INEERCISERCE G
2 2)\4 2! 31

3

L -
2 & 128 1024 )

%}

113, 5

X X ———x +
2 16 256 2048

X

Valid for [—{<1=|x|<4

o 2 3
bi (44x)2mio X 38 X
2 16 256 2048

When x =2
1 2

1
S+ 2 2

V21 (D) 3 52
2 2 16 256 2048
1.2 12 40

So

_+—
2 16 256 2048
i
256

177
So /2 ~2x—L=1.3828 (4 d.p.
256 (4d.p.)
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1 2 3
b il (d4x) 2 mbo XX 5%
2 16 256 2048

32 16 256 2048
113 5
T2 32 1024 16384
L 1723
T 16384

7723
So V2 =~3x
\/7 16384

=1.4141 (4 d.p.)

c x =% because it is closer to 0.

12 (3+4x)° =(3(1+%xn_3 =2i7(1+§xj_3
=2i7£1+(—3)(§xj+%@sz +J

—L(l—4x+3?2x2+..}

27

1 4 32,
=———Xx+—x +...
27 277 81
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39x+12 _ A N B N C
(x+D(x+4)(x-8) x+1 x+4 x-8
A+ (x=-8)+ B(x+1D)(x=8)+ C(x+1)(x+4)
B (x +1)(x+4)(x—8)
30x+12=A(x+4)(x—-8)+ B(x+1)(x—8)+C(x+1)(x+4)

13a

Let x=-1:
—39+12=A%3%x(-9)+0+0

—27=-274
A=1

Let x=—4:
—156+12=0+Bx(-3)x(-12)+0

—144 =368
B=-4

Let x=8:
312+12=0+0+Cx9x12

324 =108C

C=3
A=1,B=—4and C=3
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39x+12 _ 14 N 3
(x+D(x+4)(x—-8) x+1 x+4 x-8
1 4 3

—~ + =(1+x)" —4(4+x)" +3(-8+x)"
x+1 x+4 x-8

=(l+x)1—4(4(1+lxD_ +3[—8(1—1xn_
4 8

e (1t 3121
=(+x) (1+4x) 8(1 SxJ

(I+x)" :1+(—1)x+#x2+...

=l—x+x"+...

(l+lxj_ =1+ (—1)(lx)+w(li +
4 4 2! 4

=l—lx+ix2+...
4 16

() :z[H(_l)(_lx}M(_l@ j
8 8 8 8 2! 8

3 3 3 .,
==+ —x+——x"+
8 64 512

39x+12 2 1 1, 3 3 3
=l l-x+x"+.. | l-—x+—x"+.. || =+ —x+—=Xx"+...
(x+D(x+4)(x-8) 4 16 8 64 512

3051 477
+——x"+

X X
8 64 512

12x+5 _ 4 N B
(1+4x)* 1+4x (1+4x)
_A(l+4x)+B
T (1+4x)
12x+5=A(1+4x)+B

Let x:—l:
4

-3+5=0+B
B=2

Let x=0:
5=Ax1+B

5=A4+2

A=3
A=3,B=2
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12045 _ 3 2
(1+4x)*  1+4x (1+4x)
=3(1+4x)" +2(1+4x)

14b

3(1+4x)" = 3(1 +(=1)(4x) Jr%mx)2 +.. j

:3(1—4x+16x2+...)
=3-12x+48x* +...
2(1+4x)7 = 2(1 +(=2)(4x) +$(4x)2 +.. j

:2(1—8x+48x2+...)
=2—-16x+96x"+...

12x+5
(1+4x)*
=5-28x+144x> +...

=3-12x+48x> +2—-16x+96x> +...

9x% +26x+20 B C
=A+ +
(1+x)2+x) I+x 2+x
9
X +3x+2)9x2 +26x+20
Ox* +27x+18
—x+2

A=9
9x2+26x+20E9+ -x+2
(1+x)(2+x) (1+x)(2+x)
-x+2 B N C
1+x)2+x) 1+x 2+x
_BQ2+x)+C(1+x)
 (1+%)Q2+x)
-x+2=B2+x)+C(+x)

Letx=-1:
1+2=Bx1+0:
B=3

Letx=-2:
2+2=0+Cx(-1):
C=-4
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15 a (continued)

9x2+26x+20=9+ 34
1+x)2+x)  1+x 2+x

=9+3(1+x)" —4Q2+x)"

=9+3(1+x)_1—4£2(1+%xjj1

-1
:9+3(l+x)_1—2(1+%xj

3(1+x) ' = 3(1 p e EDED o, EDEDED) 15 j
2! 3!

=3(1—x+x2 -x +)

=3-3x+3x" =3 +...

2(l+1x}*=z[l+(_1>(1x)+w(ixf+M(ij+..]
2 2 2! 2 3! 2

=2 l—lx—i-lxz—lx3 +...
2 4 8

=2-x+—x"——Xx +
9+i— 4 =9+3-3x+3x*-3x*+...— 2—x+lx2—1x3+...
1+x 2+x 2 4

:10—2x+§x2—ﬂx3+...
2 4

Equating coefficients gives:

poS ool
2 4
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SolutionBank

9(0.1)* +26(0.1)+ 20

13b a0 D= o ha o

=9.822510823

Using the expansion:
5 , 11 3
q(0.1) = 10—-2(0.1) +E(O.1) _Z(O'l) =9.82225

9.822510823-9.82225 %100 = 0.0027%

Percentage error =

9.822510823
Challenge
fx)= L W1+3x%)"

J+37

1
— . . : . 1
=(1+3x%) 2 Use binomial expansion with 7 = 3 and x =3x

(Do CUCO (e

2! 3!

3x2 27x* 135x°
+ - +
2 8 16

—1-

Valid for |3x” | <1
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Review Exercise 1

1 Assumption: there are a finite number of prime numbers,
D> Py, Py uptop,.
LetX=(p1 X py X pyX...xp,)+1
None of the prime numbers p,, p,, p,...p, canbe a

factor of X as they all leave a remainder of 1 when X
is divided by them. But X must have at least one prime
factor. This is a contradiction. So there are infinitely
many prime numbers.

2 Assumption: x =+ is a solution to the equation,

x> =2 =0, where a and b are integers with no common factors.
2 2
(ﬁj —2=0=>L 2= a7 =20
b b

So a’ is even, which implies that a is even.
Write a = 2n for some integer 7.

(2n)* =2b* = 4n* =2b> = 2n° = b’
So b* is even, which implies that b is even.
This contradicts the assumption that a and b have no

common factor. Hence there are no rational solutions
to the equation.

4x 1 4x 1
+ = +
¥ =2x-3 X’ +x (x=-3)(x+1) x(x+1)
_Ax(x)+1(x-3) 4x* +x-3
Cox(x+D)(x=3)  x(x+1)(x=3)
C(x+D)(4x-3)  4x-3
(x4 D)x(x-3) x(x-3)

3 3
x+2+(x+2)2
C(x+2)’-3(x+2)+3
- (x+2)?

X’ +4x+4-3x-6+3
- (x+2)

_ X 4+x+1

T (x+2)?

4 a fx)=1-
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2
4 b x2+x+1:(x+lj +é <«——— | Use the method of
2 completing the square

3
4
>0 \ 1 2
As (x+—j >0
2

(x+2)°
asx” +x+1> 0 from (b)
and (x+2)* >0, forx# -2

So f(x)>0, forx=2

2x—1 ! N B
(x-D2x-3) x-1 2x-3
=2x—-1=A412x-3)+B(x—1)

Set x=1: 2(I)-1=1=A4(2(1)-3)=-4

= A=-1
Set x=§: 2(ij—1=2:3(§—1j=13
2 2 2 2
=B=4
2x—1 -1 4

0 = +
(x-D(2x-3) x-1 2x-3
3x+7 P 0 R

= - +
(x+D(x+2)(x+3) x+1 x+2 x+3

=3x+7=P(x+2)(x+3)O(x+1)(x+3)+ R(x +1)(x +2)
Set x=—1: 3(-1)+7=4=P((-1)+2)((-1)+3)=2P

=>P=2

Set x=-2: 3(-2)+7=1=0((-2)+D(-2)+3)=-0
=>0=-1

Set x=-3: 3(-3)+7=-2=R((-3)+1)((-3)+2)=2R
=>R=-1

SoP=2,0=-1,R=-1
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2 A B C
2= + + 2
Q-x)1+x) 2-x 1+x (I+x)

=2=A1+x)"+B(1+x)2-x)+C(2-x)
Set x=2: 2=A(1+2)=94 so A=§
Set x=—-1:2=C[2-(-1)]=3C so C=§
Compare coefficients of x*: 0= 4—B

:B:A:%
9

Solution: 4 =g, B =£, C= 2
9 9

’ You need denominators of
g 14x% +13x+2 _ 4, B  _C / (x+1), 2x+1) and 2x+1)°
(x+DQ2x+1)> x+1 2x+1 (2x+1)°
CARx+1D)?+B(x+D(2x+1)+C(x+1)
B (x+1)(2x+1)

Compare numerators of fractions

< Add the three fractions

14x* +13x+2=AQ2x+1)’ + B(x+1)(2x+1)+ C(x+1) | Set the numerators equal

Putx=-1 -
3=4+0+0=4=3 To find 4 set x =—1
Putxz—%
- 0 0
To find Cset x=—1%
4 2 2

So 14x” +13x+2 =3Qx+1)> + B(x +D2x+1) = 2(x +1)
Compare coefficients of x*: <
14=12+2B= B =1

Check constant term

Equate terms in x°

14x? =3(2x)" +2Bx?

2=3+1-2
o 14x° +13x+2 _ 3 L2 Solve equation to find B
(x+DC2x+1)?  x+1 2x+1 (2x+1)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 2 SolutionBank

2 —
3x -12-6x 25d+e)§+f

x +4 x"+4
=3 +6x-2=d(x*+4) +ex+ f
Compare coefficients of x*: 3=d

Compare coefficients of x: 6=¢
Compare constant terms: —-2=4d + f

So f=-2-4d=-2-4(3)=-14
Solution: d =3, e=6, f=-14

_ _ 2
10 p(x):9 3x—12x N B N C
(1-x)1+2x) l-x 1+2x
=9-3x-12x" = A(1-x)(1+2x)+ B(1+2x)+ C(1-x)

Setx=1:9-3(1) - 12(12=—6=B(1 +2(1)) = 3B

= B=-2
2
Set x=—: 9—3(—1}12[—1) =1—5:C[1—(—1D:30
2 2 2 2 2 2
=C=5
Compare coefficients of x*: -12=-24
= A=6

Solution: A=6,B=-2,C=5

11 First solve | 4x -3 | =7-2x

x>—§: 4x+3:7—2x:>x:g
4 3

x<—%:—(4x+3):7—2x:x=—5

Now draw the lines y=|4x+3| and y=7-2x

by

y=4x+3|

y=7-2x

From the graph, we see that |4x+3|>7—-2x when x<-5 or x> 2
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12a For x <-2, p(x) is a straight line with gradient 4.
At x =-2, there is a discontinuity. p(—2) =0 so draw an open dot at (—2,-3) where the line
section ends and a solid dot at (-2, 0) where p(x) is defined.
For x > -2, p(x) =4—x". There is a maximum at (0, 4) since x*> 0, and the curve intersects the x-
axis at (2, 0) since 4—x> =0 = x =42

From the diagram, the range is p(x) <4

Y

b p(a)=-20

Check both sections of the domain for solutions.

x<-2: 4x+5:—20:>x:—?

This is less than —2 so it is a solution.

X>-2:4-x"=20=>x=+26
But —24/6 < -2 so discard this possibility; a = 246 > 2 so is a solution

Solutions are a = —?, a= 2\/3

13a qp(x)= 2(Lj—5

x+4
_ 2 5(x+4)
S x+4 x+4
_2-5x-20
=
_ —5x-18
© x+4
—5x—18

So gp(x) = ,xeR,x#-4

Solutions are: a=-5,b=-18,c=1,d =4

b gp(x)=15
—5x-18
x+4
—5x—-18=15(x+4)=15x+60
—-5x—-18=15x+60

15

20x =-78
39
X=——
10
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13¢ Lety=r(x)
_ —5x—18
 x+4
y(x+4)=-5x-18
x(y+5)=-4y—-18

-8
y+5
Sor(x)= —4x—18’ xeR, x#-5
142 21,2
x x

Sketch y = l, stretch by a factor of 2
X

0
in the y-direction, translate by [J

14b fz(x)=f(x+2j
X

x+2+2x

2242 - x
T x+2
_Gxt) x *

X (x+2)
_3x+2
x+2

3x+2

So 2(x) =
) x+2

¢ uf(}) =g(2—J ~&09)

=1In(18-5)
=1nl3

xeR x#0,x = -2
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14d Lety=In(2x-5)

e’ =2x-5
- e’ +5
e 2 The range of g(x) is x € R so the
x <« | domainof g'(x) is xeR
g'0="22, xeR g W

15a pq(x)=3(1-2x)+b=3+b—-6x
gp(x)=1-2Bx+b)=1-2b—6x

As pq(x) =qp(x)
=3+b-6x=1-2b—-6x

:>b=—z
3
b Lety=p(x)
2
=3x——
YR
x:2+3y
9
p_l(x):3x+2,xeR
9
Letz =q(x)
z=1-2x
1-z
=>x=
2
1 ]._x
q (X):_,XER
2
2+3(12XJ 3x+7
¢ p'qg'(x)= . ,xeR
pq (x) 5 T
l_2+3x
-1_-1 9 —3x+7
= = N ]R
qp (x) 5 THERN

Sop'q'(x)=qp ' (x)
Anda=-3,b=7,c=18
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16 a Translation of +3 in the y direction. The maximum turning point is (2, 7).

yh
2,7)
y=1x)+3
= 0 X

b Fory>0, curveisy =f(x)
For y < 0,reflect in x-axis.
The maximum turning point is (2, 4)

LY

(2, 4)

-5 0 ékx

¢ Forx <0, f|x|=f(-x), so draw y =f(x) forx >0, and then reflect this in x = 0

The maximum turning points are (-2, 4) and (2, 4)

y]l
-2,4) | (2,4)

y=1f(|x))

Y 0 \5’51:

d y=f(2x-1) can be writtenas y =f(2(x—1))
y=1(2x)
Horizontal stretch, scale factor .

N

(1,4)
y = f(2z)

H‘ 4
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16 d (continued)
y=12(x-3))
Horizontal translation of +%

y=12z-1)

S\ 4

17 a To find intersections with the x-axis, solve h(x) =0

2(x+3)°-8=0
= (x+3)’ =4
=>x=-3+£2

So there are intersections at (5, 0) and (-1, 0)

To find intersections with the y-axis, find h(0)
h(0) = 2(3)’ -8 =10

So there is an intersection at (0, 10)

Since (x + 3)2 > 0, there is a turning point (minimum) at (-3, —8)

yjl
v=hw| 1]

S)
=Y
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17b i y=3h(x+2)
= y=3(2(x+2+3)" -8
= y=6(x+5)"-24
This has a turning point when x = -5 at (-5,-24)

ii y=h(-x)
=y=2(-x+3)"-8
=y=2(3-x)"-8
This has a turning point when x =3 at (3,-8)

iii The modulus of h(x) is the curve in part (a), with the section
for -5 <x <-1 reflected in the x-axis. The turning point is (-3, 8)
¢ On one graph, reflect h(x) in the y-axis to see what h(—x) looks like.
Now to obtain the sketch of h(—|x|), start a new graph,

copy h(—x) for x >0, then reflect the result in the y-axis.

The x-intercepts are (-5, 0), (-1, 0), (1, 0), (5, 0); the y-intercept is (0, 10)
and there are minimum turning points at (—3,—-8) and (3,-8).

Yy
0 >
-5 -1 1 5 *
(-3, -8) (3,-8)

18a i All parts of curve y = f(x) below the x-axis are reflected in x-axis.
A— (1,1), B and C do not move.
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18a ii Translate by —1 in the x direction and reflect in the x-axis.
A—(0,1),B—>(1,0),C—>(4,0)

Ui
y=-fx+1)
1{A’
/-\B' o :
1\ 2

iii Stretch in the x direction with scale factor 1 and reflect in the y-axis.

2
A_)(_%a_l)aB_)(_la 0)9 C—)(—%,O)

: yn
R '\ of _y=f-20)
¢ B R
-7\ -z ~N\ay/|0 x

L (-1, -1)

b i 3|f(x)|:2:>|f(x)|:§ —

Number of solutions is 6

Consider graph a i

i How many times does the line y = 2 cross the

3
3
i 2|f(x)|=3=|f(x)|== curve?
| | | | 2 — Line is below A’
Number of solutions is 4

ii Draw the line y =%
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19a q@o=%¢x+bps

_l1bl 5 3 _
q(0) = > 3_2:>|b|_9

b<0sob=-9

b Ais (9,-3)
To find B:
x>9 so solve %(x—9)—3=0

=>x=15
So Bis (15, 0)

c quo=%¢x—m—3=—§+5

x<9:  2X 3 X5
2 3
3(9—x)—18 = —2x+30
27-18-30=x
x=-21
¥>9: 2 3 X5
2 3

3(x-9)-18=-2x+30
S5x=27+18+30
5x=175
x=15

Solution set; —21, 15
20a —%|x+4| <0=rangeis f(x)< 8

b Over the whole domain, f(x) is not a one-one function so it cannot have an inverse.
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20 ¢ First solve —%|x+4|+8=%x+4

x<4: %(x+4)+8:%x+4
S5(x+4)+24=2x+12
3x=12-24-20
32

X=——

3

x>4: —%(x+4)+8=%x+4

-5(x+4)+24=2x+12
Tx=-20+24-12
8

X=—=
7
Now sketch the lines y=—%|x+4|+8 and y=%x+4

YA
y:%x+4
8__
|
2 M |
3 5 | \_
| 8 |4 x
| 7S
|

From the graph we see that the inequality is satisfied in the region

32 8
——<x<——
7

d From the sketch drawn from part (c), the equation will have no solutions if the line lies above the
apex of f(x) at (-4, 8)
= %(4) +k>8

:>k>8+2—;)

:>k>ﬁ
3
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21a 12-7k+d =3k =3k’ +7k-12=d
3k +d =k> 10k = —2k* 10k =d
Subtracting the second equation from the first gives
5k +17k =12 =5k =3)(k+4)=0

So k:%=0.6 or k=—4

b Since the sequence contains only integer terms, k =—4.
u, =12-7(-4)=40 , u, =3(-4)’ =48
So common difference d is d =u; —u, =48-40=38

The first term a satisfies
a+3d=u,=a=40-38)=16
Soa=16,d=8

22 a First find the common difference and first term.
u,=a+3d=72 (1)
u,=a+10d =51 (2)
MH-@2): -7d=21=d=-3
Into (1): a=72-3(-3)=81
Now, using S, = g(2a +(n—1)d)

S = g(z(s D)+ (n-1)(=3))=1125

= n(162—3n+3) =2250

= —3n’ +165n = 2250
= 3n’ —165n+2250=0

b 3n*—1651+2250=0
=n*=55n+750=0

= (n—-25)((n-30)=0
=>n=25n=30

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 14



Pure Mathematics Year 2 SolutionBank

23a a=19p-18
d=u,-a=17p-8)-(19p-18)=10-2p
Sou,y=a+29d =(19p-18)+29(-2p+10)
Uy, =272-39p

b S31=%(2a+(31—1)d)=0
—2a+30d =0
So 2(19p—18)+30(10-2p) =0
(38—60)p—36+300=0

22p =264
p=12
24a u, =ar=256,u, =ar’ =900
ar’ _ 900
ar 256
6 225
=r’=""
64
=1Inr’=In 225
64
= 6lnr—In 225 =0 (as Inx" =klInx)
64
= 6Inr+In 64 =0 (as Inx"' =—Inx)
225

b Noting r > 1, so r is positive

1
r= (%jé ~1.2331060...=1.23 (3 s.£)

252 r=2=0-4
a
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25b a:IO,r:E
6
10(1-(3)')

1=

k
As S, >55:>1—(§j > >

6) 60
5\ 11
=>1-|—=| >—
6) 12
1 (5

S, =

(the inequality reverses direction in the final step because In2<0 )

6
¢ k must be a positive integer.
1
Iy 13629 (3 d.p.)
In?

So the minimum value of £ is 14.

2
26a 4, 4r, 4r ’2 ~ Use ar"! to write down expressions for the first
4+4r+4r =7 h three terms. Herea=4andn=1,2, 3

4r* +4r -3 =0 (as required)

Factorise 47° +4r—-3=~12
(-2)+(+6) =+4, so
4r* = 2r+6r-3=2r(2r-1)+3(2r-1)

b 47’ +4r-3=0
Qr-D2r+3)=0 <

1 3
r=o,r=-3 =2r-DQ2r+3)
1
C T’ZE
a 4 UseSw:%
1-r 1-1 ¥
4 Herea:4andr:l
== 2
2
=38
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27a ar’ =x,ar' =3,ar’ =x+8

Cl}"s Cll”4 > 4 5 4
CaT 3 ar _ Y _ ar’ _ar
ar® ar =1 an S=rs0 —=—s
x+8 3 ar ar ar' ar
3 x Clear the fractions. Multiply each side by 3x
x(x+8)=9
x*+8x-9=0 so that 3X><x+8=X(x+8) and 3x><%:9
(x+9)(x-1)=0

x=1,x=-9
poart 3
Cart x Find 7. Substitute x =1, then x = -9, into
Whenx=1, r=3 art 3
44— }":—3:—
1 ar’  x
Whenx=-9, r=——
3
b r:—l
3
ar* =3
! a 1
al =2 =3 Remember S, =—— for [r|<1, sor=—=
3 l-r 3
a =243
¢ 5 =L 2B 18595
l-r 1475

28a a,, =3a,+5 -— 00

n=1:a,=3a,+5
a,=3k+5

Use the given formula with n =1

b n=2:a,=3a,+5
=3Bk+5)+5
=9 +15+5
=9 +20

This is not an arithmetic series.

4
c i Zar=al+a2+a3+a4 —
p

=1
n=3:a,=3a,;+5 You cannot use a standard formula, so work

e out each separate term and then add them

=3(9k +20)+5 ach separate nd
— 27k +65 together to find the required sum.

4
D a, =k+(3k+5)+(9% +20)+(27k +65)

r=1

=40k +90

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 17



Pure Mathematics Year 2 SolutionBank

4
28¢ ii ) a, =10(4k+9)
r=1
-

There is a factor of 10, so the sum is divisible by 10.

Give a conclusion.

29a a=2400, r=1.06
After 4 years,
2400(1.06)° = 2858.44...= 2860 to the nearest 10.

b 2400x1.06"" >6000=1.06"" >2.5
= 10g1.06"" >log2.5= (N —1)log1.06 > log2.5

¢ Rearranging the inequality

In2.5
N> +1=16.7 (1 d.p.
In1.06 (1dp.)
So N=17

d The total amount raised is 5(S,,)
a(1-7") 2400(1-1.06")

1-r 1.106
Therefore the total amount raised is 5 x 31633.9, which to
the nearest £1000 is £158,000

10

=31633.90 2 d.p.)

30a Common ratio is » = —4x
Condition for the convergence of infinite sum is

|r| <1:>|—4x| <1

1
= x| <=
4
b Z6><(—4x)"1=5w=2_4
r=1 5
. . a 6
Another equation for §_ is §, =——=
l-r 1+4x
6 24
0 =
1+4x 5
=30=24+96x
6 1
X=—=—
9% 16
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31a Using the binomial expansion
1

g(x)=(1-x) 2
:1+(_%)(_x)+(_2)2(!_2) (_x)2+(_2)(_3!2)(_2) (—x)3+...
x 3x* 5x°
=1+—=+ +
2 8 16
b |x|kl

n nn-1) , , Set coefficient of x, from
32a (I+ax)’ =l+nax+ 5 4 o binomial expansion, equal

na =—6 ) / to —6 and set coefficient of
x? equal to 45

@az =45 )

From equation (1) a= _E
n

' _ ' Eliminate a from the simultaneous
Substitute into equation (2) equations to obtain an equation in
_ one variable
D36 variable 1
2 n
36n® —36n =90n" / Solve to find non-zero value for n
—36n="54n"
36 2
=>n=0o0orn=——-=——
54 3

Substitute into equation (1) to givea=9 Check solutions in equation (2)

b Coefficient of x* = Mtf

3! Substitute values found for # and a
_ TEX=EX—EX 9 < into the binomial expansion to give
3! the coefficient of x*
_ —80x27
6
=-360

The terms in the expansion are (9x),
(9x), (9x)*... and so [9x] <1

¢ The expansion is valid if |9x| <l =

So —l<x<l
9 9
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33 a Using the binomial expansion
(1+4X)% ( )(4X)+( )( )(4 ) +(g)(13)'(_%) (4X)3+...

=1+6x+6x>—4x +..
b (144 ]| =[H2
100 100
3
(2
100

1124122
1000

2 3
c 1+6[ij+6(i] —4(LJ =1.185292
100 100 100
o 1124112

1000

~1.185292

=112~ % =10.582962857...=10.58296 (5 d.p.)

d Using a calculator +/112 =10.5830052 (7 d.p.)
10.5830052-10.5829643
10.5830052

Note, you will get different answers if you use values rounded to 5 d.p. in
calculating the percentage error.

Percentage error =

x100 = 0.00039% (5 d.p.)
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34 Expand (3+2x) using the binomial expansion:

3 a3 2.\
(G+2x)° =3 (1+§x)

() U 2, Iz )

:L(l—2x+§x2 —ﬁx3 +j
27 3 27

[O8)

1 8 80
So (1+x)3+2x)° =—(1+x l—2x+—x2——x3+...j
(I+x)( ) 27( )[ 3 >

_ L 1+(—2+1)x+(§—2jx2 +(—&+§jx3 +o
27 3 27 3

112,

3
o Xt X X +..

= X X
27 27 81 729

1

35a h(x)=(4-9x)" = 2(1—%sz

So using the binomial expansion

h(x):2(1+(%)(—%xj+%(—%x)2+...J
12, 8
—2(1 8x 128x +j

bonf ) (40 ) _[400-9 391
100 100 100 10

2
¢ h 1 z2—2 18 L =1.97737 (5 d.p.)
100 4\100) 641100
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SolutionBank

36a

37a

2
(a+bx)” = Lz(l +éxj
a

a
2
= Lz 1+ (—2)(éxJ +w(éx) +...
a a 2! a
1 2. 3 x* +
a a at
1 2
=—4—x+cx"...
4 4
1 1 )
So 5 =—=a =4=a=%2
a
When a = 2,comparing the x coefficient gives
3
—gzljb:—a—:—l
a 4 8
Comparing the x> coefficient gives
333
at 2" 16
So one solutionisa=2,b=-1,¢c = %
When a = -2, comparing the x coefficient gives
3
N
a 4 8
Comparing the x* coefficient gives
333
at 2 16
3

So second solutionisa=-2,b=1,c= E

Note that the two solutions yield the same expression
2-x) 2 =(-1x(x-2)) " = (-2 (x-2)" = (x~2)"

Coefficient of x° in expansion of (x —2)~

1 (—2)(—3)(—4)( 1)3 1

4 31 2) 3

3+5x ! N B
1+3x)(1-x) 1+3x 1-x
=3+5x=A4(1-x)+ B(1+3x)
Setx=1: 8=4B=>B=2
i=iA:>A=l
3 3

Setx=-—

1
3
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38a

39a

3+5x

m = (1+3X)_ + 2(1—)&7)_

= £1+(—1)(3x)+(_1)2—('_2)(3)02 +...)+2(1+ (—1)(—x)+%(—x)2 +j

=(1+2)+(=3x+2x)+(9x" +2x*) +...

=3—x+11x*+...

3x-1 A B
= +
(1-2x)° 1-2x (1-2x)°
=3x-1=4(1-2x)+B

Set x =l : gives B= 1
2 2

Compare coefficients of x gives 3=-24= 4= —%

3x—1
(1-2x)°

3 1
=—=(1-2x)"+=(1-2x)"
5 (1=20)7+2(1-2%)

Expand each term using the bionomial expansion

34 3 v (=D=2), 5 o EDEDED s
S(1-29) 2(1+( D20+ =2 (220 4 (22) +)

LN | e (23, 52, FDENEAD s
2(1 2x) 2(1+( 2)(—2x)+ Y (—2x)" + 3 (—2x) +j
Now sum the expansions
3 -1 l _ —2: _2 l _ _ 2 2 _ 3 3
—E(l—2x) +2(1 2x) ( 2+2J+( 3x+2x)+( 6x" +6x7)+(—12x" +16x7) +...
=—1l-x+4x +...

25 A B C
f(x)= > = + —+
B+2x)"(1-x) 3+2x ((B+2x)" 1-x
=25=A3+2x)1-x)+B(1-x)+C(3+2x)’
Setx=1: 25=25C=C=1

Setx:—i: 2522833:10
2 2

Compare the coefficients of x*
0=-24+4C= A=2C=2
So4=2,B=10,C =1
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39b From part (a) f(x)=23+2x)" +103+2x) > +(1-x)"
=g(1+2xJ_ 10(1+2x)_ +(1-x)"
3 3 9 3
Now expand each part of the equation using the binomial expansion
(=D(=2) 10 (= 2)( 3)
f(x)=— [l+( 1)( J Y (3 j+ J+9[1+( 2)( j (3 j+J
[1+( D0+ 8 ey j

2 10 4 40 8 , 40 ,
—+—+1 ——X——X+X [+ =X +—Xx"+Xx" |[+...
39 9 27 27 27

25 25 25,
— =X+ —x"+..
9 27 9

40x> +30x +31 B C
=4+ +
(x+4)(2x+3) x+4 2x+43

= 4x" +30x+31=A(x+4)(2x+3)+ B2x+3)+ C(x+4)
Setx=-4: 64-120+31=-25=-5B=B=5
Setx:—%: 9—45+31=—5=%C:>C:—2

Compare coefficients of x°
4=24A=>A4A=2
Solution: A=2,B=5,C =—

b 2+5(x+4)" -2(2x+3)"

-1 -1
Rewrite as f(x):2+£(l+£j —z(l+ng
4 4 3 3

f(x)=2+§£1+(—1)(1j+(_1)(_2)[fj +...J—E[1+(—1)(3xj+HX_Z)(%) +]
4 4 2! \4 3 3 2! (3
(52)(5 4)(5282)
24 ———|+| ——x+—=x |[+| —x" ——x" |+
4 3 16~ 9 64 27

31,19 377

12 144 1728
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Challenge

3 3
1 a Bislocated where g(x)=——x+—-=0=>x=2

So B has coordinates (2,0)

To find A4 solve f(x) = g(x) for x <-3

3(x+3)+15:—ix+i
4 2

=12x+96=-3x+6
=15x=-90

=>x=-06
g(-6)=f(~6)=6
So A has coordinates (—6,6)

=(-2,3)

b

2
To find the radius of the circle, use Pythagoras’ theorem to find the length of MA :

MA = (2= (-2))* +(3-0)* =425 =5
Therefore the equation of the circle is

(x+2)°+(y-3)" =25

M is the midpoint of 4 and so has coordinates (_6 2 ﬂ]

b For x<-3, f(x)=3(x+3)+15=3x+24
Substituting y = 3x + 24 into the equation of the circle
(x+2)° +(Bx+21)° =(x+2) > +9(x+7)* =25
=10x* +130x+420=0
=x’+13x+42=0
= x+7)(x+6)=0
Solutions x = -7, x =7
From the diagram, at P x =—7, and f(x)=-12+15=3
So P has coordinates (-7,3)

Angle ZAPB =90° by circle theorems so the area of the triangle is %| AP || PB|
| AP =12 +3% =410

| PB =97 +3% =490 =310

Area= %(\/ﬁ)(&/ﬁ) =15
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2 The general term of the sequence is

a, =m+(m-1k
11

=Y a=6m+(5+6+7+8+9+10)k =6m+45k

1

= > a=4m+(11+12+13+14)k =4m+ 50k

So 6m+45k=4m+50k:>m:%k

3 p(x)=|x"-8x+12|=[(x—6)(x—2)]
q(x)=|x" —11x+28|=|(x—4)(x-7)|
To find the x-coordinate of 4 solve
x> +8x—12=x"-11x+28

=2x" -19x+40=0
19—361-4(2)(40) 19—-+/41

2(2) 4
Using the quadratic formula, and from the graph we know to take the negative square root.

=x=

To find the x-coordinate of B solve
—x*+8x—12=—x*+11x-28

16
=>Xx=—
3

To find the x-coordinate of C solve
X —8x+12=—x*+11x-28
= 2x*-19x+40=0

_19+JH

4

Taking the positive square root this time.

19-VaL L 16 194441
4 3 4

4 Zl £2n+lj_log3(%j+log3(§j+ +log3[;Zj+log3(%]

3.5 79 81
= log,| Zx 2% x=x—
17377777779

Solution is 4 :

=log, 81
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b
. . 1 . -
5 y=f(ax+ b) is a stretch by horizontal scale factor — followed by a translation | ¢
¢ 0
. . x b
Point (x, y) maps to point (— -, yj .
a a
So (x, y) invariant implies that: x_ b =X=>Xx= b
a a l-a
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Radians 5A
1a 2180 o c
20 T
b 180 450 d
15 T
¢ 22,180 5 e
12 T
g 2r, 180 _5one f
4 T
e 3T, 180 _ o700 g
2 T
f 3rx 189 _5g00 h
T
180 i
2 a 046x280 _ 9640
7T
b 1x180 _57.30 5 3
T
¢ 1.135x 180 _g5.00 b
7T
d 3 x 89 _gg 20 c
T

3 a sin(0.5rad) =0.479

b cos(~/2 rad) = 0.156 e
¢ tan(1.05rad) =1.74
d sin(2rad) =0.909

e sin(3.6rad) =—-0.443

6 a
4 a xizﬁ
180 45
b 10x —— -
180 18

25x -~ T
180 8
Px - T
180 6
1125x % _ 2%
180 8
240x T _ An
180 3
270x T - 31
180 2
315xizﬁ
180 4
3goxizﬁ
180 6

50 x —~ = 0.873rad
180
75x — =1.31rad
180
100 x —~— =1.75rad
180
160 x —— = 2.79rad
180
230 x —— = 4.01rad
180

320 x —— = 5,59 rad
180

Ua

(m, 0)

SolutionBank

(2, 0).

(0, 0)

g

X
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6 b
Ua
(0,1)
m
o/ T\
7 a
Ya
(7, 0)
(-7, 00 (0, 0) x
b

C
Ua
i w
-3 0 3.0/
x
d
Ya
fo,1 /
0r £
( 5 0)
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8 (0,-0.5)
o)
6 6
Challenge
a cosf=1
0=0,2n,4n,6m,...
O=2nn,neZ
b sing=-1
p_3x In lln
2 2 2
3n

9:7+2nn,neZ

¢ tan 0 undefined

SolutionBank



Pure Mathematics Year 2 SolutionBank

Radians 5B

1l a sin377ft=sin(n—%)=£ 3 AC = 2 =

. _ 3
b Sln(—ﬂjz—sm(ﬁj:__
Voo e (248 (4B
3 3
c sl -sn(zn-)-—3 u 8 1
i ° ’ 9 9 9
d cosZ® —cos[n-E]=-1 DC =8 =242 =k+/2
3 3) 2 Sok =2
e coss—n:cos(Zn—E)=l
3 3) 2
f cosﬁ:cos@wﬁj:_ﬁ

i tan—=tan(n+£j=—3
3] 3
2 a sinﬁ=sin(2n+£j=_3
3 3 2
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Radians 5C
1 a Usingl=r@: 2
i 1=6x045=27 A
ii 1=45x%x0.45=2.025
3 lem
i I:20x§7r:7.5n(23.6t03s.f.)
b Usingrzl'
0 B
i r=10_50
06 3 The total angle at the centre is 6x so
26 6X =21
i r=1c')—7=1.8 (T
' 3
Using | = r@ to find the minor arc AB :
i r =120 5,12 18 54 R
FrRL 55 l=10x X = —%cm
3 3
¢ Using g:l;
r
3
| ezﬂzi B
75 3 \
i 49:—4'5 =0.8 fem
5.625 ||
|
v
o 12 243 4
i =—=—-=2
3B

Triangle OAB is equilateral, so ZAOB = %
Usingl =ré:

| =6x% =21
3
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4 r=4/10cmand 6 = +/5 rad 7
Usingl =r@:

| =10 x+/5 = /50 = ¥25x2 =542

5 a Usingl=ré:
length of shorter arc = 3x 0.8 = 2.4cm
length of longer arc = (3+2)x0.8=4cm
Perimeter = 2.4cm+2cm+4cm+2cm

Usingl =ré:
the arc length of the sector =156 cm
So the perimeter = (156 + 30) cm

=104cm As the perimeter = 42cm,
b Length of shorter arc = 39 cm 150 +30 = 42
Length of longer arc =50 cm 150 =12
So perimeter = (36 + 56 + 2 + 2) cm 0=12_0o3
As the perimeter = 14 cm, 15
80+4=14
860 =10
0 8 a LCOA=n-27=L
0= =125rad 3 3
b The perimeter of the brooch
= AB + arc BC + chord AC
6 AB =4cm
rcm 2
| =r@ withr =2cm and H:En
lcm 2 4
So length of arc BC = 2 x En = Encm
rem / As /COA = % (60°), triangle COA is

equilateral.

Using | = r@, the arc length =1.2r cm.
So length of chord AC =2cm

The area of the square = 36cm?, so each
side = 6.cm and the perimeter is, therefore, So perimeter = 4cm+ %n cm+ 2cm

24cm. 4
= (6 + —n)cm
3

The perimeter of the sector
= arc length + 2r cm
=(L.2r +2r)cm =3.2rcm

Perimeter of square = perimeter of sector, so

24 =3.2r
=24 _75
32
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SolutionBank

A

Using the circle theorem, that angle subtended
at the centre of a circle = 2 xangle subtended
at the circumference:

/AOB = 2/ACB = 0.8rad

Usingl =16
length of minor arc AB =8.5x0.8cm
=6.8cm

10a OC=R-r

b OC=R-r

sing = —"

R-r
(R=r)sinfd=r
Rsin@—rsin@d=r
Rsin@=r+rsin@
=r(l+sinéd)

¢ Rsin@d=r(1+sin )
§R=r(1+§j
4 4

r:ER

7

sing = % — 0 =0848..

2R+2RO =21
2R +1.696R = 21
3.696R =21

R =5.681cm

r=%><R=2.430m

11

12a 6

13a

14 a

Length of arc = r@
Perimeter = 2r + r@

2r +r@ = 2r@
2r=rd
0 = 2 rad

T2 12
ro =32
2

r:3—n;l:18m

2 12
d=36m

_2n_=n

C=nd=36n

367 x 60 x 60
30x1000

=13.6 km/h

Speed =

SR=7x05=35m

Using the cosine rule:
QR?* = 7% +12* —2x7x12x¢0s0.5

QR =6.75m
SQ=PQ-PS=12-7=5m
Perimeter =6.75+5+ 3.5
=15.3m (3s.f)

2n—1.1

/X0Z = = 2.59 rad

Using the cosine rule:
XZ? = 5% +15° — 2x5x15x €0s 2.59

XZ =19.44mm
Arc length YZ =5x1.1=5.5mm
Perimeter =19.44x 2 +5.5 ~ 44 mm
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Radians 5D

1 a Area of shaded sector

_ %x 82 x 0.6 =19.2 cm?

b Area of shaded sector
1 T 277

=—=x9°x = 6.751cm?

¢ Angle subtended at C by major arc
=2n-L = Lol

5 b

Area of shaded sector

1 9n _ 162n

== x1.2%x = 5 =1.296mcm?

d Area of shaded segment

=%><102 (L.5—sin1.5) = 25.1cm?

e Area of shaded segment

1.6 (ﬂ—sinﬂj
2 3 3

(67— 94/3) cm? = 3.26 cm?

f Area of shaded segment
= 1T x 62 —(ixﬁz (E—Sinﬂn
2 4 4

2 2
637‘C 2 2
= T+9J§ cm? =111.7cm

2 a

SolutionBank

0\‘”]
U

The triangle is equilateral, so the angle

at C in the triangle is %

Angle subtended at C by shaded sector
A

=MT—— = —
3 3

Area of shaded sector
L gy 2 _16

==x4%*x 2

mctm

0.2rad

U

The triangle is isosceles, so the angle at C
in the shaded sector is 0.4 rad.

Area of shaded sector

=%><52><o.4=5cm2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Pure Mathematics Year 2 SolutionBank

3 a c
Area of shaded sector Area of shaded sector
:%xxle.Z:O.ze cm? =%><4.52><Xcm2
S0 0.6x2 =12 So 2 = L x 4.52x
x? =20 240
X =4.47 (3s.f) X = 25E 1.98 (3s.f.)
b
4
B
4 4cm
T A
Area of shaded sector
=—xx2x(2n—%):%x2 —2132” cm’
23 Usingl =ré@:
S0 151 = == nix? _
T 4 T 4 =660
2 _ 24x15 o=2
23 3
x=3.96 (3s.f) So area of sector = %x 62 x % =12cm?
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Q 18.64cm

10% +10° —18.65%

2x10x10
=-0.739 (3s.f.)

a coséd =

b cosd=-0.739... = @ = 2.4025...

Area = %xloz « 2.4025...

=120cm?* (3s.f)

6 Using area of sector = % r’e:

100 = %x1220

9:@:& rad
72 18

The perimeter of the sector
=12+12+1260 =12(2+ 0)

=12xﬂ:£:4ogcm
18 3 3

SolutionBank

The perimeter of minor sector AOB
=r+r+0.5r=25rcm

S0 30 = 2.5r
=r :ﬂ =12
2.5

Area of minor sector AOB = % r’e
=%x122 x 0.5 = 36 cm®

Area of segment

= % r?(0 —sin 0)

_ %lez (0.5—sin0.5)

=72(0.5-sin0.5)
=1.48cm” (3s.f)
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xcm
B
a l=r0=1=xx®x=12l
12 T

Avrea of sector = % r’e

1 (12|)2 n
= — X | — K —
2 o 12
1 1217
= —X
2 s
_s*
T

6l
b — x24=3600xn
T

|> = 25x°
| =5n
The arc length of AB is 5z cm.

x=22 _12, 55 60

T T

SolutionBank

Using the formula,

area of a triangle = %ab sinC :

area of triangle COB = % r’siné 1)
ZAOC = 1t — 6, so area of shaded segment
- % r((n-0)-sin(m-0)) (2)

As (1) and (2) are equal:

%rzsiné?=%r2(n—6—sin(n—9))

sin@ =mn— 6 —sin(n— 0)
But sin(m — #) = sin 6,
S0 sinfd=mn—6 —sind
Hence 6+ 2sinf ==
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10

C

Area of sector OBC = % r2e

withr =8cm and 8 =1.6rad

So area of sector OBC

_ %x 82 x1.6 = 51.2 cm?

Using area of triangle formula:
area of triangle OAD

_ %x 5x5xsin1.6 =12.49...cm>

So area of shaded region
=51.2-12.49...=38.7cm’ (3s.f.)

SolutionBank

C

In right-angled triangle OBA :

anZE-AB . AB-36xtanl
3 36 3

So area of triangle OBA

_ 1. 36x36xtanE
2 3
and area of quadrilateral OBAC

=3.6%x tan% = 22.447...cm?

Area of sector

_ 1 362x2 7 =1357..cm?
2 3

So area of shaded region
= 22.447...-13.57...=8.88cm* (3s.f)
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SolutionBank

12

a Area of sector OBC = %(r + 8)2 6cm?

Area of sector OAD = 1 r2e cm?
So area of shaded region ABCD

= [% (r +8)%0 - % rzej cm? = 48cm?

O((r* +16r +64) —r*) =96
6(16r +64) =96
O(r+4)=6
ro+460 =6 Q)
rg=6-460
r= 5_ 4
0
b Substituting r =106 in equation (1):
6 =106 + 40

Rearranging:
56° +26-3=0
(50-3)(@+1) =0

So6?=i andr:10><§=6
5 5

Perimeter of shaded region
=(r6+8+(r+8)8+8)cm

_18 18+22 ,3_28cm
5 5

13 Area of sector = Acm? = % x 282 x 0

Perimeter of sector = Pcm
=r@ + 2r = (2860 + 56) cm

AsA=4P:

3926 = 4(280 + 56)
9860 = 2860 + 56
700 =56

9-6_08
70

SoP =286+56=28x0.8+56=784

14

6m
Flowerbed

14m

a Using the cosine rule:
2 2 2

10° +12° -14° _ 0.2
2x10x12

Z/BAC =cos 0.2

/BAC =1.369...=1.37 rad (3 s.f.)

cos BAC =

b Area of triangle ABC

_ % «12 x10 x sin A = 58.787...m°

Avrea of sector (lawn)

_ % « 62 x A = 24.649... m?

So area of flowerbed
= 58.787...— 24.649...= 34.1m” (3 s.f)
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15 b Lengthofarc AB=12x1.2=14.4cm
Q 25em R 75cm 0 OD =12xc0s1.2 = 4.348...cm
0.3rad BD =12xsinl1.2 =11.184...cm
s AD =12 -4.348...=7.651...cm
10cm Perimeter of DAB
= AB + AD + BD
=14.4+7.651...+11.184...= 33.236...
P =33.24cm (2d.p.)
a RP?=252+102-2x10x% 2.5 x cos 0.3 17
=58.48... B
RP = 7.65cm |
QP =10x0.3=3cm Scm 12cm
So perimeter of S
=3+75+7.65=18.1cm (3s.f.) A C
b AreaofS s

:%xlOz ><O.3—%><2.5><10><Sin0.3

D
=11.3cm? (3s.f)

BE =5xsin0.6 = 2.823...

16a
50 sin BCE = 2.823...

hence ZBCE = 0.237...

and ZBCD = 0.474...

Shaded area to left of BD

- % «122 x (0.474... —5in 0.474...)

=1.271...

Shaded area to right of BD

_ % x5 x (1.2 — sin1.2)

=3.349...
AC =12xtanl1.2 = 30.865... cm
Area of triangle AOC So total shaded area
=1.271...+ 3.349... = 4.620...

=1 1230.865... =185.194... cm?
2 =4.62 cm® (3s.f)

So area of R

—185.194... — % «122 x1.2 = 98.794...

=98.79cm? (2d.p.)
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Challenge
Arclengthl =rf = 6 = —

-

Soarea=£r29=lr2(Lj=irl
2 2 r 2
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Radians 5E

1 acosfd=07,00K2n
cos 0.7 =0.795
2n—0.795=5.49
6 =0.795,5.49

b sinf=-02,0€60<K2n

sin™(~0.2) = —0.201
n+0.201=3.34

21 —0.201 = 6.08

0 = 3.34,6.08

c tan0=5,0<60<K2n
tan'5=1.37
n+1.37 =451
0 =137,451

d cosf=-1,0<6<L2n
cost(-)=m
O=m
2 a 4sin0=3,0<60<2n

sin9=§
4

sin1% —0.848

n—0.848 =2.29
60 =0.848,2.29
b 7tan0=1,0<60<2xn

tanté’:i
7

tan £ = 0.142
7

n+0.142 =3.28
60 =0.142,3.28
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c 8tan#=15060<K2n

tané?:E
8

tant 12 —1.08
8

n+1.08 =422
0 =1.08,4.22
J5cosf=+2,0<0<2n

cos @ =

SIS

cos™ 0.886

SIS

2rn —0.886 = 5.40
0 =0.886,5.40

3 abcosf+1=3,00K2n

cos:§?=g
5

cos™ 2_ 1.16
5

2n—-1.16 =5.12
6 =1.16,5.12

J5sing+2=10<60<2n
. 1
sinf = ——

J5
- 1
sin?| ——= | = -0.464
%)
n+0.464 = 3.61
21 —0.464 =5.82
0 =3.61,5.82



Pure Mathematics Year 2

3 ¢c 8tan0—-5=5,0<6<K2xn

tané?:E
8

tan! % — 0.896

n+0.896 = 4.04
60 =0.896,4.04

J7cos0-1=2,0<0<2n

ﬁ+1
Ng
42 +1

N7

2n—0.421=5.86
6 =0.421,5.86

cosd =

Cos =0.421

J3tanfd-1=0, <0<

sin@ = —

sin' L — 0.201
5

0 =0.2012.94

c 8cosf=52n<H<L2n

cosezE
8

cos ™2 = 0.896
8

6 = -0.896,-5.39,0.896, 5.39

SolutionBank

3c0s0-1=002-n<<O<L3n

cosf = % =0.34

cost0.34 =122
0 =-1.22,1.22,5.06,7.51

04tan0-5=-7,00<K4n

tanf = -2 — 5
0.4

tan(-5) = -1.37
0=177,4918.0511.2

7T
cosh—1=-082, Egpog L
2< < 3

cosd =0.18

cos™0.18 =1.39 (not in given interval)
60 =4.89

5c0s20=4,0€60<K2n

Let X =260
5c0s X=4,0< X<K4n
cos X _4

5

X =0.64,5.64,6.92,11.92
0 =0.322,2.82,3.46,5.96

5sin30+3=1,0<60<2n

Let X =360
5sinX+3=1,0< X6
sinX=—3

5

X =(-0.412),3.55,5.87,9.83,12.2,
16.1, 18.4
60 =1.18,1.96,3.28,4.05,5.37,6.15
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5 ¢ Jf3tandd-5=-4,0<0<2n

Let X = 460
J3tan X -5=-4, 0< X< 8=

n 13n 197 257 31n

66 6 6 6
T

_n 7n 13n 19n 25n 3lrn
24724 24" 24 24" 24
3/n 43n
24 ' 24

J10cos20++/2 =32, 0<0< 2n
Let X =260

J10cos X ++4/2 =342, 0< X < 4n

Ccos X = —2‘/5 = —2‘/5
Jio 5

X =0.464,5.82,6.75,12.1
0 =0.232,2.91,3.37,6.05

J2sin30-1=0, 1< o<
Let X =368
J2sinX -1=0, 3n< X< 3n

sinxzizﬁ
J2 2
X=_Jr 5t n 3n 9 1lln
4" 444 4 4
__Jn 5t m m 3n lln
12 12'12'4° 471

SolutionBank

b 2cos40=-1, <0< 2n

Let X =46
2cosX=-1,4dng XK 8n
cos X :—i
2
x - 0t 8r _4n 21 2n

3 3 3 3 3 3

3'6'6 33 6

8tan20=7,2n <0< 2n
Let X =26
Btan X =7, 4dn g XL 4n

tanX:l
8

X =-11.8,-8.71,-5.56,- 2.42,0.719,
3.86,7.00,10.1

0 =-5.92,-4.35,-2.78,-1.21,0.359,
1.93,3.50,5.07

6c0s20-1=02, <0< 3n
Let X =26
6cosX—1=02, 21 XK 67

cos X :%=0.2

X =-4.91-1.37,1.37,4.91,7.65,
11.2,13.9,17.5

0 =-2.46,—0.685, 0.685, 2.46, 3.83,
5.60,6.97,8.74
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7 a 4c05°0=2,0<60<2n

b 3tan?f+tan0=0,0<0<2n

tand(3tand+1) =0
tand=0=6=0,r, 2%

or tand = —% — 0 =2.82.596

C cos’9—2cosf=3,0<0<L2n

cos’d—2cosf—-3=0
(cos@-3)(cosf+1) =0
cos @ = 3 (nosolutions)
orcosf=-1=6=n

2sin?20—-5¢c0520=-2,0<0< 2n
2sin?26 -5c0s20+2 =0
Let X =260
2sin?X—5cosX+2=0,0< X< 4n
2(L—cos* X)—5cos X +2=0
2-2c0s° X —5c0s X +2=0
2c0s* X +5c0s X —4=0

w _ =557
4

cos X = —3.14 (nosolutions)
orcos X =0.637 =

X =0.880,5.40,7.16,11.7
6 =0.440,2.70,3.58,5.84

SolutionBank

8 a cosf+2sin’0+1=0,0<6<2n

cos@ +2(1—-cos’d)+1=0
cosf+2-2c0s’0+1=0
2c0s° 6 —cosf@-3=0
(2cos@ —3)(cos@+1) =0
cosé@ =1.5 (nosolutions)
orcosf=-1=60=mn

10sin?9=3c0s?*H,0< 0K 2n
sing _ 3
cos’d 10
tan’ 0 = 0.3

tan@ = J_rJO.B

6 =0.501,2.64,3.64,5.78

c 4cos?0+8sin?6=2sin’>H— 2 cos? 6,

00K 2n
6sin? @ = —6.¢0s° 0

tan® @ = -1 = nosolutions

2sin?9—7+12c0s60=0,0<60<2n
2(1—cos® @) -7 +12cos @ =0

2-2c0s°0—-7+12cosf =0
2c0s° @ —12cosf+5=0

cos @ = ]'ZiT “'04

cos @ =5.55 (nosolutions)
or cos@ =0.45= 6 =1.10,5.18
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2
LetX:x—i
12
1 o 231
cosX =—, —— —_—
J2 12< 12
_n In
4’ 4
x= & ln
3' 6

b sin3x:—%, 0 Xx<2n
Let X = 3x
sin X :—%,O<X<6n

X=( nj 7_TE 11x 197 23x

6))6 6 6 6
3ln 357
6 6

X_E 11r 197 23n 31n 35x%

~18'18 '18 ' 18 ' 18 ' 18

10a (L+tanH)(5sind—-2), n<O<n
tang=-1=0--L 3%
4 4

orsing = % — 0 =0.412,2.73

b 4tanx=5sinx,0<x<2n
4 SinX
COS X
4sin x = 5sin X cos X

sinx=0=>x=0, =

=5sin x

OF COSX = % — X =0.644, 5.64

SolutionBank

118 cos®x+6sinx—6=3,0<x< 2n
8(L—sinx) +6sinx-6-3=0
8-8sin°x+6sinx-9=0
8sin®x —6sinx+1=0
(4sinx-1)(2sinx-1) =0
sinx=0.25=x=0.3,2.9
or sinx=05=x=0.5,2.6

12 coszx—lzgsinzx—2,0<x<2n

(L-sin®*x)-1= %sin2 X—2

gsinzx—2=0
2

sin2x=i

9
. 2
S|nx=§:>x:0.7,2.4

or sinx = —% =x=3956

138sin’x+4sinx—20=4
8sin® x+4sinx—-24=0
2sin®x+sinx—6=0
LetY =sinx
2Y2+Y -6=0
2y -3)(Y +2)=0
Y =1.5= sin x =1.5 (no solutions)
orY =-2 = sinx = -2 (no solutions)
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l4a tan’x—2tanx—6=0
Using the quadratic formula with

a=1b=-2andc=-6 (or by

completing the square):

2+ 4(-2)? — 4x1x (-6)
2x1

_ 2+ 4

2
_ 2428
2

tan X =

_ 2+ 247

2
=1+7

Sop=landq=7

b tand=1+7 = 0=13,44,76
tand =1-+7 = 0 =21,53,8.4

15a

sin X _ sin0.5

5 4
Sin X = 5 x sin0.5
=0.599 (3d.p.)

b x1=0.643...~0.64 (2d.p.)
Xo =m—0.643 = 2.498... ~ 2.50 (2 d.p.)
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Radians 5F
| g Sin40—tan20 40-20 ; tan46+60° 46+6°
30 30 30—sin260 30-20
_2 40+
3 0
=4+0
(20)°
1-]1-
b 1-cos26 ~ 2 3 a co0s0.244=0.970379 (6 d.p.)
tan 20sin @ 20°
40° 2
5 b cos0.244~1- 0.244
26 =0.970232
207
== ~
20 c 0.970232-0.970379 <100 — —0.015%
=1 0.970379
c 3tand -0 ~ 30-0 d co0s0.75=0.731689 (6 d.p.)
sin 20 20 0.752
20 c0s0.75~1-— =0.71875
" 20
4 0'71875_0'731689><100:—1.77%
0.731689
sin3¢ 360
2 a 0sin40 ~ 100 e The larger the value of 4, the less accurate
3 the approximation is.
:4—9 L
4 9= 100-1
) sin
o1 (1_‘9)_1 (0—sin9)x100 =sin @
C:’S 2;) ~ 229 1000 —100sin & =sin
an .
0 1006 =101sin 8
__2
20
__¢
4
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5 a 4c0s30—-2+5sin@ Challenge
1-sin26
2 1 a CD=r6=ACx¥0
4(1—@j—2+59

~
~

b In the right-anged triangle ABC:

1-20 BC _CD _ ACx8 _

4(_ j_2+59 AB AC AC
2
_ tan@:BCzCDzACX‘g:e
1-260 AC AC AC
_4-180°-2+50
1-26 2 a For|x<y1
_ 2+50-186° JI-x
1-20 2%
1-26)(2 + 96) =(1-x%) L
= 1)(4 -1
1-26 =1+£(_X2)+(2)(2 )(—X2)2+...
=90+2 2 2
XX
b When @ is small, 99 is also small, so 2 8
4c0s30—2+5sin0 _, w1 X
1-sin26 2
b cosd=+1—sin’0
_sin®@

~1 since |sing| <1

92
zl—? since sind = 0

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2
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Radians Mixed exercise

1 | 2

17cm 17cm

L A

15cm 15cm

a Using Pythagoras’ theorem to find OM :
OM* =17" -15* =64 = OM =8cm

A B 1
Scm Area of AOCD = > CD x OM
a In the right-angled triangle ABC : 1 x30x8 =120cm’
2
cos ZBAC B4 _5 1
AC 10 2

b Area of shaded region R
so ZBAC = % = area of semicircle CDA,

— area of segment CDA,
b Area of triangle ABC
ZLXABXACXSin /BAC Area of semicircle CDAl

1 =L X 15% = 353.429...cm’
B M 2 2
= EX 5x10x sm? =21.650...cm

Area of segment CDA,
Area of sector DAB = area of sector OCD
= %x 5% x % =13.089...cm’ — area of triangle OCD

_ %x 17% x ZCOD —120
Area of shaded region In right-angled triangle COM:
= area of A ABC — area of sector DAB sin LZCOM = CM _ 15
=21.650...—13.089... = 8.56cm® (3 s.) oc 17

so ZCOM =1.0808...
hence ZCOD = 2.1616...
So area of segment CDA,

_ %x 17> x 2.1616...— 120

=192.362...cm”
So area of shaded region R
=353.429...-192.362...

=161.07cm’ (2d.p.)
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3 c 4.65<r<475525<p<535
Least possible value for area of sector

_ %x 5.25x4.65=12207cm’ (3 d.p.)

80 cm?

(Note: Least possible value is 12.20625,
so 12.207 should be given, not 12.206)

d Maximum possible value of &
_maxp _ 5.35

B minr  4.65
So give 1.150 (3 d.p.)
Minimum possible value of 6

=1.1505...

a Reflex angle AOB = (2n — #) rad

_minp 525
Area of shaded sector T maxr 475 1.1052...
- %x 6 x (21— 6) So give 1.106 (3 d.p.)
=(36n—-180)cm’ 5
So 80 =36 — 186 4
=180 =36m—80
— 6= @ ~1.839 3 dp.)
6.4cm
b Length of minor arc 4B
=60 =6x1.8387..=11.03cm (2 d.p.)
B
4
A
o a Using/=r6:
rcm
64=50=0=3%_128rd
0 pem >
_ b Using area of sector = i1*26’ :
rcm 2
1
B RI:Ex52x1.28:l6
a Using/=r6: ¢ R, =areaof circle— R,
p=ro= 0=L = x5 —16 = 62.5398...
r
RK__ 16 1 1
b Area of sector R, 625398.. 3908.. p
=ir29=ir2><£=iprcm2 = p=3913s.f)
2 2 ro 2
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Q
Shape X Shape Y

a Area of shape X ¢

= area of rectangle + area of semicircle a Area of segment R

=(2d* + 1 nd?)cm’ = area of sector OPQ
2 — area of triangle OPQ
1 , s :>A1=lx62><6’—L><62xsin¢9
Area of shape ¥ = —(2d) 0 = 2d"0 cm 2 2
2 = 4 =18(0 —sin6)

Since X =1 b A4, = areaofcircle — 4,
2d2+%nd2 = 2d% = 1x 6> —18(0 —sin 0)
DlVldeby 2d2: =36n—18(9—5in9)

T
I+ 4 =0 Since 4, = 34;:

36m—18(0 —sinf) =3x18(0 —sin0)
b Perimeter of shape X (

—(d+2d +d+nd)em withd =3 36m—~18(0 —sin §) = 54(0 - sin 0)
= (3n+12)cm 36m =72(6 —sin6)
n=60-sind
¢ Perimeter of shape ¥

g
— (2d +2d +2df)cm Sing =6--

withd:3and9:1+%

=12+6(1+£j
4

(18+3—n)cm
2

d Difference
(18 ; 37“) Gr+12)

_6_n
2

=1.287...cm
=12.9mm (3 s.f))
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10cm

a Using the cosine rule in AABC :

2 2 2
cos A = M
2bc | |
52 192 _10? : a Area of sector = —7’0 = —r* x1.5cm’
= cos LBAC =— = 0.06 2 2
2x5%9
So 217 =15
= £ZBAC =1.50408... 0 Zr =
=1.504rad (3 d.p.) , 60

=>r =—=20
3

b i Using the sector area formula: — =20 =JAx5 =4 x5 =245

area of sector = %rzé’

b Arc length AB =r(1.5) = 345 cm
= area of sector APQ

- L3 x1504 = 677em® (35.£) Perimeter of sector
2 = AO + OB + arc length AB
ii Area of shaded region BPQC =25 +25+345
= area of AABC — area of sector APQ =745
=%x5x9xsinl.504—%x32><1.504 =15.7cm (3 s.f)
=15.681... ¢ Area of segment R
=15.7cm’ (3 s.f) = area of sector — area of AAOB

|
. . =15——r"sinl.5
iii Perimeter of shaded region BPQC 2

= QC + CB + BP + arc length PQ =15-10sinl.5
=2+10+6+(3x1.504) =5.025cm* (3 d.p.)
=22.51...

=22.5cm (3s.f)
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Using the right-angled A4ABD, with

/ABD =L~
3
. 3
sin — = ——
AB
3 3
= AB = Sini —E
3 2
=3xi:2w/§cm
NE)

Area of badge = area of sector
- %x (243)'0 where 0 = &

:i><4><3><£

=2 cm?

Perimeter of badge
= AB + AC + arc length BC

=2w/§+21/§+21/§x%
=2w/§(2+%j

_ﬁ(
3

6+ m)cm

SolutionBank

sin ZACD = —
44

a Using the right-angled AADC :

35

-1 35

So ZACD =sin~ —
44

o 35

and LZACB = 2sin~ —
44

= ZACB =1.8395...

ii

=1.84rad (2d.p.)

Length of railway track
= length of arc 4B

=44 x1.8395...
=80.9m (3 s.f))

Shortest distance from C to AB is DC.
Using Pythagoras’ theorem:

DC? = 44* - 357

DC =~44> =357 =26.7m (3 s.f.)

iii Area of region

= area of segment
= area of sector ABC — area of AABC

:%x442 ><1.8395...-%><70><DC

=847m’* (3 s.f)
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12 C
4 4dcm
6cm
6em , .
X 26 12sin 6
0 ______ J \ 6cm

Area of the cross-section
= area of rectangle ABCD

— area of shaded segment

a Inright-angled AOAX (see diagram): Area of rectangle = 4 x 12 x sin%
% =sing =24cm’
= x=06sind Area of shaded segment
S0 AB =2x =12sin@ (4B = DC) = area of sector — area of triangle

e xE_ L g xsinE
Perimeter of the cross-section 2 3 ,
= arc length AB + AD + DC + BC =3.261...cm
—6x20+4+12sin6 + 4cm So area of cross-section
2

=(8+126 +12sin0)cm =20.7cm” (3s.f)
So2(7+m)=8+120+12sin6 13

=14+2n=8+120 +12sin @
=120 +12sinf@ -6 =27

Divide by 6:

29+2sin9—1=%

T
b When ¢ = I a 014 = 024 = 12, as they are radii of their
‘ - | respective circles.
20+2sin0 1= 3 + (2 X Ej -1 0102 = 12, as O is on the circumference
of C1 and hence is a radius (and vice
_I versa).
3

Therefore AAO,0, is equilateral.
So Z40,0, = %

and ZAOB =2x LA0,0, = 2—3"
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13b

14 a

15a

Consider arc 40, B of circle C,.
Using arc length = 6 :

arclength AO,B =12 x % =8ncm

Perimeter of R
= arc length AO,B + arclength 4AO,B

=2x8mr=16Tcm

Consider the segment 4O, B in circle C,.
Area of segment 40, B
= area of sector O, 4B — area of AO, 4B

1 2n 1

=—x12?x=—=_—-—x12? xsinﬁ

=88.442...cm’
Area of region R
= area of segment 40, B
+ area of segment 4O, B
=2x88.442...

=177cm’ (3s.f)

The student has used an angle measured in
degrees — it needs to be measured in
radians to use that formula.

50°=5—0xnrad

180
lrzﬁ —ix?a2 xin
2 2 18
5 2
== cm

2
(1—9—j—1
cosf -1 _ 2

Otan20  Ox20
02
0
26>
—H?
46°
1

T4

SolutionBank

2(1—(1—0—2D—1
2(1-cos@) -1 _ 2

tan @ —1 h 0-1

-1
_(@-1)(O+1])
o 0-1
=0+1

2
roof1-€22)
2
20+3

7+2@—4¢j
B 2
B 20+3
_9-4p°
C20+3

_ (3+20)(3-20)
B 20+3
=3-20

7+2cos20 _
tan 26 + 3

16 a

b 3

17a When @ is small:
LHS =32cos 56 + 203 tan 106

~32 (1 _ (5?2 j +203(100)

=32-16(2560%) + 20100

So 32 — 40060 — 20306 =182
4006° + 20300 +150 =0
400% +2030 +15=0

b 400> +2030+15=0
(400 - 3)(0 -5) =0

0=-=_5
40
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17 ¢ 6 =5 is not a valid solution, as 5 is not 20a
‘small’. = is ‘small’, so this solution is Yy
valid.
0, 3

18 cos'@—sin* O
= (cos’ @ —sin” f)(cos” O + sin” )
=cos’ @ —sin’ 0
=1-sin’ @ —sin* @
=1-2sin’ @
~1-20°

(0,0),

b The curves intersect twice in the given

. range, so the equation has two solutions.
19a 3sinfd=2,0<0<Kn

sinﬁzz ¢ Ssinx=3cosx
3
0 = 0.730,2.41 tanx =
x =0.540,3.68
b sinf=-cosf,n<0<n
tan @ = —1 -
3 21a 4sin9—cos(——0j=4sint9—sin6
g=_"1 2T 2
=3sind
1
c tan 6 + =2,0<0<2n ing— T _p9l=
— <0< b 4sin@ cos(2 0) L0<O<K2n
tan’ @ +1=2tan @ 3sinfd =1
tan’ @ —2tan @ +1=0 sing = L
(tan@—1)> = 0 3
6 =0.340,2.80
tand =1
T 5w :
QZZ,T 2 s1n2x‘+0.5 _2. 0<x<3_n
1—sin2x 2
sin2x+0.5=2-2sin2x
d 2sin’d-sinf@-1=sin’0, n<O<n Isin2x = 1.5
sin@—sin@—-1=0 Sin2x =05
sing = 125 Let X = 2x

sinX =05, 0<X <3n

or sind =—0.618 y_® Sn Bn 17m

= 0 =-0.666,—-2.48

sin @ = 1.618 (no solutions)

66 6 6
. n S5t 13n 17n

X = 9 B B
12 12 12 12
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23a

24 a

25a

Cosine can be negative, so do not reject
1

V2

Rearranged incorrectly, so incorrectly
square rooted.

2cos" x=1
cos’ x = 1
2
1
CoOsSx =t+t—
2
fo 3t _nmom 3n
4° 474 4
Not all solutions have been calculated.

There will be four solutions in the given
interval.

2tan 2x=5,0<x < 2n

Let X =2x
2tan X =5,0< X < 4n
tan X =2.5

X =1.19,4.33,7.47,10.6
x =0.595,2.17,3.74,5.31

5sinx =1+ cos’x
Ssinx =1+ 2(1—sin’x)

2sin’x+5sinx—-3=0

2sinx+5sinx—3=0,0<x< 2
(2sinx—1)(sinx+3)=0
T 5w

sinx=05=>x=—,—
6

or sin x = —3(no solution)

26a

27 a

28 a

SolutionBank

4sin*x+9cosx—6=0
4(1-cos’x)+9cosx—6=0
4—4cos’x+9cosx—6=0

4cos’x—9cosx+2=0

4cos’x—9cosx+2=0,0<0<4n
(4cosx—1)(cosx—2)=0

cos x =2 (nosolution)

orcosx =0.25=x=1.3,5.0,7.6,11.2

tan 2x = 5sin 2x

sin 2x =5sin2x

cos2x
sin 2x = 5sin 2x cos 2x

(1-5co0s2x)sin2x =0

sin2x(1-=5cos2x)=0,0<x<n
Let X =2x

sin X(1-5cos X)=0,0< X< 2n
sinX=0=X=0,7,2n

orcos X =0.2= X =1.37,491

x=0,07,%,25n
2

05) (30}

cos(x+%) =0.65 0<x<2n

LetX = x +—~
6
cos X =0.65, £<x < 13n
6 6
X =0.863,5.42
x=0.34,4.90
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. AN e ¢ sin460 =37 —-2cos20
29 sin 3x+? =0450<x<r When is small:
LHS ~ 46
LetX=3x+§,§sxsloT” .
~ (20)
X =2.67,6.75,8.96 s0 40 =37 -2 + 467
x=0.54,1.90 or 2.64 (2d.p.) 40> —460+35=0
b*> —4ac<0
Challenge So there are no solutions.

a 9sinftand+25tand =6
When @ is small:

LHS = 96* + 250
s0 96* +250 =6
99> +250-6=0
(90 -2)(0+3)=0

9=£0r 0=-3
9

0= % 1s ‘small’, so this value is valid.

6 = -3 is not ‘small’, so this value is not

valid. ‘Small’ in this context is ‘close to 0.

b 2tand+3 =5cos40
When 6 is small:

2
LHSz29+3andRHSz5(l— (45) j

s0 20 + 3 =5-406"
400° +20-2=0

200° +0—-1=0
(40 +1)(560 1) = 0
__1 45_1
0=-7.0=-

Both values of @ could be considered
‘small’ in this case so both solutions are

valid.
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Trigonometric Functions 6A

1 a 300°is in the 41th quadrant o cosec% __ llln 324 (3sf)
sec300° = S0
cos 300°
i 1
In 4th quadrant cos is +ve, h sec6rad = ~1.04 (3 s.)
so sec300° is +ve. cos6rad
b 190° is in the 3rd quadrant 3 a2 cosec90° = — I 1,
o 1 sin90° 1
cosec190° = Sin190° (refer to graph of y =sin 0)
In 3rd quadrant sin is —ve,
so cosec190° is —ve. b cot135°= ! = 1 sz—l

tan135° —tan45° -1
¢ 110° is in the 2nd quadrant

o__ 1 ¢ secl8r=— =L _ 4
cot110° = S cos180° -1
tan110 (refer to graph of y = cos 8)
In the 2nd quadrant tan is — ve, rapR oty =
50 cot110°is —ve. d 240° is in the 3rd quadrant
d 200° is in the 3rd quadrant sec240° = L _ ! L -2

) ] c0s240° —cos60° —1
tan is +ve in the 3rd quadrant,

so cot 200° is+ve. e 300° is in the 4th quadrant
95° is in the 2nd quadrant cosec300° ! !
e is in the 2nd quadran = =
et sin300°  —sin60°
cos is — ve in the 2nd quadrant, | 2 23
950 1Q — . = = ——
SO sec is —ve _ g N 3
1
2 a secl00°= =-5.76 (3 s.f) f —45°is in the 4th quadrant
cos100° ) |
cot(—45°) = =
1 tan(—45°) —tan45°
b cosec260° =— =-1.02 (3s.f)
sin 260° _ 1 -1
-1
¢ cosec280° =— ! -=-1.02 (3 s.f) 1 1
sin2 g sec60°= =—=2
cos60° 1
d cot550°= ! =5.67 (3s.f) o
tan 550° h -210° is in the 2nd quadrant
1
cosec(—210%) = ————
e cot oL _0577Gs1) sin(~210%)
3 tan“®
3 B 1 3 l B
| sin30°
f sec24rad=——=-1.36 (3s.f)
cos2.4rad
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3 i 225°isin the 3rd quadrant 6 2n . E (in the 2nd quadrant)
0 1 1 3
e 52250 —cosds® 2 2 1 1
C(is eo8 cosec (_nj +sec (_n] =———+ -
=_1=—\/5 3 3 sin(%)  cos (%)
2 1 N 1
a sin(3) " —cos(3)
i 3 is in the 3rd quadrant _1 N 1
1 11 3 T i
COt4Tn = a = == 2
tan%* tanj 33 =2+ ﬁ
2
k % =2n —% (in the 4th quadrant) =2+ g\/g
sec Hn = ! = ! = € = 2 = & Challenge
6 coslm cosz £ 3 3

a Triangles OPB and OAP are right-angled

.. triangles as line 4B is a tangent to the unit
1 —— isin the 3rd quadrant circle at P.
c0sec[—3—n) _ 1 Using tnangle OBP, OBcosf=1
n(=3z —ginZ
sin(=3F)  —sin = O0B= ezsecé?
1 cos
= ] = —'\/5
2 b ZPOA=90°-0= LOAP=0
Using triangle OAP, OAsin0 =1
S A
= 04 =— 7 =cosect
sin
m ¢ Using Pythagoras’ theorem,
4 - 3;1_“ AP? = 04> - OP*
@ C So, AP* = cosec? 61

= — 12 -1
| sin” @

4 cosec(m—x)=—— 1-sin’ 0

sin(m —x) =

| sin” @
= cos’ @
sin x =—
= COSec X sin” &
=cot’ 0
5 cot30°sec30° = ! ] Therefore AP =cot®

X
tan30° cos30°

NEI)
= —X—

1 3

=2
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Trigonometric Functions 6B

3 a
y=secl Y
\/ \\/ \\/ 4 e 8
—540 ‘ . ‘ . 54|0°
I 450 I -270° ' o0 © 96" I 2%0" I 450° G 0 )° 180° 27 360° E
-1+
\ /\ A / J=—c08 §
y=secl
b
: : d=gneeed 1 b You can see that the graphs of y =secé
1 : ¥ : : !
\/ \/ \/ and y = —cos @ do not meet,
P M so secd =—cos @ has no solutions.
L TR T L
Shoe —360° E80° 0 1§0°  360°  540° 4
I : : | The same result can be found
algebraically
secd =—cosd
¢ 1
y=ae o ; = =—cosf
cosd
=cos’f=-1
540 350 ;gnu 8500 (Eg(]ﬂ %oo ] There are no solutions of this
equation for real 6.
4 a
2 a Ya : Vi . y=cotf
y=-x |\y=cotx i\~
— 0 m o

b 2 solutions
b The curves meet at the maxima and

minima of y = sin 26, and on the #-axis
at odd integer multiples of 90°.

In the interval 0 < 8 <360° there are

6 intersections. So there are 6 solutions of
cot @ =sin 20 in the interval 0 < 9 <360°
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SolutionBank

5 a
VA , y=tan@
0 90°  /180°  270° /360° 0
YV
¥ =cot(f + 90°)
0 90°  180%\ 270° 360° 0

b y=cot(€+90°) is a reflection in the
f-axis of y =tan @, so
cot(0+90°) =—tan @

6 a i Thegraphofy= tan(@—i-gjis the
same as that of y = tan@ translated
by the vector [_0%} i.e by
g to the left.

ii The graph of y = cot(—6) is the

same as that of y = cot & reflected

in the y-axis.

iii The graph of y = cosec(é’ + %)is

the same as that of y =cosecd

3y

iv The graph of sec(@ —%) is the

INE

translated by the vector [

same as that of y =secé translated

by the vector (gj

m

YA

=

e

(reflection of y = cot @ in the y-axis)

tan (9 + gj — cot(~6)
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SolutionBank

6 b b Reflection in #-axis of y = cosec
2. ; Ty .
y:cosec(ﬁ+z)

Minimum at (270°, 1)
Maximum at (90°, —1)

¥, y =—cossec 6

ENERS
[STENS
N
ht]
o
=
Gigt
=i
ra
B
-

(270°, 1)

90° 180° 270° 360° ¢

(90°, -1)

y=see(— %) T

¢ Translation of y = sec & by the

FNERE
[SERS
)
E
o
gt
Mgt
SRt
ra
=
=1

0
: vector (J, i.e. +1 in the y direction.
,1—

It meets x-axis at (180°, 0)

There is a maximum at (180°, 0)

It meets the y-axis at (0, 2)

cosec(0+£j=sec(9—£j G
4 4 / \z =1+secd
7 a A stretch of y =secé in the € direction 2 180° |
with scale factor & g | W 210° 360° 6
Minimum at (180°,1)
Maxima at (90°,—1) and (270°,-1)
180°, 0

It meets the y-axis at (0, 1) ( ‘
v y=sec 28
I / \/ \

(180°, 1)

| | |
0 45 90° 135° 180° 225° 270° 31:5° 360° 6

(90°, 1) (270°, -1)
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d Translation of y = cosec @ by the f y=cosec(20+607) is y=cosect

30
vector ( 0 j translated by the vector [_(6)()) and
Minimum at (120°, 1)
Maximum at (300°,—1)
It meets the y-axis at (0,—2)

then stretched by a scale factor 1 in

the @ direction.

Minima at (15°, 1), (195°, 1)

V4 Maxima at (105°,—1), (285°,—1)
It meets the y-axis at (0, 1.155)
y = cosec(d —30°)
1 -
(120° 1) A
0| 36° 21:0° 30I0° 36IO° :63
—1F
(0,-2)
\ (300°,-1) (0, 1.155)

1N

) (105°, 1) (195°, 1)
7 e y=2sec(d—-60")isy=sect

60 0 150° 330° 0

translated by the vector 0 and s, 1) (285, 1)
—1+

then stretched by a scale factor 2 in
the y direction.
Minimum at (60°, 2)
Maximum at (240°,—2)
It meets the y-axis at (0, 4) ¥ = cossec (20+60°)

yay=2 sec(6— 60°)

Mo

(60°, 2)

0 150° 3300 0

(240°, -2)

TN
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g y=-—cot2d is y = cot @ stretched 8 a The period of sec@ is 2w radians
by a scale factor + in the @ direction y =sec30 is a stretch of y =sec@ with
and then reflected in the x-axis. scale factor < in the @ direction.

It meets the #-axis at (45°, 0), (135°, 0),

So the period of sec38 is 2—“
(225°,0) and (315°, 0) 3

b cosecé has a period of 27
cosec+ 0 is a stretch of cosecd in the
@ direction with scale factor 2.

So the period of cosec16 is 4n

¢ cotd has aperiod of
2cot@ is a stretch in the y direction by
scale factor 2. So the periodicity is not
affected.
The period of 2cot@ is

h y=1-2secfd=-2secOd+1is d secd has a period of 21
y =sec# stretched by a scale sec(—0) is a reflection in the y-axis.
factor 2 in the y direction, reflected So the periodicity is not affected.
in the x-axis and then translated by The period of sec(—6) is 2n
0
the vector [J 9 a y=3+5cosecl isy=cosect
o 3 stretched by a scale factor 5 in
Minima at (180%, 3) the y direction and then translated
Maxima at (0,-1), (360°,—1) 0
It meets the y-axis at (0,—1) by the vector (3]
YA
y=1-2sect i i y
: ‘ §y=3+55cosecx
g
o ESENNEE
(180°, 3) 2r | 4 210 m N 2F x
180° 360°
0‘ (00’ _1) 6
(360°, 1)
b -2<k<8
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10a

y
y=1+2sect
3
- b 0 T n 3m o 0
2 Iy 2 2

The & coordinates at points at which the
gradient is zero are at the maxima and
minima. These are 6 = -, 0, T, 27

Minimum value of
1+2secéd

s where 1+ 2sec @ is a maximum.
1

So minimum value of ———
1+2sec@

s —=-1

The first positive value of & where
this occurs is when 6 =7
(see diagram)

1

1+2sec@
is where 1+ 2sec @ is a minimum.

1 .
S J—

— i
1+2secd 3
The first positive value of & where

Maximum value of

So maximum value of

this occurs is when 8 =27

(see diagram)
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Trigonometric Functions 6C

3
1 a L ( ! )zcosec36

sin'@ \sing
6
b 46 :4><( j:4cot69
tan’ @ tan &

2
c 12 =l><( ! j =lse029
2cos @ 2 \cos@ 2

1-sin® @ B cos’ 0

d =
sind  sin’ @
(using sin” @ +cos’ @ =1)
e 2 2
So 1 .s1§1 0 :(c9s9) ot
sin” @ sin &
secl 1 1 1
o _

i, X =
cos' @ cos@ cos'@ cos’ O
5
=( ! j =sec’ @

coséd

£ cosec® Ocot secd

_\/ 1 Xcosé’x 1 _\/ 1
sin@ sin@ cos® sin* @

1 1Y

g 2 2% ! —=2 cot’ 0
Jtan @ (tan 0)*
cosec’ Otan’ 0 1 sinfd 1
h =———X—5 X
cos @ sin“@ cos” @ cosd

1 3
=( j =sec’ 0
cos

2 a S5sinx=4cosx

= 52T divide by sin x)
sin x
= % = cotx (divide by 4)

SolutionBank

tan x =2
1 1
= =—
tanx -2
= cotx=——

sin x _ cosx

3
cosx sinx

= 3sin’ x =cos’ x
(multiply by sin x cos x)

2
COS™ X
= 3=

sin® x
(divide by sin® x)

2
COS X
= - =3
sSin x

= cot’x=3

= cotx= i\/g
sin @ cot @ = sin @ x C?Se =cosfd
sin @
tan @ cot @ = tan @ x =1
tan @
tan 26 cosec 20 = 22 20 X — !
cos26 sin26
= =sec?26
cos260
cos@sin (cot G + tan )
= cosHsin&(c?se + smé’)
sin@ cos@

=cos’ O+sin’ 0 =1

Sil’l3 xcosecx + COS3 XSE€C X

— 4 cos’ XX
sin x cos x

=sin’® xx

=sin’ x+cos’ x=1
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3 f secA-—secAsin’® 4 =1-C0S X +S€C X — COS X SEC X
=sec A(1-sin® 4) (factorise) (multiplying out)
=secx—cosx (as cosxsecx =1

= x cos” A ( )

cos A

. . 9 2 = —CoSX
(using sin” A+cos” A=1) COS X
=cos A _I—COSZX
cos X
2 5 .4
g sec” xcos’ x+cotxcosecxsin” x sin’x
s COSX . 4 =

=———XC08" X +———x——xsin" x cos X

cos” X sinx sinx . sin x
3 . 2 =sin x
=c0s’ X +sin” xcosx COS X
= cos x(cos” x +sin” x) =sin x tan x = RHS

=cosx (since cos’ x+sin’x=1)

coS X 1-sinx
+

e LHS= -
4 a LHS=cos@+sinftand I-sinx  cosx
. sin@ cos’ x+ (1-sin x)’
=cosf+sinf = ;
cos B (1-sinx)cosx
_cos’ O +sin’ 4 _ cos’ x+(1-2sinx+sin’ x)
B cosé B (1-sinx)cosx
_ ! (using sin® @ +cos* O =1) __ 2-2sinx
cos @ (1-sinx)cosx
=sectd =RHS (using sin® x+cos’ x =1)
b LHS=cotd+tan6 __2(-sinx)
_ cosé’+ sin @ (1-sinx)cosx
sind cosé (factorising)
_ cos’ @ +sin’ 0 7
~ sin@cosd  cosx
_ 1 =2secx=RHS
sin @ cos &
_ 11 ¢ LHs=_0¢
sind cosé 1+cotd
= cosecdsecd = RHS _ Cos 0
1+
¢ LHS=cosecd-sinf cos O
=L ing oy
sin @
. __cos@tan b
1-sin” @ =—
E—F 1+tanéd
Sin 0 sin @
2 g _ cos @ x g
=55 1+tan@d
sin ¢ sin @
=— =RHS
ECOSHXC?SH 1+tanéd
sin @

=cos@cotd = RHS

d LHS=(-cosx)(1+secx)
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5 a secH:\/E

Calculator value is 8 =45°
cos @ is positive

= 6 is in 1st and 4th quadrants
Solutions are 45°, 315°

cosecd =-3
1

— =3
sin @

=

= siné’:—l
3

Calculator value is 8 =—19.47° (2 d.p.)
sin @ is negative
= @ is in 3rd and 4th quadrants

S A

19.5° 19.5°

O | ©

Solutions are 199°, 341° (3 s.f.)

S5cot@ =-2
= cot6?=—g
5
= tané’:—i
2

Calculator value is 8 =—68.20° (2 d.p.)
tan @ is negative
= 6 is in 2nd and 4th quadrants

@ A

68.2°

68.2°

T \©

Solutions are 112°, 292° (3 s.f))

SolutionBank

cosecld =2
= _1 =2
sin @
) 1
= sinf=—
2

Calculator value is 8 =30°
sin @ is positive
= @ is in 1st and 2nd quadrants

Solutions are 30°, 150°

3sec’O=4
5 4
= sec 0 =—
3
= cosz6'=3
4

V3

= cosf@=+—
2

Calculator value for cosé = 73is 0 =30°

As cosd is £, @ is in all four quadrants
Solutions are 30°, 150°, 210°, 330°

5cos@ =3cotl

= 50039=3C080

sin @
Do not cancel cos@ on each side.
Multiply through by sin 6.
= 5cosfsinf =3cosl
= 5cosfsinf—-3cosd =0
= cosf(5sinf—-3)=0 (factorise)

So cos@ =0 or sin0=%
When cos@ =0, 8 =90°, 270°
When sin @ =%, 0 =36.9°143° (3 s.f)

Solutions are 36.9°, 90°, 143°, 270°
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5 g cot’@-8tanf=0 b secd=-3
1
= ——8tand =0 = cosf=——
tan” @ 3
= 1-8tan’ 8 =0 Calculator value is 8 =109° (3 s.f.)
— Stan’H=1 cos @ is negative
1 = 6 is in 2nd and 3rd quadrants
= tan’ @ =—
8
1 O
= tanf=—
2
Calculator value is 8 =26.57° (2 d.p.) ;]': \ 0°
tan @ is positive J
= 0 is in 1st and 3rd quadrants @ C
Solutions are 26.57° and (180°+26.57°)
So solutions are 26.6°, 207° (3 s.f.) Solutions are 109°, —109° (3 s.f.)
h 2siné =cosecld ¢ cotd=345
= 2sinf =— = ! =3.45
sin @ tan @
N — tan0=——=02899 (4 d.p)
2 3.45
— sind- iL Calcu'lator \fa'lue is 0=16.16° (2 d.p.)
V2 tan @ is positive

Calculator value for sin@ = L2 is 8 =45° = 0 is in Ist and 3rd quadrants

5
Solutions are in all four quadrants S @

Solutions are 45°, 135°, 225°, 315°
16.2°

16.2°

6 a cosecfd=1

= sinf =1 @ C
= 6=90° :
yA Solutions are 16.2° and (—180°+16.2°)

vy =sinf

1 So solutions are 16.2°, —164° (3 s.f)

] 1
—-180° -90° 90° 180°

Y
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6 d 2cosec’d—3cosecH=0 g cosec20=4
= cosecH(2cosecd—3)=0 (factorise) = sin26= %
= cosecd =0 or cosecld = % Remember that solutions are required
) in the interval —180° < 8 <180°
= sinf== So —360° < 20 <360°
cosec & = 0 has no solutions Calculator value for sin26 =1 is
Calculator value for sinf =3 is 6 =41.8° 20=14.48° (2d.p.)
6 is in 1st and 2nd quadrants sin 26 is positive
Solutions are 41.8°, (180—41.8)° = 20 is in 1st and 2nd quadrants

So solutions are 41.8°, 138° (3 s.f.)

S~
e secd=2cost
1

N 9cosd 14,487 1,48
cosd
1
= cos’f=— T 5
2
= c039—+L
—\/5 20 =-194.48°, —345.52°,

14.48°, 165.52°
0=-97.2° -172.8°, 7.24°, 82.76°
=-173°, -97.2°, 7.24°, 82.8° (3 5.f))

Calculator value for cos@ = % 1s @ =45°

0 is in all quadrants, but remember that
solutions required for —180° < 6 <180°
Solutions are +45°, +135°

f 3cotfd=2sinf

= 3Cf)se=2sin9

sin @

= 3cosf =2sin’ @

= 3cosf =2(1-cos’ 0)
(use sin” @ +cos’ @ =1)

= 2co0s’@+3cosf—-2=0
= (2cos@—1)(cos@+2)=0

1
= cost9=5 or cost =-2

As cos @ = -2 has no solutions, cos@ = %

Solutions are +60°
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6 h 2cot’@—cotd-5=0 b cotd=—/3
As this quadratic in cot & does not — tan® = _1
factorise, use the quadratic formula V3
cotd— b+ W Calculator solution is —%
a

1 (you should know that tanZ = %)

tan @

(You could change coté to

and work with the quadratic

Stan” @ +tan @ —2 = 0)
1441

4
=-1.3508, 1.8508 (4 d.p.)

& | »

X
So tan@ = —0.7403, 0.5403 (4 d.p.) K z
The calculator value for tan @ = —0.7403

is 0=-36.51° (2 d.p.) T @

T . ) .
—g is not in the interval

So cotf =

@ A Solutions are n—E, 27:—2:5—7[, E
6 6 6 6
36.5° N o 2\/5
¢ CoseC—=——
r | © Lol 3B
2 23 2
Solutions are —36.5°, 143° (3 s.f.). Remember that 0< 0 <2n

The calculator value for tan 8 = 0.5403
is #=28.38°(2d.p.)

S @ First solution for sing = ﬁ is

2
ORRO
28.42
/ T %

(1) e

Solutions are 28.4°, (—180+28.4)°

SO OSQSn
2

|

T
3

Total set of solutions is So Q _T 2n
—152°, —36.5°, 28.4°, 143° (3 s.f)) 2 3 3

21 4w

= =", —

7 a sec=-1 3 3

= cosfd=-1
= f=nm
(refer to graph of y =cos@)
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7 d secé’:\/ztanﬁ
1 sind

= =2
coséd cosd

— 1=+/2sinf@  (cos@#0)

= sin6?=L

NG

Solutions are E, 3—n
4 4

8 a In the right-angled triangle ABD
AB =cosf
AD

= AD = =6sect

cos@
In the right-angled triangle ACB

——=cos@

AB

= AC =6co0s6
CD=AD- AC

=6secH —6cosf =6(secd—cosb)

T

6cm

SolutionBank

b Asl6=6secd—6c¢cost
—3cosd

= 8=
cosd

— 8cosf@=3-3cos’ @

= 3cos’@+8cosf—-3=0
= (3cos@—-1)(cosf+3)=0
=

cost9=§ as cos@ # -3

From (a) AC=6C0$6’=6><%=2cm

1 CcoS X
cosecx—cotx ginx sinx

9 a

1—cosx 1-cosx
1 1—cosx
= X

sinx l-cosx

= C0oS€Cx

b By part a equation becomes

cosecx =2

= ,1 =2
S x

. 1

= Ssinx=—

2

sin x is positive, so x is in

Ist and 2nd quadrants
T Sm
X=—,—
6 6
. -2
102 s1nxtanx_IE sin” x B
I-cosx cos x(1—cos x)

_sin® x—cosx+cos’ x

cos x(1—cosx)

l—cosx

" cos x(I—-cosx)
1

COS X
=8C€CX

1
b Need to solve secx = _E

=cosx=-2

which has no solutions.
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11 1+cotx=

1+tanx
coS X
1+—
= Sinx _5
sin x
1+

coS X
sin x +cos x
sinx  _
COS X +sin x
COS X

sin x +cos x COS X
X =5

sin x COSXx+sinx

COS X
=5

sin x
=cotx=5

1
= tanx =—
5

Calculator solution is 11.3° (1 d.p.)
tan x is positive, so x is in

Ist and 3rd quadrants

Solutions are 11.3°,191.3° (1 d.p.)
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SolutionBank

Trigonometric Functions 6D

1

a

Use 1+tan’ @ =sec’ @
with @ replaced with £ 6

1+tan’ (160) =sec’ (£0)

(secd—1)(sec@+1) (multiply out)
=sec’ 01
=(1+tan’ @)1
=tan’ @

tan” @(cosec” @ —1)
= tan’ 9((1 +cot” 6) —1)

=tan’ @ cot’* @

=tan’ @ x

tan’ @
=1

(sec* @—1)cot &
= tan’ O cot O

=tan’ @ x
tan &

=tand
(cosec® @ —cot” 8)°
2 2 p)?
= ((1 +cot” ) —cot «9)
=1’=1
2—tan” @ +sec’ 0
=2—tan’ @+ (1+tan’ 0)

=2—tan’O+1+tan’ 0
=3

tan @sec @

1+tan’ @
_ tan@secO
 sec’d
_tan®
~ sec
=tan & cos

sin @
= x cos @
cosd

=sind

h (1-sin’ 8)(1+tan’ )
=cos’ Oxsec’ 0
1
cos’ @

=cos’ @x
=1

coseclcotd
1+cot* 8

_ cosecfcot
cosec’ @

1
= xcot @
cosecd

_sin@ . cos 0
1 sin @
=cosd

j sec*@—2sec’ Gtan’ @ +tan* O
= (sec’ @ —tan” 9)°
= ((1 +tan” @) — tan’ 6’)2
=1"=1

(factorise)

Kk 4cosec’ 26 +4cosec’ 20 cot’ 20
= 4cosec’ 20(1 + cot’ 26)

=4 cosec’ 20 cosec’ 26

=4cosec’ 20

k

Cosec x
— cosec’x=k

2 cosecx =

= l+cot’x=k
= cot’x=k-1

= cotx=tvk-1
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3 a cotfd=+3  90°<H<180°

= cot’f=3
l+cot’0=1+3=4

=
= cosec’ =4
=

sin’ @ _1
4

= sinf= 1
2
(as @ is in 2nd quadrant, siné is positive)

b Using sin’ @ +cos* 0 =1

= cos29:1—sin29:1_l:§
4 4

3

= cosf=———

(as @ is in 2nd quadrant, cosé is negative)

tan@z% 180°< @ < 270°

Draw a right-angled triangle where tang =%

s ]
4
Using Pythagoras' theorem, x =5

4 3
So cosp=— and singp =—
N 5 ¢ 5

As 0 is in the 3rd quadrant, both
sin @ and cos @ are negative.
1 1 5

a secld= =— =—=
cosé cos @ 4

4
b cosf=-cosp= 3

. : 3
c s1n9:—smg0:—§

SolutionBank

5 cosé’:ﬁ, 0 reflex
25

As cos @ is positive and & reflex,
@ is in the 4th quadrant.

Use right-angled triangle where cos @ = 24

25
23
X
@
24
Using Pythagoras' theorem,
25% =x*+24°
= x*=25"-24*=49
= x=7

7 7
So tangp =— and sinp =—
9 24 4 25

As 6 is in the 4th quadrant, both

tand and siné are negative

a tanf@= —l
24

b cosecl=—=
sind % 7

6 a LHS =sec*d—tan*d

= (sec’ @ —tan’ @)(sec’ O + tan> 0)
(difference of two squares)

= (I)(sec” @ +tan’ 0)

(as 1+tan* @ =sec’ 0

= sec’#—tan’ O =1)

=sec’ @ +tan’ @ = RHS

b LHS =cosec’ x—sin’x
= (1+cot” x) — (1 —cos” x)
=1+cot’ x—1+cos’x

=cot’ x+cos’ x= RHS
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6 ¢ LHS =sec” A(cot’ A—cos’ A) g LHS =cosec Asec’ 4
1 (cos’4 = cosec A(1+tan” A)
=— — ——cos’ 4 L,
cos” A\ sin” 4 1 sin” 4
=cosec A +——x—
sin4 cos” A4

— ——1=cosec’ 4-1
sin” 4 =cosec A+

sin 4
2

(use 1+ cot” @ = cosec’ ) cos™ 4

1+cot> A-1 —cosecA+SinA>< !

, cosA cosA
=cot” 4= RHS = cosec A+ tan Asec A= RHS
d RHS =(sec’-1)(1-sin’0) h LHS =(sec—sinf)(secd+sin0)

= tan” @xcos’ 0 =sec’ @ —sin’ 0
(use 1+tan® @ =sec’ @ and =(1+tan’ @) —(1—cos’ 6)
cos’ @ +sin’ O =1) =1+tan’ 6 —1+cos’ @

sin” @
cos’ @
—1—cos’@= LHS 7 3tan’ O +4sec’ O =5

= 3tan’ +4(1+tan* @) =5

XCOSZQESiI’IZ@ =tan” & +cos” & = RHS

l-tan’ 4 _1-tan® 4

e LHS = = = 3tan’O@+4+4tan’ 0=5
1—i_ltarl2A sec” A = 7tan’ @ =1

_ a2

_SeCZA(l tan” 4) = tanzﬁzé
: 2

= cos® A| 1-— 4 = cot’H=7
cos’ A4 i

2 2 4 = cosec 0—-1=7
=cos A-sin — cosec’ =38

=(1—sin® 4)—sin® 4 1
) H _ 1
=1-2sin* 4= RHS = smv=g
As 6 is obtuse (in the 2nd quadrant),
f RHS =sec’ Ocosec’ 0

5 ) sin @ is positive.
=sec” O(1+cot” )

h 1 2
2 So sinf=,—=——=—
1 ><cos 0 g 2\/5 4

=sec’ 0+— —
cos“ @ sin" @

=sec’ O+

sin’ @
=sec’ @+ cosec’ = LHS

Alternatively

LHS =sec’ §+cosec’ §=———+ %
cos" @ sin" 0
_sin*@+cos’ 6 1

" cos2@sin’@  cos @sin’ O
=sec’ fcosec’ § = RHS
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8 a sec’#=3tand 0<H<360° b tan’f-2secOd+1=0 —-n<h<m
= l+tan’ @ =3tand = (sec’@-1)-2sec+1=0
= tan’@-3tanf+1=0 = sec’#—2secl=0
3+./5 = secH(secd—-2)=0
tan0=T = secd=2 (as sec@ cannot be 0)
(equation does not factorise) — cosh—L

3+\/§

For tan@ = ,
2

o)
I
I
w|a
w3

calculator value is 69.1° (3 s.f.)

S @ > @

69.1°

FEE] STE)

69.1°

)| | (©
Solutions are 69.1°, 249°

3-5
2 b

¢ cosec’@+1=3cotd —180°<H<180°
= (I+cot’@)+1=3cotd
= cot’@—3cotd+2=0
= (cot@—1)(cotd—-2)=0

= cotfd=1or cotd=2
s | ) 1

= tan@=1or tanf =—

For tan@ =

calculator value is 20.9° (3 s.1.)

2
20.9°
20.92
s | @

OREE
Solutions are 20.9°, 201° /
Set of solutions: 20.9°, 69.1°, c
201°, 249° (3 s.f) @

tand=1 = 0=-135° 45°

tant9:%:> 0 =-153°, 26.6° (3 s.f.)
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8 d cotd=1-cosec’ 8 0<6<2n f (secOd-cosd)’ =tan@-sin’d 0<O<m
= cot@=1-(1+cot’ H) = sec’@—2secHcosd+cos’ 6
= cotd=—cot’ @ =tan @ —sin’ @
= cot’@+cotd=0 = sec’@—2+cos’ @ =tanf—sin’ 6
t td+1)=0
= cotb(cotd+1) (sec@cos&= xcosH=1j
= cotfd=0or cotd =-1 cosd
2 oy 2 .2
For cot @ = 0 refer to graph: 6?=£, 3n = (I+tan”0)=2+(cos"0 +sin" )
22 =tan @

For cotd =-1, tanf =-1 l+tan’@—2+1=tané

=
= tan’f#—tanf=0
= tanf(tand-1)=0
= tanf=0or tand =1

4 ~ tanfd=0 = €=0, =«
1
tanfd =1 = 92%
T ©
Set of solutions: 0, E, s
3n Tn 4
So 0:—, T
g tan’20=sec20-1 0<H<180°
Set of solutions: — sm 3m TIn 270 -1 20 -1
YT 50 2 = sec” 20 —1=sec26 -
= sec’20—sec20=0
e 3sectf=2tan’10 0<H<360° = sec26(sec20-1)=0
= 3sec%9:2(sec2%0—l) = sec26 =0 (not possible)

or sec20 =1
= cos260=1 0<£20<360°
Refer to graph of y =cosé
= 260=0°, 360°
= sec%0=—% or sec+0 =2 = 0=0° 180°

(use 1+tan® 4 =sec’ 4 with 4 =10)
= 2sec’10-3secif-2=0

= (2secif+1)(sec+0-2)=0

Only sec+ 8 =2 applies as

secA<-lorsecA=>1
= cos%é’zl
2

As 0<6<360°s00<16<180°
Calculator value is 60°
This is the only value in the interval.
So 16 =60°

= 6=120°
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8 h sec’0—(1+~3)tanf+~3=1 ¢ Solutions of
tan’ k =2seck, 0<k <360°
for0<0<2n

are solutions of cosk = \/5 -1
— (I+tan’ @) —(1+~3)tanO++/3 =1

) Calculator solution is 65.5° (1 d.p.)
= tan’O-(1+3)tand+3=0 = k=65.5° 360°—65.5°

= (tan®—+/3)(tanO—1)=0 =65.5°, 294.5° (1d.p.)
= tan49=x/§ or tan@d =1
10a Asa=4secx

= secx—g
s | (™) :
4
= COSX=—
(7] a
< As cosx=b
4
= b=—
(™ | a
b c=cotx

) LT
First answer for tan @ = \/§ 1S — — ? —cot’x

4n 1 2

Second solution is 7z+§=? = C—Z:tan X
. . m |
First answer for tan@ =1 is Z = c—z—SeC x—1
1+ tan® x = sec’
Second solution is 7r+£=5—7E (use an” x =sec” x)
4 4 1 a a
T n 5t 4n = _2=E_1 seex =7
Set of solutions: —, —, —, — ¢
43 4 3 = 16=da’c* —16¢* (multiply by 16¢?)
9 a tan’k =2seck = *(a’-16)=16
16
= (sec’k—1)=2seck = cz:a2—16
= sec’k—2seck—1=0
11a x=secO+tané
+ +
= seck=2_\/§=2_2\/§=1i\/§ 1 1
As seck has no values between —1 and 1 x secO+tand
NG _ secf—tand
seck=1+v2 (sec@+tan B)(secd —tan O)
secld —tand
b cosk = 1 \/\15 ! ~sec’O—tan’ 0
+ (1+ 2)( ) =secld—tan @
=\/_ 21 (as 1+tan” @ =sec’ @
2~ = sec’f—tan’ O =1)
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11b x+l:sec0+tan6'+sec9—tan0

X
=2secd
1 2
:(x+—j =4sec’ 6
X

= x° +2xxl+%=4seczt9
X X

= x’ +L2+2:4se0249
x

12 2sec’@—tan’ O = p

= 2(1+tan’@)—tan’ O = p
= 2+2tan°f—tan’ O =p
= tan’f=p-2

= cotzﬁz; (p#2)

p—2
cosec’@=1+cot’ =1+
p—2
_ (p—2)+1 _ p-—1 p#2
p—2 p—2
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Trigonometric Functions 6E

1 a arccos(0)istheanglea in0<a<m
for which cosa =0

V2

1 ). .
e arccos(——j istheangle c in 0<a <m

Refer to graph of y=cosf = a = ki for which cosa = L
2 V2

So arccos(0) = kil 1) 3n
) So arccos _ﬁ =1

s

b arcsin(l) is the angle « in —g <a< 5

for which sina =1

Refer to graph of y=sinfd = « =g

So arcsin(1) =g

7

¢ arctan(—1) is the angle « in —g <a <§

for which tana =-1 f arctan(—LJ is the angle o
3
T
S tan(—1) = ——
o arctan(-1) 4 in —Z < a <~ for which tana = —

V3

e A So arctan(—%) - _%

©

N
. ).
d arcsm(—aj is the angle
in —Z < a <~ for which sina = 1
2 2 (.o
g arcsin smg is the angle o
So arcsin(—lj =—— T - -
2 6 in —ESasaforwhich sina:sing

\ ) ( ) nj T
So arcsin| sin— |=—
A 3 3

N
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1 h arcsin[sinz?nj is the angle & in b sin(arcsin(—%jj
yis yis . . . 27
Y <a< ) for which sina = s1n? arcsin(—ij -
(.2} =

So arcsm(mn?j:g where sina = —— , —T<g<l
2 2 2

So arcsin (—lJ =T

2 6

. . 1 ) T 1
— sin| arcsin| —— | |=sin| —= |=—=
2 6 2

¢ tan (arctan(— 1))

N\ S )
\

arctan(—-1) =«

N

T i1
where tana =-1, ——<a<—
2 2

(1 ) 1 T i
2 a arcsin| — |+arcsin| —— |=—+| ——|=0 n
2 2) 6 6 So arctan(—l)=—z
1 1 T 2n I i
b arccos| — |—arccos| —— |=——-"—=-= = tan(arctan(-1)) = tan| —= |=-1
2 2) 3 3 3 4

0
¢ arctan(l) —arctan(-1) = Z cos(arccos 0)

I
|
|
NG
N—
Il
N3
=

arccos 0 = a where cosa =0, 0<a<n
T

. .1 So arccos0=—

3 a sin arcsmg 2

T
1 ) 1 = cos(arccos0) =cos—=0
arcsmE = where sina = > 2

T T
and -—<a<— 4 a sin alrccosl
2 2 2
A B o
So arcsm—=g arccos5= K
. [ . lj o1
= sin| arcsin— |=sin—=— LT 3
2 6 2 Sln§:7
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4 b cos[arcsin(—%j] e cosec(arcsin(-1))
arcsin(—1) =«
. 1) = - .
e Y where sina = -1, —ESaSE
T 3
COS(—EJ = +§ So arcsin(—1) = —g
= cosec(arcsin(-1)) = !
sin(—%)
s | ®
-1
T
(]
T @ f sm[2 arcsin ( 22 j}
T
arcsm— =—
A 2 4
¢ tan| arccos _N2 . (V2 . T
2 So sin| 2arcsin| — | [=sin—=1
2 2
arccos| —— |=a . . .
( 2 j 5 As k is positive, the first two positive
> solutions of sinx =k are arcsink and
where COSO‘:_Ta O<a<m n—arcsink ie. o and n—a

(Try a few examples, taking specific

values for k).

L .T T
6 a arcsinx is the angle & in _ESQSE

such that sing = x

In this case x =sin k where 0 < k < g

As sin is an increasing function

\/5 3n sin0<x<sinE
So arccos| ——— |=— 2
2 4
= 0<xx«l1
3n
tan— =—1
4 b i cosk=4v1-sin’k =+/1—x?

d sec(arctan\/g) k is in the 1st quadrant = cosk >0

_ 1.2
arctan~/3 = = So cosk =+1-x

(the angle whose tan is \/5) ii tank = sin k =X
1 1 cosk J1—x?
sec—= =—=2
3 cosi 3
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6 c¢ K is now in the 4th quadrant, where cosk 7 c¢The graph of y =arccos(2x +1) is

is positive. So the value of cosk remains

-1
the same and there is no change to tank . y =arccos x translated by the vector ( 0 J

and then stretched by scale factor 4 in the

7 a The graph of y = % +2arcsinx 1s x direction

. 4
y =arcsin x stretched by a scale factor 2 Wy k
in the y direction and then translatedby 777777 T
0 : y = arccos (2x + 1)
the vector |
2 |
- sl
E 2
g y= % +2 arcsin x E
3l 1 1
2 5
) 0 g
T+
d The graph of y = -2 arcsin(—x) is
L y=arcsin x reflected in the y-axis, then
reflected in the x-axis and then stretched
by a scale factor 2 in the y direction
0] i X y4
B
_n i
2] il :
2 :
b The graph of y = 7 —arctan x is y =-2arcsin(~x) -
y=arctan x reflected in the x-axis and -1 1 x
0 |
then translated by the vector ( j ! -3
T '
yA - |
3r
2

=)
)Y
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8 a y=arcsinx 9 a Lety=arccosx

AsOSxSl:OSyS%

ra= =

cos y = x, and using cos’y +sin’ y =1

=sin’ y=1-cos’y

:siny=\/l—coszy =J1-

-1 | X P
Note, sin y >0 since OSySE
so siny # —1-x’
=i siny =+/1-x’

= y =arcsin/1-x’

Therefore, arccos x = arcsinv1—x’
for 0 <x <1

T b
Rangeis ——<f(x)<—
g 5 (%) 5

b The graph of y =f(2x) is the graph of
y =1f(x) stretched in the x direction by b For —1<x<0, T < arccos x < 1t
scale factor & 2

. T T
But arcsin has a range of [—— —}

y=g(x) 272
v So arccos x # arcsinv/1—x?,
i
7] for —1<x<0
An alternative approach is to provide
a counterexample.
Letx= !
: . _ et x = —ﬁ
_1 1 X
2 2 3
arccos x = —
4
. .1 o=
arcsin/1—x* = arcsin 52
_E |
& So arccos x # arcsiny/1—x’

¢ g:xb>arcsin2x

The domain is —l <x< l
2 2

d Lety=arcsin2x
= 2x=siny
1.
= x=—sin
> y

T

So g™ :x|—>lsinx, “Tox<
2 2 2
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Challenge
a y=secx
Yt :
=
' ! >
o 5 -

b Reflect the graph drawn for part (a)
in the liney =x

y=arcsecx, x<—-l,x>1

L J

. T
Range is 0 <arcsecx < m, for arcsecx # —
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Trigonometric Functions Mixed Exercise

1 tanx=2cotx, —180°<x<90° 4 a i cosecld=2cotfh, 0<O<180°

1 2cosd

= tanx = ] =
tan x sind sind

= tan’x=2 = 2cosf =1

= tanx=i\/§ N cos&:l

2

Calculator value for tan x = +/2 — 0=60°

is 54.7° (1 d.p.)
ii 2cot’@=7cosecl—8, 0<O<180°
= 2(cosec’ @—1)=7cosecd—8
24.7°

@ = 2cosec’ @ —7cosecd+6=0
= (2cosecd—3)(cosecd—-2)=0
4.7

Solutions are required in the 1st, 3rd
and 4th quadrants.

Solution set is: @ @

~125.3°, —54.7°, 54.7° (1 d.p.)

= cosecl = % or cosecd =2

So sinﬁzgor sin@:l
3 2

o [Z
2 p=2secld = secézg
g=4cosf = cosé’:% gk C
secld = 7 = §=%=i :>p=§
cos E 1 Solutions are ° and (180 — )° where
1 1 a is the calculator value.
3 p=sinfd = —=——=cosectd 2
p siné sinf =—
3
q
g=4cotd = cotl= 2 Calculator value is 41.8° (1 d.p.)

Using 1+ cot? 0 = cosec? 0 Solutions are 41.8°, 138.2°

2

1 .
— 1+q_=—2 (multiply by 16 p*)
16 p

sind = 1

2
Calculator value is 30° (1 d.p.)
Solutions are 30°, 150°
Solution set is:

30°, 41.8°, 138.2°, 150°

= 16p° + p’q° =16
= p’q> =16-16p> =16(1- p*)
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SolutionBank

4

b i

ii

sec(260 —15°) =cosec135°,

0<6<360°
= co0s(20—-15°) = _
cosec135°
=sinl135°= %

Solve cos(260—-15°) = g, in the

interval —15°<260-15°<705°
The calculator value is 45°

cos is positive, so (260 —15°) is in the

Ist and 4th quadrants.
O
45°
45°

T 1 (©
So (20-15°) = 45°, 315°, 405°, 675°

= 260= 60°, 330° 420°, 690°
= 6= 30° 165°, 210°, 345°

sec’@+tan @ =3, 0<0<360°
= l+tan’f+tanf=3
= tan’@+tanf—-2=0
= (tan@d-1)(tand+2)=0
= tanf=1or tand=-2
tand=1 = 6 =45° 180°+45°,
i.e. 45°, 225°
tan@ =-2,
calculator value is —63.4° (1 d.p.)
= 6=180°+(-63.4°)=116.6°
60 =360°+(—63.4°) = 296.6°
Solution set is:
45°, 116.6°, 225°, 296.6°

Calculator value is —%

. T . .
sin (x + Ej is negative,

SO X + % is in 3rd and 4th quadrants.

S A
z L
4 4
n St T=n
Sox+—=—, —
15 4 4
St nm TIn =w™
X=———, ———
4 15 4 15
_75n—4n 105n—4n
60 60
_E 101z
60 " 60

.. 4
ii seczng, 0<x<2n

= cos’x=

AW

3
= coOSxX=F*——
2

3. 7
Calculator value for cosx = +7 is —

As cosx is £, x is in all four

quadrants. Solution set is:

TT T T T
X=—,n——, T+—, 2n——

6 6 6 6
_m 5% 7n lx

6 6 6 6
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5 Ssinxcosy+4cosxsiny =0 ¢ LHS =(1-sinx)(l+cosecx)
55inxcosy+4cosxsiny _0 =1-sin x+ cosec x —sin x cosec x
sin xsin y sin xsin y =1-sinx+cosecx—1

(divide by sin xsin y)

1
(as COSEC X = —
sin x
=0

siny  sinx =cosecx —sinx

Scosy N 4cosx

So Scot y+4cotx=0 1 ‘
=———sinx
As cotx=2 sin x
S5coty+8=0 _l-sin’x
Scoty=-8 sin x
8 cos’ x
coty=—— =0
4 5 sin x
_ cosXx X oS x
6 a LHS =(tand+cot)(sinf+cosb) " sinx
sin@ cos@ ) . =cosxcotx= RHS
= - (sin@+cos )
cos@ sind
. cotx COS X
sin?@+cos’0 ) . d LHS = -
=| ————— [(sinf +cos ) cosecx—1 1+sinx
cos@sin @
COS X
) ; CcOS X
=| ——— [(sin@ +cos ) = S:uXx -
cos@sin @ I | l+sinx
_ sinf N cos@ sin x
cos@sin@ cos@sinf cos x
1 1 — sin x _ COS X
= T l-sinx ]+sinx
cos@ sind e
=secH+cosecd = RHS
_ _COsx  cosx
cosec x l-sinx l+sinx
b LHS = ; cos x(1+sin x) —cos x(1 —sin x)
cosec x —sin x = ' :
1 (1-sin x)(1+sin x)
—_ sinx _ 2cosxsinx
- S e—
— —sinx 1—s1n.x
sin x _2cosxsinx
! cos’ x
__ sinx ) sin x
.2 =
w COS X
Sin x =2tanx = RHS
1 sin x
E . X . 2
sinx 1l-sin“x
_ 1
l—sin® x
1
cos’ x

(using sin® x+cos’ x =1)
=sec’ x= RHS
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6 e LHS =

f LHS =

7 a LHS =

Pure Mathematics Year 2

1 1

+
cosecd—1 cosecd+1
_ (cosecd+1)+(cosecd 1)

~ (cosec&—1)(cosecO+1)

_ 2cosecd
~ cosec’ 0-1
_ 2cosect
~ cot’ @
(1+cot” @ = cosec’ )
2 sin” @
sin@ cos’ @
1 sin &

X
cos@ cosl

=2secHtanfd = RHS

=2x

(secd —tan B)(secd +tan )

1+tan’ @

sec’ @ —tan’ @

sec’ 0
_ (I+tan’@)—tan’ 0
B sec’ 6

1

sec’ 6

=cos’ @ = RHS

sin x 1+cosx
+

1+cosx sin x
_sin® x+(1+cosx)’

(14 cos x)sinx

_sin® x+1+2cosx+cos’ x

(14 cos x)sinx
_ 2+2cosx
~ (1+cosx)sinx
(sin2 x+cos’ x = 1)
__2(1+cosx)
B (I+cosx)sinx
2
sin x
=2cosecx = RHS

SolutionBank

b Solve 2cosecx:—i, —2n<x<2n

=

=

NG

2
cosecx =——=

V3
3

sinx =———

Calculator value is —%

(RS

ollo

Solutions in — 2w < x <21 are

T

__’

3

T T T
-n+—,n+—,2n——
3 3 3

TE21£4TI:5_TE

ie. ——,—, —,

33 3 3

8 RHS =(cosecl +coth)’

( 1 cosé jz
+
sin@ sinf

(1+cos )’
sin® @
(1+cos )’
1-cos’ @
(14 cos@)(1+cos )
(14+cos@)(1—cos )

1+cos®&

= LHS

1-cosé@
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Pure Mathematics Year 2

SolutionBank

9 a secAd=-3, §<A<n,
i.e. 4 is in 2nd quadrant.
As 1+tan”> 4 =sec’ 4
l+tan®* 4=9
tan® 4 =38
tan A = +/8 = £24/2
As A is in 2nd quadrant, tan 4 is negative.

So tan 4= —2\/5

b secA=-3, so COSA:_%

As tan 4 = sin A4

cos 4

202

sinA=cosA><tanA:—§x—2\/_= 3

3 312 32
22 2x2 4
An alternative approach is to use the fact

that cosec’ @ =1+cot* @

So cosec 4 =

cosec2A=1+cot2A=1+l=2
8 8
:>cosecA=ii:i¥

22

T . ..
As 5 < A< m, cosec A is positive, so

32
cosec 4 = T

10 secO=k, k|21
0 is in the 2nd quadrant
= k is negative

a cosf= ! :l
secd k

b Using 1+tan’ @ =sec* 0
tan’ 0=k*—1

¢ tanf=+Vk’ -1
In the 2nd quadrant, tan @ is negative
So tanfd =k’ -1
I 1 __ 1
tand _Jk2-1 Jk*-1

cotd =

d Using 1+ cot” @ = cosec’ §
1 K-1+1 K

cosec’ @ =1+ = =
k* -1 k* -1 k* -1

k
Vi -1
In the 2nd quadrant, cosec@ is positive
k

k-1

So cosecd =+

As k is negative, cosect =—

11 sec(x+%}z2, 0<x<2m
= oS x+E =l, 0<x<2m
4) 2

T o1 1
= x+—=co0s —, 2m—cos —
4 2 2

_4n-3n 20mn-3m
12012
n 17n
12 12

12 arcsin (%) is the angle & in the interval

T T .o 1
——< a £<— whose sine is —
2 2 2

So arcsin (1) _I
2 6

Similarly, arcsin| —— | = -2
2)" 76

(1 . 1 o I
So arcsin| — |—arcsin| —— |=——| —— |=
2 2 6 6
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T
13 seczx—gtanx—2=0, 0<x<2m 15 arctan(x—Z)z—g
= (1+tan2x)—¥tanx—220 S A
= tanzx—ﬁtanx—l=0
3 Ed
(This does factorise!) \
T C
(tanx+£}(tanx—x/§)=0
3
T
= x—2=tan| ——
= tanx:—? or tanx =+/3 * an( 3}
p . = x—2=—\/§
Calculator values are —— and —
6 3 = x=2-3
@ A 5 @ 16
VA
5 ] A o=
5 3
T @ @ c
B ¥y = arccos x
) n St 4n 1ll=n 2
Solution set: —, —, —, — 1
376 3 6
| | 5
14a secxcosecx—2secx—cosecx+2 -1 0 1 = T X
2
=sec x(cosecx—2)—(cosecx—2) -1
¥ =cosx

=(cosecx—2)(secx—1)

17a Asl+tan’x=sec’x
sec’x—tan*x=1

b So secxcosecx—2secx—cosecx+2=0

= (cosecx—2)(secx—1)=0
= (secx—tanx)(secx+tanx)=1
= cosecx=2or secx=1 i
. (difference of two squares)
= sinxza or cosx=1 As tanx+secx =-3 is given,

1 so —3(secx—tanx)=1
sinx=—, 0<x<360° 1
2 = secx—tanx=——
= x=30°(180-30)° 3

cosx=1, 0<x<360°,

= x=0°7360° (from the graph)
As cosec x is not defined for x = 0°, 360°,
the equation is not defined for these
values, so x = 0°,360° are not solutions
So the solution set is: 30°, 150°
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SolutionBank

17b secx+tanx=-3

1
and secx—tanx = —5

i Add the equations

10 5
= 2secx=—— = secx=-——
3 3

ii Subtract the equations

= 2tanx:—3—(—lj:_§
3 3

4
= tanx=——
3

¢ As secx and tanx are both negative,
cosx and tanx are both negative.

So x must be in the 2nd quadrant.

o | a
B

Solving tan x = —%, where x is in the

2nd quadrant, gives
x=180°+(-53.1°) =126.9° (1 d.p.)

18 p=secd—tan b, g =secH+tand
Multiply together:
pq = (secd —tan @)(sec 8 + tan 6)
=sec’#—tan’ 0 =1
(since 1+ tan” @ = sec’ 0)

1
= p=—
q

(There are several ways of solving

this problem.)

19a LHS =sec’'#—tan*6
= (sec’ @ —tan” f)(sec’ @+ tan> 6)
=1x(sec’ @+ tan’ @)
(as sec’d =1+tan’ @
=sec’@—tan’ 0 =1)
=sec’ @ +tan’ @ = RHS

b sec’d=tan*@+3tano
= sec'f—tan* @ =3tan b

= sec’@+tan’ @ =3tan 6
(using part (a))

= (I+tan’ @) +tan’ @ =3tan @

= 2tan’ #-3tanf+1=0

= (2tanf-1)(tanf—-1)=0

= tanH:% or tan@d =1

SO

A
(1) C

In the interval —180° <@ <180°

tan6?=l:> 6’=tan_ll,—180°+tan_ll
2 2 2

=26.6°—153.4° (1d.p.)
tanf=1 = O =tan'1,—-180°+tan'1
=45°, —135°
Solution set is:
—153.4°, —135°, 26.6°, 45°
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20a y=sinx
Va

2 :

2=

7.
IO sin xdx represents the area between

. . T
y =sinx, the x -axis andx=5

b y=arcsinx, —1<x<1

Y
x|
2

|

-1 [9] l X

_ 5|

2

1
_[0 arcsin xdx represents the area between

y = arcsin x, the x-axis and x =1

SolutionBank

¢ The curves are the same with the axes
interchanged.
The shaded area in (b) could be added to
the graph in (a) to form a rectangle with

sides 1 and %, as in the diagram.

Area of rectangle =1x r_T
2 2

z, o T
So '[02 sin xdx + '[O arcsin xdx = 5

1 1

X
tan 60° cos 60°
1 1 2

"B B
23
ER

21 cot60°sec 60° =

22a The graph of y=2-3secx is
y =secx stretched by a scale factor 3 in
the y direction, then reflected in the x-axis

0
and then translated by the vector (2]

y

2n

b -1<k<5
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= -1<
23a The graph 0fy=3arcsinx—g is b Let y=arccosx, —1<x<0

=CcosSy=x
'y = arcs11} X s.tretched by a scale factor 3 — sin y = -
in the y direction and then translated by
T
0 As —1<x<0, —<y<m,
the vector | o ‘ _2
3 S0 sin y 1s positive
sin y 1-x°
” =tany = =
. W cosy X
. i
2T for—1£x<0,5<yﬁn
-15 -1 Y 0 0.5 I s ¥ T .. .
S Note that as y > > it is not in
y=3 arcsmx—7

the range of y = arccos x

However, from the tan curve, we know

o that tan(y —m) =tan y

b Curve meets the x-axis when y =0 2

1-x

) n So tan(y—m) =
:>3arcsmx—5=0 X

. T for-1<x<0, —£<y—nS0
:>arcsmx=g 2

We can now use the inverse function

LT
=sin—=x 2
6 I-x
y—m = arctan
1 X
=>x=—
2 1—x?
1 So y = m+arctan
Curve meets the x-axis at (—, Oj X
2 for—-1<x<0
2
24a Let y=arccosx, 0<x<I Thus arccos x = 7t +arctan I-x

=>cosy=x X

=siny=v1-x°

Note that as 0 < x <1, 03y<§,

for—1<x<0

S0 sin y 1is positive

/ 2
Thus tan y = I=x ,
X

which is valid for 0 < x <1

1-x

= y =arctan
X

2

So arccos x = arctan for 0<x<1
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Trigonometry and modelling 7A

1 ai ALFAB=/CAF + /ZBAC
=@~ +p=a
So L/ZFAB=«

ii ZFAB and ZABD are alternate angles
so LFAB = ZABD
so ZABD =«
ZCBE=90-a,s0 ZECB=90-(90-a)=«

ili cosf= ?
So AB=cos f
BC

iv Sinﬂ=T

So BC =sin

b i ZABD=qa,sosina =A—D
AB

As AB =cos f, this gives sina = AD
cos B
So AD =sinacos
. BD  BD
ii cosa=——=
AB  cospf
So BD =cosacos
¢ i ZECB=a, socosa=£
BC
As BC =sin f, this gives cosa = —
sin
So CE =cosasin f
e BE  BE
il sina=——=—
BC sinp

So BE =sinasin

d i sin(e—pf)=—
So FC =sin(a — f)

FC
1
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Pure Mathematics Year 2 SolutionBank

1 dii cos(a—ﬂ)z?
So FA=cos(a—f)

e i The completed diagram should look like this:

cosa sinf3
F sin(a - 3) c / E
[ ] ]
sina sinf3
cos(a - 3) ™90 -«

B

cosa cos
A4 sina cos 3 D

FC+ CE=A4D,so FC=AD — CE
sin(a — ) =sina cos f —cosa sin ff

ii AF=DB+BE
cos(a— ) =cosacos f+sinasin

sin(A— B)
cos(A—B)
_ sin Acos B—cos Asin B

2 tan(4A-B)=

" cos Acos B +sin Asin B
Divide the numerator and denominator by cos A4 cos B

sin AcosB cos Asin B sin4 sinB

tan(A — B) = CosAcosB cos AcosB _ cosA cosB
an( ) cosAcosB+smAs1nB 1_|_s1nAsinB

cosAcosB cosAcosB cos Acos B

_ tanA4-tan B

=—————— asrequired
l+tan Atan B

3 sin(4+ B)=sin Acos B+cos Asin B
sin(P + (—Q)) = sin P cos(—Q) + cos Psin(—Q)
Ascos(—P) =cos P and sin(—P) = —sin P, this gives
sin(P—Q) =sin PcosQ —cos Psin Q
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4 Example: 4 =60°, B =30°
sin A :73, sin B :l

B

sin(A+B)=1; sinA+sinB=—+—=#1

This proves sin(A+ B) =sin 4 +sin B is not true for all values.

There will be many values of 4 and B for which the statement is true, e.g. 4 =-30° and B =+30°,
and this is the danger of trying to prove a statement by taking particular examples. To prove a
statement requires a sound argument; to disprove it only requires one counterexample.

5 cos(4—B)=cos Acos B+sin Asin B
SetA=6, B=6

= cos(@—6)=cosB@cosf+sinfsinf
= cos0=cos’#+sin’f

So cos® @ +sin* @ =1(since cos0=1)

6 a sin(4—B)=sinAcosB—cos AsinB
Setd==,B=0
2

= sin E—& ESiHECOSH—COSESine
2 2 2

= sin(ﬁ—éjzcose
2

since sinE:l, cosE:O
2 2

b cos(4—B)=cos Acos B+sin Asin B
SetA=2,B=0
2

= coS E—H zcos£cos6’+sin£sin6’
2 2 2
= cos(g—ﬁjzsinﬁ

. T . T
since cos—=0,sin—=1
2 2

. V4 . T . T
7 sin| x+— |=sin xcos—+ cos xsin—
6 6 6

V3

. 1
=——sinx+—Ccosx
2 2
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VA T . . T
8 cos x+§ =COSXCOS§—SIHXS1H?

1 3.
=—COSXx———SInx
2 2

9 a Using sin(4+ B)=sin Acos B +cos Asin B gives
sin15°co0s20°+ cos15°sin 20° = sin(15° + 20°) =sin 35°

b Using sin(4— B) =sin Acos B—cos Asin B gives
sin 58°¢c0s23° —cos 58°sin 23° = sin(58° —23°) =sin 35°

¢ Using cos(4+ B)=cos Acos B—sin Asin B gives
c0s130°cos80° —sin130°sin 80° = cos(130°+80°) = cos 210°

d Using tan(4—B) = tand-tan B gives
1+tan Atan B

tan 76° —tan 45 = tan(76°—45°) = tan31°

1+ tan 76°tan 45°

e Using cos(4— B) =cos Acos B +sin Asin B gives
cos 26 cos @ +sin20sin @ = cos(260 — )= cos @

f Using cos(A4+ B)=cos Acos B—sin Asin B gives
cos 46 cos 36 —sin 40sin 360 = cos(40 +36) = cos 760

g Using sin(4+ B) =sin Acos B +cos Asin B gives
sin10cos2+0+cos+Osin216 =sin(£0+216)=sin30

h Using tan(4+ B) = tand+tan B gives
I-tan Atan B

tan 26 + tan 30 = tan(20 + 30) = tan 50

1—tan 26 tan 36

i Using sin(P—Q)=sin PcosQ—cos PsinQ gives
sin(4+ B)cos B—cos(A+ B)sin B = sin((A+B)—B) =sin 4

j Using cos(A4+ B)=cos Acos B—sin Asin B gives

cos(3x+2yjcos(3x_2yj—sin[3x+2yjsin(3x_2yj — cos (3x+2y}+(3x—2yj
2 2 2 2 2 2
=Cos (6—)6) =cos3x

2
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10 a Use the fact that L = cos% = sin% to write

V2
L(sinx+cosx) —Lsinx+icosx — sin xcos -+ cos xsin . = sin(x+£j
V2 V2 V2 4 4 4
or

L(sinx+cosx) —Lcosx-i-Lsinx = COS X COS~ + sin xsin ~ = cos(x—zj
V2 V2 V2 4 4 4

1 i .
b Use the fact that — = cos% = s1n% to write

2
L(cosx—sin)c) ——Lcosx—isinx = c0S X c0S  —sin xsin 2 = cos(x+£j
V2 V2 V2 4 4 4

3 n

1 T . T . T )
¢ Use the fact that 5 = cosg =sin— and —= cosg = smg to write

1 . 1. 3 ) T .m . T
—(smx+x/§cosx):—s1nx+—cosx=smxcos—+cosxsm—=sm xX+—
2 2 2 3 3
or

1 . 3 1 . T . . T T
E(smx+\/§cosx =:7005x+§smx:cosxcosg+smxsm—=c0s x—g

1 ) )
d Use the fact that — = cos% = sm% to write

V2

L(sinx—cosx) —Lsinx—icosx — $in x CoS - — cos x §in = = sin(x—ﬁj
V2 2 V2 1 1 1

11 cos y =sin(x + )
= COSy=sIinxcos y-+cosxsiny
Divide throughout by cos xcos y

Ml =sinx90@+pes§siny
COS X COSTy cost COSX COS y

= secx=tanx+tany

= tany=secx—tanx

12 As tan(x—y) =3

tanx—tany

SO 3

I+tanxtan y
= tanx—tan y=3+3tanxtany
= 3tanxtan y+tan y =tanx—3
= tan y(3tanx+1)=tanx—3
tan x —3

= tany=—-——
Y 3tanx +1
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13 sin x(cos y+2sin y) = cos x(2 cos y —sin y)
= sinxcos y+2sinxsin y =2c0sXCOS y —COS Xsin y
sin x cos y + cos xsin y = 2(cos x cos y —sin xsin y)

sin(x+ y) =2cos(x+ )

u Uy

sin(x+y) )
cos(x+y)
tan(x+y)=2

y

14a tan(x—45°) =%

tan x —tan 45° B 1

l+tanxtan45° 4
= 4tanx—-4=1+tanx (as tan45°=1)

= 3tanx =5
5
= tanx=—
3

b sin(x—60°) =3cos(x+30°)
= sin xcos 60°—cos xsin 60° = 3cos x cos 30° —3sin x sin 30°

J3 33

. 3.
= —smx——cosx:Tcosx—Esmx

= 4sinx=4\/§cosx

sin x 4\/§
= =—

CcOS X 4
= tanx = \/5

¢ tan(x—60°) =2
tan x —tan 60°
1+ tan x tan 60°

tanx—\/g
1+\/§tanx
— tanx—~/3=2+23tanx
= 2V3-Dtanx=—(2+/3)
(2+\/§)=_ (2+3)(2\3 +1)
231 2V3-1)(23+1)
_8+5J§

11

=2 (as tan60° = \/5)

= tanx=-—
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15 tan x—i—E =l
3 2

tanx+tan§ 1

I-tanxtan® 2
N tan x ++/3 1 (tan£= 3)
1-tanx 2 3
= 2tanx+2\/§=1—\/§tanx
= (2+V3)tanx=1-2+/3
_1-243 _ (1-2J3)2-3)
2443 2+V3)2-43)
:2—4\/3—\/§+6:8_5\6

1

= tanx

16 Write 6 = ¢9+2—7t 2= and 6+4—n: 0+2_1t +2_1t
3 3 3 3
Now use the appropriate addition formulae for cos

2w\ 2w 27 2t . 2n) . 2m
cos|| @+— |—— |=cos| 8 +— |cos— +sin| @ +— |sin—
3 3 3 3 3 3
271 27 271 2n . 2n) . 2m
cos|| @+— |+— |=cos| @ +— |cos——sin| @ +— |sin—
3 3 3 3 3 3

Now add up all terms
cosd + cos(¢9+2?nj + COS(@—%—?)

=cos 6’+2—n _2n +cos 9+2—n +cos 0+2—n +2—n
3 3 3 3 3
=Cos 9+2—n cosz—n+sin 9+2_n sin2—7t4rcos(9+2—7t +cos 6’+2—njcosz—n
3 3 3 3 3 3 3
—sin(0+2—njsin2—n
3 3
E2cos(9+2—nJcos2—n+cos(0+2—n)
3 3 3
1

=0 as cosZ—n=——
3 2
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Challenge
ai Area= %ab sinf = %x(y cos B)(sin A)

1 .
= ExysmAcosB

ii Area= %ab sinf = %y(x cos A)(sin B)
= %xy cos Asin B

1 . 1 .

ili Area= Eab sinf = Exy sin(A4+ B)

b Areal +T,= Area T + AreaT,
:%xysin(AJrB)=%xysinAcosB+%xycosAsinB

= sin(A4 + B) =sin Acos B +cos Asin B
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Trigonometry and modelling 7B

1 a cosl5°=cos(45°-30°)

=c0845°c0s30°+sin45°sin 30°

IRCRRCIREN
22T
2z 2 3+1)

4

b sin75°=sin(45°+30°)
=s1n45°c0s30°+cos45°sin 30°
+—x—
2 2 2 2
NN V2(V3+1)
4

4

Note sin 75° = c0s(90°—75°) = cos15°

¢ sin(120°+45°)
=sin120°cos45°+cos120°sin 45°
B 2 [ 1] 2
:—)(—+ —_ | X —
2 2 2 2
-z V2(V3-)
4

4

d tan165°=tan(120°+45°)
_ tan120°+tan 45°
1—-tan120°tan 45°

tan120° — sin120° _ sin60
cos120° —cos60°

—J3+1
1+3

(1-v3+1)(v3-1)
(V3+1)(v3-1)
_ 44243

So tan120° =

=—2+3

2 a Using sin(A4+ B) expansion

sin 30°cos 60° + cos 30° sin 60°
=sin(30°+60°) =sin90° =1

SolutionBank

c0s110°co0s20°+sin110°sin 20°

=c0s(110°-20°) =c0s90° =0

sin33°cos27°+co0s33°sin27°
=sin(33°+27°) =sin 60° = ﬁ

T T .. T . T
COSgCOS——Sll’l—Sll’l—

sin 60°cos15°—cos60°sin15°

= sin(60°—15°) = sin 45° = V2

c0s 70°cos 50° —cos 70° tan 70°sin 50°
=¢0s70°cos 50° —sin 70°sin 50°

Simplifying as

(cos@xtanez/ces@/x

sin0 =sinf
cosO
So cos70°(cos 50° —tan °sin 50°)
=cos(70°+50°)

=¢0s120°=—co0s60°=—

g tan45° +tan15°
1-tan45°tan15°

= tan(45+15)° = tan 60° = /3

h Use the fact that tan45°
1—tan15°

1+tan15° B

=1 to rewrite as
tan15°

1+tan45°tan15°

tan 45° —

=tan(45°-15°) =tan30° =

w|&

n T
tan — —tan —
: 12 3 m_m
1 T T :tan(a—gj
1+tan—tan —
12

T
=tan—=tan—=

12 4

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free



Pure Mathematics Year 2 SolutionBank

2 j Thisis very similar to part (e) but to 5 a cos105°=cos(45°+60°)
appreciate this you need to rewrite the = 08 45°¢0s 60° —sin 45°sin 60°
e S EN R ]
3cosl5°—sinl5 L2 2 2
52(£00s15°—lsin15°J =1—\/§=\/§—\/€
= 2(sin 60°cos15°—cos 60°sin15°)
= 2sin(60—15)° b secl05° = 1
= 25in 45° cos105°
_ -4
- 2V 216
tan 45° +tan 30° 4
3 a tan(45°+30°) =
( ) an45°tan30° __ 4 2+46
6 V26
1+8
b tan75°=—_3 4(v2++/6
an - =¥=_\/§(1+\/§)
3+4/3 (3+\/§)(3+\/§) Soa=2andb=3
3-43 (3 - ‘/5)(3 + \/5) 6 Draw the right-angled triangles containing
Aand B
12463 _ 243
6
; 4
4 cot(A+B)=2 . I
= tan(4+B) :% /) (] B
x y
tanA+tanB 1 Using Pythagoras’ theorem gives
- —— =
I-tan Atan B 2 x=3 andy=\/§

1
Butas cot A= Z’ then tan A =4. a sin(A+ B)=sin Acos B+cos Asin B

o AttanB 1 _4 N33 1 4343
1-4tanB 2 572 52 10
= 8+2tanB=1-4tan B
— 6tan B =—7 b cos(A—B)=cos Acos B +sin Asin B
=t = 7 =§><£+ixl=3\/§+4
b= 552 527 10
So cotB = =—E P 1 10
e ¢ S B 34
_10(3V3-4)
JRENEERENEE)
_1033-4)
-~ 27-16
_103+3-4)
11
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7 LetA'=180°— 4. As 4 is the second
quadrant cos 4’ =—cos 4

Draw a right-angled triangle where

cosA’=i
5

-

Using Pythagoras’ theorem x =3

So sinA’=§, tanA’=2
5 4

a As A4 is in the second quadrant,

sinA=sin A, sin A =%

b cos(m+ A)=cosmcos A—sinmsin A

=—cos A4
As cost=-1, sint=0

So cos(n+ A) = %

¢ sin(£+ Aj = sinﬁcosA+cos£sinA
3 3 3

L3 H6G

3-43

10

d As 4 is in the second quadrant,

tanA:—tanA':—i
4

T tan § +tan 4
tan| —+4 |=————
4 1 —tan % tan 4

_1+tand

1
l-tand I 7

8 LetB'=180°—B. As B is in the second

quadrant cos B’ =—cos B, sin B'=sin B and
tan B'=—tan B.

Drawing right-angled triangles for 4 and B,
use Pythagoras’ theorem to find the missing
sides, which are 15 and 3.

15 4
So sinAzﬁ, cosA:l—S, tan 4 = —
17
. 3
and smBzg, cosB=——, tanB=—-=

a sin(A4—B)=sin Acos B—cos Asin B

BENOh

b cos(A—B)=cos Acos B +sin Asin B

ks

_—60+24__§
85 85
¢ tan(Ad—B)= tan A —tan B
1+tan Atan B

8 3 77
_sti_w 77
24 36

-2 % 36

1 36

So cot(A-B)=———=—
tan(A—-B) 77
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9 Angle 4 is in the third quadrant as it is reflex
and tan 4 is positive. Let "= 4-180°, so
sindA=-sinA’,cosA=—cos A, tan A =tan 4’
Let B'=180°—B. As B is in the second
quadrant cos B'=—cos B, sin B'=sin B and
tan B'=—tan B.

10a

Drawing right-angled triangles for 4" and B’
use Pythagoras’ theorem to find the missing
sides, which are 25 and 12.

b
25
7 13
5
4 B N
24 12
: 7
Sosind=——, cosd=——, tanAd=—
24
. 5
and sinB=—, cosB=——, tanB:_E

a sin(4+ B)=sin Acos B+cos Asin B

et

_84—120__36
325 325
b tan(A—B)= tan A —tan B
1+tan Atan B
__wtn  _ o204
S 25
1 325

¢ cosec(A+B)=— =—
sin(A4+ B) 36

tan A+tan B

1—tan Atan B
%.,.% 13 13

tan(A+B) =

As tan (4 + B) is positive, 4 + B is in the
first or third quadrants, but as 4 and B are
both acute 4 + B cannot be in the third
quadrant, so A+ B =tan"' 1 = 45°

A is reflex but tan 4° is positive, so A4 1s
in the third quadrant, i.e. 180° <4 <270°
and 0° < B <90°. Astan (4 + B) is
positive, A + B is in the first or third
quadrants.

As 180°< 4 + B <360°, it must be in the
third quadrant, so 4+ B =tan™'1=225°
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Trigonometry and modelling 7C

1 sin2A4=sin(4+ A)=sin Acos A+ cos Asin A , T ., T 2n s
) h cos”——sin"—=cos— =cos—
=2sin Acos 4 16 16 8
2 a cos2A=cos(A+ A) a 2sin22.5°c0s22.5°=sin2x22.5°
=cos Acos A—sin Asin 4 ‘ 2
2 . 2 =sin45°=—
=cos" A—sin” 4
b i cos24=cos’ A—sin’ 4 b 2cos’15°—1=cos(2x15°)
Use cos” A+sin” 4 =1 to simplify, so
2 2 — o _ \/5
c0s2A4 =cos’ A—(1—cos’ A) =c0s30 =
=2cos’ A—1
. . ¢ (sin75°—cos75°)’
ii COSM:C;’S 4;;“1 4 > — §in> 75° + cos’ 75° — 25in 75° cos 75°
=( _S‘flz )=sin =1-sin(2x75°)
=1-2sm" 4 as sin’ 75°+cos” 75° =1, and this gives
: o o2 _1_ o} o
3 tan24 = tan(A+ A) (sin75°—cos75°)" =1-sin150
_tanAd+tand _ 2tan 4 zl_lzl
l-tanAtanA4 1—tan> 4 2 2
4 a 2sin10°cos10° =sin20° 2tan ©
(using 2sin Acos A =sin2A4) d —8=tan(2x£j=tan£=l
1-tan> 8 8
b 1-2sin*25°=cos50° 8
. _ _ . 2
using cos24=1-2sin" 4 a (sin A+ cos A)?
C COSZ 400_Sin2 400 — COSSOO = Sin2 A+ ZSil’lACOSA '|'COS2 A
using cos24 =cos’ A—sin’ 4 =l+sin24
° T n)
d 2ta—n5=tan100 b (sin—+cos—]
1—tan® 5° 8 8
using tan2AE% =1+sin£:1+£=2+\/§
I—tan” 4 4 2 4
e 1 - ! a cos’ 30 —sin’ 30 = cos(2x36) = cos 60
2s5in24.5°c0s24.5° sin49°
= cosec 49° b 6sin26cos26 =3(2sin 26 cos26)
=3sin(2x260)
f 6cos’30°—3=3(2cos*30°-1) =3sin46
=3cos60°
sin 8° 2tan 0
g =sin8°cos &° ¢ — 2 —tan|2x2 |=tan6
sec8° 1 — tan? 2

= l(2 sin8°cos 8°) = lsin 16°
2 2
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7

d 2—4sin2g=2(1—25in2 (gn
2 2

=2cos(2x§j:2cose

e 1+c0s20 =\[1+(2cos’ 6 -1)
=+/2cos’ @

=+/2cosf

f sin’@cos’f= %(4 sin’ @ cos’ 0)

L (2sin @ cos )
4
1.,
=—sin” 20
4
g
4sin @ cos@cos260 =2(2sinfcosf)cos26
=2sin26cos26
=sin46

As sin2A4 =2sin Acos 4 with A =260

tand tan @
sec’0-2  (l+tan>6)—2
_ tand®
tan’6-1
tan &
“1-tan’@

__l( 2tan 6 j
2\ 1—tan’ @

= —ltan 20
2

i cos*@—2sin’ Ocos*@+sin* O
=(cos’ @ —sin’ 0)°

=cos’ 20

p=2cosf = cost9=§

cos260=gq
Using cos26 =2cos’ 0 -1
2
V4
=>qg=2|—] -1
! (2j
2
p
=>qg="—-1
=5

SolutionBank

9 a cos’f=x, cos20=1-y
Using cos260 =2cos* 0 -1
= l-y=2x-1
= y=2-2x=2(1-x)
Any form of this equation is correct

b y=cot20 = tan26?:l

Y
x=tand
Using tan20:ﬂ
l1—tan” @
l_ 2x
y 1-x

= 2xy=1-x
Any form of this equation is correct

¢ x=sind, y=2sinfcosf
= y=2xcosd

= cos9=l

2x
Using sin” @+cos* 0 =1
2

= x’ +y—2 =1
4x
= 4x* +y* =4x
ory> =4x*(1-x7)
Any form of this equation is correct

d x=3cos20+1 = coszesz_l

y=2sinf = siné’:%
Using cos26 =1-2sin’ @
2 2
Xl 2 Y
3 4 2
Multiplying both sides by 6 gives
2(x-1)=6-3y°
= 3y’ =6-2(x—1)=8-2x
Y T3

Any form of this equation is correct

10 cos2x=2cos* x—1
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11 cos20 =1-2sin* 6

So 2:1—2sin249
25

= 2sin26?=1—§:i
25 25

= sin’ 0 _ 1
25

= sinf@=+—
5

12 Draw a right-angled triangle with € as one of
the angles. The hypotenuse is 5

5
3
g [ ]
4
So sinﬁzé, cosH:i tan,gzi
5 5 4
3
ai tan20= 2tan;9 =_2
l-tan" 0 1—-%
3 3 16 24
= =—X—=—
= 2 7 1
ii sin29=2sin000s9=2x§xi:£
5 5 25
jii cos2€=coszt9—sin26?=£—i=l
25 25 25

b
sin46 =2sin 26 cos 20
24 7 336
=2X—X—="—"+—
25 25 625

13a i cos24=2cos* A—1

2
=2(—lj —1:2_1=_Z
3 9 9

ii cos24=1-2sin’ 4

:—g:1—2sin2A

:>2sin2A=1+Z=E
9 9
:>sin2A=§
9
:sinA:iﬁzi&

3
But 4 is in the second quarter so sin 4
is positive, and the solution is

sinA:¥

1 1
sin24 2sin Acos A

iii cosec24 =

14 Using tan@ = T ?

3_ 2tan{
4 1-tan*?

=
= 3—3tan2g=8tang
2 2

= 3tan2g+8tang—3=0
2 2

= (3tan£—lj(tan£+3j =0
2 2

6 1
so tan—=+ or tan—=-3
2 2

But 1t<6?<3—7T SO £<g<3—n
2 2 2 4

0 . . 0 .
As — is in the second quadrant, so tanE is

. .. 0
negative, and the solution is tanE =-3
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15 cosx+sinx=m
cosx—sinx=n

Multiply the equations
(cos x+sin x)(cos x —sin x) = mn
= cos’ x—sin’ x =mn

= C0S2x =mn

16

3cm

20

6 cm

a Using cosine rule with

2, .2 2
COSPZW—p

2qr
gy 364925 20 5

2x6x3 36 9
b Using cos26 =1-2sin’ @
é=1—2sin20
9

= 2sin’f=1-

O | W
NN

= sin20:z
9

= sinf = ig
As 20 is acute, @ must be in the first

quadrant so siné is positive, so

sin(9=—2
3

17  Sketch the problem,
y A

=y

a

The gradient of line / is <, which is tan@.

So tan9=é
4

The gradient of y =mx ismand as y=2x
bisects the angle between y = mx and the
x-axis

2tan @
1—tan” @
2x3 5 316 24

m=tan20 =

2 7 X ==
GF % 27 7

—_

18a cos2A4=cos(A+ A)
=cos Acos A—sin Asin A
=cos’ A—sin’ 4
=cos’ A—(1—cos” A)
=2cos’ 4-1
b The lines intersect when
4cos2x =6¢os* x—3sin2x
This equation can be written as
cos2x+3cos2x = 6¢os® x +3sin 2x
Use the fact that 3cos2x =6cos® x—3, so
the equation becomes
cos 2x +6¢os’ x -3
=6cosx> —3sin2x
= cos2x—3=3sin2x
= cos2x+3sin2x-3=0
19 tan 24 = sin2 A _ 2s21nAcc?s214
cos2A cos"A-sin” A4
2sin Acos A
__ cos’4
cos®> A—sin’ 4
cos® 4
2sin A
—_cosA
sin® 4
-2
cos” A4
_ 2tan A
" 1—tan’> 4
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Trigonometry and modelling 7D

1 a 3cosé@=2sin(€+60°)

= 3cosd =2(sin & cos 60°+ cos &sin 60°)
= 3c0s0=2(%sin€+§cos€j =sin€+\/§cos€

= (3—ﬁ)cose=sin6’

= tanf=3—-+/3 =1.2679... (as tan @ = sme]
cos@
As tan @ is positive, @ is in the first and third quadrants

0 =tan (1.2679), 180°+tan"' (1.2679)
6= 51.7°, 231.7°

b sin(@+30°)+2sind=0

= sinfcos30°+cos@sin30°+2sind =0

B3

= 7sin6’+%cos€+25in¢9=0

= (4+\/§)sin¢9=—cosﬁ
1

443

As tan @ is negative, @ is in the second and fourth quadrants

(s) A

= tanf=-

T ©

1 1
f=tan'| — +180°, tan™'| ———— |+360°
[ 4+\@J [ 4+\Bj

0=170.1°, 350.1°
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1 ¢ cos(@+25°)+sin(8+65°) =1
= ¢c0sHcos25°—sin@sin 25°+sin @ cos 65° + cos @sin 65° =1
As sin(90 — x)° =cos x° and c0s(90 — X)° = sin X°
€0s25° =sin 65° and sin 25° = cos 65°
So cos@sin 65° —sin @ cos 65°+sin #cos 65° + cos Isin 65° =1

= 2c0sfsin65°=1

= cosf= =0.55168...

2sin 65°

0 = cos ™' (0.55168), 360°—cos ™' (0.55168)
0= 56.5°, 303.5°

d cos@=cos(8+60°)

= co0s@ =cos@cos60°—sindsin 60° =%cos9—73sin9

= cos@=-+/3sinb
= tan6’=—L (as tan @ = smﬁj
3 cosd

As tan@ is negative, @ is in the second and fourth quadrants

(s) A

T ©

6 =tan™ (—L] +180°, tan™' (—Lj +360°
3 3

0 =150.0°, 330.0°

2 a sin 6’+E Esint9cos£+cos6'sinE
4 4 4

Eisin6’+icos¢9£L(sin9+cos¢9)

2 J2 2
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1 1
2 b —Ginf+costd)=—
NED =7

:>sin£¢9+£j—L
4) 2
Find all answers for 0+%. As 0<6<2m so %SH+%SZTE+%

3z 97

9+£:£7_’_5
4 44 4

SO 6’=0,£,2;z
2

c As sin(0+§J=L(sin0+cose)

N

When sin@+cosf =1

sin(¢9+£]—L
NG

S0 0=0,% 21
2

3 a cosf@cos30°-sindsin30°=0.5

= co0s(f+30°)=0.5
= 6+30°=60° 300°
= 6=30° 270°

b cos000s30°—sin6’sin30°Ecos€><73—sin6?><l

So cos@cos30°—sin@sin30° = % 1s identical to \/gcos 0—-sind =1

Solutions are same as (a), i.e. 30°, 270°

4 a 3sin(x—Yy)—sin(Xx+Yy)=0
= 3sinXcosy—3cosXsiny—sinXcosy—cosXxsiny =0
= 2sinXcosy =4cosXsiny

2sinXcosy 4cosXxsiny
COSXCOSY  CcOsSXcosy

2sinX _4siny
cosX  cosy

=

= 2tanX=4tany

b Puty=45° = tanx=2
Sox=tan"'2, 180°+tan"' 2
X =63.4°, 243.4° (1d.p.)
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5 a sin20=sinf, 0<0<2n
= 2sinfcosf =sinf
= 2sinfcosf—sin@ =0
= sinf(2cosf—-1)=0

1

2

T

= sin@ =0 or cosf =

Solution set: 0, E, T, 5—, 2n
3 3
b cos20=1-cosf, —180°< @ <180°
= 2cos’@—1=1-cosd
= 2cos’@+cosf-2=0

“1+17
4

= cosf=

N —1—4\/ﬁ

(using the quadratic formula)

—1+417

< —1, this gives the only solution as cosd = — " 0.78077...

As cos@ is positive, 8 is in the first and fourth quadrants
Using a calculator cos™ 0.78077 =38.7° (1 d.p.)
Solutions are +38.7°

c 3cos20=2cos’d, 0<6<360°
= 32 cos’ 0-1)= 2cos’ 0
= 6cos’0-3=2cos*
= 4cos’0=3
= cos29=g = cos@ziﬁ

4 2

6 will be in all four quadrants.

Solution set: 30°, 150°, 210°, 330°

d sin40=cos20, 0<6O<nmn

= 2sin2@cos26 = cos26
= co0s20(2sin260-1)=0

= c0s20 =0 or sin20=%

cos20=01in 0<20<2=n

= 20=£, 3n = =£, 3n
272 4" 4
sin2¢9=%in 0<20<2n
= 20=£, o = 0=£, o
6 6 12" 12
. T wm St 3m
Solution set: —, —, —, —
12" 4 12 4
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5 e 3cos€—sin§—l=0, 0<60<720°
= 3(1—25in2g)—sing—1=0
2 2

= 6sin2§+sing—2=0

= (3sing+2j(25in€— ): 0
2 2
2

g 1
- SiIn—=—— 0r SiIn—=—
2 2
sm—:l inOSgS360°
2 2 2
- gzgoO, 150° = 6 =60°, 300°

sin—=—z in OSQS36O°
2 3 2

S A

(R
QARG

= §=180°—sin‘1 (—%) 36O°+sin‘1(—§j= 221.8°, 318.2° (1 d.p.)
— 0= 443.6°, 636.4°
Solution set: 60°, 300°, 443.6°, 636.4°

f cos®@—sin20 =sin’ 0, 0<O<n
= cos’ @—sin’ #=sin26
= c0s26 =sin26

= tan260 =1 (divide both sides by cos26)
tan20=1in 0<260<2xn

20=1, 2"
4 4
:G:E,S—E
8 8
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5 g 2sinf=secld, 0<6<2n

= 2sinf =

cos @
= 2sinfcosf =1

= sin260=1
sin20=11in 0<20<4n

= 20:5, o
202

= 6’=E, 5—7[
4 4

h 2sin26=3tand, 0<60<360°
3sin@

cos @

= 4sinfcos* @ =3sin
= sin@(4cos’@-3)=0

= 4sin@cosl =

= sinfd=0or c052¢9=%
sind=0 = 6=0° 180°
00320=% :cos@zi? = 6= 30°, 150°, 210°, 330°
Solution set: 0°, 30°, 150°, 180°, 210°, 330°
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5i 2tan@=+3(1-tanO)(1+tand), 0<O<2n
= 2tan6’=\/§(1—tan29)
= x/gtan26?+2tant9—\/§=0
= (V3tan@-1)(tanO++3)=0

1
= tanf=—— or tanf = —/3
NE)
1
tanfd=—, 0<0<2n
NE)

O,

(1) c

= 6’=tan_1L,n+tan’L—£, —
3 367 6

tant9=—\/§, 0<0<2n
(5 | a
T ©

2t Sn

= 9: +t ! —\/§ 5 2 + t. ! _\/g =" —

ertan (). 2ntan (3)= 25, 2
. Tt 2n Tn Sm
Solution set: —, —, —, —
6 3 6 3
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5 j sin’@=2sin20, —180°<H<180°
= sin’@ =4sinfcos b
= sinf(sin@—-4cosf)=0
= sin@=0or sinfd =4cosd
= sinfd=0or tand =4
sind=0 = 6= 0° 180°
tand=4 = O=tan'4, —180°+tan ' 4= 76.0°, —104.0° (1 d.p.)

¥
(1) C

Solution set: —104.0°, 0°, 76.0°

k 4tan@=tan26, 0<6<360°
2tand
1—tan” @

= 2tan@(1—tan’ @) = tan @
= tanf(2-2tan’ H-1)=0
= tand(1-2tan’H)=0

= 4tanl =

= tand=0or tan0=i\/g
tand=0 = = 0° 180°

tan @ = i\/I
2

= 0= 35.3° 144.7°, 215.3°, 324.7°
Solution set: 0°, 35.3°, 144.7°, 180°, 215.3°, 324.7°
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6 Sketch A ABC

A Scm C
4sin26 =5sin @

= 8sinfcosd =5sind

= 8sinfcosd—5sind =0
= sinf(8cosfd—-5)=0
=sinfd =0 or cos«9=§

As ABC is a triangle, 0 < 8 <90°, so @ =0° or 180° are not possible solutions.

So @ =cos™ (%) =51.3°(1d.p.)

7 a As 5sin20=10sin8cosd
5sin260+4sin@ =10sinfcos@+4sinfd =0
2sin@(5cos@+2)=0

Soa=2,b=5andc=2
b 2sinf(5¢c0s0+2)=0, 0<6<360°
=sinf =0 or cosz9=—%
sind=0 = #=0° 180°
2 -1 2 o -1 2 o o
oS 6’=—§ = 0 =cos 5 , 360°—cos 3 =113.6°, 246.4° (1 d.p.)
Solution set: 8 =0°, 113.6°, 180°, 246.4°
8 a As sin26 =2sinfcosé and cos26 =1-2sin’ @
sin 260 +cos26 =1
= 2sinfcosd+(1-2sin’*0) =1

= 2sinfcosd—2sin’ =0
= 2sinf(cosf—sinf) =0
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8 b 2sinf(cosf-sin@)=0, 0<6<360°

=sind =0 or cosd =sinf
sinfd=0=6=0°, 180°
cosfd =sinfd = tanfd =1= 6 =45° 225°
Solution set: 8 =0°, 45°, 180°, 225°

9 a LHS =(cos20-sin26)’
= cos’ 26 —2sin 26 cos 260 +sin” 26
= (cos’ 26 +sin’ 26) — (2sin 20 cos 26)
=1-sin4f  (sin’ A+cos’ A=1, sin2A=2sin Acos A)
= RHS

. 1 . .
b You can use (cos 26 —sin 20)’ = 5 but this also solves the equation

c0s260—sin260 = —L

V2

so you need to check your final answers.
As (cos26 —sin20)* =1-sin46

= lzl—sin40
2

= sin46?=l

0<f<m, s0 0<40<4n
n St D 17

= 40=—, —,
6 6 6 6

_x St B 1
24° 247 247 24

b

Checking these values in cos26 —sin26 = L eliminates 5—7[, 13n

2 24 24

1
which apply to cos260 —sin20 = ———
pply NG
17w

. i3
Solutions are —, —
24" 24
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2tan 4
1+tan’ ¢
2tan4

sec” ¢

10a i RHS =

in @
2sin§

Zxcos’ §
cos?

=2sin4cos4
=sind  (sin2A=2sin Acos A)
= LHS

2
cos” 4

. 2 ]

. sin” ¢
=cos’ £ —sin’ ¢ (tan2 £= 2 J
=cosd (cos2A=cos’> A—sin® A)

= LHS
b Let tangzt

i sin@+2cosf=1
2t 2(1-t?
e (1+t2)=
= 2t+2-2t7 =1+t’
= 3t°-2t-1=0
= Gt+)(t-1)=0

1

= tangz—l or tangzl, Osgs 180°
2 3 2 2

tang=1 = Q=450 = 6=90°
2 2
tangz—% = §=161.56° = 6=323.1°(1d.p.)

Solution set: 90°, 323.1°
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SolutionBank

10b ii

3cosfd—-4sinfd=2
31-t%) 4x2t
2 2 =2
1+t 1+t
= 3(1-t*)-8t=2(1+1%)
= 5t2+8t—-1=0
t_—SJ_n/ﬁ

10

For tangzM OS%SISO"

10
0
5= 6.65° = 6=13.3°(1d.p.)

~8—/84 0

0<—<180°
10 2

For tan Q =
2

g =120.2° = §=240.4°(1dp.)

Solution set: 13.3°, 240.4°

11a RHS =1+2cos2x

=1+2(cos” X—sin” X)

=142cos’ x—2sin’ X

=cos’ X+sin’ X+ 2cos” X—2sin’ X
=3cos’ X—sin® X

= LHS

(using sin’® X+cos” X =1)
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Pure Mathematics Year 2

11b y=3cos*x—sin’ X is the same as y = 1+2cos2X
Using your work on transformations, this curve is the result of
(i) stretching y = cos X by scale factor § in the X direction, then
(i1) stretching the result by scale factor 2 in the y direction, then

(iii) translating by 1 in the positive y direction.

Va
3

The curve crosses Yy-axis at (0, 3). It crosses X-axis where y =0

i.e. where 1+2cos2x=0 —nt<X<m

= cos2x=—% —2n<2Xx<2n

@ A

|3 [

4 2m 2n 4n

So2x=——, ——, ,
3 3 3 3
2 T W 2n

= X:——, Ty s T
3 33 3

The curve meets the x-axis at —E,O s —E,O , E,O , 2_71:70
3 3 3 3

12a C052§_1+cos€ Sinzg_l—cosﬁ
2 2 2 2

So 2coszg—4sin2§=(1+cos€)—2(1—cos9)=3cos<9—1
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12b 3cos@-1=-3, 0<6<360°
= 3cosfd=-2

2
= cosf=——
3

As cos @ is negative, @ is in second and third quadrants.

Calculator value is cos™ (—%) =131.8°(1d.p.)

@ A

48.2°
48.27

(1) «

Solutions are 131.8°, 360°—-131.8°=131.8°, 228.2° (1 d.p.)

13a As sin’ A+cos” A=1s0 (sin® A+cos’ A)’ =1
= sin* A+cos* A+2sin’ Acos’ A=1

= sin* A+cos* A=1-2sin* Acos® A
El—%(4sin2 Acos’ A)

=1 —%((2sin Acos A)2)

El—lsin22A
2
=l(2—sin22A)
2
b As cos2A=1-2sin* Aso cos4dA=1-2sin’2A so sinQAs#
= from (a) sin* A+cos4AE%(2—%j E%(W)Ei(3+cos4A)
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13¢  Using part (b)
8sin* @+8cos* 0=7

= 8xi(3+c0s46’)=7
7
= 3+cosd40=—
2
1
= cosd4l0=—
2

Solve cos4¢9=% in0<40 <4n

_ 4p-F n Tn llm
373 3 3
o osn o7 Ui
127127 127 12
14a cos360 =cos(20+6)=cos20cosf—sin26sinf
= (cos’ @ —sin’ @) cos @ —(2sin Hcos H)sin O
=cos’ @ —sin” @cos@—2sin’ Hcos O
=cos’ #—3sin’ Ocos
=cos’ @—3(1—cos’ #)cos b
=4cos’ @—3cosb

b 6cos@—-8cos’d+1=0, 0<O<m

—=1=8cos’@—6c¢cosb

:>4cos3¢9—3c0s9=%

= cos30 = %, 0<30<3n  using the result from part (a)
So39=X 2% 1
333
= 0:2,5_71:,7_7[
99 9

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 15



Pure Mathematics Year 2 SolutionBank

Trigonometry and modelling 7E

1 5sin@+12cos@ = Rsinfcosa + Rcosfsina b This is the graph of y = cos @, translated
Comparing sinf: Rcosa =5 by % to the left and then stretched in the
Comparing cosf: Rsina =12 y direction by scale factor 2.

Divide the equations:
sina 12 2 };A_

=— = tana=2—
cosa 5 5

Square and add the equations: ]

R*cos’a+R*sin* a =5*+12°

ENE /

::t Ir 3 %
R*(cos’ a +sin’ @) =137 0 2 “lw 2 2
R=13
since cos’ o +sin’ a =1 ok

2 3sin@+6cosO Meets y-axis at (0, 1)
=3cosfcosa +3sinfsina
Meets x-axis at | =, 0 n 0

Comparing sin@: V3 =3sina ) 6 ) L6’

Comparing cos@: J6 =3cosa (2)
S a Let7cos@—-24sinf = Rcos(f+a)

Divide (1) by (2):
v (\/)_ y () = RcosOcosa—Rsinfsina
3 1
tanag =—==— Compare cos@: Rcosa =7 1
J6 2 P O

Compare sin@: Rsina =24  (2)

So a=35.3°(1d.p.) -
Divide (2) by (1) :tanax =2

3 2sin@—+/5cos® = a=73.7°(ldp.)
=-3cosfdcosa +3sinfsina Square and add: R* =24* +7°
Comparing sinf:2 =3sina 1) = R=25
Comparing cos@: + V5=+3cosa  (2) So 7cos 6 —24sin 6 = 25cos(6 +73.7°)
Divide (1) by (2):

b Graph meets y-axis where € =0,
1.e.y=7c0s0°—24sin0°=7

so coordinates are (0, 7)

2
tana =—
J5
So a=41.8°(1d.p.)
¢ Maximum value of 25cos(d+ 73.7°) is
4 a Let cos@—~/3sin0=R cos(f + ) when cos(6+73.7°) =1

= Rcos@cosa —Rsinfsina . :
So maximum is 25

Compare cos@: Rcosa =1 )
Compare sinf: Rsina = NE) (2)

Minimum value is 25(-1) =-25

Divide (2) by (1): tana =+/3 = a:%
Square and add: R* =1+3=4 = R=2

So cos&—\/gsin952cos(0+§j
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5

d i The line y =15 will meet the graph
twice in 0 < @ <360°, so there are

2 solutions.

ii As the maximum value is 25 it can

never be 26, so there are 0 solutions.

ili As —25 is a minimum, line y =-25
only meets curve once, so only

1 solution.

a Let sinf+3cosf =Rsin(0+a)
= Rsinfcosa + Rcosfsina
Comparing sin@: Rcosa =1 (1)

Comparing cos@: Rsinax =3  (2)

Divide (2) by (1)
Rsina
=tana =3
Rcosa

So o =71.56° (2d.p.)
R*cos’a+R*sina=1"+3"
R*(cos* a+sin’ a) =10
R*=10

R=410, 2 =71.6° (1 d.p.)

b Use the value of « to 2 d.p. in calculating

values of @ to avoid rounding errors

J10sin(6+71.56°) =2
sin(€+71.56°) = 2

Jio

.o 2 o
sin [E) =39.23° (2 d.p.)
As 0<60<360°, the interval for
(6+71.56°) is
71.56°<0+71.56°<431.56°
So 8+71.56°=180°-39.23°,
and 8+ 71.56°=360°+39.23°
0+71.56°=140.77°,399.23°

0 =69.2°,327.7° (1 d.p.)

SolutionBank

7 a Set cos20—2sin260 = Rcos(20+ a)

c0s20—2sin 260
= Rcos20cosa — Rsin20sin o

Comparing sin26: Rsina =2 (1)
Comparing cos26: Rcosa =1 (2)

Divide (1) by (2)
Rsi
e _ tana =2
Rcosa

So @ =1.107 3 dp.)

R*cos’ a+R’sin* o =1>+2°
R*(cos’ a+sin* a) =5
R=+5

So cos26—2sin20 =/5 cos(20 +1.107)

J5c0s(20+1.107) =—1.5

cos(20+1.107) = _LIs

J5
cos™ (_1_5) =2.306 (3 d.p.)
\/g =2. .p.

As 0 <0 <, the interval for
(20+1.107) is
1.107<260+1.107 < 2n+1.107
So 260+1.107 =2.306, 27 —2.306
260+1.107 =2.306,3.977
0=0.60,1.44 (2 d.p.)
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8 a Write 6sinx +8cosx in the form ¢ Let8cos@+15sinf = Rcos(6—a)
Rsin(x +a), where R >0, 0 < & < 90° = Rsinxcosa + Rcos xsina
S0 65in x + 8.COS X Compare cos@: Rcosa =8 1))
= Rsinxcosa + Rcosxsina Compare sin@:Rsina =15 (2)
Compare sinx: Rcosa =6 ) Divide (2) by (1): tan & =%

Compare cosx: Rsina =8 )
= a=6193°2dp.)

Divide (2) by (1): tanaz% R*=82+15* = R=17

= a=53.13°(2dp.) Solve 17 cos(6 -61.93°) =10,
R2=6"+8" = R=10 in the interval 0 <6 <360°
So 6sin x +8cos x = 10sin(x +53.13°) So 005(9_61,93o)=%,

Solve 10sin(x-+53.13%) = 53, ~61.93° < 0—61.93° < 298.07°
in the interval 0 < x < 360° 10

7 —|=53.97° (2 d.p.
NE) cos (17J (2d.p.)

so sin(x+53.13°) = -5

= x+53.13°=60°, 120°

= x=6.9° 66.9° (1d.p.) S @

b Let 2cos36—3sin360 = Rcos(30 + ) 53.97°
= Rcos30cosa — Rsin30sina 53.97°
Compare cos36:Rcosa =2 1 T @

Compare sin360: Rsina =3 (2)

Divide (2) by (1):tanex =

N | W

So 6—61.93°=-53.97°, +53.97°
= a=56.31°(2d.p.) = 0=8.0° 115.9° (1 d.p.)

R*=2+3" = R=413

Solve \/5005(36? +56.31°) =-1,

in the interval 0 < 8 <90°

so cos(360+56.31°) =—

ﬁﬁ
(8]

for 56.31°<360+56.31°<326.31°

(3) A

73.9°
73.9°

(1) c

— 30+56.31°=106.10°, 253.90°
= 30=49.8°, 197.6°
= 0=16.6°, 65.9° (1 d.p.)
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8 d LetSsin§—12cos£ 9 a Set 3sin30—-4cos36 = Rsin(30 —a)

2 3sin36—4cos360
= Rsin38cosa — Rcos30sina

ERsini—a
2 Compare sin36: Rcosa =3 )
ERsingcosa—Rcosisina Compare cos36: Rsina =4 (2)
4
: Divide (2) by (1):t =—
Compare s1n§:Rcosa=5 ) ivide (2) by (1): tana 3
¥ = a=53.13°(2d.p.)
Compare cosE: Rsina=12 (2) R 34495 S R=5

So 3sin36 - 4cos36 = Ssin(30 - 53.13°
Divide (2) by(l):tana:% 0 3sin 36— 4cos 30 = Ssin( )

= a=67.38 (2dp.) b The minimum value of 3sin36—4cos36
R=13 is —5. This occurs when

sin(30 - 53.13°) = 1
Solve 135in(%—67.38°j=—6.5, 39-53.13° = 270°

=107.7° (1 d.p.
in the interval —360° < x < 360° 0=107.7° (1 d.p.)

So Sin(ﬁ_mggo):_l, ¢ 5sin(30-53.13°) =1,
2 2 in the interval 0 <6 <180°
24740 <7 —614°<1126° So sin(30-53.13°) =+,
5

in the interval
-53.13°<360-53.13°< 506.87°

S A 30-53.13°=11.54°,168.46°,371.54°
0 =21.6°73.9°141.6° (1 d.p.)

30° 307
1—cos26 .

10a As sin’0= nd

® | © .
1+cos26

cos’ @ =
2

So 5sin’ @ —3cos? @+ 6sin & cos O

1—00529_ 1+cos28

X
_ o _ _ o — o 3

X +3(2sin @ cos O)
= 5= —82.62°, 37.38° 5

Eé——cos29—i—§cos29+3sin29
2 2 2 2

From quadrant diagram:

5

= x=-165.2°, 74.8° (1 d.p.)
=1-4cos20+3sin260
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10b

11a

Write 3sin 26 —4 cos 26 in the form
Rsin(20 - )

The maximum value of Rsin(26 —«) is R
The minimum value of Rsin(26 — )

is —R

You know that R* =3>+4> soR=5

So maximum value of
1—4cos20+3sin20 is1+5=06

and minimum value of
1—4cos20+3sin20 is1-5=-4

1-4cos26—3sin20 =-1

= 3sin20 —-4cos20 =-2
Write 3sin 26 —4 cos 260 in the form
Rsin(20 - )
So Rsin(20-a)=-2

= 5sin(260 —-53.13°) =-2
(By solving in same way as Question 9,
part a)

Look for solutions in the interval
-53.13°<260-53.13°<306.87°

26—-53.13° =—23.58, 203.58
0=14.8°,128.4° (1 d.p.)

Let 3cos@+sinf = Rcos(0 — )
= Rcosfcosa + Rsinfsina

Compare cos@: Rcosa=3 ()
Compare sinf: Rsina=1 (2)
Divide (2) by (1): tan :é

= a=1843°(2d.p.)
R*=3"+1>=10 = R=+10=3.16
Solve /10 cos(6—18.43°) =2,
in the interval 0 < 8 <360°

= cos(0—18.43°):i

J1o

— 0-18.43°=50.77°, 309.23°
= 0=69.2°, 327.7° (1 d.p.)

b Squaring 3cos@ =2—siné

gives 9cos’ @ =4 +sin’ @ —4sin 6
= 9(1-sin’ @) =4+sin’ —4sin
= 10sin’ #—4sinf—-5=0

10sin’ @ —4sinf—-5=0

4+216

20

4++216
20

= sinf =

For sin@ = , sin @ is positive,

so @ is in the first and second quadrants.
= 6=69.2° 180°-69.2°
=69.2° 110.8° (1 d.p.)
4-216
20

For sinf = , sin @ is negative,

so @ is in the third and fourth quadrants.
= 6=180°—-(-32.3°), 360°+(-32.3°)
=212.3°, 327.7° (1 d.p.)
So solutions of quadratic in (b) are
69.2°, 110.8°, 212.3°, 327.7° (1 d.p.)

In squaring the equation, you are also
including the solutions to

3cos@d =—(2—sinf),
which when squared produces the same

quadratic. The extra two solutions satisfy
this equation.
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12a cot@+2=cosecd

cosd 1
2=
sin@ sin @

Multiplying both sides by sin & gives

cos@+2sinf =1

cos@+2sinf =1

Set 2sin @ +cos @ = Rsin(0 + a)

= Rsinfcosa + Rcosfsina
So Rcosa =1 and Rsina =1
Rsina 1

tana = —
Rcosa 2

a=tan" (%) =26.57°(2d.p.)

R*=2+1>=R=45
So /5 sin(0+26.57)° =1
sin(@ +26.57)° = 1 , in the interval

NG

26.57°<0+26.57°<386.57°

0+26.57=26.57,153.43
0=0°126.9° (1 d.p.)

As both cot@ and cosecd are undefined
at 0, @ =126.9° is the only solution.

13a ﬁcos(@—%)+(\/§—l)sin9:2

=2 cos@cos%+ﬁsinesin%

++/3sin@—sin@ =2

1 1
:\/5 —cos@+—sinf
(ﬁ V2 J

++/3sin@—sin@ =2

:>cost9+sin<9+\/§sint9—sin9=2
:>c0st9+\/§sin¢9=2

SolutionBank

b cos&+«/§sin0:2
Set \/3sin 0 +cos 0 = Rsin(0+a)
= Rsinfcosa + RcosfOsina
So RCOSO!Z\/§ and Rsina =1
Rsina —tana—i
Rcosa \/5
o =tan™ (Lj——
) 6
R =3 +1’=4=R=2
2sin(6’+£j:2
6
. s ) .
sm(9+gJ=l, in the interval
T T
6 6
94_1:1
6 2
0="
3
14a Set 9cos@+40sinf = Rcos(6 — )
= Rcos@cosa+ Rsinfsina
So Rcosa =9 and Rsina =40
Rsina B _40
Rcosa
_1(4oj
a=tan | —
9
So a =77.320° (3 d.p.)
R?cos* a+ R*sin® a = 40> +9°
R*(cos” a +sin’ a) =1681
R=41
S0 9cos@+40sin & =41cos(6 —77.320°)
bi g0)= 18

50+ 41cos(6 —77.320°)

The minimum value of g(#) is when
cos(0—77.320°) =1

18 18
50+41 91

So the minimum value is
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14b ii The minimum occurs when
cos(6—77.320°) =1
0—77.320°=0
0 =77.320°

15a Set 12cos26—5sin26 = R cos(20 + «)
= Rcos20cosa— Rsin20sin

So Rcosa =12 and Rsina =5

Rsina

=tan o :i
Rcoso 12

a =tan [i)
12

So & =22.62° (2 d.p.)
R’cos’a+R*sina=12°+5°
R*(cos” o +sin’ ) =169

R=13

b 13cos(20+22.62°)=—-6.5
cos(26 +22.62°) = —61—';, in the interval

22.62° <20 +22.62° < 382.62°
20+22.62° =120°, 240°
6 =48.7°,108.7° (1 d.p.)

¢ 24cos’@—10sinGcosd
524(%9”}5@1129

=12c0s260—-5sin260+12
a=12,b=-5andc=12
d 24cos*@—10sinfcosb
=12c0s260—5sin260+12
From part (a)

12¢c0s20—5sin26+12
=13cos(20 +22.62°)+12

The minimum value is therefore when
cos(20 +22.620°) = —1

Itis 13(~1)+12=—1
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Trigonometry and Modelling 7F

cos24

1alHS=——-—
cos A+sin 4

_ cos’ A—sin® 4

" CcosA+sin A

_ (cos A +sin A)(cos A —sin A)
B cos A+sin 4

=cos A—sin A= RHS

sinB cosB

b LHS=—
sinA4 cos A4

_sinBcosA—cosBsin 4

sin Acos A4
sin(B — A)
1(2sin Acos A)
_ 2sin(B—A4)
~ sin24
=2cosec2A4sin(B—A4)= RHS

1—cos26

sin 26
_1-(1-2sin* )
~ 2sinfcosh
_ 2sin’ @

~ 2sinfcosd
_sind

 cos®
=tand = RHS

¢ LHS =

sec’
1—tan’ @
_ 1
" cos? O(1—tan’ 0)

< 2
__ (as tan? @ = 22 aj

d LHS =

cos’ @ —sin’ @ cos’ 0
1

cos26
=sec2d = RHS
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1 e LHS=2(sin’ cosé +cos’ OsinH)
=2sin @ cos O(sin’ 6 + cos” )
=sin20  (since sin’ @+cos’ H=1)
= RHS

sin36 cos36

sin@ cosd
_ sin36 cos @ —cos36sin

f LHS =

sin@cosd
_sin(360-6)
B 1sin26
sin 260

g LHS=cosecd—2cot26cosd
cos 26
cos@

sin 26
2cos26cosf

2sinfcosd
1 cos20
“sin@ sind
_I-cos26
~ sind
_1-(1-2sin’0)
- sin @

2sin’ @

sin &
=2sinf = RHS

=cosecld -2

=cosecld —

secd —1

secd+1

1 _
— cosf

cols(9+1
1—cos@
1+cos@
1-(1-2sin” §)

1+ (2cos’ 2-1)

h LHS =
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1i LHS =tan(5-x)

_ tanZ—tanx
1+ tan 4 tan x

1—tan x

1+tanx

__ sinx
— cosx

- sinx
1 + COSXx

_ cosx—sinx
cosx+sinx

_ cos” x+sin’ x—2sin xcos x

> — (multiply 'top and bottom' by cos x —sin x)
cos” x —sin” x

_ 1—sin2x _ RHS
cos2x

2 a LHS= sin(4+60°)+sin(A4—60°)
= sin 4 cos 60° + cos Asin 60° + sin A cos 60° —cos A sin 60°
= 2sin Acos 60°
=sin4 (since cos60°=1)
= RHS

cosA sinA

b LHS=—
sinB cosB

_ cos Acos B—sin Asin B

sin Bcos B
_cos(4+B)
~ sinBcos B
= RHS

e LHs = SnGr+y)
COSXCOS Y

_ sinxcos y+cosxsiny

COSXCOS )

__sinxcosy N cosxsiny
COSXCOSY COSXCOSY

sinx sin
_ " Yy

COSX COSYy

tan x +tan y
RHS
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2 d LHs =S5 HY)
sin xsin y

_cos(x+y)+sinxsiny

sin xsin y

_ €COSXCOs y—sinxsiny+sinxsiny

sin xsin y
_ COSXCOSYy
sin xsin y

cotxcoty
RHS

e LHS =cos(0+%)++3sind

cos fcos £ —sin @sin Z +~/3sin @

cos@—@siné@ﬁsin@

=

=

2sin @ +4cos @

— i pd 1 Z b4 nZz — 1
=sinfcosZ+cosfsinZ (cosg—T,smg—;)

=sin(0+%) (sin(4+B))
= RHS

cos(A+ B)
sin(4+ B)
_ cos Acos B—sin Asin B

f LHS=cot(4+B)=

" sin Acos B +cos Asin B
cos Acos B sin Asin B

_sinA4sinB _sin Asin B
sin Acos B N cos Asin B

(dividing top and bottom by sin 4sin B)

sin 4sinB sin Asin B
_cotAcotB-1 _

= =RHS
cot A+cotB
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2 g LHS =sin*(45+6)°+sin’(45-6)°
= (sin 45°cos @ + cos 45°sin §)* + (sin 45° cos @ — cos 45°sin 6)*
= (sin 45°cos @ +sin 45°sin §)* + (sin 45°cos @ —sin 45°sin §)*  (as sin 45° = cos 45°)
= (sin 45°) ((cos 0 +sin 0)* + (cos @ —sin H)° )

1(cos® @+ 2sin @ cos @ +sin® @+ cos” & —2sin O cos § +sin’ O)

%(2(sin2 0+ cos’ 9))

x2  (sin’@+cos’O=1)

1
2
1

RHS

Alternatively as sin(90°—x) = cos x, if x =45°+ 6° then sin(45°—6) = cos(45°+6)
and original LHS becomes sin’(45+ 6)° + cos’ (45 + 0)°, which = 1

h LHS =cos(4+ B)cos(A4—-B)
= (cos Acos B —sin Asin B)(cos Acos B +sin Asin B)

=cos’ Acos’ B—sin® Asin’ B

=cos’ A(1—sin’ B)—(1—cos’ A)sin’> B

=cos’ A—cos’ Asin’ B—sin’ B+cos’ Asin’ B
=cos’ A—sin’ B

= RHS

3 a LHS =tan 8 +cotf
_ sind cosé

" cosf sind
_sin” @ +cos’ @
~ sinfcosd
B 2
" 2sinfcosd
2

sin 260

=2cosec20 = RHS

(sin’ @ +cos’ O =1)

b Use 8 =75°
1

sin150°

= tan75°+cot75°=2cosecl150°=2x

:2x%:4
2
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4 a sin360 =sin(260+60) =sin26cos O + cos26sin O
= (2sin @ cos @) cos @ + (cos” @ —sin” H)sin O
=2sin @ cos’ @ +sinHcos” @ —sin’ 4

=3sinfcos* 6 —sin’ 6

b cos38 =cos(20+60)=cos260cosf —sin20sin O
= (cos” @ —sin” @) cos @ —(2sin & cos f)sin &
=cos’ @ —sin’ fcos@—2sin” Ocos b

= cos’ @ —3sin’ O cosH

_sin36 _ 3sinfcos’ @ —sin’ 0
" cos30  cos’6—3sin®Hcosd
3sinfcos’ & —sin’ O
_ cos’ 0
cos’ @—3sin’* @ cos

¢ tan30

cos’ @
3sinf sin’ @
__cosf cos’O
cos’d 3sin’ @
cos’@ cos2@
_3tan&—tan’
" 1-3tan’@
d Sketch the right-angled triangle containing 6

3 2/2

/0\ [

1

This shows tan @ = 2+/2
3(2\/5)—(2\/5)3 _6V2-16V2 _-10v2 102

1_3(2\/5)2 1-24 -23 23

5 a i Using C052A520082A—1With/1=§

So tan30 =

x
= cosxs2coszg—l

X
= 2coszgsl+cosx

,x l+cosx
= Ccos"—=
2 2
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5 a ii Using cos24=1-2sin* 4

X
= cosxsl—zssz

L, X
= 2s1n2551—cosx

b i Using (a) (i) cos’

0.4 1
ii Using (a) (ii) sin*—=—=02=—
g (a) (i) ) 5
.0 \F J5
= sin—=,[—=—
2 5 5
sin? V505 1
1l tan— = 5 =" x .
coss 5 25 2

¢ Using (a) (i) and squaring
A (1+cosdY 1+2cosA+cos’ 4
cos’ —= =
2 2 4

but using cos24 =2cos” A—1 gives

1
cos’ A= E(l +c0s24)

4 A _1+2cosA+5(1+cos24) 2+4cosd+1+cos24 _3+4cosd+cos24

So cos” —
2 4 8 8
2
6 LHS =cos’@=(cos’6)’ E(#j
z%(1+2cos20+cos2 20)
sl+lcos29-|rl 1+eosdd
4 2 4 2
El+lcos20+—+lcos40
4 2
z§+lc0520+lcos46’5 RHS
8 2 8
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7 sin®(x+ y)—sin’(x — y) =[sin(x + y) +sin(x — y)][sin(x + y) —sin(x — )]
=[sin x cos y + cos xsin y + sin x cos y —cos x sin y|[sin x cos y + cos xsin y —(sin x cos y —cos xsin )]
=[2sinxcos y][2cosxsin y]
=[2sinxcosx][2cos ysin y]

=sin2xsin2y

8 Let cos29—x/§sin205Rcos(2¢9+a')ERcos29cosa—Rsin26’sina

Compare cos20: Rcosa =1 (1)
Compare sin26: Rsino = NE) (2)
Divide (2) by (1):

tal’lOL=\/§ = azg

Square and add equations:
R’=1+3=4 = R=2

So cos 29—\/§Sil’l 20 = 2005(26+§]

9 4cos(26’—%) = 400329cos%+4sin295in%

= 2\/§cos 20 +2sin 260
52\/5(1—2sin2 9)+4sin90056’
=2/3 - 4/3sin’ @ + 4sin G cos O

10a RHS E\/Esin(6+§j
= ﬁ(sin@cos%+cos0sin%)

1 1
E\/2(sin0x—+cosﬁx—j
V2 N

sin @ +cos @
= LHS

b RHS = 2sin(29—g)

=2 (sin 20 cos r_ cos20sin Ej
6 6

2(sin29x§—00829><%J

\/g sin 26 — cos 26
= LHS
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Challenge

1 a cos(A+ B)—cos(A—B)=cos Acos B—sin Asin B—(cos Acos B +sin Asin B)
=-2sin 4sin B

b LetA+B=Pand4—-B=0Q
Solving simultaneously gives
24=P+Q
P+Q
2

A=

and
2B=P-Q
_P-0

2
Substituting these into the identity from part a gives

cosP—cosQE_zsin(P‘;stin(P;Qj

. ) 1 1
¢ Rearranging the identity from part a to give sin Asin B = Y cos(A+ B)+ 5 cos(4A—B)
. 3 3
3sinxsin7x = —Ecos(x +7x)+ > cos(x—7x)

= _3 cos8x + 3 cos(—6x)
2 2
3 3

= 5 cos8x + 5 cos(6x) (as cos(—x) =cosx)

= —%(cos 8x —cos 6x)

2 a sin(4+ B)+sin(4A— B) =sin Acos B +cos Asin B +(sin Acos B —cos Asin B)
=2sin Acos B
LetA+B=PandA4A—-B=0
Solving simultaneously gives
24=P+Q

A=P+Q

Substituting these into the equation for sin(A4+ B)+sin(4— B) gives

sinP+sinQszsin(P;Qjcos(P—QJ

2
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2 b Let R _PHO Sm_ PO
24 2 24 2
2271 107
—=P+0,—=P—
0 2 0

24
Solving simultaneously gives:
op=2F p_lom
24 24
and
121 67
2 =—, = —
Q 24 Q 24
. 1ln St . (lén . [6m . (2= (n) B N2 B2
So 2sin——cos— =sin| —— |+sin| — |=sin| — |+sin| — [=—+ —=———
24 24 24 24 3 4 2 2 2
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SolutionBank

Trigonometry and modelling 7G

1 a The maximum height is at 0.25 m when

sin(1800t)° = 1

0.25sin(1800t)° = 0.1
sin(1800t)° = 01 o4
0.25

1800t =23.578 (3 d.p.)
t=0.013099 minutes
= 0.8 seconds (1 d.p.)

The minimum height is at —0.25 m when
sin(1800t)° = —

This occurs when 1800t =270, 630
t=0.15,0.35 minutes

Interval = 0.35 — 0.15 = 0.2 minutes
=12 seconds

The maximum displacement is at
0.03 radians when cos(25t) = 1

After 0.2 seconds
60 =10.03cos(25x%0.2)=0.03x0.28366
=0.0085 radians (2 s.f.)

Att=0, 8=0.03cos(25x0)=0.03
To find when €= 0.03, solve

0.03 cos(25t) = 0.03

= cos(25t) =1
=25t=0,2n,4mn,...
=1=0,0.251,0.503,... 3 d.p.)

The pendulum is first back to its starting
position after 0.251 seconds.

Solve 0.03cos(25t)=0.01
cos(25t) = %, 0<25t<12.5

25t =1.231,2n-1.231, 2n+1.231,
4m-1.231

25t=1.231,5.052,7.514,11.335 (3 d.p.)

t=0.0492,0.2021, 0.3006, 0.4534 secs

Beginning price when t = 0 is
17.4+2sin(0.7x0-3) =£17.12
End price when t =9 is
17.4+2sin(0.7x9-3) = £17.08

b The maximum price of the stock is when

a

sin(0.7t—3)=1,s0 17.4 +2=£19.40
This is when sin(0.7t — 3) = 1
0.7t-3=2

2

t=6.5297 (4 d.p.)

t = 6 hours 32 minutes

Trader will show a £0.40 profit when
17.4+2sin(0.7t -3) = £17.12+ £0.40

= 5in(0.7t - 3) = 0.06
—=0.7t—3=0.060 (3 d.p.)
t=4371

So trader should sell 4 hours 22 minutes
after the market opens.

The minimum temperature of the oven is
when sin(2x —3) =1
T=225-03=224.7°C

Solve 225 —0.3sin(2x — 3) = 224.7, for
0<x<10

=sin(2x-3)=1,

for —1.5<2x-3<17

ox-3= % 8 9n
22 2

X =2.285,5.427,8.569 (3 d.p.)
X=2m17s,5m 26s,8m 34s

225 —0.3sin(2x — 3) =225.2, for x>0
:>sin(2x—3)=—§, for 2x-3>-3

2x—3=-2.412,-0.730.. 3 d.p.)

So oven first reaches minimum
temperature at 2X —3 =-2.412, so
X = 0.294 minutes, which is 17.6 seconds

(1dp.)
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5 a Set 0.3sind—0.4cosé = Rsin(f - )

= Rsinfcosa — Rcosfsina
So Rcosa=0.3 and Rsina=0.4

Rsina 04
=tano = —
Rcosa 0.3

a=tan"' (%} =53.13° (2 d.p.)

R*cos’a+R*sin’ a =0.3% +0.4°
R*(cos’ a +sin’ &) =0.25

R=0.5

So 0.3sinfd—0.4cos@ = 0.5sin(#—53.13°)

i The maximum value of
0.3sin@#—0.4cos @ is when
sin(@—53.13°) =1, so the maximum
value is 0.5

it Solve sin(@—53.13°) =1, for the
interval —53.13° < 0-53.13° <126.87°
0-53.13°=90°
0=143.13°

Using part (a)
23+ 0.3sin(18%)° — 0.4 cos(18x)°

=23+0.5sin(18x—-53.13°)
The minimum occurs when
sin(18x—-53.13°)=-1
So the minimum temperature is
23-0.5=22.5°C
It occurs when 18x—53.13=270,
X =17.95 minutes (2 d.p.)

At exactly 23°C,

23+0.5sin(18x—53.13°) =23

Find solutions for 0.5sin(18x—53.13)°=0
for 0 <x <60, i.e. in the interval
—53.13<18x—-53.13<1026.87

So 18x—-53.13=0,180, 360, 540, 720, 900

Solutions are 3, 13, 23, 33, 43, 53 minutes
(nearest minute)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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6 a Set 65cosf#—20sind=Rcos(f+a)

= Rcosfcosa — Rsinfsina

So Rcosa =65 and Rsina =20
Rsina _

=tana =—
Rcosa 65
(20)
=tan'| =— | =0.2985 (4 d.p.
a = tan L65J 4dp.)

R?cos’ a + R*sin’ a = 65 +20°
R*(cos’ a +sin” o) = 4625
R =68.0074 (4 d.p.)

So
65cos@—20sind

= 68.0074 cos(6+0.2985)

Using part (a)
70— 65c0s0.2t — 20sin 0.2t

=70-68.0074 cos(0.2t + 0.2985)

The maximum height is when
cos(0.2t+0.2985) = -1

So H =70+68.0074 =138.0m (1 d.p.)

Find consecutive times that the tourist is at
the maximum height. This is when

c0s(0.2t+0.2985) = —1
0.2t+0.2985 =1, 3n

t=14.216,45.631 (3 d.p.)

The time for one revolution is
45.631-14.216 = 31.4 minutes (1 d.p.)

Find the times the tourist is at 100m
70—-68.0074 cos(0.2t +0.2985) =100

cos(0.2t +0.2985) = — =-0.4411

68.0074
0.2t+0.2985=2.0277,2n—-2.0277

0.2t+0.2985=1.1139,4.2555

t =8.646,19.785 (3 d.p.)

Between these times the tourist is above
100 m because the highest point is reached
at t = 14.216 minutes.

So time spent above 100 m in each
revolution = 19.785 — 8.646

=11.1 minutes (1 d.p.)
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7 a Set 200sind—-150cos @ = Rsin(d—a) ¢ Solve
= Rsinfcosa — Rcosfsina

So Rcosa =200 and Rsina =150 . _ .
Rsin o 150 for the same interval as in part b ii

Reosa =505 100
cosa L—_O 6435 )= —0.4
250

1700+ 250sin (42%)(— 0.6435) =1800

a=tan"' (%} =0.6435 (4 d.p.)

ﬂ—0 6435=0.4115,1—-0.4115,
R?cos® @ +R*sin* & =200 +150° 25
R2(0082a+sin2a)=62500 2TC+O4115,3TC—0.4115
R = 250 =0.4115, 2.7301, 6.6947,9.0133
x=2.10,6.71,14.60,19.21 (2 d.p.
So 200sin@—150cosé @ dp)
=250sin(6—-0.6435) These results show where E = 1800 V/m.
So, because of the shape of the sine curve,
Ax 47X E < 1800V/m when 2.10 < x<6.71 and
b i 1700+2OOs1n[ ]—150 (—] 14.60 < x<19.21
25 25
Challenge

= 1700+ 250 sin[4n—x - 0.6435] .
25 a Energy oc E* and Energyoc ~,s0 E* = —
The maximum Value of E is when t

( dx When E = 1950, t = 20 seconds
L——O 6435J =1 k= 1950*x20 = 76050 000
So maximum value of E is Whent= 30, E=1592.1683V/m
1700+250 =1950 V/m Find where E = 1592.1683 V/m, using the

formula for E from question 7:
Il This maximum occurs when

| 4xx )
(ﬂ_o 6435J -1 1592.1683 = 1700+250s1nL2—5—0.6435J
Look for solutions in the interval _04313 = sm[4” —0.643 5]
0. 6435<42LSX—0 6435 < 4 — 0.6435 )
. s ZLX—O 6435 = —0.4460, 3.5876, 5.8372,
X 0.6435=1 2" >
25 272 9.8707,12.1204
427[_5)( =2.2143,8.4975 This gives these results 0 < x<0.393cm,

8.42cm < X<12.9cmand

4nx =55.3575,212.4375 20.9cm < X < 25cm
X=4.41cm,1691cm (2 d.p.)

b Two limitations of the model are
(i) assumes that the field strength is the same
from the front to the back of the microwave
and (ii) the microwave oven would not
necessarily work exactly the same every time
it is used.
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Trigonometry and Modelling Mixed Exercise

1 a i sin40°cos10°—cos40°sin10° 2 As cos(x—y)=siny
— sin(40° _ 100) =sin30° = l COS X COS‘y +sin x sin y.= sin y (1)
2 Draw a right-angled triangle,
. 1
where sinx =—
i ——cosl5°——sin15° V5
NERREN

c0s45°cos15°—sin45°sin15°

cos(45°+15°) =cos60° = % V5

... 1—tan15° tan45°—tanl15°
ii = X -
1+tan15° 1+tan45°tanl15°

o
— tan(45° —15°) = tan 30° = ﬁ Using Pythagoras’ theorem,
2
3 @=(\5) -1=4 = a=2
2
So cosx=—=
J5

Substitute into (1):

2 I . .
—=C0Sy+—=siny=siny

V5 V5

:>2cosy+siny=\/§siny
:>2c0sy:siny(\/§—1)

sin y

2
2(V5+1)
(\/g—l)(x/gﬂ)
i 2(V5+1) 5+

4 2

=tany=

3 a tand=2,tanB= 1 since y = lx— 1
3 3 3
b The angle required is (4 — B)

Using tan(A4—-B) = tand-tanB
1+tan Atan B
1

2 3

= :1
l+2x%

wlw|w v

= A-B=45°
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B
(0 -30°
Scm

(0 +30°

A c

4cm
Using sin B _ sinC
c
sin(@ —30°) _ sin(@ +30°)
4 5
= 5sin(@—-30°) =4sin(6 +30°)

J

5(sin @ cos 30° —cos #sin 30°)
=4(sin @ co0s30°+ cos #sin 30°)
= sinfco0s30°=9cosfsin30°
sinf 9 sin 30°

cosf  cos30°

=9tan 30°

= tan¢9:9xg=3\/§

5 As the three values are consecutive terms of

an arithmetic progression,
sin(€ —30°) — J3cosO=sin0- sin(@ —30°)
= 2sin(@—-30°) =sind + V3 cosé
= 2(sin@cos30°—cosfsin30°)
=sin@+~/3 cosd
= /3sin@—cos O =sin O ++/3 cos &

= sin&(\/g—l)=cosé’(\/§+1)

B+l
J3-1

Calculator value is 8 = tan™

= tanf =

«/§+1
B-1

No other values as @ is acute.

=75°

sind=%,co0s4=% sinB=3,cosB=1

a

SolutionBank

12
132 13

i sin (4 + B) =sind cosB + cos A sinB
312 4.5 56

:—)(—+_>(___
5 13 5 13 65

i tan2p =208
1—tan’ B
2x5
-(3) W&

_3, a4 _120

6 119 119
cos C =cos(180°—(4+ B))
=—cos(4+ B)

=—(cos Acos B —sin 4Asin B)

4 12 3 5
= - X———X —
(5 135 13)

cos2x=1-2sin’ x

2 Y 8§ 3
—1oo| 2] =122
J5 5 5

cos2y=2cos” y—1

A o)
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g
2 V10 @ 10a cos20=>5siné
X 7 = c0s20—-5sinf =0
t ®2 tani,:% =1-2sin*@-5sinf=0
anx =
= 2sin’ @+ 5sinf—-1=0
i tan(x+y)=w a=2,b=5andc=-1
1 —tan x tan y
b 2sin’@+5sind-1=0
17
= 2+ 23 = % =7 Using the quadratic formula
-3 3 [52
, =5+4/5"-4(2)(-1)
_ s sinf =
i tan(x—y):w:%ﬂ 202)
+tanxtany 3
—5++/33
==

As x and y are acute, and x > y, .
] sin@ =0.1861, for -n<O<x
X — ) 1S acute

sin @ is positive so solutions in the first

So x— y=g (it cannot be %) and second quadrants
_ . _1 . _1
8 a sin (x +y) = sinxcosy + cos x siny 0 =sin" 0.1861, t—sin™ 0.1861
1 N 1 5 0=0.187,2.954 3 d.p.)
2 3 6
5sin(x—y) = 5(sin xcos y —cos xsin y) 11a cos(x—60°) = cosxcos60°+sin xsin 60°
=5(l—lj=5xl=§ =lcosx+£sinx
2 3 6 6 2 2
: 1 3.
. . So 2sinx =—cosx+——sinx
b smxcosy:i:i 2
cosxsiny § 2 J3 1
tanx 3 = 2—7 sinx=Ecosx
2 = tanx = 3 —lx 2 = !
S0 tanx:3tany:% 2-B 2 4-3 4-3
2 2
1 :
¢ tan2y=—20X _ K b tanx=_—7=044(2dp), in the
l-tan"x 1-%k nterval 0° < @ < 360°
e interval 0°<6 <
EYE tan @ is positive so solutions in the first
and third quadrants
9 a 3sin20+2sin*0=1 x=23.8°203.8° (1dp.)
V3sin260 =1-2sin’ 6 = cos 26
sin26 1

= tan 260 =

cos 26 _ﬁ ﬁ

b tan29=L,for0£26?£2n

N
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12a cos(x+20°) =sin(90°—20°—x)
=sin(70°—x)
=sin70°cosx—cos70°sinx (1)
4sin(70°+ x) = 4sin 70°cos x
+4cos70°sinx  (2)
As (1)=(2)

4sin70°cos x +4 cos 70°sin x
=sin 70°cos x —cos 70°sin x

5sin xcos 70° = —=3sin 70°cos x

tanx = —% tan 70°

b tanx=—%tan70°, for 0°< 6 <180°

tan @ is negative so the solution is in the
second quadrant

x=180°+tan™' (—%tan 70°j

x=180°—tan "' (—1.648)
x=180°—(~58.8°)=121.2° (1 d.p.)

13a Draw a right-angled triangle and find
sina and cosa.

© ;

4
) 3 4

= SiInoa=—, COSx =—
5 5

3sin(@+ a)+4cos(6+ )
=3(sin@cosa +cosfdsina)

+4(cos@cosa —sinfsina)

= 3(isin9+§cos9j
5 5
+ 4[icosﬁ—gsin 0)
5 5
zzsin0+2cos¢9+ﬁcos9—2sin6’
5 5 5 5

E?COSQESCOSG

b cos(x+270°)
= c0s x°c0s270° —sin x°sin 270°
=(-0.8)(0)—(0.6)(-1)
=04+0.6=0.6

cos(x +540°)
= c0s x°c0s 540° —sin x°sin 540°
=(-0.8)(-1)—(0.6)(0)
=0.8-0=0.8

14a One example is sufficient to disprove
a statement. Let 4 =60°, B =0°

sec(A+ B) =sec(60°+0°)

=sec60° = ! =2
cos 60°
sec A =sec60° = ! =2
c0s60°
sec B =sec0° = =1
cos0°

So secA+secB=2+1=3
So sec(60°+0°) # sec 60°+sec0°
= sin(4+ B) =sec A+sec B is not true
for all values of 4, B.

b LHS =tanéf+cotd
_sin@ cos@

cos@ siné
_sin® @ +cos’ @

sin@cos @
1

1sin 260

Using sin” @ +cos” @ =1, and
sin26 =2sindcos

So LHS =— 2
sin 20

=2cosec20
= RHS
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15a Using tan20 = 2tan 29 with 9=~ b Sketch y= 2sm(.x —60°) by first
1-tan” @ 8 translating y = sin x by 60° to the
o o 2tang right and then stretching the result
2 g
4 l-tfan"3 in the y direction by scale factor 2.
n
Let ¢ =tan—

y

2,
SO 1: 2t2 /\ /\
1-¢
= 1-*=2 37300“ 20° /60° 240° 360° ¥
2 Ju—
= t"+2t-1=0 A

248 2422 =

2 2
—_1++2 Graph meets y-axis when x =0,

1.e. y =2sin(-60°) = —\/g, at (O, —\/g)
Graph meets x-axis when y =0,

is positive, so tan~=+/2 1 Le. (=300°, 0), (-120°, 0),
8 (60°, 0), 240°, 0)

=t

T . i
As — is acute, tan—
8 8

b tan3—n:tan(ﬁ+ nj _ fangrtany 17a Let 7cos20+24sin260 = Rcos(20 - )
8 l-tan% tan §

4 8 = Rcos20cosa + Rsin20sin

+(v2-1)  »

1-(v2-1) 2-\2
Compare cos26:Rcosa=7 (1)
‘/5(2""/5) Compare sin26:Rsina =24 (2)

(2—\/5)(2+\/5)

R>0, 0<a<g

Divide (2) by (1):tana = 27—4

=g(z+\/§)=\/§+1 = a=129(2dp.)
R*=24+7" = R=25
16a Let sinx—+/3cosx = Rsin(x—a) So 7cos 26 +24sin 20 = 25cos(26 —1.29)

= Rsinxcosa — Rcosxsina
R>0, 0<a<90° | -9
Compare sinx: Rcosa=1 (1) 514(”%j+24(2sm9cos 0)

Compare cosx: Rsina = NE) (2)

b 14co0s260+48sinfcosd

=7(1+cos20)+24sin26
Divide (2) by (1): tana =+/3 = 7+7c0s20 +24sin 26

= a=60° The maximum value of

R =(\3) +1°=4 = R=2 7c0s20+24sin 20 is 25

(using (a) with cos(260-1.29) = 1)
So maximum value of
7+7cos20+24sin260 =7+25=32

So sinx—+/3cosx =2 sin(x —60°)
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17 ¢ Using the answer to part a:

18 a

Solve 25cos(260-1.29)=12.5
cos(260—-1.29) = %

20-1.29=-

w [N

r
* 3

0=0.119902..., 1.167099...
0=0.12, 1.17 2 d.p.)

Let 1.5sin2x+2cos2x = Rsin(2x + @)
= Rsin2xcosa + Rcos2xsina

R>0, O<a<§

Compare sin2x:Rcosa=1.5 (1)

Compare cos2x:Rsina =2 2)

Divide (2) by (1):tanax = %

= a=0.927 3d.p)
R*=2+1.5% = R=25

3sin xcosx+4cos’ x
Ei(Zsinxcosx)+4(%J

[\

sin2x+2+2cos2x

sin2x+2cos2x+2

W N W

From part (a) 1.5sin 2x+2cos 2x
=2.5sin(2x+0.927)

So maximum value of
1.5sin2x+2cos2x=2.5x1=2.5

So maximum value of

3sinxcosx+4cos’ x=2.5+2=4.5

19a

20 a

sin? Q =2sin0
2

1=cos0 =2sind

1—cos@=4sin@
4sin@+cosf =1

Let 4sin@+cosd = Rsin(6 + @)
=Rsinfcosa + RcosOsina

So Rcosa=4 and Rsina =1

Rsina 1
=tang =—
Rcosa 4

a=tan"' (i) =tan"' 0.25=14.04 2 d.p.)

R =4+ =17
4sin 0+ cos 0 = /17 sin(6 +14.04°) = 1

J17 sin(0+14.04°) =1, for 0°< 6 <360°
Sin(0+14.04%) = —— = 0.24 (2 d.p.)

V17
0 +14.04° =sin"' 0.24 =14.04°, for
14.04° <0 +14.04° <374.04°
0 +14.04°=14.04°,165.96°,374.04°
60 =0°151.9°360°

2cos@=1+3sinéd
So 2cos@—3sin@ =1
Let 2cos@—3sinf = Rcos(0+ )

=RcosBcosa—Rsinfsina

So Rcosa =2 and Rsina =3

Rsina 3
=tana =—
Rcosa 2
a=tan"' (%) =56.3°(1d.p.)
R*=2+3"=13
R=+13
So

2cosf@—3sinf = \/Ecos(0+56.3°) =1
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20b /13 cos(0+56.3°) =1, for 0°< 6 <360°

1
cos(0+56.3°) = —,
\V13
for 56.3°<0+56.3°<416.3°

0+56.3°=73.9°,286.1° (1 d.p.)
0=17.6°,229.8° (1 d.p.)

1 1 1
X

21a LHS = —— =—
cos@ sind 1sin26
=— =2cosec2d = RHS
sin 26
b LHS = tan 7 +tan x B tan —tan x

I-tanftanx I+tan7tanx

_ 1+tanx_l—tanx

" l-tanx l+tanx
(1+tanx)2 —(l—tanx)2
(1—tanx)(1+ tan x)

(1+2tanx+ tan’ x)

1—tan’ x
(1—2‘[anx+tan2 x)

1—tan® x
_ 4tanx
1—tan® x

52( 2tanjc j
1—tan” x
=2tan2x = RHS

¢ LHS =(sinxcos y+cosxsin y)

X (Sin xcos y —cosxsin y)
=sin’ xcos’ y—cos” xsin’ y
= (1-cos’ x)cos’ y
—cos’ x(1-cos” y)
— 2 2 2
=cos’ y—cos’ xcos’ y
—cos” x+cos” xcos” y

=cos’ y—cos’ x= RHS

d LHS =1+2c0s26+(2cos’ 20 1)

22 a

23a

24 a

=2c0s260 +2cos’ 26
=2cos26(1+cos26)
=2c0s26(2cos” )
=4cos’ fcos26 = RHS

1-cos2x _ 1-(1-2sin’ x)

1+cos2x 1+(2cos’x—1)

LHS =

2sin’ x
2cos’ x

=tan’ x = RHS

tan’x =3

tanx:i\/g, for —n<x<n

tanx=x/§:>x=£,—%

LHS =cos*20-sin* 26
= (cos2 20 —sin® 29)((:052 20 +sin’ 26’)

= (cos2 26 —sin’ 29)(1)

=cos46 = RHS
cos46 = % , for 0°<460 <720°
460 = 60°, 300°, 420°, 660°
0 =15°75°105°,165°
.2
LHS E1 (1. 2sin” 6)
2sinfcosd
_ 2sin” @
~ 2sin@cos
= sin 0 =tand = RHS
cosd
When 8 =180°, sin26 =sin360°=0

and 2—2c¢0s8360°=2-2=0
therefore @ =180° is a solution of the
equation sin26 =2—-2cos26
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24 ¢ Rearrange sin26 =2—-2cos26 to give
2(1-cos26)
sin 26
Using the identity in part (a) gives
2tan @ =1

= tanﬁzé, for 0 < @ <360°
6 =26.6°206.6° (1 d.p.)

25a Set 2cosx—\/§sianRc0s(x+a)
= Rcosxcosa — Rsinxsina

So Rcosa =2 and Rsina:\/g

Rsina \/g
=tang =—
Rcosa 2

a=tan"' [g] =0.841 (3 d.p.)
R* =27 +(\/§)2 =9

R=3
ZCosx—\/gsinxE3cos(x+0.84l)

b 3cos(x+0.841) =1,
for 0.841<x+0.841 <21+ 0.841

cos(x+0.841) = —%

x+0.841=1.911,4.372
x=1.07,3.53 (2 d.p.)

26a Set 1.4sinf—-5.6cosf = Rsin(f—a)
= Rsin@cosa —Rcosfsina

So Rcosa=1.4 and Rsina =5.6

Rsina 5.6

=tana = —
Rcosa 1.4
a=tan"'4==75.964° (3 d.p.)
R*=14%+5.6*=33.32

R=5.772 3 d.p.)

b The maximum value of
5.772sin(0—75.964)° is when

sin(@ —75.964)° =1. So the maximum

value 1s 5.772 and it occurs when
0 —75.964°=90°, 8 =165.964°

¢ 12-5.6¢c0s 36Otj +1.4sin @j
365 365

=12+5.772sin ﬁ—% 964
365

The minimum number of daylight hours is
when sin (@ —-75. 964) -1
365

So minimum is 12 -5.772 = 6.228 hours

d sin (@—75 964) -1
365

360 75.964 =270°
365

t =351 days

27a Let 12sinx+5cosx = Rsin(x+ )
= Rsinxcosa + Rcosxsina
So Rcosa =12 and Rsina =5

Rsina
=tana =—

Rcosao
5
a=tan"'| —|=22.6° (1 d.p.
(12) (1d.p.)

R*=12>+5"=169
R=13

So 12sinx+5cos x =13sin(x +22.6°)

50

12sin (2)6) +5cos (hj
5 5

50

b v(x)=

13sin (2; + 22.6°j

The minimum value of v is when
sin [%+ 22.6)° =1

So % =3.85m/s (2d.p.)
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. 2x b LHS =cosx+2cos3x+cosSx
27 ¢ sin ?+22.6° =1, for

=cos5x+cosx+2cos3x
2x
22.6°< ?+ 22.6°<166.6° =2cos (6%) cos (4%) +2cos3x
2_x+22.6°:90° =2cos3xcos2x+2cos3x
5 =2cos3x(cos2x+1)

x =168.5 minutes
=2c0s3x(2cos’ x)

Challenge =4cos’ xcos3x= RHS

1 a Write cos 26 as cos(36 — 6) and write
cos 40 as cos(36 + 6).

2 a As LOAB=/Z0BA= ZAOB =n-20, so
ZBOD =26

Then, using cos(4 = B) =cosAcos B F
sin 4 cos B,

cos 20 = cos 30 cos @ + sin 30sin &
cos 46 = cos 36 cos 8 —sin 30sin 0

= c0s 260+ cos480=2cos 30 cos b

Similarly, using sin(4 + B) =sin 4 cos B +
cos A sin B,

sin 20 = sin 30 cos @ — cos 30 sin &
sin 46 = sin 36 cos @ + cos 36 sin O

= sin 20 — sin 40 = —2cos 30 sin 6

Therefore, 0B =1
cos20+cos46  2cos36cosd oD = C.OS 20
sin20 —sin46 —2cos3fsinf BD =sin26
cos O AB =2cosb
T sin @ . BD BD
) sinf =——=
=—cotd as required. AB  2cos@
SoBD =2sinfcosf
2cos (629) cos (22(5’) But BD =sin 26
= [69j ' (_Zej So sin28 =2sinfcosd
2cos| — |[sin| ——
2 2 b AB=2cosf
_ 2cos368cosb AD =(2cos8)cosd =2cos’ &
2cos30sin(—0) OD =2 cos> -1
_ cos@ From part a, OD = cos 26
= - = —COte 2
sin(-0) So cos20=2cos* -1
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Parametric equations 8A

1 a x=¢-2 d x=2r+1
SO t=x+2 1 -1
@ S0 t=2— 1)
y=t+1 (2) 2
Substitute g 1) into (2): y= 1 @)
y=(x+2)"+1 t
P dxt 44l Substitlllte (1) into (2):
Ly=xT+4x+5 V="
2
x=t-2,-4<t<4 )
So the domain of f(x) is -6 < x < 2. y:E

y=t"+1, —4<t<4
So the range of f(x) is 1< y <17.

x=2t+1,t>0
So the domain of f(x) is x > 1.

b x=5-¢ 1
sot=5-x 1) y=;,t>0
y=t'-1 (2) So the range of f(x) is y > 0.
Substitute (1) into (2):
y= G-l e ro—L
=25-10x+x" -1 =2
o y=x*—10x+24 s0 1-2=1
X
x=5-t,teR t=2+l 6}
So the domain of f(x) is x € R. X
y=t' (2
y=t'-1,teR Substitute (1) into (2):
So the range of f(x) is y > -1. ( 1)2
y=|2+—
X
¢ x=1 (2x+1)2
t y:
1 X
SO t=— Q)]
X
1
y=3—¢ (2) XZB,[>2
Substituice (1) into (2): So the domain of f(x) is x > 0.
y=3-—
* y=t>,1>2
1 So the range of f(x) is y > 4.
X:;, t#0

So the domain of f(x) is x # 0.

y=3—-t,1t#0
Range of f(x) is y # 3.
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=L o
X

1
=— 2
y=r7 @
Substitute (1) into (2):
1

y:
LI

x=L, t>2
+

So the domain of f(x) i1s 0 < x <%

1
=—t>2,1t>2
TS

So the range of f(x) is y > 0.

2

a i

i

SolutionBank

x=2In(5-1¢)
1

—x=In(5-1¢
2x n(5—-1)

e =5—¢
Sot=5-¢"
Substitute £ =5-¢”" into y=£>—5:

y=(5-¢")-5
—25-10e*" +¢* -5
—20-10e”" +¢°

x=2In(5-1¢), t<4
Whent=4, x=2Inl1=0
and as ¢ increases 2In(5—¢) decreases.

So the range of the parametric function
forxis x>0.
Hence the Cartesian equation is

y=20-10e"" +¢*, x>0

y=t"-51t<4
y=t>—5 is a quadratic function with

minimum value —5 at = 0.

So the range of the parametric function
foryis y>-35.

Hence the range of f(x) is y > -5.

x=In(t+3)
e =t+3
e —-3=¢

Substitute £ =¢* —3 into y=L:
t+5

_ 1 1
e"—3+5 e +2

y

x=In(+3),t>-2
Whent=-2, x=Inl=0
and as 7 increases, In(z+3) increases.

So the range of the parametric function
forxis x>0.
Hence the Cartesian equation is

1
= , x>0
e +2
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2 b ii

ii

1
= t>-2
Y t+5
When ¢t = -2, y:%

) 1
and as ¢ increases, —5 decreases
t+

towards zero.
So the range of the parametric function

1
foryis 0<y<§

1
Hence the range of f(x) is 0< y < 3

x=¢

Soy=¢"=(e') =x

(Note that since y is a power of x
there is no need to substitute for .)

x=¢,teR

The range of the parametric function
forxis x>0.

Hence the Cartesian equation is

y=x,x>0

y=e", teR

The range of the parametric function
foryis y>0.

Hence the range of f(x) is y > 0.

SolutionBank

3ax:\/;

sox’ =t
Substitute ¢ = x* into y=#(9—1):
y=x"(9-x%

=9x? —x*

x=+/t, 0<t<5

The range of the parametric function
for xis 0<x <A/5.

Hence the Cartesian equation is
y=9x> —x*, 0<x<+5

y=t(9-1), 0<t<5
Whent=0,y=0;

when =35,y =20;

and y =1(9—1t) is a quadratic function

with maximum value % at 1 = %

So the range of the parametric function

foryis OSyS%

Hence the range of f(x)is 0< y < %

44|9°
1
—_
o
(g
=
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4

a

i x=2*-3
x+3=2¢
x+3=t2

2

+ x+3 iy
2

Take the positive root since ¢ > 0.

+3
Substitute t=,/x2 into y=9—1¢*:

2
x+3 x+3
=9_ -9_

_18—-x-3 15-x
2 2

The Cartesian equation is y = 175 —%x

ii x=27-3,1t>0

2t* -3 is a quadratic function

with minimum value —3 at # = 0.
The range of the parametric function
for x is x > -3.

Hence the domain of f(x) is x > -3.

y=9-1>,t>0

y=9—¢" is a quadratic function

with maximum value 9 at 7 = 0.

So the range of the parametric function
foryis y<9.

Hence the range of f(x) is y <9.

il

i

x=3t-1

x+1=3¢

x+1

=t
3

) +1 .
Substitute t=xT nto

y=(t=1)t+2):

x+1 x+1
v=(X _1j[ : +zj
[ x+1=-3\(x+1+6
RNE J( 3 j
[ x=2)x+7
U3 j( 3 j
The Cartesian equation is

y=é(x—2)(x+7)

x=3t-1, -4<t<4

When 1 =—4, x =—13;
whent=4,x=11.

The range of the parametric function
forxis —13<x<11.

So the domain of f(x) is =13 < x<11.

y=@-1)(t+2), —-4<t<4

When t=—-4,y=10;

when t=4,y=18;

and (¢ —1)(t+2) is a quadratic function

with minimum value —% atr=-0.5.

The range of the parametric function

foryis —%£y<18.

Hence the range of f(x) is —% <y<l18.

Note: Due to symmetry, the minimum
value of y occurs midway between the
roots t=1and t=—-2, i.e. at t =—0.5.
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4 b iii

(11, 18)

y=t(=2)x+7)

ci

ii

iii

1n X

x=t+1
x—1=t¢

Substitute t =x—1 into y = tLl :

11
7 x—1-1 x-2
The Cartesian equation is
1
y_x—2

x=t+1, teR, t#1

So the domain of f(x) is x e R, x # 2.

1
Y
YT

So the range of f(x) is y e R, y #0.

Y
A y: 1
x -2
0
: 5
X
_% 2

di x=+t-1

d iii

(¢

ii

i

ii

x+1=+t
(x+1)* =¢
Substitute 7 = (x+1)* into y =3+/¢ :

y=3J(x+1)* =3(x+1)

The Cartesian equation is y =3x+3

x=+t-1,>0

Whent=0,x=-1

and as ¢ increases ~/f —1 increases.
The range of the parametric function
for xis x> —1.

So the domain of f(x) is x > —1.

y=3t,t>0

The range of the parametric function
foryis y>0.

So the range of f(x) is y > 0.

YA
%336 +3
/3
_'1 0 X
x=In(4-1)
e =4-¢
t=4-¢"

Substitute t =4—¢" into y=¢-2:
y=4-e"-2=2-¢"

The Cartesian equationis y=2—-¢"

x=In(4-1t), t<3

When¢t=3, x=Inl1=0

and as ¢ decreases In(4—1) increases.
So the domain of f(x) is x > 0.

y=t-2,1t<3

Whent=3,y=1

and as ¢ decreases ¢ —2 decreases.
So the range of f(x) is y <1.
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4 e iii
YA
1-\
0 In? x

y=2-e*

5a C:x=1+2t
x—1

=t

2

Substitute ¢ = XT_I into y=2+3¢:

x—1
=243 —
g [ 2)
_4+3x-3 3x+1
2 2
So the Cartesian equation of C1 is
34l
Y 2 2
CZ: x:#
2t-3
2-3=1
X
2t:3+l:3x+1
X X
3x+1
S =
2x
and y = ! =t 1
2t -3 2t -3
Substitute 7= >>"L and x=— L
2x 2t-3

. 1
mto y=¢| ——|:
4 (2;—3]
(3x+1j 3x+1
X =
2x 2

So the Cartesian equation of C> is
S
7 2 2

Therefore Ci and C> are segments of the

. 3 1
same line y =—x+—
2 2
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5 b For the length of each segment find the
domain and range of C1 and Co.
For C1: x=1+2¢, 2<¢t<5
Whent=2,x=15;
whent=5,x=11.
The range of the parametric function
forxis S<x<1l,

so the domain of C1is 5<x<11.

y=2+3t 2<t<5
Whent=2,y=28;
whent=5,y=17.

The range of the parametric function
foryis 8<y<17,

so the range of C11s 8 < y <17.

The endpoints of C1 have coordinates
(5,8)and (11, 17).

~length of C, =/(11-5)> + (178’
=36+81
=J117 =313

For C: x:;, 2<t<3
2t-3

Whent=2,x=1;
when ¢t =3, )c=l
3

The range of the parametric function

for x is %<x<l,

so the domain of C> is %< x<l1.

t
y= YREY 2<t<3
Whent=2,y=2;
whent=3,y=1.
The range of the parametric function
foryis1<y<2,
so the range of C2is 1< y < 2.
The endpoints of C2 have coordinates

(é, 1) and (1, 2).

The range of the parametric function
forxis x # 2.

(This is also the domain of the Cartesian
equation y = f(x).)

y=2t-3-1,t#0
Whent=0,y=-3;

2t—3—1" is a quadratic function

with maximum value —2 at ¢ = 1.

The range of the parametric function
foryis y<-2, y#-3.

(This is also the range of the Cartesian
equation y = f(x).)

Note: To find the maximum point of the
quadratic y=2¢-3—¢%,

either solve d_y =0
dt

2-2t=0

2=2t

t=1

Ly=2)-3-(1)’=-2
or complete the square
y==(t-1"-1+3)

=—((t-1"+2)
= —(t-1)>-2
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Substitute ¢ = into y=2t-3-¢:

x—2

yzz(xizj_3_(xizj2

_6(x—2)-3(x—2)" -3’
B (x-2)

:_3(—2(x—2)+(x—2)2+3]

(x—2)*
~ [—2x+4+x2—4x+4+3j
(x—2)’
=—3(x2—6x+11)
(x—2)°

This is a Cartesian equation in the form
A 2
_ (x +bx2+ c) with
(x-2)

A=-3,b=—6andc=11.

x=In(+3), t>-2
e =1+3
e'—3=t¢

Substitute  =¢* -3 into y = L:
t+5

B 1 1
e —-3+5 e +2

y

When¢t=-2, x=Inl1=0

and as ¢ increases In (¢ + 3) increases.
The range of the parametric function
for xis x>0,

so the domain of f(x) is x > 0.
Therefore the Cartesian equation is

yz;, x >k where k =0.
e +2

SolutionBank

When ¢ =-2, y:%

) 1
and as ¢ increases, —5 decreases
t+

towards zero.
The range of the parametric function

foryis O<y<§

so the range of f(x) is 0 < y <§

£

a x=3

. x* .
Substitute t = 5 into y=¢-2¢:

x* ’ x? X 2x°
y: _— —2 —_ = =—_—
9 9 729 9

The Cartesian equation is

_xt 2
=99 9
x=3Jt, 0<t<2
When ¢t =0, x = 0;

whent=2, x= 3.2.
The range of the parametric function

for xis 0< x <32
so the domain of f(x) is 0 <x < 342.

b d—y=3t2—2

ds
d—y:OWhe:n 3P -2=0
dr

32 =2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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d’ y
ds?

2
Whent=\/§,dg/=6 % >0
3 dt 3

2 . . .
So t= \/; gives a minimum point

6t

of the parametric function for y.
The minimum value of y is

SRt

_z\ﬁ_é\ﬁ__iﬁ__ﬁ
3V3 3\3 3.3 9

When =0,y =0;
whent=2,y=4.
The range of the parametric function

foryis —%Sy£4.
Therefore the range of f(x) is
—ﬁ <f(x)<4.

9
x=1—1=1(t"-1)
= X = -1)7 Q)

y=4—t2:>t2:4—y (2)

Substitute (2) into (1):

X = (4= y)d-y -1y

X =(4-»G-y)

This is in the form x* = (a—y)(b—y)’
witha=4and b = 3.

y=4-t,teR

This is a quadratic function of ¢, and (by
symmetry) the maximum value of y
occurs at ¢t = 0, where y = 4.

So 4 is the maximum y-coordinate.

SolutionBank

Challenge

a Squaring the parametric functions gives

, (1-2Y
! _(1+t2j o

, (2t Y
4 _(thJ @

Add (1) and (2):

x2+ 2_ 1_t2 2+ 2t ?
Y e 1+

(- +4r8
(1+£°)
=20+ 148
(1+27)
1+217 ¢
(1+27)
A+
(1+2°)

So a Cartesian equation for curve C'is
x> +y =1,

x*+y =1

= ()C—O)2 +(y—0)2 =1

Curve C is the equation of a circle with
centre (0, 0) and radius 1.
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Parametric equations 8B

1 a x=2sintr-1

So sint=xT+l (1)
y=5cost+4

-4
cost:y? (2)

Substitute (1) and (2) into
sint+cos’t=1:

(55 -
2 5
(1) =4

4 25
25(x+1)% +4(y—4)> =100

b y=sin2t
=2sintcost

So, since x =cost,
y=2xsint (1)
sinz+cos’t=1

sint=1-cos’t=1-x?

sint =+/1-x (2)

Substitute (2) into (1):
y=2xV1-x"

or y* =4x*(1-x%)
¢ y=2cos2t
=2(2cos’t—1)

So, since x = cost?,
y=2(2x"-1)
y=4x> -2

SolutionBank

d y=tan2¢

2tant
So y=—"—— 1
Y 1—tan’¢ M
sint+cos’r=1
cos’t=1-sin*t=1-x°
cost =+1-x" (2)
Substitute (2) and x =sin¢ into (1):
zsint 2x 2x
__ cost _ V1-x° =\/1—x2
1_sinzt x° 1-2x2

cos’t  1-x* 1-x
o 2x(1- x%)
Ca=20W1-2

ZxM

1-2x2

Hence y =

X=cost+2
cost=x—2 (1)

4
y=sect=——
cost

COSt = 4 (2)
Y
Substitute (1) into (2):

x—2:i

x=3cott?
X

cott=— 1
3 (D

cosect =y (2)
Substitute (1) and (2) into
1+cot® t = cosec’t:

x2
1+ = | =»°
(3) g

2
2o+
d 9
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2 a x=sint-5 4 x=cost—2
—sinf=x+5 D) = cost=x+2 (1)
y=sint+3
y=cost+2 .
=sint=y—-3 (2)
=>cost=y-2 (2)

Substitute (1) and (2) into sin®#+cos’ ¢ =1:
(x+2)°+(y-3)" =1

This is a circle with centre (=2, 3)

and radius 1:

Substitute (1) and (2) into
sin‘f+cos’t=1:
(x+5)2 +(y—2)2 =1

b This is a circle with centre (=5, 2) Ha
and radius 1

¢ One full revolution around the circle is
obtained for an interval of ¢ corresponding
to one period of both parametric equations
y=cost+2 and x =sin¢-35.

So 0 <¢<2mxis a suitable domain.

0l x
3 x=4sint+3
4sint=x-3
. x=3 5 a y=sin|t+o
smtzT Q)] 4
y=4cost-1 = Sin‘cos—+cosssin—
4cost=y+1 5 & :
2 2
1 N AP N=
cost=& 2 5 sinf+ > cost
Substitute (1) and (2) into b N2 ooV2 0
sin®t+cos’t=1: . 2 .2
5 , (since x =sint)
(x_—3j +(y_+1) 1
4 4 sin®t+cos’t=1
_1)? 2 cos’t=1-sin’t=1-x?
(x—3) +(y+1) _1

42 4 . cost=~1-x" Q)
)2 2

(=3, 0+ _, P
16 16 ubstitute (2) into (1):

(=3P +(y+1) =16 y:g“% .

So the radius of the circle is 4 and the

centre is (3, —1). £x+\/2(1—x2)

or y=
Y 5 2

. T T
x=sint, ——<t<—
2 2

= —-l<xx<l
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5 b x=3cost

X
= cost=—
3

T
=2cos| t+—
g ( 6j

T } . T
=2costcos——2sin¢sin—
6 6

:2cost><—3—2sint><l
2 2
=+/3cost—sint
So y=—3x—sint
3
sin’f+cos’t=1

2
sinztzl—cosztzl—(gj

X 2
sint = l—(—}
3

Substitute (2) into (1):

3 3

\/5 9—x?
=—X—

3 9
B, s

3 3

V4
x =3cost, 0<t<?

= é<x<3
2

¢ y=3sin(t+mn)
=3sintcosm+3costsinm
=3sin¢x(—1)+3costx0

=-3sint
Since x =sin¢,
y=-3x

x=sint, 0<t<2rx
=>-l<x<l

(1)

2)

SolutionBank

6 a x=28cost

X
cost=—
8

I,
So y=—sec’t=
Y 4 4cos’t

1 1_64 16

2:4 2 2
OREE
8

Therefore a Cartesian equation for C is
16

2
X

V4 T
x=8cost, ——<t<—
2 2

= 0<x<8

For —g <t< g the range of the

parametric equation x =8cos? is

0 <x <8, so the domain of y = f(x) is
0<x<8.

The range of the parametric equation

y=%sec2t is yZ%, so the range of

y=1(x)is yZ%

y

—_—
o
N
SN—

)
k'
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_ 2
7 x=3cot it 9 x:2cost:cost:%
cot’ 2t ==
3 ) o
, ., y=sm(t——j
X _cos 2t 1-sin"2t 1 1 6
3 sin’ 2t sin” 2¢ sin” 2¢ ) T . T
=sinfcos— —costsin—
£+1: 1 6 6
3 sin® 2¢ B
x+3_ 1 ZTSlnt—ECOSt
3 sin’2¢
3 yzﬁsint—lx (1)
sin” 2¢ = 2 4
x+3 sin’#+cos’ =1
3 9 2
o —dinl 0 — _
s y=3sin 2t_3xx+3_x+3 sin2tzl—coszt=l—x—
For 0<¢<= the range of the parametric . x’
4 Sosint = 1—7 (2)

function x =3cot” 2 is x > 0, so the domain Substitute (2) into (1):

of f(x) is x > 0.
\/g x* 1
! NI
8 a x=—sint
3 1 [12-3¢ 1
:>Sll’lt=3x = — ——X
y =sin3t = sin(t + 2¢) 2y 4 4
) ) So the Cartesian equation is
=sintcos2¢+costsin 2t 1

— _ 2
=sin#(1—2sin’ £) +cost(2sint cost) y_4(V12 3x x)

=sin#(1-2sin’ ¢) +2sin#(1 —sin’ ¢) For 0 < ¢ < 7, the range of the parametric
= 3x(1-2x9x%) + 6x(1—9x?) function x =2cost is -2<x<2,

- * * ¥ so the domain of y = f(x) is -2 <x < 2.
=3x—54x" + 6x—54x’

=9x—108x

=9x(1-12x7%)
So the Cartesian equation of the curve is
¥y =9x(1-12x"), which is in the form
y=ax(1-bx*) witha=9 and b = 12.

b For 0<z< g the range of the parametric
. | 1
function x = gsmt 1s 0<x< 3
so the domain of y =f(x) is 0 < x <%

For 0 <t < g the range of the parametric

function y =sin3¢ is —1<y <1
so the range of y = f(x) is —1< y <.
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10a y=>5sins 11 y =3sin(z —n)
So sint=2 =3sinfcosmt—3costsinm
S =3sintx(~1)—3costx0
sin2t=;—; =-3sint
2 So sint=—-2
x=tan"f+5 3
tan’ = x5 sin’¢+cos’ t =1
sin’ ¢ cos’t=1-sin’¢
zt:x—S .
cos
sin? ¢ cost =+/1—-sin’t = A
St s 9
)
llsm t 1 | oy
t —
x—5:sin2t_1 S ox=tant=—nl = 3 = = J -
cost L \/9_),
1 1
+1=— 9
x=5 y y
75 Therefore x =— = is a Cartesian
9_
L2 fontorc.
=5 3 equation for C.

b For 0<z< g, the range of the parametric

function x =tan’z+5 is x> 5,

so the domain of the curve is x > 5.
The range of the parametric function
y=>5sint is0<y<35,

so the range of the curve is 0 <y <5.
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Challenge

x:lcos2t
2

1
=—(2cos’t—1
2( )

2x+1

=cos’t
2
2x+1
cost =
But also
1
X =—cos 2t
2

1 .5
=—(1-2sin"¢
2( )

oosin’t= 1-2x
. 1-2x
st =
2
Therefore

= sin[tJrEj
4 6

. i . T
y= Sll’ltCOSg+COStSIIl—

V3

. 1
=——-sInf+—cost
Y7 2

ﬁ\/l—zx 1\/2x+1
y=— +—
2\ 2

2\ 2
_\/3—6x+\/2x+1
YTV 8
yzzi( 3—12x2—2x+2)

4y° +2x-2=+/3-12x"

(497 +2x-2) +126*~3=0
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Parametric equations 8C

1
t -5 -4 -3 -2 -1 -0.5 0.5 1 2 3 4 5
X =2t 10 -8 -6 -4 -2 -1 1 2 4 6 8 10
y:% 1 |-125|-167| 25| -5 | 10 | 10 | 5 | 25 | 1.67 | 125 | 1
YA
104
8_
6_
4_
2_
W R
2
t -4 -3 -2 -1 0 1 2 3 4
X =12 16 9 4 1 0 1 4 9 16
3
y:% -12.8 5.4 -1.6 -0.2 0 0.2 1.6 5.4 12.8
Ya
14 -
12 -
10 -
8_
6 -
4_
2_
T T T 1 |"'Er
_o] 6 8 10121416
_4_
—64
_8_
_‘10_
_‘12_
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3
t _r _r T 0 T T T T
4 6 12 12 6 4 3
x=tant+1 0 0.423 0.732 1 1.268 1.577 2 2.732
y =sint —0.707 —0.5 —0.259 0 0.259 0.5 0.707 0.866
2 222426 %
4 a
t —4 -3 -2 -1 0 1 2 4
X=t-2 —6 -5 —4 -3 -2 -1 0 1 2
y=t*+1 17 10 5 2 1 2 5 10 17
y
17
© 0l § x
Note that the curve is a parabola with minimum point having coordinates (=2, 1).
b
t 0 0.25 0.5 0.75 1 1.25 15 1.75 2
X = 3t 0 1.50 2.12 2.60 3.00 3.35 3.67 3.97 4.24
y=t>-2t 0 -0.48 | 088 | -1.08 | —-1.00 | —0.55 0.38 1.86 4.00
Ya
4_

U‘-l_
=Y
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SolutionBank
4 c
t 5 | 4| 3| 2] 1 1 4 5
X =t 25 | 16 | 9 4 1 0 1 4 9 | 16 | 25
y=(2-t)(t+3) -14 | 6 | 0 4 6 6 4 0 | 6 | -14 | -24

Ua

NN

244

Note that the curve crosses the x-axis at x =4 and x = 9and touches the y-axisat y =6.

d

t LA B A A B T | 3r o
4 16 8 16 16 8 16 4

Xx=2sint-1 -241 | =211 | -1.77 | =139 | -1.00 | -0.61 | —0.23 0.11 0.41

y=>5cost+1 4.54 5.16 5.62 5.90 6.00 5.90 5.62 5.16 4.54

ol «x

Note the symmetry in the curve about the line x = —1, with maximum value y =6.

e
t ST B A m | L L U
4 6 12 12 6 4 3 12 2

X =sec’t—3 -1.00 | —-1.67 | -1.93 | —=2.00 | -1.93 | —1.67 | —1.00 | 1.00 | 11.93 00

y=2sint+1 0.41 0 0.48 1.00 1.52 2.00 241 2.73 2.93 3.00
yi
3

9 =1 O %

Note that as y — 3 (y approaches 3), x — oo (x tends to infinity, that is, gets very large without bound).
The line y =3 is an asymptote of the curve.
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SolutionBank

4 f
T T 3n 51 3n n
- - - — — — 2
! 0 4 2 4 " 4 2 4 "
X =t—3cost -3.00 | -1.34 1.57 4.48 6.14 6.05 4.71 3.38 3.28
y=1+2sint 1.00 241 3.00 241 1.00 -041 | -1.00 | -0.41 1.00
Yy
3
. l >
5 a x=3-t=t=3-x (@
Substitute (1) into
y=t"-2
2
y=(38-x)" -2
or y=x"—6x+7
b
t -2 -1 0 1 2 3
x=3-t 5 4 3 2
y=t"-2 2 -1 -2 -1 2 7

The curve is quadratic with a minimum value of y = -2 that occurs when x = 3.

yl\
74
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6 a x=9cost-2= X+2

= Cost 1)

y=95int+1:>yT_1=sint (2)

Substitute (1) and (2) into
cos’t+sin“t=1

(252 (5 -

(x+2)2 +(y—1)2 =81

Soa=2,b=-1and c=81.
The curve is a circle, centre (—2,1) and with radius 9 units.

b
t LT T I o T 3 T on T
6 12 12 6 4 3 12 2
X =9cost—2 5.79 6.69 7.00 6.69 5.79 4.36 2.50 0.33 —2.00
y=9sint+1 -3.50 | -1.33 1.00 3.33 5.50 7.36 8.79 9.69 10.00
Ya
—10-
5 0 /72
c r=9
g, m_2n
6 2 3

Arc length =16 = 9><2—?:t =67
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Challenge
t —4 -3 -2 -1.2 —0.8 0 1 2 3 4
x:lj—tt3 0.57 1.04 2.57 1484 | -1475 | O 4.50 2 096 | 0.55
2
y:lgtt3 -2.29 | -3.12 | -5.14 | -17.80 | 11.80 0 4.50 4 289 | 222
+
yik
-5+
10 -5 5 ¥
—54

As t increases from t = 0, the function f(x) creates, in an anticlockwise direction, a small loop in the
first quadrant.

To consider the behaviour of the function for t < 0, note that the parametric equations are not defined at
t =—1. Itis, therefore, important to investigate the behaviour of the curve as t approaches this value
from above and from below. Choose some values of t that are close to —1 and on either side of it. Then
observe the behaviour of the curve as t moves away from t = —1 in both directions. In particular, check
what happens as t — —o.

As t approaches —1 from the positive direction the curve heads off to infinity in the second quadrant, and
as it approaches —1 from the negative direction it heads off to infinity in the fourth quadrant.

Note that any set of t values can be selected and that they do not need to be spaced equidistantly. In
sketching more complicated curves, it is often important to consider additional values of t. Select
positions such as t = —1 or regions, such as 0 <t < 4, where you notice that the curve is not moving in
the same direction.
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Parametric equations 8D

1 a The curve meets the x-axis wheny =0 e The curve meets the x-axiswheny =0
y=6-t y=t-9
0=6-t t-9=0
Sot=6 Sot=9
Substitute t =6 into the parametric Substitute t =9 into the parametric
equation for x: equation for x:
X=5+t ot
x=5+6=11 X= 1+t
The coordinates are (11, 0). 20) 18 9

b The curve meets the x-axis wheny =0 1+(9) 10 5

y=2t-6 The coordinates are 9 0.
0=2t-6 5
6=2t
Sot=3 2 a The curve meets the y-axis when x =0
Substitute t =3 into the parametric X=2
equation for x: 0=2t
Xx=2t+1 Sot=0

X=2x3+1=7

The coordinates are (7, 0). Substitute t =0 into the parametric

equation for y:

¢ The curve meets the x-axis wheny =0 y=t"-5
y=@1-t)(t+3) y=0°-5=-5
0=Q1-1)(t+3) The coordinates are (0, —5).
Sot=lort=-3 )
b The curve meets the y-axis when x =0
Substitute each value of t into the x=3-4
parametric equation for x: 0=3t-4
X= t2 3t = 4
Whent=1 x=1*=1 Sot=ﬂ
When't =-3, x=(-3)2=9 3 .
The coordinates are (1, 0) and (9, 0). Substitute t = 3 into the parametric
d The curve meets the x-axis wheny = 0 equation for Y.
y=(t-D(2t-1) yziz(lj
0=(t-1(2t-1) >\t
2
Sotzlort:1 y:(gj :ﬂ
2 4 16
Substitute each value of t into the _ 9
parametric equation for x: The coordinates are (0, Ej'
1
X = —

t
1
Whent=1, x=1=1

Whent:i, x:izz
2 1

2

The coordinates are (1, 0) and (2, 0).
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2 C The curve meets the y-axis when x =0 3 Atpoint (4,0),x=4andy=0
Xx=t>+2t-3 Hence
2 _
_ __ olving equation ort:
Sot=lort=-3 2%-1-0
Substitute each value of t into the 2t=1
parametric equation for y: 1
y=t(t-1) =3
Whent=1, y=1(1-1)=0 Substitute into equation (1):
2
Whent=-3, y=-3(-3-1)=12 4{{1} _4
The coordinates are (0, 0) and (0, 12). 2
1
d The curve meets the y-axis when x =0 4a><Z =4
x=27-t° a=4
0=27-t° So the value of a is 4.
t* =27
Sot=3 4 Atpoint (0,-5),x=0andy=-5
Hence
Substitute t =3 into the parametric b(2t-3)=0 @
equation for y: b(1—t?) = -5 @)
1 : : .
y=— Solving equation (1) for t:
t 11 . 2t-3=0
Y=33173 =3
1 t= 3
The coordinates are (0, E)' )
Substitute into equation (2):
e The curve meets the y-axis when x = 0 bl1-(3 i _ s
1 2
t+1
1 b{1-3 )5
Ct+1
0=t-1 b (_E - _5
Sot=1 4
b=4
Substitute t =1 into the parametric So the value of b is 4.
equation for y:
y= 2t
t?+1
2x1
= :1
y 12 +1

The coordinates are (0, 1).
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5 Substitute x=3t+2 andy=1-t

into y+x=2:
A-t)+@t+2)=2
1-t+3t+2=2
2t+3=2
2t=-1

t=—=
2

Substitute t = —% into the parametric

equations:

x=3t+2=3( S ]42=-342-1
2 2773

2 2 2

The coordinates of the point of intersection
o
are | =, —|.
2 2

Substitute x =t* and y = 2t into
4x—-2y-15=0:
4(1%) - 2(21) -15=0
4t -41-15=0
(2t+3)(2t-5)=0
So02t+3=0 or2t-5=0
3 5

t=——ort=—
2 2

Substitute t = —g into the parametric

equations:

X:t2 =(—§j2 =g
2 4

3
=2t=2| ——|=-3
d [ 2)

Substitute tzg into the parametric

equations:

5
=2t=2|—-1|=5
d @

The coordinates of the points of intersection

are (g, —3j and (é SJ.
4 4

SolutionBank

7 Substitute x=t* andy =2t into

x*+y°-9x+4=0:

(t°)* +(2t)* -9(t*) +4 =0

t*+ 4t -9t +4=0

t*-5t°+4=0

-4t -1)=0

Sot®*-4=0ort*-1=0
t?=4 ort*=1
t=12 ort=+1

Substitute t =42 into the parametric
equations:

X=(+2)° =4

y=2x(+2)=+4

Substitute t =+1 into the parametric
equations:

x=(*)?*=1

y=2x(+1)=42

The coordinates of the points of intersection
are (4,4), (4, -4), (1, 2) and (1, —2).

8 a The curve meets the x-axiswheny =0
y=cost, O<t<m

0 =cost

t==
2

Substitute t:g into the parametric

equation for x:
x=t>-1

I ? 2
x=(—j 1= g
2 4

2
Coordinates on the x-axis are [%—1, Oj )

The curve meets the y-axis when x = 0
x=t*-1 O0<t<m

0=t"-1

1=t>

t=1(ast=-1 is outside the domain of t)
Substitute t = 1 into the parametric

equation for y:
y =cost

y =cosl
Coordinates on the y-axis are (0, cosl).
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8 b The curve meets the x-axiswheny =0

y=2cost+1, n<t<2m

0=2cost+1
1
cost=—=
2
.
3

Substitute t = %n into the parametric

equation for x:
X =sin2t

X :siniz(i;jj =sin8?n =g

NG

Coordinates on the x-axis are (7 OJ.

The curve meets the y-axis when x =0
X=sin2t, t<t<2m

0=sin2t, 2n<2t<4n

s2t=3n

_3n

T2

t

Substitute t = %n into the parametric

equation fory:
y=2cost+1

y=2cos(37nj+1=1

Coordinates on the y-axis are (0, 1).

SolutionBank

¢ The curve meets the x-axiswheny =0

y =sint—cost, 0<t<g

0=sint—cost
cost =sint
tant=1

t==
4

Substitute t=% into the parametric

equation for x:
x=tant

x=tan£=1
4

Coordinates on the x-axis are (1, 0).

The curve meets the y-axis when x = 0

0 =tant

There are no solutions in the domain of t.
So the curve does not meet the y-axis in
the given domain of t.

The curve meets the x-axis wheny =0
y=Int

0=Int

t=e’=1

Substitute t = 1 into the parametric
equation for x:

x=e'+5

X=e"+5=e+5

Coordinates on the x-axis are (e + 5, 0).

The curve meets the y-axis when x =0
O=e'+5

e'=-5

This equation has no solutions since

e' >0 always.
So the curve does not meet the y-axis.
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SolutionBank

9 b The curve meets the x-axiswheny =0
y=t’—64
0=t>-64
t* =64
t=8 (sincet>0)
Substitute t = 8 into the parametric
equation for x:
x=Int
x=1In8
Coordinates on the x-axis are (In8, 0).

The curve meets the y-axis when x = 0

x=Int
0=Int
t=e’=1

Substitute t = 1 into the parametric
equation fory:

y =t*—64

y=1"-64=-63

Coordinates on the y-axis are (0, —63).

¢ The curve meets the x-axis wheny =0

y=2¢e"-1
0=2e"-1
1=2¢'
o=l

2

. 1. .
Substitute €' = > into the parametric

equation for x:
x=e"+1=(e")"+1

2
X = (1) +1= >
2 4
] ] 5
Coordinates on the x-axis are (Z, Oj.

The curve meets the y-axis when x = 0
0=e”+1

e*=-1

This equation has no solutions since

e” >0 always.
So the curve does not meet the y-axis.

10 Substitute x=t> andy =t into y=-3x+2:

t=-3t*+2
3 +t-2=0
(Bt—2)(t+1) =0

Sot:g ort=-1
3

Substitute tzé into the parametric

equations:

3
X=| — = —
3 9

2
=3
Substitute t =—1 into the parametric
equations:
x=(-1)%=1
y=-1
The coordinates of the points of intersection

are (ﬂ E) and (1, -1).
9 3

11 Substitute x =In(t—1) and y =In(2t —5) into

y=x-1In3:
In(2t-5)=In(t-1)—In3

[t
In(2t—5)_ln( 3 j

t-1
3
Bt—15=t-1
5t = 14

2t-5=

sot=—

Substitute t:% into the parametric

equations:

ol (g
ron(3-2)-u(

The coordinates of the points of intersection

9 3
are | In=, In=|.
5 5
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12a The curve intersects the x-axis wheny =0
y =4sin 2t + 2, ELPTP
2 2
0=4sin2t+2
sin 2t=—l
2

o—_m T
6 6

Substitute each value of t into the
parametric equation X =6co0st:

X =6C0S —5—n =6C0S 5—“
12 12
X =6C0S _T =6C0S il
12 12

The coordinates are

el ) )]
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12b

Substitute the parametric equation
y=4sin2t+2 into y=4:
4sin2t+2=4

4sin2t=2

sin2t=1

2
=" 2"
6 6
tzl,s—n(inthedomain—f<t<£)

12'12 22

Substitute each value of t into the
parametric equations:

When tzi,
12

x:6cos£
12

y =4sin| 2 il +2:4xl+2:4
12 2

When t:5—n,
12

x:6cos5—n
12

y=4sin| 2 5—n +2:4xl+2:4.
12 2

Coordinates are

(60051 , 4) and (60035—n, 4).
12 12

SolutionBank

14a To find intersections between the line

and the curve, substitute the parametric
equation y=cos2t+1 intoy =k::
cos2t+1=Kk
cos2t=k-1
Since —1<cos2t <1,

-1<k-1<1

so 0<k<?2

b First find a Cartesian equation for the
curve:
y=cos2t+1
=(1-2sin’t)+1
=2-2sin’t
Since x=sint,
y=2-2x°
Substitute y =k into this Cartesian
equation:
k=2-2x
2x°+(k-2)=0
If y=k isatangent to the curve,

then it touches the curve at one point,
so the discriminant of the quadratic is 0.

b?—4ac=0
02—4x2x(k-2)=0
—8(k-2)=0
k—-2=0

k=2

13 To find any intersections between the line
and the curve, substitute the parametric
equations x =2t and y =4t(t—1) into

15a Atthe pointA, t=In2
X = 2t — g2in2 :eln22 _22_4
y=e'-1=e"-1=2-1=1

Zt(:t 2)1)__2(20 . . coordinates of A are (4, 1).
A2 — 4t =4t -5 At the point B, t=1In3
A2 —8t+5=0 X:ezt:ezln3:e|n32:32:9

y=e'-1=e"-1=3-1=2
.. coordinates of B are (9, 2).

The discriminant of this quadratic equation is

b? —4ac = (-8)* —4x4x5
=64-80=-16<0

So the quadratic equation has no real roots.

Hence the line does not intersect the curve.

b Points A and B lie on the line I, so
the gradient of | can be found from
the coordinates of A and B:

yz B Y1 _ 2-1 _ 1

X, =% 9-4 5

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7



Pure Mathematics Year 2 SolutionBank

15¢ Using the gradient and the coordinates of 17a At A (on the y-axis), x=0
A, the equation of | is given by t-1
Y=Y, =m(x-x,) T
1 t-1
y—1:§(x—4) "
5y-5=x—4 O=t-1
Sot=1
X—=5y+1=0 Substitute t =1 into the parametric
X—=5y+1=0 equation for y:
y=t-4
y=1-4=-3

16 At the point A, t=2 ]
6 Coordinates of A are (0, —3).

. |
X—S'“t—s"‘g‘z At B (on the x-axis), y =0
) y=t—4
y:COSt:COS€=7 0O=t—4
. 13 t=4 . .
Coordinates of Aare | =, — |. Substitute t =4 into the parametric
2 2 equation for x:
At the point B, t=2 X=E
2 t

x=sint=sin= =1 X—;l—§

B ST 4 4
y =cost = cosg =0 Coordinates of B are (%, 0).

Coordinates of B are (1, 0).

As the line | passes through A and B,
the gradient of | can be found from
the coordinates of A and B.

BB

m= Yo=Y _ 2 __ 2 _ J3

X, =% 1_1 1

2 2

So, using the coordinates of B, the equation
of I is given by
y=Yr=m(x=x)
y—O:—«/§(x—1)
y=—3x+3
J3x+ y—\/§:0
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17 b Find the gradient of Iy using the

coordinates of A and B:

TTxox 3, 3

4 4
Because the lines I> and I3 are parallel to
I1, they have the same gradient as I; and so
have equations
l: y=4x+c,
l,: y=4x+c,
Substitute the parametric equations for x
andyintoy=4x+c:

t—4:4(tt;lj+c

t* —4t=4t—4+ct

t* —(8+C)t+4=0 (1)
The lines |2 and I3 are tangents to the curve
when the discriminant of (1) equals 0.
(8+¢)*—4x1x4=0
64+16¢c+c”-16=0

c?+16c+48=0

(c+4)(c+12)=0

c=-4 or c=-12

Taking ¢, =—4 and ¢, =-12,
equations for I, and I3 are

y=4x—-4 and y=4x-12.

SolutionBank

¢ Substituting ¢ = —4 into (1) gives

t?—4t+4=0
(t-2)>=0
t=2
Att=2,
-1 2-1
X=—m=—-—=
t
y=t—-4=2-4=-2

N |-

So I, meets the curve at (% —2).

Substituting ¢ = —12 into (1) gives
t>+4t+4=0
(t+2)°=0
t=-2
Att=-2,

-2-1 3
X=—=—

-2 2

y=-2-4=-6

So I3 meets the curve at @ —6).
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Challenge

Find a Cartesian equation for Cy:
x=e"=2t=Inx

Substitute into the parametric equation for y:
y=2t+1

Sy=Inx+1 (1)

Find a Cartesian equations for Ca:
x=e'=t=Inx

Substitute into the parametric equation for y:
y=1+t?

oy =1+(Inx)? (2)

Now solve equations (1) and (2).
Substituting (1) into (2) gives
Inx+1=1+(Inx)*
(INx)>~Inx=0
Inx(Inx-1)=0
so Inx=0 or Inx=1

x=e"=1or x=e'=¢
Substitute these x-values into either (1) or (2):
Whenx=1, y=In1+1=0+1=1
Whenx=e,y=Ine+1=1+1=2

.". the coordinates of the points of intersection
are (1, 1) and (e, 2).
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Parametric equations 8E

1 a Substitute x =75 into 2 a Substitute t =0 into

x = 0.9t

75=0.9t

t— 10x 75
9

= % = 83.3seconds

y =-3.2t
250
=-3.2
-5 )
800

=—— =-267 (3s.f.
3 (3s.f)

The boat has been moved off course by
267 m southwards.

X = 09t:>%x—t 0

Substitute (1) into

y =-3.2t
10
=-3.2| —X
y (9 )
9

This equation is in the form y = mx (+ c)
and so is a straight line.

Total distance travelled is

- +(@)Z _ /690625

3 3
= 277m (3s.f)

distance

time

/690625
3 /690625
250 250
3

=3.324...

Speed =

The speed is 3.32m s (3 s.f.).

y = —9.1t + 3000
y =-9.1(0) + 3000
= 3000

The initial height is 3000 m.

Substitute y =0 into

y = —9.1t + 3000
0=-9.1t + 3000
9.1t = 3000

t= 33010 = 329.67 minutes

t = 0 is the start of the descent.

When t > 300, y <0, so the plane would
be underground or below sea level.

30000

Substitute t = into

X = 80t
X = 80(30000) =26373
91

The horizontal distance travelled during
the descent is 26 400 m (3 s.f.).

3 x=1043tm 1)
= (-4.9t° +10t) m 2

0 <t <k seconds

a Substitute y =0 into (2).

y = —4.9t* +10t
0=-t (4.9t —10)
Either t =0 (when the ball is kicked) or

=100 _ 504
29

Substitute t = % into (1).

X = 10-\/§t
100
=103 | — | =35.34...
( 49 )

The distance is 35.3m (3 s.f.).
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3 b Substitute y =1.5 into (2).

y = —-4.9t° +10t
1.5 = —4.9t* +10t
4.9t -10t +15=0
(= 10 + /100 — 4(4.9)(1.5)
2(4.9)
Either t =1.88 or t =0.163
On the descent, t =1.88seconds (3 s.f.).

Substitute y = 2.5 into (2).
4.9t> —10t +2.5=0
. 10 + /100 — 4(4.9)(2.5)
2(4.9)
Either t =1.75 or t =0.292
On the descent, t =1.75seconds (3 s.f.).

The range of time is 1.75 <t <1.88
seconds (3 s.f.).

The closest distance is at the lower end of
the range of times, so substitute t =1.75
into (1).

X= 10J§t

X =10+/3 x1.75=30.3

The closest distance is 30.3 m (3 s.f.)

4 x=2tm (1)
y = (—4.9t> +10t) m (2)
a Substitute y =0 into (2).
y = —4.9t° + 10t
0=-t(4.9t—10)
Either t =0 (at the start) or t = %

The time takenis t = % seconds.

SolutionBank

b Substitute t _ 100 into (1).
49
X =2t
(100) 200
X=2|— |=——m
49 49
X
C X=2t=>t= E (3)

Substitute (3) into (2).

r=s() f3)

=—4;9x2+5x
4

_ B9y 5y (4)
40

Therefore, the path is a quadratic curve.

d For (maximum) height use either (2) or

(4).

From (2):
y = —4.9t° +10t

ﬂ =-9.8t+10
dt

0=-9.8t+10

t= 10 = 100 seconds
08

98

Substitute t = % into (2).

y :_49(@)2 r10( 100} 260
98 98 49

The maximum height is % m.
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5 x=12sint (1)
y =12-12cost (2)
t > 0 minutes

a Rearrange (1) and (2).
x =12sint = — =sint (3)
12

y =12 —-12cost = cost = 121;y (4)

Substitute (3) and (4) into
sin®t +cos’t =1

2 2

322 -

12 12
X2+ (12 - y)* =122
or
X2 +(—(y - 12))2 =12?
X%+ (<12 (y —12)° =12°
X2 +(y -12)" =122

The motion is a circle, centre (0, 12) and
radius 12 m.

b The car is at its maximum height when
t = m minutes.

Substitute t = 7t into (2).
y=12-12cosn = 24

The maximum height is 24 m.
¢ Time (t) = 2n minutes
Distance (d) = 2nr

=2nx12
=24t m

=—=12

Average speed =
27

E 247
t

The average speed is 12 m mint.

X =t—4sint (1)
y =1—2cost (2)

a Substitute t = —% into (1).

X=t—4sint
X =—£—4sin(—£) —4-L
2 2 2
Substitute t :% into (1).
T T

x=2=_4sinf=L_4
2 2 2

Length of opening

=4_£_(£_4j
2 2

~8- 1 =486 (3s.f)

b Substitute t = % into (2).
y =1-2cost

=1-2cos £)zl
y=1-20s( 2

y is a minimum when t = 0 (by symmetry)
so substitute t =0 into (2).
y=1-2cos(0)=-1

Depth =1-(-1) =2
2

7 x=t —Ct%t+2 (1)
y=2t (2

t > 0 seconds

a Substitute t = 0.5 into (1) and then (2).
2
= (0.5°-3(0.5)+2 _15
0.5
y=2x05=1

Distance from origin

= (3)2 12:£

2 2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 2

SolutionBank

7 b Substitute x =0 into (1).
P -3t+2
ot

P -3t+2

St
=t?-3t+2

- (t-(t-2)

Eithert=1ort=2

X

0

Substitute t =1 into (2).
y=2t
y=2(1)=2

Substitute t = 2 into (2).
y=2t
y=2(2)=4

Coordinates are (0,2) and (0, 4).

¢ Substitute (1) and (2) into
y =2x+10

2
2t:2(#j+10

22 = 2(t2 —3t+2)+10t

2t> = 2t> —6t + 4 +10t
—4 =4t
1=t

But t > 0, therefore the two particles
never meet.

8 x =18t (1)
y = —4.9t° + 4t +10 2
0<t<k

a Substitute t =0 into (2).
y =—4.9(0)° +4(0)+10=10

The initial height is 10 m.

b Substitute y =0 into (2).
y = —4.9t° + 4t +10
0=-4.9t*+4t+10
0=4.9t" — 4t -10
4+ /16— 4(4.9)(-10)

B 2(4.9)

_4+4212

9.8
Either t =1.89... or t = -1.08...

t

Butt>0 (and t <k),so k =1.89(3s.f.).
The time taken is 1.89 seconds.

c Substitute t =1.89... into (1).
x =18t

X =18(4+9— ‘/8212j -341

The horizontal distance travelled is 34.1 m
(3s.1).
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8 d Rearrange (1).
Xx=18t = t = — (3)
18

Substitute (3) into (2).

2
y= —4.9(Lj + 4(lj +10
18 18

_ 49,2, 4 110
324 18

- B 2410 (4)
3240 9

Since (4) is a quadratic equation, the ski
jumper’s path is a parabola.

For (maximum) height use (2) or (4).

Choosing (2), find 3—3:
y = —4.9t* + 4t +10

Y _ 9g+4
dt

0=-98t+4
9.8t=4
4 _20

9.8 49

Substitute t = 20 into (2).
49

y = —4.9t* + 4t +10
2
y = —4.9(§j ; 4(@j +10
49

49
=530 _1p81..
9

The maximum height above ground is
10.8 m (3 s.f.).

9 x=50tant m 1)
y =20sin2t m (2)

0<t<X
2

a Maximum value of y is when
sin2t =1

==L

2

t==1
4

b Substitute t = % into (1) and (2).
x = 50tan (%) —50m

y = 20sin 2(%) =20m

Coordinates are (50, 20) .

c Substitute t =1 into (1) and (2).
x=50tanl1=77.87...m
y =20sin2=18.18...m

Coordinates are (77.9,18.2) (3 s.f.).

Note that % <l< % and that the sine

function is continuous between
sin 2(5) =1 and sin 2(Ej =0.
4 2
So, sin 2(%) >sin2(1) > sin 2(%)
orl>sin2(1) >0.

Therefore, around t =1, as t increases, y
decreases. The cyclist is descending.

10 x=5+Int (1)
y =5sin 2t (2
o<t<Z
2

a Substitute t = % into (1) and (2).
X=5+ In% =435 (3s.f)

=5sin2 Ej
y=ssing|

% — 433 (3sf)

Coordinates are (4.35,4.33).
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10b Maximum value of y occurs when
sin2t =1

Substitute sin2t =1 into (2).
y =5sin 2t
y=51)=5

Maximum height =5x5=25m

¢ Find t wheny is a maximum.
sin2t =1
2t = % (only one solution to consider)

t=2
4

When t :% (at maximum height):

x=5+lnt=5+ln%

When t = % (at end of descent):

Xx=5+In%
2

Horizontal distance covered
=5+ Inﬂ—(5+ Inﬂ)
2 4

—nE_pkt
2

Distance =5In2 =3.47m (3 s.f.).

d Gradient = Y2~
X, = X
0-25
5In2
_ >
In2
=-7.21(3s.f.)
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Parametric equations, Mixed exercise 8

1 a At4, y=0=3sint=0=sint=0 2 Substitute ¢ = 0 into

Sot=0o0rt=m x:costandy:%sin%

Substitute # = 0 and ¢ = & into x=cos0=1

x =4cost _ 1. 1oL =
t=0 = x=4cos0=4x1=4 y—2s1n(2><0)—2s1n0—2><0—0
t=n = x=4cosn=4x(-1)=—-4 Sowhenz =0, (x,y)=(1,0).

The coordinates of 4 are (4,0).

Substitute ¢ = = into
AtB, x=0=4cost=0=cost =0 2

Sor=nL 0r1_3“ x=costandy:lsin2t
2
T
Substitutetzg andt:3—7t into —COS—=
y:3SiIlt y=—sm( ):—51117[__)(0 0
r== :>y=3sin£=3><1=3 -
2 2 Sowhent—; (x,») =(0,0).

t:3—n = y= 3sm3—n:3x—1=—3
2 2

The coordinates of B are (0, 3). Substitute = into

x =cost and y :%sin2t

bAtC’t_% x=cosm=-1
1 . 1
x—4cos76T 4x§=2,/§ y=zsm2n=5x0=0
Sowhent=m, (x,y)=(-1,0).
y=3sin£:3xi:i . ]
6 ) Substitute ¢ = 37 into

3 x = cost and —lsinZt
The coordinates of C are (2w/§ ’E) . B Y= 2

x=cos3—n=0
2

¢ x=4cost = =cost (1)
4 y=lsin(2x3—njzisin3n=lx0=0
. y o 2 2 2 2
y =3sint = =— =sint (2) 3n
3 So when ¢ = (x,7) = (0,0).

Substitute (1) and (2) into
cos’t+sin*t =1

CRON

_+ f—
16 9
9x* +16y* =144 2
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3 a x=e""+1 (1)
.x_l — e2t+1

In(x—1)=2r+1
1n(x—1)—1=2t
%m@—ﬂ—%zt @)

y=t+mn2 3)

Substitute (2) into (3).

1 1
=—In(x—-1)——+In2
4 2 ( ) 2

:ln(x—l)%+ln2—%

= ln(2w/xT1)

1
2

The Cartesian equation of the curve is

y=ln(2\/x—1)—%

Substitute ¢ =1 into (1).
x=¢ +1

Since x is an increasing function and

t>1,
x>e +1
So k=¢€’+1

b The range of f(x) is the range of y = q(¢)

so substitute ¢ =1 into (3).
y=1+1In2

Since y is an increasing function and

t>1,
y>1+1In2

The range of f(x)is y >1+1In2.

X = 1
2t +1 M
2+l=t
X
2u=d_1
X
11
P S 2
2x 2 @)
1
y=2m0+3) 3)

Substitute (2) into (3).

L1
o[-l
Y (Zx 2 2)

()
= 21n(2x)

= —2(1n2+1nx)
=—In4-2Inx

The Cartesian equation of the curve is
y=—In4-2Inx

The domain of f(x) is the range of x = p(¢) so
substitute ¢ =% into (1).

1 1
X = ——mm———

2(l)+1 2
2

Ast—> o, x—>0.

So the domainis 0 < x < %

The range of f(x) is the range of y = q(¢) so
substitute ¢ :% into (3).

1 1
=2In|—+—1|=0
g (2 2)
Ast—>o, y—>oo

So the range is y > 0.
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5 a x=sint (1)
y=cos’t )

Substitute (1) and (2) into
cos’t =1-2sin’¢

y=1-2x"

A Cartesian equation of the curve is
y=1-2x"

b Substitute y = 0 into

y=1-2x
0=1-2x"
2x* =1
¥ o=t
2
x== i:iiziL
2 2 2
1 _ 1 2 _A2
V2o 2 2 2

So the curve meets the x-axis at
ﬂ, 0| and —ﬁ, 0].
2 2
2 V2

So a and b are — and — ——.
2 2

1

6 x=— (1)
1+1¢
x(1+1)=1
l+t=i
X
1
Sot=—-1 (2)
X

Substitute (2) into

y=(H4L—0
B I
QTEiEE)
L
e
= X’
()
= X’
2x—1

So the Cartesian equation of the curve
2

isy=
T
7 a x=4sint—3:>sint=x+3 (1)
y:4cost+5:>cost=yT_5 (2)

Substitute (1) and (2) into
sin“f+cos’t =1

2 29 -
4 4
(+3' =5 _,

16 16
(x+3)+(y-57=16
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7 b Thecircle (x +3)* +(y —5)* =4’ has 8 a
centre (—3,5) and radius 4.
h

Q
=Y

¢ Substitute x = 0 into
(x+3) +(y-57"=16
0+3)°+(y-5°>=16
¥ +(y-57=16

9+(y—5)7 =16

(y-5°=17
y=5=+I7
y=5iﬁ

The points of intersectin of the circle and
the y-axis are at (0, 5+7 ) and

(0,5-~7).

SolutionBank

2 -3¢t

x = (1
1+¢
x+xt=2-3¢
xt+3t=2—x
t(x+3)=2—x
2—x
t= 2
x+3 @
3+ 2t
= (3)
1+¢
Substitute (2) into (3).
3+2(2_xj
B x+3

y 2
X 3

3(x+3)+2(2-x)

x+3
xX+3+2—-x
x+3
3(x+3)+2(2—x)
X +3+42-x
_3x+9+4-2x
- 5
x+13
-5
5 5

This is in the form y = mx + ¢, therefore

the curve C is a straight line.
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8 b Substitute = 0 into (1) and (2). c
2_3(0) Ya
X=——==2 4-
1+0 /
3+2(0
L3200
1+0
Coordinates are (2, 3) .
Substitute ¢ = 4 into (1) and (2). -2 0 2%
2-3(4
T El) -
+ X
10a x=2cost = — =cost 1
. 3+2(4) _11 > (M
I+4 > 1 y:2sint—5:>y+5:sint (2)
Coordinates are (—2,?j
Substitute (1) and (2) into
) 1V cos’t+sin’ ¢ =1
Length :\/ 2-(=2) +(3——) 2 2
ool 5-(3 -
2 2
2 4 2 2
(4) +(?j X +(y+5) =4

So the curve C forms part of a circle of

= ’ﬂ radius 2 and centre (0, —5).
25

_ 426 b
5

|

\C
S

[N
wY

9 a x=¢-2
x+2=+¢
tJx+2 =t¢

But 0 < < 2so choose the positive value.
t=~x+2 (1)
5

Substitute (1) into

y=2t
y=2dx+2 ¢ Since 0 <t < m, the curve C forms half of
) ) the circle.
b Domain of f(x) is 2 <x<2.
Range of f(x)is 0 < y < 4. Arc length= r0 = 2x
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11a x=¢t-2=>x+2=t (1) 13a x=2In¢ (D)
x=5 (2)
Substitute (1) into
y=t =2 Substitute (2) into (1).
5=2Int
y:(x+2)3—2(x+2)2 s
=(x+2) (x+2-2) 5~
3
:x(x2+4x+4) e =¢ (3)
=X +4x’ +4x
Substitute (3) into
The Cartesian equation of C'is y=t' -1
y=x +4x> +4x (3)2
y=\e?) -1
b =e -1
UA
¢ The coordinates of the point of intersection
of the line x = 5 and the curve are
(5.¢° -1).
_2 0 x b y=t'-1, t>0
(In this domain) the function is increasing.
So the range is y > —1.
12x=1-3 (D Therefore, k > —1.
y=4-1 )
Substitute (1) and (2) into
y=4x+20
4-1=4(t-3)+20
0=t +4t+4

Use the discriminant:
‘b* —4ac =4’ - 4(1)(4)
=0
Therefore, the line and the curve have only

one point of intersection, that is, they touch.
So the line is a tangent to the curve.
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14a AtA4, x=0 15AtA, x =0
x=1+2¢ (1) -
1, :
2 O:hn—dnﬂgj
T
So substitute ¢ = _1 into In (5) = Int
2
y=4-1 n_,
1 1 2
y=4 2 —1:—_
2 y:sint (2)

The coordinates of 4 are (O, - ;) .
Substitute ¢ = % into (2).

AtB, y=0
y=4"-1 y=sint =1
0=4'—1 2
1= 4 The coordinates of 4 are (0,1).
t=0
AtB, y=0
So substitute # = 0 into (1). y =sint
x=1+2¢ 0=sint, 0<t<2n
x=1+2(0)=1 m=1

The coordinates of B are (1, 0). Substitute ¢ into (1)
ubstitute ¢ = & into (1).

Y, = Y lenn—ln(l)
b m =———— 2
& xll =1n7t—(ln1t—ln2)=ln2
0‘(‘5) 1 The coordinates of B are (ln 2, 0).
T 1-0 2
_ V=N
==L
Substitute (1,0)and m = 1 into Xy =X
2 _

__0-1 _ 1
y=y=m(x-x) n2-0 In2
y—O:i(x—l)

2 . _ 1 .
Substitute (O, 1) and m = ——— into
2y:x—1 In2
x=2y-1=0 y=y=m(x-x)
1
—-1l=———(x-0
7 ln2( )

x+yln2-In2=0
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SolutionBank

16a x =180« (1)
X
= —y¢ 2
20 ()
y =3000 - 30¢ 3)

17 a

Substitute (2) into (3).
=3000-30 i)
: &

= 3000 -2 x
3

This is in the form y = mx + ¢, therefore
the plane’s descent is a straight line.

Substitute y =30 into (3).
30 = 3000 — 30¢
1=100—-¢

t=99

So k=99

Substitute # =99 into (1).
x =80 (99) =7920

During this portion of its descent the plane
travels 7920 m horizontally and descends
vertically by 3000 — 30 = 2970 m.

Distance travelled = v 7920> + 2970°
=8458.56m (2 d.p.)

Substitute y = 0 into

y=1.5-4.9 +50/2¢ (1)

0=1.5-4.9¢+502¢

4.91* —50~4/21-15=0

. 504/2 % 42(50) — 4(4.9)(~1.5)
2(4.9)

=14.45...ort =-0.021...
t=14.45 (since t > 0)

x =50/2¢ )

Substitute = 14.451nto (2).
x =502 (14.45..)
=1022...

The furthest horizontal distance is 1022 m (4

s.f.).

b Substitute x =1000 into (2).

18 a

1000 = 50/2¢
, 1000
5042
20
== =1042
V2

Substitute 7 =10~/2 into (1).
y =1.5—4.9(10«5)2 +5072(10V2)

=1.5-490x2+500x2
=1.5+20
=21.5

21.5>10, so the arrow is too high to hit
the castle wall.

Substitute y =10 into (1).
10=1.5-4.9¢* +50/2¢
4.9 —5072¢+8.5=0
. 5042 +4/2(50)% — 4(4.9)(8.5)
2(4.9)
=14.309... (or £ = 0.1212...)

x=5032(14.309...) =1011.799...

The archer needs to move back by 11.8 m
(3 s.f).

y=244t(4-1), 0<r<4 (1)

v is a parabola with midpoint (which
corresponds to the maximum height) at
t =2 hours.

Substitute ¢ =2 into (1).
y= 244(2)(4—2) =976 m

The mountaineer completes her walk at
sea level, when y = 0.

y =0 when t =4 (and when ¢ = 0).

Substitute ¢ =4 into
x = 30047
x =3004 = 600 m

The horizontal distance is 600 m.
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19a The curve is symmetrical in the x-axis.

Its highest point is at the midpoint, at
which ¢ =m.

Att=m:

y =—cost
=—COST
=1

The height of the bridge is 10 m.

At t=£:
2
4 .
x:—t—ZSmt
T
:ixE—ZsinE
T
=0
At t=3—n:
2
x:ix3—n—2sin3—n:8
T 2

The maximum width 1s 80 — 0 = 80 m.

SolutionBank

20 y=10(r-1) (1)

Substitute # =0 into (1).
y=10(0-1)" =10

The cyclist’s initial height is 10 m.

Substitute y =0 into (1).

0=10(¢-1)’
0=(r-1y’
=1

The cyclist is at her lowest height after
1 second.

Substitute # =1.3 into (1).
y=10(1.3-1)" =09

The cyclist leaves the ramp at height
0.9 m.
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Challenge
a If the particles collide at time ¢ seconds, their

x- and y- positions must both be the same at
this time.

; ()
X, =52t )

Set their x-positions equal.

2_5-

t

2=5t-21
2t° -5t+2=0

(2t-1)(r-2)=0

Either t:% ort=2

yv,=3t+1 3)
yy =2t +2k—1 4)

Set their y-positions equal and rearrange
for k.

2t +2k—1=3t+1

2k =2 +3t-2¢
2+3t-2¢*
S )

Substitute ¢ =% into (5).

N 6 T

2 2

Substitute ¢ =2 into (5).
‘ 2+3(2)-2(2)

Since £ >0, k=%

b

k=§ when ¢t =
2

Substitute ¢ :% into (2) and (3).

x=5-2 (lj =4
2
1 5
=3| — [+]1==
g (zj 2
The coordinates of the point of collision are
+3)
2

Note that you can check your answer by
using (1) and (4).
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Review Exercise 2

. . 3n
1 Crosses y-axis when x =0 at sin— =

1
N

Crosses x-axis when sin (x + %J =0

x+3—n=—n, 0,7, 2xn
4

Jm 3m m Sm
474 4

So coordinates are 0,L , _7_71)0 , _3_1c’0 , E,O , 5—7190
2 4 4 4 4

T
2 a y=cos|x —gj is y = cosx translated by the vector | 3
0

T
s
4

YA
14 - _T
/\y_cos(x 3) /
0 T T 3n / o %
Z 2
=11

b Crosses y-axis when y = cos(—gj =

. TT
Crosses x-axis when cos (x - Ej =0

m 3n
272
1

So coordinates are O,l , 5_71,0 , E,OJ
2 6 6

2 ¢ cos(x—gj =-0.27, 0<x<2mn
cos™(=0.27) =1.844 (3 d.p.)
:x—§z1.844 and x—§z2n—1.844

— x=2.89,5.49 (2 d.p.)
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3 a Let C be the midpoint of the line 4B, then
AOC is aright-angled triangle and AC =3cm, so

sing = 3 =0.6=> 0 =0.6435...
2 5 2

0 =1.287 radians (3 d.p.)

b Use /=r6
So arc AB =5x1.287 =6.44cm (3 s.f)

4 As ABC is equilateral, BC = AC = 8cm
BP=AB—-AP=8—-6=2cm
QC=BP=2cm

/BAC =§, PO =6x§= 2n=628cm (2 d.p.)
So perimeter = BC + BP + PO + QC=18.28cm (2 d.p.)

Exact answer 12 + 2t cm

5 a L(r+100%0-1r°0=40
= 20r0+1000 =80
=rf+50=4

:>r:i—5
0
b r:i—5=66’
o0

= 4-560 =60°
= 60*+50-4=0
— (30+4)(20-1)=0

:>9=—i orl
3 2

1

But € cannot be negative, so § =—, r =3

So perimeter = 20+r6’+(10+r)0=20+%+%:28cm

6 a arc BD=10x0.6=6cm

b Area of triangle ABC = %(13 x10)sin 0.6 = 65x0.567 =36.7cm’ (1 d.p.)

Area of sector ABD = %102 x0.6 =30cm’

Area of shaded area BCD =36.7-30=6.7cm’ (1 d.p.)
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7 a LOED =90" because BC is parallel to ED
10
cos0.7

Sor= =13.07cm (2 d.p.)

Area of sector OAB = %rz x1.4=119.7cm’ (1d.p.)

b BC=A4AC=rtan0.7

So perimeter = 2rtan0.7+rx1.4
=(2x13.07x0.842)+(13.07x1.4) =40.3cm
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8 Split each half of the rectangle as shown.

EFB is a right-angled triangle, and by Pythagoras’ theorem EF = ?r

Mg
\\

Let ZEBF =0, so tan6?=\/§:>t9=§ F

So ZFBC =

w |3

T
6
T T

_:_;/-2

12

o

Area S =—r’

3
X——r X

2

2

Area T = r= r A B

= =

| %

N | —

= Area R :%rz —Area S — Area T:{%———— r

Area of sector ACB = %rz g L

4 R|R

Area U = Area ABCD — Area sector ACB —2R b ¢

So area U = rz—gr2 —2R

={1—§—1+£+£Jr2

4 6

:r{ﬁ_i}ﬁ@ﬁ—n)

4 12) 12

2

So shaded area =2U = %(3\/§ —n)
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9 a 3sin’x+7cosx+3=3(1-cos’x)+7cosx+3

=—-3cos’ x+7cosx+6

=3cos’x—7cosx—6

b 3cos’x—7cosx—6=0
(3cosx+2)(cosx—3)=0

cosx=—Z or3
3

cos x cannot be 3

2
SO COSX =——
3

x=2.30,2n-2.30=2,30,3.98 (2 d.p.)

10 a For small values of §:
sin40 ~ 40
cos4l ~ 1—%(40)2 ~1-86°,

11a

12a

tan

30 ~ 360

sin46?—cos4¢9+tan3t9z49—(1—892)+30

-1

y:

~80% +76-1

4 —2cosec x is y =cosec x stretched by a scale factor 2 in the y-direction,

0
then reflected in the x-axis and then translated by the vector (4}

y =4 - 2cosecx

| /
N\

-2m

The
and

The

RY

2

E—‘JT 0 \r

minima in the graph occur when cosec x =—1 and y = 6. The maxima occur when cosec x =1
y = 2. So there are no solutions for 2<k<6.

graph is a translation of y =secd by « .

So oz:E
3

As the curve passes through (0, 4)

4=

ksec£:>k=4cos£=2
3 3
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12¢ —2\/5 = 2sec(¢9—§)

= cos(@—ﬁj ——L
3) 2

T St 3m

S L
3 47 4

cosx l-sinx _cos’x+(l1-sinx)’
l-sinx cosx  cosx(l—sinx)
_ cos” x+1-2sinx+sin’ x
- cos x(1—sin x)
_ 2-2sinx
~ cos x(1—-sinx)

13a

b By part a the equation becomes

2560x=—2«/§
:>secx=—\/§
1

= COSX=——=
2

2
3n 5n ln 137
4

X=—,— s
47 4

sin@ cos® sin’ O+cos’ O

14 a - = ;
cos@ sind cos@sind
= ; (using cos® @ +sin” @ =1)
sindcos @
1 ) ) )
=— (using double-angle formula sin 26 = 2sin & cos &)
1
>sin 260
=2cosec26
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14b The graph of y =2cosec28 is a stretch of the graph of y =cosec@ by a scale factor of 1 in the
horizontal direction and then a stretch by a factor of 2 in the vertical direction.

3y
2__\/ U
0 90° 180° 270° 360° ¢

y =2 cosec 260

¢ By part a the equation becomes
2cosec26 =3

= cosec26 = %

=sin26 = %, in the interval 0 <26 < 720°

Calculator value is 260 =41.81° (2 d.p.)
Solutions are 260 =41.81°,180°—41.81°,360°+41.81°, 540°-41.81°
So the solution set is: 20.9°, 69.1°, 200.9°, 249.1°

15 a Note the angle BDC =6
cosé’z%: BC =10cosf

BC BC 10cos® _

sinf=—= BD = 10cot @
BD sin @ sin &
b 10c0t9:£
NE)
1 T
=>cotld=—1, =—
NE) 3

From the triangle BCD, cos @ = lB)—g

= DC =BDcos@
So DC =10cotfcosb

o5
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16a sin’@+cos’f=1
sin*@ cos’@ 1
cos’6  cos’@ cos
= tan’ @ +1=sec’ 0

(dividing by cos’6)

20

b 2tan’O+sechd =1
= 2sec’O—2+secO=1

= 2sec’ @+sec—-3=0
= (2secd+3)(secd—1)=0

:>sec0=—%,sec0=l

:>c036’:—§,0050=1

Solutions are 131.8°,360°—-131.8°, 0°
So solution set is: 0.0°,131.8°,228.2° (1 d.p.)

172 a=——=L_2
sinx 1b b
4-b°  4-b°
at-1 ?
ok
b
72 72 2
_4-b" 4 b2 (4—p?) b :
4 T ab b
b b?

An alternative approach is to first substitute the trigonometric functions for a and b
4-b>  4—4sin’x
a’—1 cosec’ x—1
_ 4(1—sin’ x)
cot’ x

_4cos’ x

cot’ x
=4sin’ x = b*

18a y =arcsinx

= siny=x / Using sin @ = cos (%— 0)

x=cos(§—y)

= 5 —y=arccosx

b arcsinx+arccosx=y+%—y
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1 1
19a arccos—=p=>cosp=—
X X
Use Pythagoras’ theorem to show that opposite side of the right-angle triangle with angle p is
VX' -1

Vxt =1 . Axr=1
= p =arcsin

So sin p =
X

b If 0<x<1thenx’—1 is negative and you cannot take the square root of a negative number.

20a y=2arccosx T y =arccos x stretched by a scale factor of 2 in the y-direction and then

T . . o
translated by —— in the vertical direction

(-1, 3?77) Ya

y = 2arccosx —%

A

o |
(

X
1.-T
, 2)
b 2arccosx—§=0

T
—> arccos x = Z

1
V2

1
Coordinates are [ j
i

T
= X=CO0S— =
4

21 taan+ —J 1 ﬁ = l [using the addition formula for tan (4 + B)]

1£tan6

V3

6tanx+2\/§:1—Ttanx

(IgzﬁJtanle—Z\/g

3(1-243)(18-+3)
(18++3)(18-3)
_72-1113

321

tan x =
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22a sin(x+30°) = 2sin(x+60°)
So sin xcos30°+cosxsin30° =2 (sin xc0s60°—cos xsin 60°) (using the addition formulae for sin)
3. 1 1. 3
—sinx+—cosx =2| —sinx ———cos x
2 2 2 2
V3 sinx+cosx =2sinx—2+/3 cosx (multiplying both sides by 2)

(—2+\/§)sinx=(—l—2x/§)cosx

~1-243
2443
(1-28) 24

So tanx =

(—2+\/§)(—2—\5)
_ 2+6+4V3+3

4-3

=8+5\3

b tan(x+60°) = tan x + tan 60
1—tan x tan 60

B 8+5V3+/3
_1—(8+5J§)J§
8463
_14-8\3

i (4+43V3)(-7+443)

(-7-443)(-7+443)

36-28-21/3+16\3
49-48

=8-53

23 a sin165° =sin(120°+45°)
=sin120°cos45° +cos120°sin 45°

RCNR IS N
2 2 2 2
W3-l
2
V62

4
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1
sin165°

4 (Vo++72)
(V6—2) (Y6+2)
_4(J€+J§)

o 6-2

=J6++2

23 b cosecl65° =

24 a cosA:E
4

Using Pythagoras’ theorem and noting that sin 4 is negative as 4 is
in the fourth quadrant, this gives

NG

sind=———
4

Using the double-angle formula for sin gives

sin2A4=2sin Acos 4 = 2(—ﬂj(ij = _ﬂ

4 1\ 4 8
) 1
b cos2A4=2cos A—1=§
. _37
:>tan2A:sm2A:( ’ ):_3ﬁ
cos2A4 (%

25a cos2x+sinx=1
=1-2sin’ x+sinx =1 (using double-angle formula for cos2x)
= 2sin’ x—sinx =0

= sinx(2sinx—1)=0
=sinx=0,sinx =%
Solutions in the given interval are: —180°, 0°, 30°,150°,180°

b sin x(cos x +cosecx) =2cos’ x

= sinxcosx+1=2cos’ x
= inxcosx=2cos’ x—1
1 . : .
= Esm 2x =cos2x (using the double-angle formulae for sin2x and cos2x)

= tan2x =2, for —360° < 2x <360°
So 2x =63.43°-360°, 63.43°—-180°, 63.43°, 63.43°+180°
Solution set: —148.3°,—58.3°,31.7°,121.7° (1 d.p.)
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26 a

27 a

Rsin(x+a) = Rsinxcosa + Rcos xsina
SoRcosa =3, Rsina =2
R’cos’a+R*sin*a=3"+2"=9+4=13
— R=+13 (as cos’ a+sin’ a =1)

tana = % = a=0.588 (3d.p.)

4 4 . . . . .
R = (\/E ) =169 since the maximum value the sin function can take is 1

J13sin(x +0.588) =1

sin(x+0.5880) = —— = 0.27735...

V13

x+0.588 =1—0.281, 2 +0.281
x=2273,5.976 3 d.p.)

LHS =cotf—tand
_ cosH_ sin @
sin@d cosé

_cos” @—sin’ @

sinf@cos
cos 26 ) .
=— (using the double angle formulae for sin26 and cos26)
1sin26
=2cot26 = RHS

2cot26’:5:>cot29=§:>tan20=%, for —2n<20<2n

So0 26 =0.3805-2x,0.3805—m7,0.3805, 0.3805+
Solution set: —2.95,-1.38,0.190,1.76 (3 s.f.)

28a LHS =cos360

b From part a cos36 = 4——

= cos(20+60)

= c0s 26 cos @ —sin 26sin &

= (cos” @ —sin” #) cos @ —(2sin O cos O)sin &
= cos’ € —3sin’ @cos

= cos’ @ —3(1—cos” &) cos &

=4cos’ #—-3cosf = RHS

\/_ \/—__19\/_

27
27 27@

1942 38

So sec30 =—
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29 sin* 0 = (sin2 9)(sin2 0)
Use the double-angle formula to write sin® @ in terms of cos 26
1—cos26

2
Now substitute the expression for sin® @ and expand the brackets

So Sin40=(1—00526’j(1—c0526’j
2 2

cos20 =1—-sin* @ = sin’* G =

_1 1—2cos26 +cos’ 26
al )

Again use the double-angle formula to write cos” 26 in terms of cos 46

So sin* @ =%(1—2cos20+wj

=§—lcos26’+lcos46’
8 2 8

30a Rsin(@+a)=Rsinfcosa+ Rcosfsina =6sinf+2cosl
SoRcosa =6, Rsina =2
R*cos’a+R*sin’ @ =6"+2°=36+4=40
—R=+/40  (as cos’a+sina=1)
tana=%:>a=0.32175...=0.32 (2d.p.)

So 6sin &+ 2cos O ~ 40 sin(€+0.32)

b i /40, since the maximum value the sin function can take is 1

il Maximum occurs when sin(6+0.322) = 1
= 0+0.322 = g
=60=125Q2dp.)

Note that you should use a value of & to 3 decimal places in the model and then give your
answers to 2 decimal places.

¢ T =9+msin(%+0.322j
So minimum value of 7' is 9—~/40 = 2.68°C (2d.p.)
Occurs when sin (% + 0.322) =-1

™ 0302="
12 2

=t =16.77 hours
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14

30d 9+\/Esin(%+o.322j

— 40 sin (%+ o.322j =5

. [ mt 5
=sin| —+0.322 |=—
(12 j J40

= %-1— 0.322=0.9117,2.2299

=1=2.25729(2dp.)
0.25h =15 minutes and 0.29h = 17 minutes
So times are 11:15am and 4:17 pm

31a As i;«r&O,x;«tl
t

The equation for y can be rewritten as

RIS

B 16-12+12x+1-2x+x"

=

X2 +10x+5
(1-x)’

Soa=1,b=10, c=5

32a x=ln(t+2)=e" =t+2=>t=¢"-2
3t 3e'-6

y_m_ e +1

t>4=>¢"-2>4=>¢" >6=>x>1Inb6

X

So the solution is y =

,x>In6

X

e +1
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32b Whenx >,y —>3
3¢"-6 _(3x6)-6 _12
e 41 6+1 7

Whenx=1n6,y =

.12
So range is 7<y<3

L P TRLIE T
1+¢ X X
1 X X
T I Tt (—x) 2x-1
1— x—(1-x) 2x

X

34a y=cos3r=cos(2t+1)=cos2tcost—sin2¢sint
:(c052t—l)cost—2sin2tcost
=2cos3t—cost—2(1—cos2t)cost
=4cos’ t—3cost

X
x=200st:>cost:5

3
X x) 1 5 3  x/,
y—4(5) —3(5)—5)6 —EX—E()C —3)

b o<i<Z
2

So0<cost<land —1<cos3r<1
So0<x<2 -1<y<l
) T ) T LT
35a y=sin|t+— |=sinfcos—+costsin—
( 6) 6 6

3

. 1
=——sSInf+—cost
2 2

zﬁsint+%\/l—sin2t

As —gﬁtﬁg,—lﬁsintﬁlj—lﬁxsl
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35b AtA,sin(t+%j:0:>t:_%

) T 1
x=sin| —— |=——
S

Coordinates of A4 are (—%, Oj

AtB,x=sint=0=¢=0
—sin(t+£j—sin£—
7 6 6

Coordinates of B are (0, %)

1
2

36a y=cos2t=2cos’t—1

2
yzz(gj ~1, -3<x<3

b Curve is a parabola, with a minima and y-intercept at (0,—1) and x-intercepts when

2
X X 1
2l = | =l=>—=t—=x
(J 3 2
3

3
Coordinates | ——,0 |,| —,
e
Ya

L3
i
J

2
R

KY

R A
@\-1/\/2

37 y=3x+c would intersect curve C if
81(2t—1)=3(4t)+c
16t =20t —c=0
Using the quadratic formula, this equation has no real solutions if

(—20)" —4(16)(—¢) <0

= 64c<—400:>c<—?
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) : 1
38 a The curve intersects the x-axis when 2cost+1=0= cost = _E

2_71471

Solutions in the interval are ¢ = 3 ,?

=X =3sin(4—nj, 3sin(8—nj
3 3

So coordinates are [—#, 0] and (%, 0]

b 3sin2t:1.5:>sin2t=%

In the interval © <2t <3m solutions are
137 17n
"6
,_1x 17n
127 12

2t

39 a Find the time the ball hits the ground by solving —4.9¢> +25¢+50 =0
|_25¢ J25° —4(~4.9)(50)
2(-4.9)
t 20, so only valid solution is £ = 6.64s (2 d.p.)
=k=6.64 (2d.p.)

X
b t=
2543
2
X X

=25 —— |49 —=—| +50
Y (25&) (2%)
SRS P

J3 18750

Domain of the function is from where the ball is hit at x = 0 to where
it hits the ground when ¢ = 6.64 seconds.

When ¢ = 6.64, x = 25v/3(6.64) = 287.5 (1 d.p.)
So domain is 0 < x <287.5
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Challenge

1 Angle of minor arc = By because it is a quarter circle

Let the chord meet the circle at R and 7. The area of P is the area of sector formed by O, R and T less

the area of the triangle ORT.
2
SoareaofP= L2 Logn® (T 1 = (n-2)
2 2 2 2 4 2 4

Area of Q = > — area of P

2
=7’ 7t—£+l :r2(3—+1]=r—(3n+2)
42 4 2) 4
SOratioz(n—2):(3n+2)=3”_2 1
I

+2

2 a sinx
b cosx
¢ LCOAz%—x:LCAO:x
OA =1+sinx = cosec x
d AC=I+tanx=cotx
e tanx

f OB=1+cosx=secx

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 18
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3 a sint:x—_?’,cost:y—Jrl
4 4

As sin*t+cos’t=1

() (5 -

= (x=3)" +(y+1)" =16

The curve is a circle centre (3, —1) and radius 4.

Endpoints when ¢ = —g, x=-1,y=-1

andwhent=%,x=2\/§+3,y=2\/§—l

Ya
/ (2V2+3,2v2-1)
(—1,—1)\0 *

b Cis $ths of a circle, radius 4

So length = %x 87 =37
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Differentiation 9A

1 a

=y

f(x)=cosx
f(x+h)—f(x)
h

Fo=tim

cos(x+h)—cosx

=lim
h—0

COS X COSh—sinxsin/s—cosx

=lim
h—0 h

. ((cosh—lj sinh . j
=lim COS X — sin x
h—0 h h

cosh—1 0 and sin A

Since -1

the expression inside the limit in part a
tends to Oxcosx—1xsinx =—sinx
So f'(x)=—sinx

y=2cosx
dy . .
— =2x(—sinx)=-2sinx
dx

—2sinlx
Y 2
d_y = 2xlcoslx = coslx
dx 2 2 2
y =sin8x
d—y:8cos8x
dx

2

=6sin—x
Y 3
d_y: 6><zcosgx = 4cosgx
dx 3 3 3
f(x)=2cosx

f'(x) =2x(—sinx) =-2sin x

f(x)= 6cos%x

f'(x)= 6x(—§sin§xJ = —5sin§x
6 6 6

SolutionBank

1
f(x)=4cos—
(x) 5%
f'(x)=4x —lsinlx =—2sinlx
2 2 2

f(x)=3cos2x
f'(x) =3(-2sin2x) = —6sin 2x

y =sin2x+cos3x
Y =2cos2x+(—3sin3x)
dx

=2cos2x—3sin3x

y=2cos4x—4cosx+2cos7x
%:2x(—4sin4x)—4x(—sinx)
+ 2x(=7sin 7x)

=—8sin4x+4sinx—14sin7x

y=x"+4cos3x

% =2x+4(-3sin3x)=2x—-12sin3x

y= 1+2xsin5x :l+25in5x
X X

dy 1

—=——+2x(5cos5x

dx x? ( )

= —Lz+10c055x
X
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SolutionBank

5 y=x-sin3x

d—y=1—3cos3x
dx

At stationary points % =0

1-3cos3x=0
cos3x=l
3

3x=1.23...,5.05...or 7.51...
x=0.410, 1.68 or 2.50 (3 s.f)

x=0.410= y=0.41-sin1.23=-0.532

x=1.68= y=1.68-5sin5.04 =2.63
x=250= y=2.50-sin7.50=1.56

Stationary points in the interval 0 < x < are
(0.410, —0.532), (1.68, 2.63) and (2.50, 1.56).

6 y=2sind4x—4cos2x

%=2x4cos4x—4x(—2sin2x)

=8cos4x+8sin2x
Whenx:E:
2
dy

— =8cos2n+8sin7
dx

=8x1+8x0=8

So the gradient of the curve at the point

where x=E 1s 8.
2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

7 y=2sin2x+cos2x

d_y=2><2c052x+(—28in2x)
dx

=4cos2x—2sin2x

At stationary points % =0

4cos2x—2sin2x=0
4-2tan2x=0

tan2x =2

2x=1.107... or 4.248...

x=0.554 or 2.12 (3 s.£.)

When x =0.554:
y=2sin(2x0.554)+cos(2x0.554) =2.24

Whenx=2.12:
y=2sin(2x2.12)+cos(2x2.12) =-2.24

Stationary points in the interval 0 < x < m are
(0.554, 2.24) and (2.12, —2.24).

y =sin5x+cos3x

d—y=5c055x—3sin3x
dx

At (m,—1), % =5cos5n—3sin3n

=5x(-1)-3x0=-5
Equation of tangent is y — (—1) = —=5(x — 1)
ory=-5x+5n—-1

y=2x"—sinx

dy

—=4x—-cosx

dx

When x =n, y=2n" and

d—y=4n—cosn=4n+l
dx

Gradient of normal is —
4 +1

Equation of normal is

4m+1 (x - n)
Multiplying through by (4n + 1) and
rearranging gives
x+(@n+1)y—n@n’ +2n+1)=0

y-2n*=—
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10 Let f(x)=sinx
£'(x) = lim f(x+h)—1f(x) _ sin(x + /) —sinx

h—>0 h h

h—0

h

. ((cosh—lj ) (sinhj J
=lim sinx+| —— |cosx
h—0 h h

COSh_1—>0and sin A S,

. (sinxcosh+cosxsinh—sinx
=lim

Since

the expression inside the limit tends to
(Oxsinx+1xcosx)

So lim sin(x + /&) —sin x _

h—0

OS X

Hence the derivative of sin x is cos x.
Challenge

Let f(x)=sin(kx)

£(x) = lim f(x+h)—f(x)j
h—0 h
—lim sin(kx + kh) — sm(kx)j
h—0 h
. sinkxcoskh+coskxsinkh—sinkxj
=1lim
h—0 h
=1lim (M] sin kx + ( sin kh j cos lcxj
h—0 h h

Ash— 0, (Snzkhj%k and (_cosl;h—l}_)()’

so the expression inside the limit tends to
0xsin kx + k x cos kx = k cos kx
Hence the derivative of sin(kx) is & cos (kx).
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Differentiation 9B

1 a y=4e”
b_ 4x7e’™ =28e™
dx

b y=3"

— e111(3 ) — xIn3 — e(ln3)x

y €

b _ In3e™¥* =n3e") =3 In3
dx

1 X
cC y= 5
Using the result y = ¢ = % =a"klna

witha:% and k=1:

ézz(l)lnl
e \2) 2

d y=In5x
y=In5+Inx
d_y=0+l=l
dx X X

1 P
e r=4(3)
Using the result y = a™ = % =ad"kIna

witha=% and k=1:

EZ=4(1)1nl
e \3) 3

f y=In2x°)
y=In2+In(x’)=In2+3Inx
d—y:0+3><l=z

X X

g y=e3x_e—3x

dy 3x —3x
& 36t (=3¢
] ( )

=3¢ +3e"

SolutionBank

x\2
hoyo(re)
(§
X x\2
y:—1+2e j(e) =¢ " +2+¢"
€
dy

a

—=—e"+0+e"=—€e"+¢*
dx

f(x)=3"

f(x) _ eln(34") _ e4xln3 _ e(4ln3)x

f'(x) = (4In3)e*"?* = 4In3e*"™
—41n3e™" =343

ol

Using the result y = a™ = % =d"klna

witha=%andk=2:
3V . 3

f'(x)=|=| 2In=

) (zj ’

f(x) =2 +4*

Using the result y = ™ = % =d"kIna

for each term :
f'(x)=2"4In2+4>2In4

Alternatively,
f(x) — 24x + (22)2x — 24x + 24x — 2)( 24x
f(x) = 2x241n 2

27 48"
42x

Tx 3x
£(x) = 22+2 =27 42

f(x) =

f'(x)=2"3In2+2"(~1)In2
=2"3In2-2"In2
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SolutionBank

3 y :(eZX _e—2x)2 :e4x _2+e—4x
d_y:4e4x _4e—4x :4(e4x _e—4x)
dx
Where x =1n3:

dy _ 4In3  _—4ln3y _ In3* In3™
3—4(6 —e )—4(e —e )

:4(34—3“‘):4(81—$j

~323.95
4 y=2"+2""

d—y=2" In2-2"1n2
dx

1 15

Whenx=2,d—y=4ln2——ln2=—ln2
dx 4 4

.. the equation of the tangent at (2, %) is

17 15
=T n2(x-2
Y T (x=2)

or 4y=(151n2)x+(17-301n2)

5 y=e"—Inx
d_yzzeh_l
x

When x =1, y=¢” and %:2e2—1

Equation of tangent at (1, e?) is
y—e’ =&’ -1)(x-1)
Rearranging gives

y=(2e* -)x—2e*+1+¢’

or y=(2¢"-x—e’+1

6 R=200x0.9'
dR

3, =200%(0.9) 110.9=1001n.0.9(0.9)

When ¢ = 8:

% =2001n0.9%0.9° =-9.07 (35s.f)

7 a Whent=0,P=37000

S037000= Pk’ =P,
P, =37000

When ¢ =100, P =109 000
S0 109000 =37000%'"
@Z k100

37

1
and hence k = (@jmo
37

~1.01086287...
=1.01 2dp.)

b P=Pk = ;E:Poktlnk
t

With B, =37000, £=1.01086..., t=100:

ar_ 37000x1.0108629' x1n1.0108629

dt
=1178

¢ The rate of change of population in the
year 2000.

The student has treated In kx as if it were e

— they applied the incorrect differentiation
formula.

|
The correct derivative is —
X

Lety=a"
ke
Then y — e]na — ekxlna — e(klna))c

% =(kIna)e*"™ " =klnae™™

—klnae™ =d"kIna
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10a f(x)=e” —In(x*)+4=e>-2Inx+4 Challenge
: < 2
f(x)=262 —; y:e4x_5x
d—y=4e4"—5
b AtP, dx
f'(x)=2 and x=a Lines parallel to y =3x+4 have gradient 3.
2 dy 4x
28 —-Z=2 —=3=>4e"-5=3
so 2e ; &
4x _
e L 10 ¢ =2
a 4x=In2
ae’ -1-a=0 In2
X=—0
Lae® -1)=1 4
) Whenx=£, y=eh‘2—5y=2—51n—2
11a y=>5sin3x+2cos3x 4 4 4
When x =0, Equation of tangent at this point is
y=5sin0+2cos0=0+2=2 y_(2_51n_2j:3(x_ln_2j
Hence P (0, 2) lies on the curve. 4 4
In2 In2
d y=3x—3T+2—ST
y e
b 3—150053x 6sin3x y=3x—2In2+2

When x =0, %: 15c0s0—-6sin0 =15
Equation of normal at P is

1
—2=——(x-0
y 15(x )

1
or y=——x+2
ST

12 y=2x3"
d—y=2><34"41n3=81n3><34x
dx
Whenx =1, y=2x81=162
and d—y:8ln3><34 =648In3
dx

Equation of normal at P is
1

162 =— 1

Y FTTFELAR.

or y=-— ! X+ +162
6481n3 @ 6481n3
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Differentiation 9C
1 a y=(1+2x)*
Let u=1+2x; theny=u*

W5 and d—y=4u3
dx du

Using the chain rule,

dy _dy du_ =4u®x2=8u® = 8(1+2x)*
dx du dx
b y=(3-2x°)"

Let u=3-2x% theny=u"

WM gy oand Yo sy
dx du

Using the chain rule,

dy _ dy du
dx du dx
=20x(3-2x%)"°

— = (-5u"®) x (—4x) = 20xu®

c y:(3+4x)%
Let u=3+4x; theny:u%

d—u=4 and d_yzl 2
dx du 2

Using the chain rule,

d—y=d—y><d—u=1u_%><4
dx du dx 2

=2ut =2(3+4x) "

SolutionBank

d y=(6x+x%)’

Let u=6x+x> theny=u’

OI—u:6+2x and ﬂ=7u6
dx du

Using the chain rule,

ay _gdy, d_u 7u® x (6+ 2X)
dx du dx
=7(6+2x)(6x+x*)°
1
= =(B3+2x)"
y 3+2x ( )

Let u=3+2x; thenyzlzu’l
u

W5 and d—y:—u’2
dx du

Using the chain rule,

dy _ dy du __u?x?

dx du dx

2 _ -2
(3+2x)?

y=A7-x=(7-x)

Let u=7-x; thenyzu%

d—u=—1 and ﬂzlu%
dx du 2
Using the chain rule,
dy dy du 1 =
a _ady x (1)
dx du dx 2
1 1
=——(7T—-Xx) ?=—
2( ) 2\T—X
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1 g y=42+8x)*
Let u=2+8x; theny=4u’

d—u:8 and d—y:16u3
dx du

Using the chain rule,

ﬂ ﬂ d—u—16u x8=128(2+8x)*
dx du dx
h y=38-x)°

Let u=8—x; theny=3u®

(;_u =-1 and dy _ -18u”’

X du

Using the chain rule,

dy _dy AU e (1) —188- %)
dx du’ dx
2 a y — eCOSX
Letu=cosx; theny=¢"
OI—u:—sinx and ﬂ:e”
dx du
Using the chain rule,
dy _dy du
dx du dx

COsX

=e"x(-sinx)=-sinxe

b y=cos(2x-1)
Letu=2x-1, theny=cosu

d—u=2 and d—yz—sinu
dx du

Using the chain rule,

dy _dy d_u

dx du dx

=—sinux2=-2sin(2x-1)

SolutionBank

¢ y=+Inx
Letu=Inx; theny=+u=u’
du_ 1 and dy 1,4
dx x du 2

Using the chain rule,
dy _dy du lu_%x( 1)

dx du dx 2 %

d y=(sinx+cosx)’
Let u=sinx+cosx; theny=u®

3—u=cosx—sin X and ﬂ=5u4

X du
Using the chain rule,
ay _ dy du =5u* x (cos X —sin x)
dx du dx

=5(cos x —sin x)(sin x + cos x)*

e y=sin(3x* —2x+1)
Let u=3x*—-2x+1 theny=sinu

du_6x 2 and ﬂ:cosu

dx du

Using the chain rule,

dy _d—yxd—_cosu><(6x—2)
dx du dx

= (6x—2) cos (3x* —2x +1)

f y=In(sinx)
Letu=sinx; theny=Inu
d—u=cosx and a1
dx du u
Using the chain rule,
dy _dy d—u=1xcosx:Cf)ﬂ=cotx
dx du dx u sin x
g y=2ecos4x
Let u=cos4x; theny=2¢"
d—u=—4sin4x and d—y=2eu
dx du
Using the chain rule,
dy _dy du_Ze x (—4sin 4x)
dx du dx
=-8sin4xe“*
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2 h y=cos(e*+3) 5 y=(1+In4x)?
Letu=e”+3; theny=cosu Let u=1+In4x; theny =u?
du dy . d
— =26 and —->=-sinu du_1 and d_y:§u%
dx - du dx X du
Using the chain rule, Using the chain rule,
dy dy du . 2x d dy d 3
— =—x—=-SInux2e _y:_yx_uz_u% 1:i~/1+ln4x
dx du dx dx du dx 2 x 2x

=-2e*sin (e +3)
1 Whenx:%e3,
y= 2
(4x+1) dy_ 3 fime =L iT3-127
—Z =" _J1+Ilne’* =—=1+3=12¢
Let u=4x+1; theny=u" dx 1¢é° e’
d_U=4 an d_y=_2u_3 6 a X=y*+y
dx du dx
—=2y+1
W g8
" (4x+1)° L1 1
. Cdx o dx o 2y+1
Whenx ==, dy
4
ﬂz_—83=_—38=—1 b x=e’+4y
dx  (4xi+1) 2 dx
—=e’+4
3 dy
4 y=(5-2x) dy 11
, Tdx o dx e¥+4
Letu=5-2x; theny=u dy
d—u=—2 and d—y=3u2
dx du C Xx=sin2y
Using the chain rule, dx
— =2c0s2
ﬂ:d_yxd—u=3u2><(—2)=—6(5—2x)2 dy >
dx du dx d 1 1 1
Yy_- - ==—sec2y
When x =1, dx dx 2cos2y 2
dy
y=3°=27 and %=—6x32=—54
X
d 4x=Iny+y?®
Equation of tangent at point P (1, 27) is _1 1 5
y—27 = —54(x~1) x=5Iny+7y
or y=-54x+81 dx 1 3 , 1+3y°
dy 4y 4 4y
Sy 1 4y
Codx dx 143y°
dy
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7 x=3y*-2y 10a x=4cos2y
1
dx When x = 2, c052y=E
d—=6y—2 S
’ 802y=£,—n,...
3 3
d_yzi:—l _m Sm
dy

Hence Q (2, %) lieson C.
At (8, 2) the value of y is 2.

Tdx 12-2 10 dy dx  8sin2y
T
1 1 AtQ, y=—
8 x=y*+y* QY 6
- dy 1 1 1
x_14_ 1.4 [ N BN -
dy Y 5y 85|ng 8><7
¢ Equation of normalto C at Q is
dy 1 T A
POV E—— ——=44J3(x-2

or 4ﬁx—y—8ﬁ+%=0

11a y=sin®3x=(sin3x)?

. dy _ 1 — 1 Let u =sin3x; theny =u’
@@t i du dy
— =3c0s3x and -Z=2
111 ™ cos3x an i u
T1_17 3 3 Using the chain rule,
4 16 16 d d du
—y:—yx—=2u><3cos3x
9 a x=¢’ dx du dx
=65in3xcos3x
dx
=-—=¢€ (x+1)?
dy b y=e
Let u=(x+1)*; theny =¢"
b y=Inx = e’ =x du dy

—=2(x+1) and —==¢"
dx du

dx
Fromparta, —=¢’ . .
dy Using the chain rule,

S I . ﬂ=d—yxd—u=e“><2(x+1)=2(x+1)e(”1>2
dx dx e x dx du dx
dy
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SolutionBank

11¢ y=In(cosx)’

Let u=cosx; theny=Inu®*=2Inu

OI—u:—sinx and d_y:g
dx du u
Using the chain rule,
by 2 G
dx du dx wu
:—Zﬂ:—Ztanx
COoS X
d vo_ 1
3+c0s2X

Let u =3+cos2x; thenyzlzu
u

d—u=—23in2x and d—y=—u‘2=
dx du
Using the chain rule,
&y _dy du_ 1. (asin2x)
dx du’ dx u
_ 2sin2x
(3+cos 2x)°
"3
e y=sin| =
X
1
Letu==; theny=sinu
X
du —iz and ﬂ=cosu
dx X du
Using the chain rule,
dy dy du

L =2 x——=cosux S
dx du dx ( xzj

1 1
=——-Cos| =
X X

12 y=

-1

4
(2—-4x)?

Let u = 2—4x; then y:i2=4u‘2

OI—u=—4 and ﬂ=—8u‘3=——
dx du u

Using the chain rule,

dy_dy du_ 8 o, 32
dx du dx u® (2-4x)°

4
oy 0%

=-0.032

Whenx=3, y=

dy 32
dx (-10)°
Equation of normal atAis

y—0.04= (x=3)

0. 032
Multiplying through by 100 and rearranging
gives
100y —4 =3125x—9375

3125x-100y -9371=0

13 y=3°

Letu=x% theny=3"
d—u:3x2 and Q:S“InB

dx du

Using the chain rule,

Y _ & AU a3a —3x23° In3
dx du dx

When x =1, %=3x12><313 xIn3=9In3
X
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Challenge

a y=1/sinx
Letu=+/x = x?; theny =+/sinu
du 1 ..
I
dx 2

Letv=sinu; theny=\/\7=v%

1

—V:cosu and ﬂziv 2

du dv 2
Using the chain rule,
dy d_y ﬂ 1v‘%xcosu
du dv du

_cosu _ cosﬁ

2y 2ysin/x

Using the chain rule again,
dy dy du cos~/x 1 o

d du dx ) sm«/_ 2
_ cosx
4 xsin/x

b Iny=sin®3x+4)
Hence y= esin3(3x+4)

Let u =sin (3x+4); theny =e*

du =3cos(3x+4)
dx

Letv=u? theny=¢"

ﬂ—3u and dy =e'

du dv

Using the chain rule,

Y_H N ez —aue
du dv du

Using the chain rule again,

d_y L7 d—u—3ue %30S (3x+4)
dx du dx

=3sin?(3X + 4)e"" ¥ x 3c0s (3% + 4)

= 9" x4 cos (3 + 4) sin? (3x + 4)
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Pure Mathematics Year 2

Differentiation 9D

1 a Let y=x(1+3x)’ ¢ Let y=x'(2x+6)*

Let u=x and v=(1+3x)’

Then d—u=1 and dv_ 3x5(1+3x)*
dx dx
(using the chain rule)
dy dv  du

Using —=u—+v—
dx dx dx

%=x x 15(1+3x)* +(1+3x)’ x1

Let u=x" and v=(2x+6)*
Then du _ 3x* and dv_ 8(2x +6)’
dx dx

Using d_y:uﬂﬂjd_u
dx dx dx

% =X x8(2x+6)’ +(2x +6)* x3x

=x"(2x+6)’ (8x +3(2x+ 6))

=(1+3x)"(15x +1+3x)
= (143x)*(1+18x) =x"(2x+6)’ (14x+18)
=x"x2°(x+3)’ x2(7x+9)
Let y=2x(1+3x%) =16x"(x+3)*(7x+9)

Let u =2x and v =(1+3x%)’

d Let y=3x"(5x-1)"
Then 3% =2 and &V = 18x(1+3x%)° Let u=3x"and v=(5x~1)"
dx dx
du dv
Then — =6x and — =-5(5x—1)"
Using d—y=uﬂ+vd—u dx dx ( )
dx dx dx
dy s ) Using d_y:u@_wd_u
a=2x><18x(1+3x ) +(1+3x7) x2 dx de  dx
_ 22 2 2
=(1+3x7) (36x +2(1+3x )) %=3x2x(—5(5x—1)2)+(5x—1)1><6x
=(1+3x%)°(42x* +2) 5 5 5
. 5 =—15x"(5x—-1)" +6x(5x—1)
=2(1+3x7)"(21x" +1) R
=3x(5x—1)7 (-5x+2(5x 1))
=3x(5x-2)(5x -1
a Lety=e™(2x-1)

Letu=e" andv=_2x-1)’

Then du_ —2e™* and dv_ 102x -1)*
dx dx
Using Y = uﬂ+vd—u
dx dx  dx

% = e x102x—1)* + (2x—1)*(=2e ™)

=e > (2x-1)* (10 -2(2x— 1))
=e " (2x-1)*(12—-4x)
=—4(x-3)2x-1*e™
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2 b Lety=sin2xcos3x

Let u =sin2x and v =cos3x
Then d_u =2cos2x and Q =-3sin3x
dx dx

Using %=u%+v%

% = sin 2x(—3sin 3x) + cos 3x(2 cos 2x)

=2cos2xcos3x—3sin2xsin3x

Lety=e"sinx

Letu=¢€" and v=sinx
Then d—u:e" and ﬂzcosx
dx dx

Using %:u%ﬂ/%

d ) .
ay=e" cosx+sinx e’ =e"(sinx+cosx)

Let y =sin(5x) In(cos x)
Let u =sin5x and v = In(cos x)

Then d_u =5cos5x
dx

and ﬂ=(—sinx)>< =—tanx
dx COS X
Using —y=u£+ du
dx  dx
dy

o sin(5x)(—tan x) + 5 cos(5x) In(cos x)

=5cos5xIn(cos x)—tan xsin Sx

SolutionBank

3 a y=x"3x-1)

Let u=x" and v=(3x-1)’
Then 3~ 2y and ¥ = 9(3x—1)°
dx dx

Using the product rule Y =u dv + vd_u
dx dx dx

Y_ x> x 9(3x—1)" +(3x—1)’ x2x
dx

= x(3x—1)* (9x+2(3x 1))

— xGx-1P(15x=2) (%)
At the point (1, 8), x = 1.

Substituting x =1 into expression (*):

d—yzl x2*x13=52
dx

y=3x(2x+1)’
Let u=3x and v=(2x+1)*
Then d_u =3

dx

dV 1 _1 _1
and —=2x—2x+1) 2 =(2x+1)?
™ 2( ) =( )

Using the product rule Y =u dv + vd_u
dv dx dx

dy _1 1
—=3x(2x+1) 2 +3(2x+1)?
™ x(2x+1) (2x+1)

=3Q2x+1) 7 (x+(2x+1)
=3@x+1)2x+1)7"  (¥)

At the point (4, 36), x = 4.

Substituting x =4 into (*):

b 3 13x 97 =3x13x L =13
dx 3

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 2 SolutionBank

3¢ y=(x-D2x+1)" Y |
S y= x—z sin 2x

Letu=x—1and v=2x+1)" 5
Letu :(x—gj and v =sin2x

Then %:1 and % =-2Qx+1)" 4
%=5(x—gj and %=2cos2x
Using the product rule Y_ uﬂ+ vd—u dy  dv  du
dx dx  dx Using —=u—+v—
dr dx dx
d . B 5 4
D -1y (2@x+ 1))+ Q4 1) ' x1 d_y:(x_lj 200s2x+sin2xx5(x—£]
dx dx 2 2
=(2x+1)7 (—2(x—1) + (2x+1)) N i
_ i) =|x——||2| x—— |[cos2x+5sin2x
=3(2x+1) (*) 2 2
: 1 T
At the point (2, gj,x=2. Whenx:Z’
d ' T T T
Substituting x =2 into (*): ay:(_Zj (2(—ZJCOSE+5sinEJ
d - 3 4 4
Y 3x5r= :n_(()+5):5i
dx 256 256

4 y=(x-2)(2x+3)
Letu=(x—2)" andv=2x+3)

Then %=2(x—2) and 2=2
dx dx

Using d—y=u&+vd—u
dr dx dx
dy

a=(35—2)2><2+(2x+3)><2()6—2)

=2(x-2)(x—2+2x+3)
=2(x—-2)3x+1)

At stationary points % =0

2x—-2)Bx+1)=0
(x=2)=0 or 3x+1)=0

S.ox=2or —l
3

x=2=y=0

1 ( 7}17) 343
3 3) 3) 27

So the stationary points are

(2,0) and (—l,ﬁj
327
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6 y=x"cos(x’) 7 y=3x"(5x-3)
Let u = x* and v = cos (x*) Let u=3x" and v=(5x-3)’
Y oy and &= 2xsin(x?) Y _6r and L o15(5x-3)
dx dr dx
Using d—y:uﬂﬂ/d—u Using d_y:uﬂ+vd_u
dx dx dx dx dx dx
% = x” (—2xsin (x*) )+ cos (x*) x 2x % =3x> x15(5x—3)* + 6x(5x —3)’
= 2x(cos(x*) - x” sin(x?)) =3x(5x—3)* (15x+2(5x - 3))
=3x(5x—3)*(25x - 6)
Jn Hence A=3,n=2,B=25and C =—6.
Wh
enx=—,
2
N T M. W 8 a y=(x+3)’¢
o VYT Letu=(x+3)" andv=¢>*
_\/;( j \/5(1 gj Y (xr+3) and L =3¢
NZRPND) 4 dr dr
dy dv  du
Using dx_ua+ o
E f p[dm w2 ], dy
quation of tangent at - T a=(x+3)2><3e3x+e3xx2(x+3)
8 2 4 2 =e”(x+3)3x+11)
n)
8y—n\/§—4\/£(l—zj(x—7J b Whenx=2, ?%;:e6><5><17:8566
Hence the gradient at point C is 85¢°.
8y—nx/§=\/2n(4—n)(x—%J s P
9 a Lety=(2sinx—3cosx)In3x
8y—nx/§=x/ﬂ(4—n)x—n\/_(4 1) Letu=2sinx—-3cosx and v=In3x

Then d—u=200sx+3sinx and ﬂ=l
dx dx x

\/ﬂ(n—4)x+8y—n\/5+§(4—n):0

Using y—u%+ %
n—2
\/2n(n—4)x+8y—ﬂ\/§[ > ]=0 dy _ 2sinx—3cosx
This is in the form ax + by + ¢ = 0 with dv Y
- + (2cosx+3sinx)In3x
a=\/2n(n—4),b=8andc=—n\/§( 2 j

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4



Pure Mathematics Year 2

9 b Let y=x"e""

Let u=x" andv=e"""

Then % =4x’ and & 7
dx dx

Using y=u&+ du

de  dx
d_y=x4x7e7x—3+4x3e7x—3
dx

=xe" 7 (Tx+4)

10 Let y = x°/10x+ 6

Letu=x" and v=+/10x+6 = (10x +6)

Then d—u:5x4
dx
dv _1 5
d—-le 10x+6) ? =—
dx ( ) V10x+6
Using Y u&+ du
dx dx

dy 5x° 4
—+5x"V10x+6
V10x+6

When x = 1jx S, 51622125

N

dy

SolutionBank

Challenge

a Lety=e"sin’ xcosx

Letp=e* and g =sin’ xcosx

dp
Theny = pg, —=¢"
Yy =p9q 1
dy dg dp
and —=p—+g—
dx pdx qu

Let u =sin® x = (sinx)* and v = cos x
Then g =uv,

u ) dv .
—=2sinxcosx and —=-sinx
dx dx

Using d—q—u&%rvd—u
dx de dx

% =sin’ x (—sin x) + cos x (2sin x cos x)
=—sin’ x+2sinxcos’ x
d_ dg  dp

Using — & pdx qu

=e"(—sin’ x + 2sin xcos’ x)
dx
+ sin® xcosxxe"

= —e"sinx (sin® x —2cos’ x —sin x cos x)
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Challenge

b Lety=x(4x—-3)°(1-4x)’
Let p = x(4x-3)® and ¢ = (1-4x)’

Theny =pq, % = _36(1 - 4)(,')8

dg dp

dy
and —= +qg—
P U dx

dx  © dx

Letu = x and v = (4x—3)°
Then p=uv,

du =1 and dv =24(4x -3y
dx dx

Using d—p=uﬂ+vd—u
dx dx dx

dp 5 6
= = 24x(4x—3)° +(4x -3
. x(4x-3)" +(4x-3)
= (4x—3)’(24x +4x-3)
=(4x-3)’(28x-3)
dp dg dp

Using —=p—+g—
fac Par Tar

d 6 8
Ey = x(4x-3)° (-36(1-4x)")
+(1-4x)’(4x-3)’(28x-3)
= (4x-3)°(1-4x)*
X (—36x(4x -3)+(1—-4x)(28x— 3))
=(4x-3)’(1-4x)®
x(—144x" +108x+40x —112x" -3)
= —(4x-3)°(1-4x)*(256x> —148x +3)
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SolutionBank

Differentiation 9E

1 a Lety:S—x

x+1

Let u=5xandv=x+1

Then d_u=5 and ﬂ=1
dx dx

d Let y=

du_ dv
R
Using —=—+———
dx v
dy _(x+Dx5-5xx1_ 5
dx (x+1)° (x+1)°
2x
b Let y=
Y 3x-2

Let u=2x and v=3x-2

Then d_u=2 and ﬁ=3
dx dx

du dv

v
Usingd_yzu
dx v
dy _ (3x—2)x2-2xx3
dx (3x-2)
_b6x—-4-6x 4

T (3x-2  (3x-2)

Let u=x+3andv=2x+1

Then d—u=1 and Q:2
dx dx

Using % __dx dx

dy  (2x+Dx1-(x+3)x2

dx (2x+1)
_2x+1-2x-6 5
(2x+1) (2x+1)

3x?
(2x-1)°

Let u=3x"andv=(2x—-1)’
Then du =6x and dv =4(2x-1)
dx dx

du dv

Using ¥ - de "dv
dx v

dy (2x- 1)* x 6x —3x* x4(2x —1)
dr 2x-1)*

_ 6x(2x-1) ((2x -1)- 2x)

- 2x-1)*

_ —6x(2x-1) 6x

Tx-1)f Q2x-1)

6x

Let y=——
(5x+3)”

Let u=6xandv= (5x+3)%

Then %% 6 and ﬂ=§(5x+3)‘%
dx dx 2

du dv
R

\%
Using & = _dr _dx
dx V

dy  (5x+3)'x6-6xx3(5x+3)”"

_ )
dx ((5x+3)f)

~3(5x+3) 7 (2(5x+3) - 5x)

N (5x+3)

3(5x+3) 2(10x+6-5x) _3(5x+6)

(5x+3) (5x+3)
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4x

2 a Lety= ©
COS X
Letu =e* and v=cosx
et and &= inx
dx
L d
o Ve M
Using —=—%_&¢
dx %
dy _ 4e™ cosx—e™(=sinx)
dx cos’ x
_ e™(4cosx+sinx)
cos’ x
Lety=ln—x
x+1
Letu=Inxand v=x+1
du 1 dﬂ:
dx X dx
du_, d
- dy Uae M de
Using —=—_——&
dx v
(x+1)
dy x —lnx_ 1 Inx

A& (D)’ x(x+l) (x+1)

e e

Lety——
Inx

Letu=e* +e** andv=Inx

d—”:—z ¥ 4+2e* and v _1
dx dx x
du dv
v ax “dr
Using —=—4—%
dx v
—2x 2x
4 Dx@er-e)- T
Y _ x
dx (Inx)*
_2xlnx(e¥—e?)—(e +e)
x(In x)?
e (2x(e" ) Inx—e* -1)

x(In x)*

SolutionBank

Loty &+
cos x
Letu=(e*+3)’ and v=cosx
d_u= 3e*(e" +3)* and ﬂ= —sinx
dx dx
L dv
Using ¥ = M
dx v
dy _ 3e"(e" +3)’ cosx = (=sinx)(e" +3)’
dx cos’ x
(e +3) (36" cosx+(e* +3)sin x)
- cos’ x
.2
Lety = sin’ x
In x

Letu=sin>xandv=Inx
—u=25inxcosx and ﬂ=l
dx dx «x

du dv
& Var Ve
%

d In x(2sin x cos x)—lsin2 X
X

dx (Inx)

. . 2
_2sinxcosx  sin"x

Inx x(In x)?
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_ X e
T 6 y=—
Letu=xand v=3x+1 1y
du dv Letu=e" andv=x
=la da—3 d_”_l iy d&_
du dv dx 3 ddx d
. dy a_ dx p o,
Using —=—"—+
$ & v Using d—y=—dx . dx
dy _Gx+D-3x_ 1 dx v
dc  Gx+1)®  Gx+1) . X b b e%*(;c—l)
. Ly
At the point (l,z),x—l 523 2 = 2
d 1 1
0 T T Te At the point (3,4¢),x=3 so %:0
Equation of tangent is
4 y=L3l y—le=0(x—3)
(2x+1)? 3
Letu=x+3andv:(2x+1)% i.e.y=le
3
du_ d%—(zxﬂ)
In x
d diu_uﬂ 7 y:sin3x
Using Ey =M Let u =Inx and v =sin3x
1 v ] du 1 dv
dy Qe+l —(x+3)QRxtD? o nd o =3cos3x
dx 2x+1 du dv
At the point (12, 3),x =12 Usin dy a_ dx
dy_2s5t-asxast) SR
dx 25 d S1n3x—3lnxc0s3x
_5-15xt 2 Y x
~T 55 o5 dx sin’ 3x
_sin3x—3xInxcos3x
5 243 xsin® 3x
y:
X Whenx=£,
Letu=e"" andv=x 9
d_”:262x+3 dﬂ: sinn—nln(njcosn
dx d_y= 3 3 19 3
d vd—u—u@ dx Tsin2 T
Using ay:—dx - dx A 9 3
v 3 n, (=n r
d_y_zxe2x+3_62x+3_62x+3(2x_1) 2—611'1(9) 18\/5—67[111(9J
dx x’ x* B 3n - 3n
d_y 36

At stationary points o
50 2x—1=0 6\/5_27[1n(79r)
x=0.5and y = 2¢* =

There is one stationary point at (0.5, 2e4).

T

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 2

8

9

e)’

a x=
3+2y

Wheny:O,x:%:

Coordinates of P are (%, Oj.

b Letu=e¢" andv=3+2y

10a y=

d—u=ey and Q=2

dy dy
ﬂ_ey(3+2y)—2ey _e"(2y+1)
dy (3+2y)2 (3+2y)2

Gradient of normal to the curve is
1 dx  e'(2y+])
& & Gy
dx

Gradient of normal at P (%, Oj is

_e'(2x0+) 1

3 9
Equation of normal at P is

1 1
_0:__ _
g 9(x 3j

|
=——X+—
Y

This is in the form y = mx + ¢ with

1
m=—— andc:L
9

4
X

Lety=

cos3x

Let u = x* and v = cos3x
du

—~ —4x° and dv =-3sin3x
dx dx

du dv
& dae Yde
Using ™ =———

\%
dy _ 4x’ cos3x —x*(-3sin3x)
dx cos’ 3x

_ x’(4cos3x+3xsin3x)

cos” 3x

SolutionBank

2x

(x=2)°
Letu=e> andv=(x-2)
du =2¢* and dv =2(x-2)
dx dx
du dv
dv g Y
Using —=——5—+
dx v
dy  2(x- 2)%e” —2e*(x—2)
dx (x-2)*
27 (x=2)((x-2)-1)
(x=2)°
_2e¥(x-3)
(x=2)’

SoA=2,B=1and C=3.

Whenx=1, y=¢
dy 2¢°(-2)
e -1
Equation of tangent is
y—e’ =4e’(x—1)

and 4¢?

y =4e’x -3¢’

F(x) = 2x - 6x
x+5 x"+7x+10

F(x) = 2x N 6x
x+5 (x+2)(x+5)

_ 2x(x+2) N 6x
(x+2)(x+5) (x+2)(x+5)
_2x2+4x+6x_ 2x% +10x
T (x42)(x45)  (x+2)(x+5)
o 2x(x+5) 2x
C(x+2)(x+5)  x+2

In the last line, dividing through by (x + 5)

1s allowed because x >0sox + 5 #0.

Letu=2xandv=x+2
d_u=2 andﬁzl
dx
2(x+2)-2x 4
(x+2) (x+2)
4 4

Hence f'3)=—=—
) 52 25

£/(x) =
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12a f(x)= 2°2i2x
e
Letu=2cos2x and v=¢>""
d_u =—4sin2x and ﬂ =™
dx
46> sin 2x — 2 cos 2x (—¢>
£1(x) = e” "sin2x - cg)s x(—e)
()
2e¢**(cos 2x —2sin 2x)
(eZ—x)Z

At stationary points, f'(x) =0
cos2x—2sin2x =0

2sin2x =cos2x

Cotan2x = l
2

b The range of f(x) is between the
y-coordinate of B and the y-coordinate of
the right endpoint of the interval.

tan2x = % = 2x=0.4636 or 3.6052

x=0.2318 or 1.8026
So the x-coordinate of B is 1.8026.

Range of f(x) is

£(1.8026) < y < f(x)
~1.47 <y <626 (3 s.f)
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Differentiation 9F

1 a y=tan3x 1 1
4 d yzxztan5x+tan(x—5j

Using the result

J=tanke = dy _ ksec o The first term is a product with
dx u=x’ andv=tan%x
dy 2
— =3sec” 3x
%=2x and %=%seczéx
b y=4tan’ x

Using the product rule for the first term:

Let u = tan x; then y =4u’ q : . :
ay=x2(gseczax]+tan5xx2x
d—u:seczx and d—y:12u2
du 2( 1j
+ sec X_E
Using the chain rule,
1, 5,1 1
=—x"sec —x+2xtan§x

d—y=d—yxd—u=12uzseczx
dv du dx > 1
) , +sec’| x——
=12tan" x sec’x 2
¢ y=tan(x—I) 2 a y=cotdx
%:seCZ(x—l) Let u =4x; then y =cotu
d_u:4 and d—y:—coseczu
dx du

Using the chain rule,

d
Y o _coseciux4 = —4 cosec?4x

b y=sec5x
Let u =5x; then y =secu

d_u=5 and d—y=secutanu
dx du

Using the chain rule,

%:5secutanu =5secSxtanSx
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¢ y=cosecdx

Let u =4x; then y =cosecu

d_u=4 and d—y=—cosecucotu

du

Using the chain rule,
d

&~ _4cosecucotu
dx

=—4cosec4xcotdx

d y=sec’3x=(sec3x)’

Let u =sec3x; then y =u’

d_u: 3sec3xtan3x andd—y: 2u

du
Using the chain rule,
& _dy du
dx du dx
=2ux3sec3xtan3x
=2sec3xx3sec3xtan3x

= 6sec’ 3xtan3x

e y=xcot3x
This is a product, so let
u=x and v=cot3x
and use the product rule.

du _ 1 and dv_ —3cosec’ 3x

% = x(=3cosec’3x) + cot 3xx1

= cot3x—3xcosec’3x

¢ yzseczx

x
This is a quotient, so let

u=sec’ xand v=x
and use the quotient rule.

du = 2sec x(secxtan x) and dv =1
dx dx

dy _ x(2sec” xtan x) —sec’ xx1
dx x°
_sec’x(2xtanx—1)

2
X

g y=cosec’2x
Let u = cosec2x; then y =u’

du _ —2cosec2xcot2x and & _ 3u?

du

Using the chain rule,
Y = 3u’ (-2 cosec 2x cot 2x)

dx
= —6cosec’ 2x cosec 2x cot 2x

= —6cosec’ 2x cot 2x
h y=cot’ (2x-1)
Let u =cot(2x—1); then y=u’

du_, cosec’(2x—1) and Y_ 2u
dx du

Using the chain rule,
Y_ 2u (—2 cosec’ (2x — 1))
dx
=—4cot(2x—1)cosec*(2x—1)

a f(x)=(secx)’
Using the chain rule,

f'(x)= %(sec x)% X sec x tan x

1 1
=—(secx)*tanx
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3

f(x)=+/cotx =(cot x)%
Using the chain rule,

f'(x) = %(cot x)? x (—cosec” x)

1 -1
= —5(cot x) " cosec’ x

f(x) = cosec’x = (cosec x)’

Using the chain rule,
f'(x) = 2(cosecx)' (—cosec x cot x)

= —2cosec’xcot x

f(x) =tan” x = (tan x)°

Using the chain rule,
f'(x) = 2tan x xsec” x = 2 tan xsec’ x

f(x) =sec’ x = (secx)’
Using the chain rule,
f'(x) = 3(sec x)* sec x tan x = 3sec’ x tan x

f(x) = cot’ x = (cot x)’
Using the chain rule,
f'(x) = 3(cot x)* (—cosec’x)

=—3cot” xcosec’x

f(x)=x"sec3x

Let u = x> and v =sec3x

d_u =2x and ﬂ: 3sec3xtan3x
dx dx

Using the product rule,
f'(x) = 3x” sec3x tan 3x + 2xsec 3x

F(x) = tan 2x
Letu=tan2x and v=x
du dv

— =2sec’2x and —=1
dx dx

Using the quotient rule,

2xsec’ 2x —tan 2x
2
X

f'(x) =

SolutionBank

2

X
¢ f(x)=
tan x
Let u=x* and v=tanx
du

— =2x and ﬂ:sec2x
dx dx

Using the quotient rule,

() = 2xtan x —x”sec’ x

tan® x

f(x)=¢e"sec3x
Letu=¢" and v=sec3x

d_u =¢" and ﬂ: 3sec3xtan3x
dx

Using the product rule,
f'(x) =3e"sec3xtan3x+e¢" sec3x

=¢"sec3x(3tan3x+1)

F(x)= Inx

tan x
Letu=lnx and v=tanx
du _1 and ﬂ:seczx
dx x

Using the quotient rule,

1 >
— [tanx—In xsec” x

f'(x) = (x

2
tan” x

_tanx—xInxsec’ x

x tan* x

tan x

€

f(x)=

COS X
Letu=e¢™" and v=cosx

du dv )
— =e"gec’x and — =—sinx

dx

Using the quotient rule,
tan x tanx
f'(x) = (

e sec’ xcos x —e™ (—sin x)

cos’ x
tan x tan x

e secx+e™ sinx

cos’ x
tan x

_ e (secx+sinx)

cos’ x

_ tanx

=e™(sec’ x +secx tan x)

__ tanx

=e"™" sec x(sec” x + tan x)
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5 a y:;.=secxcosecx c Whenx=£,
cosxsinx 3
Letu =secx and v=cosecx 1 1 4 43
y = = =
d—u:secxtanx and ﬁ:—cosecxcotx cos ¥ sin ~ lxﬁ V3
dx dx 3 3 272
Using the product rule,
d—y=secx(—cosecxcotx) d_y:_ 1 + 1 :_i+4:§
dx BY (1Y 3 3
+ cosec x(sec x tan x) B B
COS X sin x . ) ]
== + or, using the alternative expression,

cosxsinxsinx SinXxcoSXCOSX q 5 | o
1 1 _y:_4x_x(__j:_

- + dx V3LV o3

sinx  cos’x

Alternative solution: Equation of tangent is

1 2 43 8( =
y= — = — = 2cosec2x y———==|x—=
cosxsinx sin2x 3 3 3
(because sin2x = 2sin xcos x)
q 3y—43 =8x—
% — _4cosec2xcot 2x 3
24x-9y+12J3-81=0
d This is in the required form ax+by+c=0
b At stationary points ay =0 With a =24, b=-9 and ¢ =12+/3 8.
1 1
=0 1
Cos™ X sin” x 6 y=secx=
| 1 Cos X
—=— Letu=1 and v=cosx
cos“x sin"x
5 du dv
tan” x =1 —=0 anda——smx
tan x = 1 Using the quotient rule,
In the interval 0 <x < © dy  cosxx0—1x(—sinx)
there are two solutions, r and 3—7[ dx cos’ x
. 4 . 4 . sin x
So the number of stationary points is 2. =———=secxtanx
cos” x
Alternative solution:
—4cosec2xcot2x=0 7 y=cotx=
cosec2x =0 Letu—1 gan’it
but cot2x =0 has two solutions de u=tan Vv_ anx
in the interval 0 <x < 7. S0 and L =sec’x
dx dx

So there are 2 stationary points. ) !
Using the quotient rule,

dy tanxx0-lxsec’x  sec’x

dx tan’ x tan” x
1
2 1
=—L8 X = _cosec’x
sin’ x sin’ x
cos’ x
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8 x=cos2y Challenge
d_ =-2sin2y a Lety=arccosx
dy 1 So x=cosy
o~ o3 & —sin
sin2y dy Y
sin® 2y +cos*2y =1 dy 1
sin2y =+/1—-cos® 2y az_siny
B sin® y+cos” y =1

I siny=\/1—coszy=\/1—x2

dr  2y1-x7 Cdy 1

. a:—?
9 a x=cosecSy *
o = i(Sy)-(—cot 5y cosecSy) b Lety=arctanx
dy dy So x=tany
dx 2
—=-5cot5y cosecSy —=sec” y
dy dy
y_1_ m d_ 1
dx dx S5cot5y cosecSy dx sec’y
dy 1

& O l+tan’y 1+x°

dx  5cot 5y cosecSy
X =cosec Sy

cot’ 5y +1=cosec’5y

:>c0t5y=\/0056025y—1 = -1
dy -1

= < =
dx  Sxyx?-1
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Differentiation 9G

1 a x=2t, y=t>-3t+2 1 t?
dx . dy b= Y2
—=2 L=2t-3 )
dt dt dx 2 dy 2tt-1)-2t
dy dt -7 dt  (2t-1)7°
dy _dt _2t-3_, 3 2t? - 2t
dx dx 2 2 =
dt (2t-1)
dy
b x=3* y=2t° dy _ _dt =_2t2_2t=t(1—t)
dx dy dx  dx 2
_:6t, _:6t2 dt
dt dt
dy
P 2 2t 1-t?
dy_ a6 _, g X=r—0, Y=
dx dx 6t 1+t 1+t
dt dx  20+t7) -4t 2(1-t)
dt (L+t?)° (1+t?)?

C x=t+3t%, y=4t dy  —2t@+t?)-2t(A-t°) 4t
%=1+6t, d_, dt (1+1%)? (1+1%)?
dt dt dy

dy dy gr 4t 2t
dy_d __4 dx  OX  20-t5) -1
dx dx 1+6t at

dt

h x=t%' y=2t
d x=t*-2, y=3t° y

X o ¢ dy
—=te +2te, —=2
%ZZL ﬂ=15t4 dt dt
dt N dt ; dy , ,
bl Y _ _dt
4 3 — = = =
dy _ gt _1st 1ot dx dX t%'+2te' (17 +2t)e'
) i x=4sin3t, y=3cos3t
_f y_a?_
¢ =1 y=3t'-2 %=12c033t, (;—?[,:—QsinBt
dy d_y= gt =_95m3t=—§tan3t
&y ot dx Ox 12cos3t 4
9 _dt _ Ot _ s dt
dc a2
dt t* j X=2+sint, y=3—4cost
%=cost, ﬂ=4sint
dt dt
dy
dy _ dt _4sint_ 4 iont
dx dXx  cost
dt
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1 k x=sect, y=tant 2 a x=3-2sint, y=tcost
d—X=secttant, ﬂ=sec2t %=—Zcost, d—y:—tsint+cost
dt dt dt dt

dy ~dy —tsint+cost t 1
=% 2 L= T Ctant—Z
dy _ dt __sect _sect . ... dx  —2cost 2 2
dx OdXx secttant tant At point P, where t =T,
dt X=3,y=—n and d—y=—£
_ dx 2
| x=2t-sin2t, y=1-cos2t Equation of tangent is
dx dy . 1
—=2-2c0s2t, —=2sin2t —(—m)=—=(x-3
gt gt y—(-m) 2( )
dy 1.3
dy gt _ 2sin2t _ sin2t y=—oX+oom
dx dXx 2-2cos2t 1-cos2t
dt b x=9-t* y=t>+6t
2sintcost dx d
=P _cott X o Y _
1-(1-2sin’t) i A
Jdy  2t+6  t+3
m x=¢e'-5, y=Int Tdx 2t ot
dx_et dy 1 At point P, where t = 2,
dt ' dt ot x=5,y=16 and dy__5
dy dx 2
dy gt 1 Equation of tangent is
dx  dx  tef __5
= y—-16=——=(x-5)
dt 2
2y—32=25-5x
n x=Int, y=t*-64 2y +5x =57
dx 1 dy
dt t'dt 3 a x=¢', y=e'+e"
dy
dy _dt _ 2t _,p %=e‘,ﬂ=e‘—e’t
dx dx 1 dt dt
dt  t oo
dy _e —te =1-¢*
0 x=e*+1 y=2¢"-1 dx e
%=2e2‘, ﬂ=2et At point P, where t = 0,
dt dt dy
dy 3 =11=0
dy _dt 2 _1_ ..
dx dx - 2e* ¢ Gradient of curve is 0
dt .. normal is parallel to the y-axis.

When t=0, x=1and y =2

Equation of the normal is x = 1.
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3 b x=1-cos2t, y=sin2t

% =2sin2t, d_y =2C0s 2t
dt dt

. dy _2cos2t _

L= =cot 2t
dx 2sin2t

At point P, where t = %
d_y_ 1 1

dx tanz 3

. gradient of the normal is —+/3

Whent:ﬁ, X=1—COS£=1
6 3 2
andy=sin£=£
3 2

Equation of the normal is

sl

y—ﬁz— 3x+£
2 2
y+3x=13

t
4 X=—, =
1-t Y

Using the quotient rule,

dx (@-tx1-t(-1) 1
d (1-t)?  (@Q-t)?

dy  (@-p2t-t*(-1) _2t-t
dt @-t)?  (@-t)?

Jdy 2t-t* 1
Tdx (1-t)? (1-t)?
=2t-t* =t(2-1t)

%=Owhent=00r2

X
When t=0, x=0and y=0
When t=2, x=-2and y=—4

. (0,0) and (—2, —4) are the points of
zero gradient on the curve.

5 a x=e", y=e'-1

%=2e2‘,ﬂ:et
dt dt
Cdy e 1
Tdx 2% 26!
Whent=1In2,

x=4, y=1and dy_1
dx 4

Equation of tangent is
1
—1==(x—-4
y-1=7(x-4)

1

==X
y4

b At stationary points j_y =0
X

1
3= 0= e_t =0
2e
This has no solutions, so the curve has no
stationary points.
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Iy is parallel to y=x+5
so gradient of Iy is 1

2
d—y=1:> 22t =1
dx t°+4

= t’=4

sot =2 (because t >0)
Whent=2, x=-3andy=4
Equation of |1 is
y—4=1x(x+3)
y=x+7

a x=2sin’t, y=2cott

dy

% =4sintcost, — =—2cosec’t

dy  2cosec’t 1 3
L= 2~ “sectcosec’t
dx 4sintcost 2

Equation of tangent is

_Zf‘_i( 2)
\/_y—6:—8x+4
8x++/3y—10=0

x 2B TR 3

SolutionBank

8 a x=4sint, y=2cosec?2t

x:2\/§ = 4sint:2\/§

sintzﬁ .'.t=£,2—n

2 3 3
t:£:>y=2cosec2—n:i:£,
3 3 3 3

which is the y-coordinate of point A.

Sot =% at point A.

b %:4cost, d—)t/=—4cose02tcot2t
. dy _ —4cosec2tcot2t
" dx 4cost
_ _cot2tcosec2t
cost
2n 2n
r o dy cot?cosec?
Whent==, —=-—
3 X CcoS—
(_1}(2
V3) B _
= 1 =
2

.. gradient of normal is —%

Equation of normal, 1, is

y—i——ﬁ( ~2\3)

12y—16\/_ :—9(x—2\/_ 3)
9x+12y—344/3=0

9 a x=t’+t, y=t>*-10t+5
%=2t+1,d—y=2t—10
dt dt

_dy 2t-10
Tdx 2t+1

When gradient is 2,

2t-10
2t+1
2t-10=4t+2=>t=-6

AtP, x=(-6)>-6=30

and y =(-6)* —10(-6) +5=101
Coordinates of P are (30, 101).
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9 b Equation of tangent at P is

c

10a

y—101=2(x—30)
y=2x+41

Substituting for y and x in the tangent
equation:

t* —10t +5=2(t> +t) + 41
t?+12t+36=0

Discriminant =12 —4x36=0
Therefore the curve and the line only

intersect once, so the tangent at P does not
intersect the curve again.

X =2sint, y—\/§c052t

(;—)t(—ZCOSt Y o 2sin2t

. d_y_—2«fsm2t_— 2 x2sintcost

" dx 2cost cost
=—2\/§sint

When t =

dx 2
Equation of normal at A is
2
W -
JBy+\3=x-+3
x—Jéy—Zﬁ:O

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

¢ Substituting for y and x in the normal

11a

equation:

2sint —/6 x+/2cos2t —24/3=0

sint—+/3cos2t—+/3=0

sint—/3(1—2sin?t)—+/3=0

23sin’t+sint—243 =0

(2sint—/3)(x/3sint+2) =0
3 . 2

sint=— or sint=———
2

3
(2nd option not possible since [sint| <1)
SInt—ﬁ = t—E or E
2 3 3
Whent:E:
3
o &
X = 2sin <X = 3, 2cos—=__,
3 y=+2 i

which is the same as point A, so | does not
intersect C other than at point A.

X=cost, y= %sin 2t

%:—sint, ﬂ=cosZt
dt dt
. dy  cos2t
“dx sint
Whent=— x=—3, yzﬁ
6 2 4
1
and dy =—2=-1
dx 3
Equation of tangent at A is
B
4 2
i.e y=—x+¥
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11c | andl, both have gradient -1

.. values of t at points where the tangents
cut the curve will be solutions to

3 cqs 2t _ 4
sint
1-2sin’t =sint

2sint+sint—1=0
(2sint-1)(sint+1)=0

sintzE or -1
2

n S5m 3n
t==,— or =

6 6 2
So lines |, and I, touch the curve when
t=5—7t andt:3—7E

6
t=5—n = x=—§,y=—g

Equation of |1 is

o)

Equation of I, is
y—0=—(x-0)
i.e.y=—x
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Differentiation 9H

1 u=y" d y*+3x’y—4x=0
d_u_nyn—l
dy 3y? gy (3x23y+yx6xj 4=0
d(y") _du_du dy_ oady Y
dx dx dy odx dx (3y2+3x2)d—y=4—6xy
X
dy  4-6xy
dixy) _, d@y)  d(x)  _ d(y) v BT
= 1 2, 2
dx de+dxy der><y dx 3(x"+y")
:xd—y+y e 3y*-2y+2xy=x°
x dy . d d
3a x+y’=2 6y—y—2—y+(2x—y+yx2j=
dx  dx dx
Differentiate with respect to x: (6y—-2+ 2X)(;_y 3 -2y
X
2x+3y23y 0 Cdy  3x*-2y
dx 2x+6y-2
, dy
3y° —=-2X
dx 2y
f x=
Jdy o 2x X —y
dx  3y? X2 —xy =2y
3
b x2+5y2 =14 X —xy-2y=0
dy Differentiate with respect to x:
2X+10yd—=
32— (dy yJ 2 _,
dX 10y 5y 3X2 _y:(x+2)_
c x°+6x—-8y+5y°=13 Cdy 3x°-y
2x+6—8%+10yd—y=0 Cdx o x+2
X dx

2X+6= (8—10y)d—y
dx

cdy  2x+6 _ x+3
“dx 8-10y 4-5y
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39 (Xx=y)'=x+y+5

Differentiate with respect to x

(using the chain rule on the first term):

«xw( 3} + 3

A(x—y)’-1= (1+ A(x— y)S)%

Cdy 4(x-y)’-l
Cdx 1+4(x—y)?

ey = xe’
e dy+ye = xe’ dy+ey><1
dx dx
exd—y—xeyd—y:ey—yeX
dx dx

X

(ex—xey)d—y=ey—ye
dx

Cdy el -ye

Tdx et —xe!

Xy +x+y?=0
(xy)%+x+y2:0

1, i dy dy
= (xy) 77| x== 1+2y-2=0
2(><y) (xdx+y]+ t2y

Multiply both sides by 2./xy

dy dy
X— 24Xy + 4y Xy —= =
( dx+yj+ y +4y ydx

(x+4y\/ﬁ)ﬂ=—2\/@—y

Cdy_—2y-y
dx x+4y\/_

SolutionBank

4 x> +3xy*-y* =9

Differentiate with respect to x:

2x+(3x><2yd—y+ y? xBJ 3y = dy =0
dx dx

Substitute x=2and y =1 to give

4+(12ﬂ+3j—3d—y:0
dx

dx
oW _ 7
dx
dy_ 7
dx 9

.. gradient of the tangent at (2, 1) is —g

Equation of the tangent is

(V-9 =2 (x-2)

yo Ty B3
9 9

or 7x+9y-23=0

(x+y)P=x*+y

Differentiate with respect to x:

3(x+Yy)? (1+ﬂj = 2x+ﬂ
dx dx

Substitute x =1 and y = 0 to give

3(1+d—yj=2+d—y

dx dx
Wy W -
dx dx 2

.. gradient of the normal at (1, 0) is 2.
Equation of the normal is
y—0=2(x-1)

ory=2x-2
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6 Xx*+4y*—-6x-16y+21=0 8 I=y-2xy
‘ d d
Differentiate with respect to x: Fn3="Y 2[X—y + YJ
dx dx
dy dy N dy
2X+8y—2-6-16—2=0 3In3+2y=(1-2x)—
r dx dx
dy dy dy _3'In3+2y
5 dx 10 dx =0-x dx 1-2x
8y 16 dy 6 o Substitute x =2 and y = —3 to give
Oyt g mom dy_SIN3-6_, g
dy 6-2x dx 1-4
dx 8y-16 1
For zero gradient: 9 In(y?*)==xIn(x-1)
6-2x 12
8y—16_ 2Iny=ExIn(x—1)
6-2x=0
x=3 Eﬂ:l (Xxijﬂn(x—l)
] ) ) ydx 2 -1
Substitute x =3 into the equation of the q
curve to give —yzl(iﬂn(x—l)j
dx 4\x-1
9+4y*-18-16y+21=0 X
) B When x =4,
4y"-16y+12=0 the equation of the curve gives
y?—4y+3=0 In(y?)=2In3=In9= y>*=9
(y-D(y-3)=0 . y=3 (because y > 0)
=lor3
y Hence ﬂ=§(ﬂ+ln3j=1+gln3
dx 4\3 4

.". the coordinates of the points of zero
gradient are (3, 1) and (3, 3).

7 2Xx°+3y° —x+6xy+5=0

4x+6yd—y—1+ 6(xd—y+ yjzo
dx dx

dy
6y +6X)——=1-6y—-4x
(6y+6x) =1-6y
dy 1-6y-4x
dx  6(x+Yy)

Whenx=1andy=-2,

dy 1-6(-2)-4_ 3

dx 6(1-2) 2

Equation of tangent at (1, —2) is
3

y=(-2)=-2(x-1)

2y +4=-3x+3
3X+2y+1=0
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SolutionBank

10a sinx+cosy=0.5

COS X —Sin y%zo
X

. dy _cosx
T dx siny

: . dy

b At stationary points i 0
X

Cf)ﬂ=0 when cosx=0
siny
x=ig (in the interval —m < x < m)

When x=%, 1+cosy=0.5

cosy=—-05= y=iz—:;t

When x = —g, -1+cosy=0.5

cosy =1.5 = no solutions

Therefore the stationary points are
T 27 T 2n
—,—land | =,——|.
35)=(5-3)

11a ye¥-3x=y’

y(-3e ) +e dy_ 3= ZyQ
dx dx

(e -2y) dy =3(ye ¥ +1)
dx

dy _3(ye™+1)
dx e>-2y

b Substitute x =0and y = 0 to give
dy _ 3(0xe’ +1) _3
dx e°—2x0
Equation of tangent at (0, 0) is
y—0=3(x-0)
y =3X

Challenge

a B6Xx+y’+2xy=x’

6+2yﬂ+2(xd—y+ y):ZX
dx dx

(2y+2x)ﬂ=2x—2y—6
dx

. dy _2x-2y-6 _x-y-3
Tdx o 2y+2x Y+ X

Q:O only when x—y-3=0
dx

or y=x-3
Substitute y =x—3 into the
equation of the curve to give
6X+(x—3)° +2x(x—=3) =x*
2x* —6x+9=0
The discriminant of this quadratic is
(-6)* —4x2x9=-36<0
so there are no real solutions.
Hence there are no points on C

such that d_y =0.
dx

dx _ y+X
dy x-y-3

%=0 when y+x=0
dy

or y=-xX
Substitute y =—x into the

equation of the curve to give

6X + (—X)? + 2X(—X) = X

2x* —6x=0

X(x-3)=0

x=0 or x=3

Soy=0ory=-3

Therefore the coordinates of the points on C

such that j_x =0 are (0, 0) and (3, —3).
y

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 2 SolutionBank

Differentiation 9l

1 a fx)=x-3x"+x-2 ii f(x) is concave when f"(x)< 0
f'(x)=3x> —6x+1 —sinx<L0for<0x<n
£7(x) = 6x—6 So f(x) is concave on the interval
[0, m].

i f(x) is convex when f"(x) > 0

6x—6=0forx>1
So f(x) is convex forallx > 1

d f(x)=—x"+3x-7
f'(x)=-2x+3
or on the interval [1, o). f"(x)=-2

ii f(x) is concave when f"(x)< 0 i f(x) is convex when f"(x) > 0

6x—6<0forx< 1 So f(x) is not convex anywhere.
So f(x) is concave forall x < 1

or on the interval (—oo, 1]. ii f(x) is concave when f"(x)< 0

So f(x) is concave forall xe R

b f(x)=x*-3x"+2x-1 or on the interval (—o0,0).
f'(x)=4x’ —9x* +2 () e
£7(x) = 12x* —18x = 6x(2x —3) ¢ X)=e =X
f'(x)=e"-2x
i f(x) is convex when f"(x) > 0 f'(x)=¢"-2
3
6x(2x=3) > 0 forx<Oorx > = i f(x) is convex when £"(x)3 0
. 3 e—2>0forx>In2
So f(x) is convex forx < 0 orx > > So f(x) is convex on [In2, ),
3

or on (—0,0]u {E,OO) ii f(x) is concave when f"(x)< 0

e—2<0forx<In2

ii f(x) is concave when "(x)< 0 So f(x) is concave on (—oo, In2].

6x(2x—3)<0f0r0<x<% f  f)=lnx, x>0
N

So f(x) is concave forall 0 < x < % Fe) = X
" _ _L

or on the interval [0, %} 0= x

) i f(x) is convex when f"(x) >0
c f(x)=sinx

f'(x) =cosx But —Lz<0 forallx >0
x

f"(x) =—sinx So f(x) is not convex anywhere.

i f(x) is convex when f"(x) >0
—sinx>0fort<x<2n 1
So f(x) is convex on the interval —— <0 forallx>0

x
[r, 27]. So f(x) is concave on (0, ).

ii f(x) is concave when f"(x)< 0
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2 a Let y=f(x). Then x=siny.

dx dy 1 1
—=Ccosy=>—= =
dy dx cosy \/l—sinzy
1
so f'(x) =
1-x°

f(x)=arcsin x

f'(x) = =(1-x)"
1—x?
£(x) = (—bc)[—lj (B ——
2 (1-x%)
On the interval (—1, 0), x <0
s "(x)<0

So f(x) is concave on the interval (—1, 0).

On the interval (0, 1), x>0
S f"(x) =0
So f(x) is convex on the interval (0, 1).

f(x) changes from concave to convex at
x=0

Whenx=0,y=0.

.. point of inflection is (0, 0).

SolutionBank

3 a f(x)=cos’x—2sinx

f'(x) =—2cosxsinx—2cos x

£"(x) = —2(cos” x —sin® x) +2sin x
= —2(1-2sin* x) +2sin x
=-—2+4sin’ x+2sinx
=2(2sin* x+sinx—1)

At points of inflection f"(x)=0

2sin’ x +sinx—1=0

(2sinx—1)(sinx+1)=0

) 1
sinx=— or —1
2

TS5 3n

_’_ Or _—

6 6 2

Check the sign of f"(x) on either side of
each point:

£10)=2(0+0-1)<0

f"(EJ =22+1-1)>0
2

T . . . .
=>x= i is an inflection point
f'(mr)=2(0+0-1)<0

Sm . . . .
=>x= o is an inflection point
f'2n)=2(0+0-1)<0

31 . ) ) .
=x= > is not an inflection point

-g=re(-F] {3

So the points of inflection are

n 1 57 1
—,——|and | —,——|.
I
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Pure Mathematics Year 2

X =2x"+x-1

x=2
=—(x2+l+ ! J
x=2
f'(x)= -2x
=Gy

f'(x)=- 2 T—2=-2 ! -+1
(x=2) (x=2)
At points of inflection f"(x)=0

1
(x-2)°
(x-2) =-1
x=2=-1 .. x=1

+1=0

Check the sign of f"(x) on either side of
x=1:
£"(0.5)=-1.407...<0

£"(1.5)=14>0

. x=11s a point of inflection

Whenx=1,y=—(1+1-1)=-1
So the point of inflection is (1, —1).

SolutionBank

x* 2 2
+

-4 x—2 x+2
22

(x=2)* (x+2)°

4 4

= +

(x-2) (x+2)

=4 1 3t 1 3
(x=2)" (x+2)

At points of inflection f"(x)=0
1 " 1 o

(x=2) (x+2)

(x=2) =—(x+2)’

x—=2=—(x+2)

Sox=0

£7(x)

Check the sign of f"(x) on either side of
x=0:
104

f"(-)=—>0
(=D 7
104
f"(1)=———<0
(1) >

. x =0 1is a point of inflection

Whenx=0,y=0
So the point of inflection is (0, 0).
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4 f(x)=2x"Inx 6 a y=xe
f'(x) =2x" (%)+4xlnx =2x(1+2Inx) % =xe"+e" =e"(x+1)
£"(x) = 2x GJ +2(1+2Inx)=6+4Inx At stationary points jx—y =0
At a point of inflection f"(x)=0 e'(x+1)=0 when x=~1 and y=—¢"'
6+4lnx=0 = lnx= _% —~yx=¢? .". stationary point at (—1, —éj
So there is one point of inflection, where d’y

x=¢’ @Zex+ex(x+l):e"(x+2)
dzy -1
S a y=e"(x2—2x+2) When x =—1, gze >0
dy . . ;
a:e (2x_2)+e (x2 _2x+2)=e x2 Therefore (_1’_lj is aminimum.
(§

At stationary points % =0

. . . d’y
e'x> =0 when x=0 and y=2 b At points of inflection P 0
.'.2stationary point at (0, 2) e (x+2)=0
jx—); =2xe" +e'x’ =e'x(x+2) = x=-2, y=-2¢? = _%
e

d’ 2
When x =0, ﬁ:o When x < -2, ‘;x—f<0
so x =0 is neither a maximum 2y

.. ) When x >-2, —->0
nor a minimum point dx

d’y so x =—2 1s a point of inflection
When x >0, —->0 ) . . . .

dx .. non-stationary point of inflection at

2 2
When —2<x<0, d—)2)<0 (_2’_?J
dx
.. (0, 2) is a stationary point of inflection.
c
d? y Ha
b At points of inflection —5-=0 y = xef
dx
e’ x(2+x)=0
x=0 or -2 x
From part a it is known that x= 0 is -2 -2) 1. -1
a stationary point of inflection. e - ®
2
When x < -2, d—); >0 7 i f'(x) is the gradient, so it is
dx , negative for 4
When -2 <x<0, 32 <o zero for B
dx positive for C

so x =—2 is a point of inflection zero for D
x=-2= y=10e"

s (=2,10e7) is a non-stationary

point of inflection.
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7 ii f"(x) determines whether the curve
is convex, is concave or has a point
of inflection. Hence f"(x) is
positive for 4
positive for B
negative for C

zero for D
8 f(x)=tanx
f'(x) =sec’ x
f"(x) =2sec’ xtanx =2 sm3x
cos’ x

At points of inflection f"(x)=0

sin x
cos’ x

which has only one solution, x = 0, in

2

=0 only when sinx =0,

the interval —= < x <~
2 2
When x =0, f(x)=0
When x <0, f"(x)<0
When x>0, f"(x)>0

.". there is one point of inflection at (0, 0).

9 a y=x3x-1)
dy 4 5
—=15xBx-1)"+(3x-1
™ x(3x—=1)"+@Bx-1)
d’y

=30(3x—1)* +180x(3x 1)’
=30(3x—1)’(9x—1)

2
dy0

b At points of inflection —5-=

30(3x—1)’(9x—1)=0

11
X=—or —
39
] 1 (1 Y 32
X=—=y=—X|=—1| =——=—
9 9 (3 2187
x—l:> —lx(l—l)S—O
3773

Points of inflection are

o) (5]
9 2187 3

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

o= 15(3x = 1)* +15(3x = 1)* +180x(3x —1)°

2

10a jxy =12(x—-5)> > 0 for all x, so even

> =
2 2

d’y _ . d7y
=0 at x =5, the sign of o

though

does not change on either side of x =5 and
hence it is not a point of inflection.

b d—y=4(x—5)3 =0 when
dx

x=5and y=0
Stationary point is at (5, 0).

When x <5, d_y<0
dx

When x > 5, d_y>0
dx

. (5, 0) is a minimum point.

11 yzéx2 Inx-2x+5

d—y=lx2 1 +2xlnx—2=£+2xlnx—2
dx 3 \x) 3 3 3

2
d—f=l+g(l+lnx)=l+glnx
dx> 3 3 3

2
C is convex when d—;: >0
dx

1+§lnx> 0

Inx > -

N | W
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Challenge

1 A general cubic can be written as
f(x)=ax’ +bx’ +cx+d
f'(x) =3ax’ + 2bx+c
f"(x) = 6ax+2b

f"(x) =0 when x = _b
3a

Let & > 0; then

f”(—i-l-&‘j =6a(—i+5j+2b
3a 3a

=-2b+6as+2b=6as>0

f"(—i—ej = 6a(—i—8)+2b

3a 3a
=-2b—6as+2b=-6as <0

The sign of f"(x) changes either side of

X= —3i , so this is the single point of
a

inflection.

2 a y=ax'+br’ +cex’ +dx+e

d_y =4ax® +3bx* +2cx+d
dx

2

(cllx_J; =12ax” +6bx +2c¢

2
9V 0o 12ax* +6bx 12 =0
dx

As this is a quadratic equation, there
are at most two values of x for which

So there are at most two points of
inflection.

b If the discriminant of a quadratic is less
than zero, there are no real solutions.

Discriminant = (6b)° —4x12ax 2c
=36b" —96ac
—12(3b* —8ac)

If 3> < 8ac then discriminant < 0 and
2

v _o.

2:

so there are no solutions to

Therefore if 3b* < 8ac, then C has no
points of inflection.
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Differentiation 9J

dA 1
—==qr
dr 2
dA dA dr

_X_

dt  dr dt
1
=—_qmrx6=3nur
2

Whenr =2,

d—A=3nx2=6n
dt

X

2 y=xe
dy =xe* +e* =(x+1)e"
X
dy _dy dx
dt dx dt
=(x+1)e* x5=5(x+1)e"
When x = 2,

@ 5(2+1)e* =15¢°
dt

3 r=1+3coséd
ﬂ:—3sin9
de
dr_dr do
dt do  dt
=-3s5in@x3=-9sin@

When Q:E,
6

dr =-9sinZ= 2
dt 6

4V =1nr3
3

av
a_
dr_dr av
d dv dt

1 8

=—X8=—
r? nr?

Whenr =3,
dr 8 8

E:nx32 _%

dv  ar?

5 Let P be the size of the population and let t

be time. Then the rate of growth of the
population is dp
dt
dP
oC

dt
. dP . ..
ie. T kP where k is a positive constant.

P

The gradient of the curve is g_y

X
dy .
™ oc Xy (product of x- and y-coordinates)
X

i.e. dy = kxy,

dx
where Kk is the constant of proportion.

When x =4, y:2andﬂ=1.
dx 2
Lo dy .
Substituting into ™ =kxy gives
X

=kx4x2

1
16
Cdy _xy
Tdx 16

~ DN

The rate of increase of the volume of

liquid in the container is il_\t/

d—V = rate in —rate out
dt

=30 —EV
15

Multiply both sides by —15 to give

159V oy _as0
dt
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8 The rate of change of the charge is Z—?

e

dtQ

. dQ
i.e. i kQ

where k is a positive constant.

(The negative sign is required as the body is
losing charge.)

9 The rate of increase of x is d—)t(

% oc % (inverse proportion)
dx k

e —=—
dt  x?

where Kk is the constant of proportion.

10a Let r be the radius of the circle and let t be

time. Then % =04cms™.

C=2nr
d—C=ZTE

dr

dc _dc dr
dt dr dt

=2nx04=08tcms™
This means that the circumference is

increasing at a constant rate of 0.8w cm
per second.

b Let A be the radius of the circle; then
A=nr?
— =27r
dr
dA_dA dr
dt dr dt
=2nrx0.4=0.8nr
When r =10,

((jj_? =0.8tx10=8n cm?s™

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

SolutionBank

c d—A =0.8ar
dt

When d—A =20,
dt

0.8nr =20
20 25

08t &

11a Let | be the side length of the cube and let
V' be its volume.

Then V =I° and (jj_\t/ =-4.5
Vg7 g0 AL iz
dl dv 3l
d_d dv
dt dv = dt
1 3
= — —4.5 =
3'2 ><( ) 2|2
When V =100, | =3/100
a3 _0070ems? (25f)
dt 2(\3/100)
o d_ 3
dt 2l
2mmis0.2cm
When a =-0.2,
dt
3
———=-0.2
212
21> =15
=475

2V =1 =({75) =205 cm® (35)
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12 The rate of change of the volume of fluid

in the tank is d—V
dt

—
dt

where K is a positive constant.

(The negative sign is present because fluid is
flowing out of the tank, so the volume left in

the tank is decreasing.)

Let A be the constant cross-section;
then V = Ah (where h is the depth)

v

SL—=A
dh
Use the chain rule to find %:
dv _dv dn
d dh dt
_dh _dv dVv
Tdt dt dh
KW —KJAh
A A
=(ijf=—kdﬁ
JA

K . .
where k =— is a positive constant.

JA

SolutionBank

13a Let | be the length of one side of the cube.

Surface area of cube A=6I°.

Sol= fé
6

A ENONY

2

Volume ofcubeV=I3=( Ej =(Ej

1 1
d_V_EXE(éjz_i(éjz
da 6 2\6) 46

Rate of expansion of surface area is C(;—';“

Given d—A =2
dt

Need (jj—\: so use the chain rule:

v _dv dA
dt dA dt

1 1
1/ A\ 1/ A2

== —| x2==| —

4\ 6 2\ 6
From A=6l% and V =13,

A=6(N) =ov?
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Let V be the volume of salt in the funnel

attime t.
V = 1 zrh
3

tan30°=% = r=htan30°=L

3
2
mV =1n£h—jh =17th3

3 13 9
d—\/:lnh2 and hence ﬁ:i2
dh 3 dv =h
Given that d_V =-6
dt
dh_dh ov_3 o 18
dt dv dt =h nth

So the rate of change of the height, h, is
inversely proportional to h? and is given by
18

the differential equation dh__ >
dt 7h
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Differentiation, Mixed Exercise 9

— 2—
1 a y=Inx"=2Ilnx b y:%—%sinxcosx

(using properties of logs)

.'.d—y=2xl=% d—y:sinzx
X x dx
d’y g _sin?
Alternative method: PR SN X COS x = SIn ~x
_ dy _ f'(x) 2
When y =Inf(x), - (x) At points of inflection jx_}; =0
(by the chain rule) ie. sin2x=0
dy 2x 2 2x=m,2n or 3n
.'.y=1nx2:>—=—2=— . -
de X x X=—,T Oor —
b y=x"sin3
y'x sin3x Whenx=£,y:£
Using the product rule, 2 4
2 2
d—y=)c2(3c0s3x)+(sin3x)><2x Atx:ﬁ’d—);>0’ atx:3_n’d_)2/<0
3 4

=3x% cos3x+2xsin3x

So )2} changes sign either side of x = kid
dx 2

2 a 2y=x-—sinxcosx

- y=%_ Linxcosx When x =7, v = &
CYE5TS enx—n,y_2
Using the product rule, 2 2
s P Atx=3—n,d—J;<0; atx=5—n,d—J;>0
dy 1 4 dx 4 dx

1, . )
h'd :_—5(smx(—smx)+cosxcosx)

dx 2 ’y . .
1 So —=- changes sign either side of x =7

= —+—sin’ x——cos’ x dx
2 2 2

3 3
=%(l—cos2x)+%sin2x Whenx:?n,y:%E

2 2
:%sin2x+%sin2x Atx:%t,jx_);>(); atx=7_n’d_)2/<0
=sin’ x 2

So jx—); changes sign either side of x :%

Hence the points of inflection are

T 7 T 3t 3=
—— |, |t,—|and | —,—
33 (=3 (33)
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Using the quotient rule:

Y

dx

b

xcosx—sinxx1
- 2

X

_ Xcosx—sinx

2
X

y=In 21 =Inl-In(x*+9)
X +9
=—In(x*+9)
(by the laws of logarithms)

Using the chain rule:

d_y:_ 21 sz:_zz—x
dx x +9 x +9

X
£(x) =
) x*+2
f,(x)_(x2+2)><1—x><2x_ 2-x°

(x> +2)° (x> +2)°

The function is increasing when f'(x) > 0
) 2-x
1.€. ( 2+2)2 >0

<2

-2<x<\2

Hence f(x) is increasing on the interval
[k, k] where k = V2.

b

a

—2x(x* +2)* —4x(x* +2)(2-x%)
(x* +2)*
2x(x” +2)(~(" +2)-2(2-x"))
(x> +2)*
B 2x(x* +2)(x* = 6)
(x> +2)*

£7(x) =

f"(x) changes sign when the numerator
2x(x* +2)(x* —6) is zero
ie.at x=0andx=+/6

+
where y =0 andy=£
6+2

Points of inflection are

(0, 0) and (J_r 6, i%}

f(x):121nx+x%, x>0

f(x) is an increasing function when
f'(x)=>0

Asx >0, 2+%\/; is always positive.
X

.. f(x) is increasing for all x > 0.

£(x) __24_2,(‘% - _£+i
x4 x 4\/;

At a point of inflection f"(x)=0
12 3

—?+m:0
123

¥ adx

¥ =16x

ol

x> =16
x=13/256
f(%/zss) =121n(256)" +256°

=4In256+16

=4In2*+16=32In2+16
Coordinates of the point of inflection are

(¥256,321n2-+16)
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6 y=cos’x+sinx

d )
—y=—2cosxsmx+cosx
dx

=cosx(l—2sinx)
At stationary points % =0
cosx(1-2sinx)=0

) 1
cosx =0 or smx:E

Solutions in the interval (0, 27wt] are

T T 5m; 3n
x=—,—,— and —

6 2 6

T 3 1 5
X=—=y=—F—==

6 4 2 4
X E:> =1

> Yy

5n 31 5
X=—=Dy=—+—=—

6 4 2 4
x—3—n: =-1

5 Yy

So the stationary points are
EOVIE 4] (2% 2) and [ 2E 1
6 4 2 6 4 2

y = x/sinx = x(sin x)%

dy 1 . _1 . 1
— =xx—(sinx) 2cosx+(sinx)? x1
© 2( ) (sinx)

1 . -1 .
:E(smx) *(xcosx+2sinx)

At the maximum point % =0

%(sin x) (xcosx+2sinx)=0

.o xcosx+2sinx=0
1

v/sin x

Dividing through by cos x gives

(as (sin x)_% = #0)

x+2tanx=0

So the x-coordinate of the maximum point
satisfies 2tanx+x=0.

a

a

SolutionBank

f(x) — eO.Sx _x2

f'(x) =0.5¢" - 2x

£(6) =—1.957...<0
£(7)=2.557..> 0

As the sign changes between x = 6 and
x=7and f'(x) is continuous, f'(x)=0
has a root p between 6 and 7.

Therefore y = f(x) has a stationary point at
x=pwhere 6 <p<7.

f(x)=e"" sin2x

f'(x) = e’ (2c0s 2x) +sin 2x(2e*")

=2e”*(cos 2x +sin 2x)
At turning points f'(x) =0

2e¢*(cos2x +sin2x) =0
cos2x+sin2x =0

sin2x =—cos2x

Divide both sides by cos2x:

tan2x = -1

2x:3—no 7—n
4 4
3t Tn

SX= 2 or ry (in the interval 0 < x < m)

Whenx—3—7t y—ie%n
N
Tn 1 -
Whenx=—,y=——=¢"*
N

So the coordinates of the turning points

are 3—nie% and 7—n —Le%n
82 8 2 )
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9 b f'(x)=2e""(cos2x+sin2x)

f"(x) = 2e”*(—=2sin 2x + 2 cos 2x)
+4e™ (cos 2x +sin 2x)
= e’ (—4sin2x+4cos2x
+4cos2x+4sin2x)

=8e* cos2x
3
c f" 3—n =8e* cos3—7t
8 4

3n 3n
=8e* (—%J = —4x/§e7 <0

[3 1 34} :
So| —,—=¢ 1S a maximum.
8’2

2

s hid
=8e* (\/EJ:4\/§€:4 >0

| —Le%n is a minimum

AR .

d At points of inflection f"(x)=0
8e’ cos2x =0

cos2x=0

3n 3n

Whenx=3—n,y=e7sin—=—e2
4 2

Points of inflection are

T 3 3n 37"
—,e?|land | —,—e? |.
4 4

SolutionBank

10 y=2e"+3x"+2
d—y:2e)‘+6)c
dx
When x =0, y=4 and d—y:2
dx
Equation of normal at (0, 4) is
1
—4=——(x-0
y 5 (=0

2y-8=—x
or x+2y—-8=0

11 a f(x):3lnx+l
X

, 3 1
f(.X)Z———2
x X
. . dy
At a stationary point — =0
dx
1
2 -0
x X
3x-1=0
1
X=—
3

So the x-coordinate of the stationary
: 1
oint P1s —
P 3
b Atthe point O, x=1soy=1f(l)=1

The gradient of the curve at point Q is
f')=3-1=2

So the gradient of the normal to the curve

o1
atQis ——
0 2

Equation of the normal at Q is

1
—l=——(x-1
y 2( )

ie ——lx+é
& y=-oX+o
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12a

13 a

Let f(x)=e"" cosx

Then f'(x) = e**(—sin x) + cos x(2¢>*)
=e”*(2cos x —sin x)

Turning points occur when f'(x) =0

e”(2cosx—sinx) =0

sinx =2cosx

Dividing both sides by cosx gives
tanx =2

When x=0,y=f(0)=e’cos0=1

The gradient of the curve at (0, 1) is
f'(0)=e’(2-0)=2

This is also the gradient of the tangent
at (0, 1).

So the equation of the tangent at (0, 1) is

y—1=2(x-0)
y=2x+1

x=y"Iny
Using the product rule:
gzyz(l]+lnyx2y:y+2ylny
dy y
1 1
d« dxr  y+2ylny

dy

Wheny =e,
dy _ 1 1

dx e+2elne=£

SolutionBank

14a f(x)=(x-2x)e™"

15a

16a

f'(x) = (x’ —2x)(-e ™)+ (3x* —2)e*
=e (—x +3x7 +2x-2)

When x =0, f'(x)=-2
Gradient of normal is 1
.. equation of normal to the curve at the
origin is
1
a

This line will intersect the curve again
when

lx =(x’=2x)e”"

2
1=2(x* =2)e™*
e"=2x" -4
2x* =e" +4

f(x) =x(I1+x)Inx=(x+x")Inx
f’(x)=(x+x2)><l+lnx><(1+2x)
X

=1+x+(1+2x)Inx

At minimum point 4, f'(x) =0
I+x+(1+2x)Inx=0
(1+2x)Inx=-(1+x)

I+x

1+2x
So x-coordinate of 4 is the solution to

I+x

the equation x =e '*2*

Inx=-

x=4t-3, y:%:St"2
§:4, d—y:—l6z“3
dt dt
dy
dy_ a4 167 4
de dx 4 £
de
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16 b When ¢ =2, the curve has gradient
dy -4 1

& 2 2
.. the normal has gradient 2.

Also, whent=2,x=5and y =2,
so the point 4 has coordinates (5, 2).

.. the equation of the normal at 4 is

y—2=2(x-5)
le. y=2x-8

17 x=2t, y=¢"

& ¥y

dt dr

o

Y
dx

At the point P where ¢ = 3, the gradient of

the curve is d_y =3
dx

.. gradient of the normal is —%

Also, when ¢ = 3, the coordinates are (6, 9).

.. the equation of the normal at P is

1
—9=——(x—6
y 3( )

ie. 3y+x=33

SolutionBank

18 x=¢, y=¢
%:3#, by
dr dr

dy

dy_ar _2_2

dc  dx 37 3
dr

At the point (1, 1) the value of 7 is 1.

.. the gradient of the curve is %, which is

also the gradient of the tangent.
.. the equation of the tangent is

2
—1=Z(x-1
y 3( )

ie —2x+—
e.y=Jx+s

19 a x=2cost+sin2¢, y=cost—2sin2t

=-2sint+2cos 2t

dr
d—J;z—sint—4cos21

dy
dy q¢  —sint—4cos2t
dx

b e =
dx dx —2sint+2cos2¢
dt
—1L_0
Whent:E, d_y: f :l
4 dx -5+0 2
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SolutionBank

19 ¢ The gradient of the normal at the point

20 a

P where ¢ =% s —2.

The coordinates of P are found by

o T . .
substituting ¢ = 1 into the parametric

equations:

2
x=—+

ly—L—2
2T 2

.. the equation of the normal at P is

)

P S NI

NG

. 52
1Le.y+2x=——

2
x=2t+3, y=t—4¢

At point 4, where ¢ =—1,
x=1andy=3.

.. the coordinates of 4 are (1, 3).

&) Y324
dr dt

Cdy 3’4
Codx 2

At the point 4, & = 1
dx 2

.. gradient of the tangent at 4 is —%

Equation of the tangent at 4 is
-3=- 1 (x=1

g 2

2y—6=—x+1
1e. 2y+x=7

b The tangent line / meets the curve C at
points 4 and B.

Substitute x =2¢+3 and y =¢> — 4¢ into
the equation of /:

20 —46)+(2t+3)=7
28 —6t=4
£ =3t-2=0

Atpoint 4, t=—-1,s0 ¢t=—1is aroot of
this equation, and hence (¢ + 1) is a factor
of the left-hand side expression.

£=3t-2=0+)(t*—t-2)
=(@+DE+1)(t—-2)
=2(t+1)*(t-2)

So line / meets the curve C at t =—1
(repeated root because the line is tangent
to the curve there) and at # = 2.

Therefore, at point B, ¢ = 2.

21 The rate of change of V' is (L—V
t

d—V 4
dr

i.e. d—V =—kV
de

where k is a positive constant.
(The negative sign is needed as the value
of the car is decreasing.)

22 The rate of change of mass is 11%
t

where k is a positive constant.
(The negative sign represents /oss of mass.)
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23 The rate of change of pondweed is iiﬁ
t

The growth rate is proportional to P:

growth rate oc P

i.e. growth rate = kP
where £ is a positive constant.

But pondweed is also being removed at a
constant rate Q.

= growth rate — removal rate

dr
dpP
iy 5
dt o

24 The rate of increase of the radius is %
t

dr 1 .
R —, as the rate is inversely
de r

proportional to the radius.

Hence ﬂ = E

de r
where k is the constant of proportion.

25 The rate of change of temperature is a9

do
s.— o (0-6
& ©-6,)

. do

ie. 4 k(6-6,),

where £ is a positive constant.

(The negative sign indicates that the
temperature is decreasing, i.e. loss
of temperature.)

SolutionBank

26a x=4cos2t, y=3sint

The point 4 [2, %) is on the curve, so
. 3
4cos2t=2 and 3sint =3

cos2t:l and sint:l
2 2

The only value of ¢ in the interval

—g <t< g that satisfies both equations

is g Therefore ¢ =g at the point 4.

dx = —8sin 2¢, Y

— =3cost
dr dr

.dy _ 3cost
T dx  -8sin2¢
3cost

" 16sintcos?
(using a double angle formula)

B 3
16sint

3
=——cosect
16

¢ At point 4, where t =

2

& e
Il
|
|

T
6
.. gradient of the normal at 4 is g
Equation of the normal is
3 8
——=—(x-2
y=5=3(x=2)

Multiply through by 6 and rearrange

to give:
6y—9=16x-32
6y—16x+23=0
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26d To find where the normal cuts the curve,

3 1
.2 _ 2 _ =
substitute x =4cos2¢t and y =3sin¢ into asin-f= 4 and acost 54

the equation of the normal: 3 1
sint=+—— and cost=—
6(3sin?)—16(4cos2t)+23=0 2 2

18sint—64cos2t+23=0
18sint—64(1—2sin’ £)+23=0
(using a double angle formula) 0<1< g that satisfies both equations

128sin’¢+18sint—41=0

The only value of ¢ in the interval

is g Therefore ¢ =§ at the point P.

. 1. . .
But sin# =— is one solution of this

. 2 _ . . Gradient of the curve at point P is
equation, as point 4 lies on the line and on 1

——sec—=-1.
the curve. So 2 3

128sin’ 7 +18sint —41
=(2sint—1)(64sinz+41)

.. equation of the tangent at P is

3
- (2sint—1)(64sint +41)=0 y‘E““l("‘Z“j
1
——a=—x4+—
Therefore, at point B, sint = —% Y 2 a==r 4 4
.". the y-coordinate of point B is Multiply equation by 4 and rearrange
( 41) 123 to give
3| —— |=——
64 64 4y +4x=>5a
27 a x=asin’t, y=acost ¢ Equation of the tangent at C is
4y+4x=>5a
— =2asintcost, — =—asint AtA, x= =
dt di ¥=0=y
Sa
~dy  -—asint -1 1 AtB,y:O:x:T
”a=2asintcost=2cost=_EseCt 2
Area of AOB :l S_a zgaz,
2 32
25

which is of the form ka® with k = >

b AsP (%a, %aj lies on the curve,
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SolutionBank

28 x=(t+1)°, y:%t3+3

9:2(”1), Y_3p
dt dt 2

3
Cdy 2 3¢

Tde 20+1) 4+

When ¢ =2, d_y:3><4:1
dx 4x3

.. gradient of the normal at the point P,
where t =2, 1s —1.

The coordinates of P are (9, 7).

.. equation of the normal is

y=T=-1(x-9)
y=T=-x+9
iLe.y+x=16

29 5x° +5y> —6xy =13

Differentiate with respect to x:

dy dy
10x+10y——-6| x—+y |=0
v (dx yj

dy
10y —6x)—=6y—10x
(10y=6x)——=6y
. dy _6y-10x
T dx 10y —6x
At the point (1, 2)

dy 12-10

1
dx 20-6 14 7

So the gradient of the curve at (1, 2) is %

30 ™ +e” =xy

Differentiate with respect to x:

262x+262yd—y=xd—y+yxl
dv  dx

Differentiate with respect to x:

dy dy 2 j 2
3y = 4| 3xx2y—+1*x3 |-3x*=0
Y dx ( ydx Y

3y’ +6xy)%:3x2 —3y?

2

Cdy _3(x° -y X -y
Cdr 3y(y+2x)  y(y+2x)

Turning points occur when % =0
2 _yz _

y(y+2x)

x2 — y2

x=xy

Whenx=y, y°+3y° -y’ =3
503)°=3
y=1 and hence x =1

Whenx=-y, y’=3y"+)° =3
so -y’ =3

y= 3/3 and hence x = —%/—_3

.". the coordinates of the turning points are

(1, 1) and (=3/=3, I-3).
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32a (1+x)2+y)=x"+)’ ¢ A tangent that is parallel to the y-axis
has infinite gradient.

Differentiate with respect to x:
. dy 2x-y-2

Fo
(l+x)[d—yJ+(2+y)(l)=2x+2yd—y de ltx=2y
dx dx the denominator 1+x—-2y =0,

to be infinite,

lLe.x=2y-1

dy
(I+x-2y)—=2x—-y-2
dx Substitute x =2y —1 into the equation of

dy 2x—y—2 the curve:
o lhx-2y (1+2y=DC2+y)=2y=1’+’
2 2 2
b When the curve meets the y-axis, x = 0. 2y"+4y =4y’ —dy+l+y
Substi 0 into the equation of 3y 8y +1=0
ubstitute x = 0 1nto the equation o
the curve: y:8i\/64—12 _4x413
24y=9y" 6 3
ie.y’ —y-2=0 When y—4+;/§, x:5+23\/ﬁ
(y=2)(y+1)=0
y=2or y=-1 4-13  5-2J13
When y = 3 YT
At(0,2), 07272 4
dx 1+0-4 3

.". there are two points at which the
tangents are parallel to the y-axis.

(5+2\/§ 4+JBJ
re 3 , and

They a
Y 3

At & _0+1=2_ 1
dx 1+0+2 3

(5—2@ 4—@]'

3 3
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SolutionBank

33 7x* +48xy-7y*+75=0

Implicit differentiation with respect to x
gives

14x+48(xd—y+yj—l4yd—y =0
dx dx

dy
48x —14y)-—L = —14x—48
( y)dx y

. dy  —14x-48y  Tx+24y
dx 48x—14y  Ty-24x

When d—yzz,
dx 11

Tx+24y 2
Ty—24x 11

14y —48x =T7Tx+264y
125x+250y =0

“x+2y=0

So the coordinates of the points at which the

gradient is 1—21 satisfy x+2y =0,

which means that the points lie on the line
x+2y=0.

34 y=x"
Take natural logs of both sides:

Iny=Inx"

In y=xInx (using properties of logarithms)

Differentiate with respect to x:

ld—y:xlerlnxxl

y dx X
=1+Inx

dy
SLo—=y(+Inx

= W )
But y=x"

dy
So—=x"(+1n
dx *( *)

35a a"=e"
Take natural 1ogs of both sides:

Inag* =Ine”
xlna=kx

As this is true for all values of x, k =Ina.
b Takinga=2,

y=2"=¢" where k =In2
Y = ke =(n2)e"** =2"1n2
dx

¢ At the point (2, 4), x = 2.

.. gradient of the curve at (2, 4) is
dy 2 4
—=2"In2=4In2=In2" =1Inl6
dx

36 a P=P,(1.09)
Take natural logs of both sides:

In P =1In(B(1.09) )

=In P, +1In(1.09)
=InF +¢Inl1.09

S tIn1.09=InP-InF,

P
tzlnP—lnPO or ln(,,o)
In1.09 In1.09

b When =T, P=2F,.

Substituting these into the expression in
part a gives

_ In2
In1.09

=8.04 (3 5.f)
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SolutionBank

36¢

37a

38a

ar =PF,(1.09)' (In1.09)
dr
When ¢t =T, P=2P, so (1.09)" =2

Hence % = P,(1.09)" (In 1.09)

=P, x2x1n1.09
=0.172P, (3 s.f))

y =In(sin x)
d_y: COS X X — =cotx
dx sin x

dy

At a stationary point — =0
Iy p ar

T
cotx=0 = x=—
(in the interval 0 < x < m)

Whenx=£,y=ln sin~ |=In1=0
2 2

.. stationary point is at (%, Oj.

2
ij; = —cosec’x
cosec’x=———>0 forallO<x<m
sin® x
2
jx); <0 forall0<x<m

Hence the curve C is concave for all
values of x in its domain.

m= 40 670.244t
After 9 months, = 0.75, so
m= 40 e—0.244><0.75 — 40 e—0.183 — 33 31

d_m — _0.244 X 40 670A244t — —9.76 670‘24“

dt

The negative sign indicates that the mass
is decreasing.

39a f(x)=

cos2x

X

—2e"sin2x—¢* cos2x
e2x

£/(x) =

2sin2x +cos2x

X

e
At A and B, f'(x)=0
2sin2x+cos2x =0

2tan2x+1=0

tan2x =—0.5

2x =2.678 or 5.820

x=1.339 0r2.910

(in the interval 0 < x < m)
x=1.339 = y=1(x)=-0.2344
x=2910 = y=1(x)=0.04874
Therefore, to 3 significant figures:
coordinates of 4 are (1.34, —0.234);
coordinates of B are (2.91, 0.0487).

The curve of y=2+4f(x—4) isa
transformation of f(x), obtained via a

translation of 4 units to the right, a stretch
by a factor of 4 in the y-direction, and then
a translation of 2 units upwards.

Turning points are:
minimum (1.34+4, -0.234x4+2) and

maximum (2.91+4,0.0487 x4 +2),
i.e. minimum (5.34,1.06)

and maximum (6.91, 2.19).

fﬂ(x)

e’ (4cos2x—2sin2x)—e"(2sin 2x + cos 2x)

2x
€

_4sin2x-3cos2x

X

e
f(x) is concave when f"(x) < 0
f"(x) =0 when

4sin2x—-3cos2x=0
tan2x:é
4

2x =0.644 or 3.785

x=0.322 or 1.893

The curve has a minimum point and hence
1s convex between these values, so it is
concave for

0<x<0.322and 1.892 < x < 7.
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Challenge
a y=2sin2t, x= 5005(t+%)

d—y=40052t, E=—SSin (+X
dr dr 12

Cdy 4 cos 2t
5sin(t+nj
12
p I

— =0 when 4cos2¢t=0
dx

n 3n Sm n
2t=—, —, — Or

22272 0 2
3 5w T

4
X

T
=—,—, —or
4° 4 4
(in the interval 0 < x < 2m)

b i 5
t=—=x=5cos| — |=—
4 (3} 2

and y = ZSing =2, i.e. point (g, 2)

53

. 3n . .
and y =2sin— =-2, i.e. point | ——, 2
4 2 P ( 2

St 47 5
t=—=x=5cos| — |=——
4 3 2

and y = 2sin577t =2, i.e. point (—%, 2)

Tn 1iz) 53
t=—=x=5c0s| — |=——
4 6 2

53

and y = 2sin77n =-2, 1.e. point (T’ -2

¢ The curve cuts the x-axis when y =0,

i.e. when 2sin2t=0
2t=0,m, 2w, 37, 41
t=0,£,n,3—n,2n

2 2

t=0=x= 5COS% ~4.83, i.e. (4.83,0)

with gradient Y = 4 =-3.09
. W
Ssin—
12

t=T o x=5cos M =—129, ie. (—1.29,0)
2 12

with gradient Y = 4 =0.828

55in7—7t
12
13n .
t=m=>x=5 cosE =-4.83, i.e. (—4.83,0)
with gradient Y_ _—413 =3.09
A sgin-F
12
t =3—n:> xX= 500s19—n= 1.29, i.e. (1.29,0)
2 12
with gradient Y = 4 =-0.828
. 191
S5sin——
12

The curve cuts the y-axis when x = 0.

i.e. when 5 cos(t + 1) =0
12

T 7w 3n
t+—=—,—
12 2 2
127 12
S5nt . 5= )
t=—=y=2sin—-=1, 1.e. (0,1
o= p (0,1
—4coss—n
with gradient — = 6 —0.693
5sin—
17w 17w
t=—— =2sin—=1, 1.e. (0,1
TR P 0,1)
d —4cos17—n
with gradient Y 6 0693
5sin 2*
2

So the curve cuts the y-axis twice at (0, 1)
with gradients 0.693 and —0.693.
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SSin(t—i-nj
dr 12

d ==
dy 4 cos 2t
%:Owhen sin(t+1j:0
dy 12
t+£=n,2n

12
,_ln 23n
12712
t:&:y:2sinlﬂ:—l
12 6
and x = 5cos ﬁ_,_l =-5
12 12
t=23—n:>y=2sin23—n=—l
12 6
and x = 5cos 23—7[+1 =5
12 12

So points where curve is vertical are
(—5,—1)and (5, —1).

YA
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Numerical methods 10A

1 a

f(x)=x*—x+5
f(-2)=-8+2+5=-1<0
f(-1)=-1+1+5=5>0

There is a change of sign between —2 and

—1 so there is at least one root in the
interval —2 <x <-—1.

f(x) = x> —/x —10
f(3)=9-3-10=-2.732...<0
f(4)=16—-4-10=4>0

There is a change of sign between 3 and

4 so there is at least one root in the
interval 3 < x < 4.

f(x):xs—l—z
X

f(~0.5) = (-0.5)° +2-2=-0.125<0

f(-0.2) =(-0.2)°+5-2=2.992>0
There is a change of sign between —0.5
and —0.2 so there is at least one root in the
interval —0.5 <x <-0.2.

f(x)=e*—Inx-5
f(1.65) =e"® —In1.65—-5=-0.293...< 0

f(1.75) =" —In1.75—-5=0.194...> 0

There is a change of sign between 1.65
and 1.75 so there is at least one root in the
interval 1.65 < x < 1.75.

f(x)=3+x*-x°
£(1.8)=3+1.8°~1.8° = 0.408 > 0

f(1.9)=3+1.9°~1.9°=-0.249 < 0

There is a change of sign so there is a root,
a, in the interval [1.8, 1.9].

Choose interval [1.8635, 1.8645] to test
for root.

f(1.8635) =3+1.8635° —1.8635°

=0.00138...>0

f (1.8645) = 3+1.8645° —1.8645°
=-0.00531...<0

There is a change of sign between 1.8635

and 1.8645, so 1.8635 < a < 1.8645,
which gives o = 1.864 correct to 3 d.p.
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3 a

h(x) = 3x —cosx—1
h(1.4) =31.4 —cos1.4-1=-0.0512...< 0

h(1.5) =3/1.5-c0s1.5-1=0.0739...> 0

There is a change of sign so there is a root,
a, in the interval [1.4, 1.5].

Choose interval [1.4405, 1.4415] to test
for root.

h(1.4405) = 3/1.4405 — cos1.4405 —1
=-0.00055...<0

h(1.4415) = ¥/1.4415 —cos1.4415-1

=0.00069...>0
There is a change of sign between 1.4405
and 1.4415, so 1.4405 < a < 1.4415,
which gives a = 1.441 correct to 3 d.p.

f(x)=sinx—Inx
f(2.2)=sin2.2-In2.2=0.020...>0
f(2.3) =sin2.3-1n2.3=-0.087...< 0

There is a change of sign so there is a root,
a, in the interval [2.2, 2.3].

Choose interval [2.2185, 2.2195] to test
for root.
f(2.2185) =sin2.2185—1In2.2185

=0.00064...>0
f(2.2195) =sin2.2195-1n2.2195

=-0.00041...<0
There is a change of sign between 2.2185
and 2.2195, s0 2.2185 < a < 2.2195,
which gives a = 2.219 correct to 3 d.p.

f(x)=2+tanx
f(1.5)=2+tan1.5=16.1...>0
f(1.6)=2+tanl.6 =-32.2...<0

So there is a change of sign in the interval
[1.5,1.6].
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5 b A sketch shows there is a vertical ¢ 1(0.3)=(2.835-11.52+14.7-6)cos0.6
asymptote in the graph of y = f(x) at —~0.0123..>0
x == =1.57... So there is no root in the and...
-2 f(0.4)=-0.111...<0
interval [15, 16] 1:(05) =-0.202...<0
” £(0.6)=0

£(0.7)=0.271..>0

d From the changes in sign, there exists at
least one root in each of the intervals
0.2<x<0.3,03<x<0.4and

0.7 <x<0.8. There is also a root at 0.6.
Therefore there are at least four roots in

_— the interval [0.2, 0.8].

YA

\ .

y=e*
0 x

ST
=
oo
Q

b The curves meet where e = X2,

The curves meet at one point, so there is
6 A sketch shows a root at —0.5. g_rle:v)?ye of x that satisfies the equation
So e* = x? has one root.

c f(x)=e*—x?
£(0.70) = ™ —0.70? = 0.0065...

£(0.70) =e°"—0.712 =0.0124...

There is a change of sign between 0.70
Or f(x) =0 when £+ 2=0=x= _1 and 0.71 so there is at least one root in the
X interval 0.70 <x < 0.71.

which is in the interval [-1, 1].

9 a
7 a f(x)=(105x*—128%* + 49X — 6) COS 2X 4
£(0.2) = (0.84—5.12+9.8—6)0s0.4
=-0.442...<0 - >
£(0.8) = (53.76 —81.92 + 39.2 — 6) c0s1.6 ‘
=-0.147...<0 y= -4 Al s

b There is no sign change, so there are either

N0 roots or an even number of roots in the b The curves meet at two points, so there are

. two values of x that satisfy the equation
interval [0.2, 0.8].
[ ] Inx=e*—4.So Inx=¢e*— 4 has two
roots.
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9 ¢ f(X)=Inx-e*+4 c f(x):\/_—g
f(l.4)=1In1l.4—-e* +4=0.281... X
_ 2
f(1.5)=1n15-¢"* +4=-0.0762... f1)=vi-7=-1
There is a change of sign between 1.4 and 2
1.5 so there is at least one root in the f(2) = \/E—E =0.414...

interval 1.4 <x < 1.5. There is a change of sign, so there is a

10a h(x) =sin2x+e* root, r, between x =1 and x = 2.

h'(x) = 2cos 2x + 4e**
(%) d VX zg
h'(-0.9) = 2cos(—1.8) + 4e*° 19
p—
=-0.345..<0 =%
4 _ _ -3.2 1
h'(-0.8) = 2cos(-1.6) + 4e NI
=0.104...>0 .
The change in sign of h'(x) implies that w2 =9
the gradient changes from decreasing to ;
increasing, so there is a turning point in X2 =2
the interval —0.9 <x <—0.8. N2
5 _ 92
b Choose interval [-0.8225, —0.8235] to test (XZJ =2
for root. ,
h'(~0.8235) = 2cos(~1.647) + 4 3% X =4
0.00383... <0 Sop=3andq=4
=-U. <
h’(-0.8225) = 2cos(—1.645) + 4% 3
2
~0.000744... > 0 ¢ xt=2 o
There is a change of sign between — x=23| = (22)3 = 43
—0.8225 and —0.8235, so

—0.8225 < a <—0.8235, which gives
a =-0.823 correct to 3 d.p. 12a f(x)=x*-21x-18

a f(~0.9) = 0.6561+18.9~18 =1.5561> 0

Ya y = 2 f(—0.8) =0.4096 +16.8—18 =-0.7904 < 0
Y y-E The change of sign between —0.9 and —0.8
implies there is at least one root in the
5 interval [-0.9, —0.8].
0 x

b The curves meet at one point, so there is
one value of x that satisfies the equation

ﬁ:% So &:é has one root.
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12b f'(x)=4x*-21
f'(x)=0=4x>=21

X=3 2 =1.738...
\j 4

f(1.738) =1.738* —21x1.738-18

=-45.373...
Stationary point is (1.74, —45.37) to 2 d.p.

¢ f(x)=(x-3)(x*+ax®+bx+c)
f(x) =x* +(@a—3)x° + (b—3a)x> + (c —3b)x—3c
Comparing coefficients...

a=3b=9.c=6
d y.lh.
4 |
ﬂ.a\o -
(1.74, -45.37)
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Numerical methods 10B

1 ai x*-6x+2=0

6x=x>+2 Add 6x to each side.

X242

X =

Divide each side by 6.

i x>—6x+2=0

x?+2=6x Add 6x to each side.

x? =6x—2 Subtract 2 from each side.

X =/6x—2 Take the square root of
each side.

iii xX>-6x+2=0

x?+2=6x Add 6x to each side.

x> =6x—2 Subtract 2 from each side.

NG

2 - 6x_2 Divide each term by x.
X X X

X = 6—z Simplify.
X

4 +2
6

bi Xx=4=x-= 3

2
x, = 6+2 ~1.83333

2
_ 183333 +2 _ 0.89352

X

2
X, = —0'89322 2 _ 0.46640

2
_0.46640" +2 _ 0.36959

2
X; = %69” —0.35610

2
X, :%20” _0.35447

2
_ 0354477 +2 _ 0.35428

x=0.354to 3d.p.

2

il X, =4=>x =/6x—2 =4.69042
X, =\6x4.69042 -2 =5.11297

X,s =/6x5.64547 — 2 =5.6456
X =5.646to 3d.p.

i x0:4:x1:6—§=5.5

X, = 5.5—E =5.63636

X
X, = 5.63636—% =5.64516

X, =5.64516 _2 =5.64571

X
X =5.646t0 3d.p.

C X°—6x+2=0
X:6i\/§6—8:3iﬁ
a=3,b=7

ai f(x)=0

x?—5x—-3=0

x?=5x+3 Add 5x + 3 to each side.

x =/5x+3 Take the square root of
each side.

i £()=0
x?—5x—-3=0

5x =x*—3 Add 5x to each side.
x?-3

X= Divide each side by 5.

b i x,=5=x =6x5+3=+28=5.2915
X, =/6x5.2915+3 = 5.4275
X, = \/5x5.4275+3 =5.4900
X, =~/5x5.4900+3 = 5.5180

x=5.5 told.p.
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2 —
2 bii x0=5:>x1=5 3:4_4
2 —_
X, = 44" -3 =3.272
5
2
:M =1.5412
2 p—
X, = —1'54152 3 =-0.1249
— 2 p—
X = ng)?’ = _-0.5969
J— 2 p—
Xs = (£0.5969) -3 0'5929) 3 =-0.5287
x=-0.5 to1d.p.
3 a f(x)=0
x> —6x+1=0
x> =6x—-1 Add 6x — 1 to each side.
X=+/6x-1 Take the square root of
each side.
b U
0 5 *

¢ The curve crosses the line twice so there
are two roots.

d See diagram above.

s
€ _;1:2+1K
F——ﬁ y==

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

4 a f(x)=xe*—x+2

f(x)=0=e* = X=2
‘ X
e\ =—+o
X—2
x=1In L, X #2
X—2
-1
b x,=-1=x=In —3‘ =-1.0986
X, = In L0986 |_ 1 0369
—-1.0986 -2
in|—10309 | _ ) o746
-1.0369-2
To2d.p., x1=-1.10, X2 =—1.04,
X3 =-1.07.
5ai f(x)=0

X} +5x>—-2=0
x}+5x> =2  Add 2 to each side.

x}>=2-5x*>  Subtract 5x* from
each side.

x=32-5x*  Take the cube root of
each side.

i f(x)=0
x}+5x2-2=0

x*+5x*>=2  Add 2 to each side.

x}=2-5x?>  Subtract 5x% from

each side.
3 2
% _ %_SXLZ Divide each term by x2.
2 -
X _F_S Simplify.
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5 a iii f(x)=0 6 a x'-3x*’-6=0

x*+5x*-2=0 , _
3x*=x*—6 Add 3x’to each side.

x®+5x* =2 Add 2 to each side.
X x* 6 ..

5 5 3 — —— Divide each term by 3.
Bx=2—-x> Subtract x° from 3 3 3
each side.

X4
, x* =§—2 Simplify.
X2 = 2_5)( Divide each side by 5.

4
X = ‘3’)(— —2 Take the cube root of
2-x° 3
5

Take the square root each side.

of each side. 1
So ngandqz—z.
b x, =10:>x1=%—5=—4.98

_— E _5--4.9194 b X0=0:>X1=3l04—2=—l.25992
? 498 8

2 1
X, =2 _5-_49174 — 3| =x1.25092% —2 =1,
XIITE X, §/3><1 259924 —2 = —1.05073
2
X =gz 0~ 4973 X, = i/%x1.050734 _2=-1.16807

x=-4.917 to3dp. To3d.p., x1 =—1.260, x2 = —1.051,

x3=—1.168.
2-1°
C X =1=x= c =0.4472 ¢ f(-1.1315)
S 04T =(-1.1315)" —3x(-1.1315)’ -6
=T o 0.6182 =-0.0148...
— 3 f—
X, = 2-0.6182 — 0.5939 f(-1.1325)
\" s =(-1.1325)* —3x (-1.1325)* -6
— 3 —_—
- fz 0.55939 _ 0.5984 =-0.0024...
There is a change of sign in this interval
3
.= /—2_0'55984 =0.5976 soa=1.132to3d.p.
_ 3
- fﬂ ~0.5978

x=0.598 to 3 d.p.

’2—23 f6
d X,=2=x= c = T

This has no real number solutions so no
iteration is possible.
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7 a f(x)=3cos(x’)+x-2
f(x) =0=3cos(x*) =2—x

cos(x%) :%

) (Z—Xj
x? = arccos| —=
3

1

(“J |

X =| arccos| ——
( 3

1
( 2 1. 1094 jz
X2 = arccos

=1.1293

( 2 1. 1267 J
=| arccos

To 3d.p., x1 =1.109, xo = 1.127,
X3 =1.129.

¢ f(1.12975)
=3c0s(1.12975)% +1.12975— 2
=0.0004...

f(1.12985)

=3c0s(1.12985)* +1.12985 -2
=-0.0001...

There is a change of sign in this interval
so o =1.1298 to 4 d.p.

8 a f(x)=4cotx—8x+3
f(0.8)=4cot0.8—6.4+3=0.484...
f(0.9)=4cot 0.9-7.2+3=-1.025...

There is a change of sign in the interval
[0.8, 0.9], so there must be a root in this
interval, since f is continuous over the
interval.

b f(x)=0
4cotx—8x+3=0
COS X

8x=4cotx+3=4—+3
sin X

COS X §
2sinx 8

X =085 x =085 3 _ 614

2sin0.85 8

X_c0508142 3_ 0.8470
2 2sin0.8142 8

c0s0.8470 3

——+—=0.8169
25|n08470 8

(0.8305) =4c0t0.8305—-6.644 +3

=0.0105...
£(0.8315) = 40t 0.8315— 6.652 +3

=-0.0047...

There is a change of sign in this interval
so o =0.831to 3d.p.

g(x)=e""+2x-15
g(x)=0= e =15-2x

:In(15—2x),x<%

=In(15-2x)+1, x<%

X, =3= X =IN(15-2x3)+1=3.1972
X, =In(15-2x3.1972) +1=3.1524
X, = In (15— 2x3.1524) +1=23.1628

f(3.155) =e**** ' +2x3.155-15

=-0.062...
f(3.165) =e*'* "' +2x3.165-15

=0.044...

There is a change of sign in this interval
soo=3.161t02d.p.
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10a

f(x) =xe" —4x
AtAandB,f(x)=0
xe*—4x=0=x(e*-4)=0
x=0or In4

Coordinates of A and B are
(0,0) and (In 4, 0).

f'(x)=xe*+e*—4=e"(x+1) -4

£/(0.7) =€ (0.7 +1) — 4 = —0.5766...
/(0.8) =€°3(0.8+1) — 4 = 0.0059...

There is a change of sign in the interval,
which implies f'(x) = 0, i.e. a stationary
point, in this range.

f'(x)=0=¢e"(x+1)—-4=0
. 4
e =——

x+1

=)
X=In| —
X+1

4
=0 =In| — [=1.3863
0= x=n( 5%

+
x,=In[ —2 __|-05166
1.3863+1
x, = In[ —2_}—0.9699
0.5166+1
x,=In[ —2*__]_0.7083
0.9699+1

To 3d.p., x1 =1.386, x2 =0.517,
X3 =0.970, x4 = 0.708.
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Numerical methods 10C

1 a

fx)=x3—2x—1
f(1) = -2
f(2) =3

There is a change of sign, so there isa
root a in the interval [1, 2].

f)=x3—-2x—-1
fi(x)=3x2—2
Using xo = 1.5
(%)
f'(x,)

(~0.625)
4.75

X, =X,

X, =1.5-
X, =1.6316

X1 =1.632 correct to 3 d.p.
, 4
f(x)=x"——+6x-10
X

f'(x):2x+i2+6:2(x+£+3j
X

2

X
f
Xi = XO - r(XO)
(%)
Using x, =—0.4
0.4 — % 6x(=0.4)-10
2(—0.4+2+3j
-0.4
—04-22
30.2
=-0.4+0.07417...
=-0.3258...

x1 =—0.326 correct to 3 d.p.

2 gy L
f(X)=x2-e"+ \/; 2
A is a stationary point on the curve so
f'(g) =0. It is not possible to divide by
zero using the Newton—Raphson method,
so this value of xo cannot be used.
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b'ﬂ@=gﬁ+eﬂ4L

1

3

2x2
3 1
fl.2)=122-e*+—=—=-2
¢.2) J1.2
=-0.07389...
f'(1.2)=§\/1.2+e‘1'2— 1 .
2(1.2)2
=1.56399...
f(x
=10,
(%)
=1. +—O'07389"'=1.247 to 3 d.p.
1.56399...

f(x) =1—x—cos(x%)

f(1.4) =1-1.4—cos(1.4)* =-0.0205...
f(1.5)=1-1.5—cos(1L.5)* =0.128...
There is a change of sign in the interval

[1.4, 1.5] so there must be a root « in this
interval.

f'(x) = =1+ 2xsin (x%)

f/(1.4) = —1+ 2.8'5in 1.96 =1.5905...
f(x)

(%)

X =14+ 0.0205...

1.5905...

X =%~

=1.413 correct to 3 d.p.

f(1.4125) = -0.00076...< 0
f(1.4135) = 0.00081...> 0

There is a sign change in the interval
[1.4125, 1.4135] so x = 1.413 is correct
to 3 d.p.

f(x)=x? —32
X
£(1.3)=1.69— —— =—0.0851..
1.69
3

f(1.4) =1.96— —> =0.429...
1.96

There is a change of sign in the interval
[1.3, 1.4] so there must be a root « in this
interval.
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5D

c

f'(x) = 2x+£3
X

f'(1.3) = 2.6+i =5.33009...
1.3°
f)
X =X =
i)
X =13+ 0.0851... =1.316 to 3 d.p.
5.33009...

f(x) =x*sinx—2x+1

i (0.6)=0.36sin0.6-1.2+1

=0.0032...
£(0.7)=0.49sin0.7-1.4+1

=-0.0843...

i f(1.2) =1.44sin1.2—-2.4+1
=-0.0578...
f(1.3) =1.69sin1.3-2.6+1

=0.0284...

i £(2.4)=5.76sin2.4—4.8+1
=0.0906...
f(2.5) = 6.25sin2.5—-5+1

=-0.2595...
There is a change of sign in all the
intervals so there must be a root in each.

There is a stationary point at X = a, S0
f'(x) =0 here. You cannot divide by zero

in the Newton—Raphson formula so xo = a
cannot be used as a first approximation.

f(X) = x> cos X + 2xsin X —2
f'(2.4) =5.76c0s2.4+4.8sin2.4 -2

=-3.0051...
£(x)

=X, ———2- =
T (k)

X =24+ 2832613 =2.430to 3 d.p.

a

f(x)=In(3x—4)—x*+10
£(3.4) = In6.2-11.56 +10 = 0.2645...
f(3.5) =In6.5-12.25+10=-0.3781...

There is a change of sign in the interval
[3.4, 3.5] so there must be a root « in this
interval.

b f'(x ——2x
(x) = 2
, 3
c f'(34)= e 6.8=-6.3161...
LGN
X =X~
' (Xo)
X, :3.4+0 :2645... - =3.442t0 3 d.p.
6.3161...
Challenge
a From the graph, f(x) > 0 for all values of

“ 50 when x> 0.

ﬁ.
f'(x)=e* (1-2x)=0=>x= L

2

x > 0. Note also that xe™

So the same must be true for x >

Sof'(x)<0 forx>i

N7
fx)

=X is an mcreasmg sequence
n+1 n f (X)

1
as f(x)>0 andf'(x) <0 forx>—.
() (x) 7
Therefore the Newton—Raphson method
will fail to converge.
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Challenge

b f(-0.5)= % +(-0.5)e°% =—0.1894...
f'(-0.5) =e **(1-0.5) =0.3894...

f
X, = X, — ,(xo) N
(%))
x, =—0.5+ 0.1894.. _ 4 0136..
0.3894...

X, = 0.0136...+ 22864 _ 4 5001...
0.9994...

X, =—0.2001...— 0.0077... _ 4 90gs..
0.8838...

X, =—0.2088...— 0.0000... _ 4 50g9..
0.8737...

The root is —0.209 correct to 3 d.p.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 2 SolutionBank

Numerical methods 10D

ta W :E_O'l,fmi ¢ F(5.8)=—2 _05(n(58+1)+1)
When M =5 5" E—-0.1sinE 5.8+1

=0.0121...
f(x) =x—-0.1sinx—k ' 10
If E is a root of f(x) f'(5.9) = m—O.S(In(5.9+l)+1)
f(E)=E—0.1SinE—k:O —_-0.0164...
T
k=35 The sign of the gradient changes in the

interval [5.8, 5.9] so the x-coordinate of P
is in this interval.
b f(E)=E-0.1sinE——
( ) 6

f'(E) =1-0.1cos E d At the stationary point f'(t)=0.

20 lina+1)+1)=0
f(xo) t+1 2
X, =X — o~ 10 1
f'(X,) n=§(In(t+1)+1)
+
- —=t+1
0.6-0.1xsin0.6 - In(t+1)+1
=0.6-
Xl 1—0.1COSO.6 tzﬁ—l
_qp_ 0019937... 05782,
0.91746... 20 20
e t= -1= -1=6.1639
. T 1+In(t, +1) 1+In6
¢ f(0.5775)=0.5775-0.1xsin0.5775——= 20
6 t,=— 2 1-57361
=-0.00069... 1+In7.1639
f(0.5785) =0.5785—0.1xsin 057852 t,= 20 -1=5.8787
6 1+1In6.7361
=0.00022... To 3 d.p. the values are
There is a change of sign in this interval t1 = 6.164, t2 = 5.736 and t3 = 5.879.
so E =0.578 correct to 3 d.p.
3 a d(x)=e**(x*-3x)
2 a AtAandB,v=0. d(x)=0=x2—3x=0
v:0:>(10—1(t+1)Jln (t+1)=0 X(x—-3)=0=x=00r3
E The stream is 3 metres wide so the
In(t+1)=0=t=0 function is only valid for 0 < x < 3.
1
102 (t+1) =0=t=19 b d(x) =e‘°'6x(2x—3)—ge‘°'6x(x2 _3x)
SoAis (0,0)and B is (19, 0).
( ) ( ) — 2xe—0.6x _364).6X _E XZ e%).GX + g Xef0.6X
1 1 1 > °
b f,(t) = (lo—a(t +l)j><m-—§|n (t +1) — 06 [_E X2 +£X_Ej
5 5 5
P = —(In(t+1)+1) 0'() =~ Le 0% (3x ~19x +15)
t+1 2 5

Soa=3,b=-19,¢c=15.
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01 e
3ci -ce 06x(3x2 —19x +15) =0 bt = 18+805in(gj_1gcos(gj
! 10 10
—ge 20 t =7.928
s0 d'(x) =0=3x?—19x+15=0 t,=7.89%
3x? =19x-15 t, =7.882
‘o flgx_15 t,=7.876
’ t 9 t
c h’(t)=4cos(—J+—sin[—j—t
i 3x°-19x+15=0 10) 10 10
19x = 3x* +15 .
x—3x2+15 d h(8)=40sin0.8—9c0s0.8-32+9
19 =-0.5761
h'(8) =4 c0s0.8+0.9sin0.8—-8
i 3x? =19x 15 (8) =4c0s0.8+0.9sin
o _19x-15 =-4.5676
3x Second approximation:
d For x, =1 inequation fromc i =8- h(®) =8- 05761 _ 7.874t0 3 d.p.

Iterates to 5.409 after 21 iterations. ') —4.5676

For %, =1 in equation from c ii e Restrict the range of validityto 0 < t <A.
Iterates to 5.409 after 8 iterations. W\ x

5 a c(x)=5"" +4sin(—j+—
These are both outside the required range. 2) 2

For x, =1 in equation from c ii c'(x) = —5e* + ZCOS(EJJFE
Iterates to 0.924 after 6 iterations.
e d(0.924) = e °%%9(0.9242 —3x0.924) b Turning points are when c'(x) =0
=-1.1018... —5e~ +2cos(§j+% =0

The maximum depth of the river is
1.10 m, correct to 2 d.p.

i 2COS(£) =5e* —1
2 2

([t t
4 a h(t)=40sin| — |-9cos| — |-0.5t*+9
© (10) (10} cos(ij=§e*_l
h(t)=0= 2) 2 4
[t t X = 2arccos Ee‘x—1
40sin| — |-9cos| — |-0.5t* +9=0 - 2 4
10 10

0.5t? = 40sin t —9cos t +9
10 10

2 . t t

t°=18+80sin| — |-18cos| —
10 10

t= [18+80sin (Lj —18cos (Lj
10 10
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1 e The model does support the assumption
t3 that the crime rate was increasing. The
model shows that there is a minimum

4cos )+ 1 point 3/4 of the way through 2000 and a
5o X — maximum point mid-way through 2003.
2 So, the crime rate is increasing in the
. interval between October 2000 and June
10e™* =4cos —j+1 2003.

o ¥ = 2
10
x 10
4cos(xj+1
2
10
x=In| ———
X
4cos(j+1
2

C X = 2arccos(ge3 —%) =3.393

S 3303 E

X, = 2arccos Ee 2 =3.475
X, = 2arccos ge‘&‘m’—% =3.489
X, = 2arccos ge‘&“gg —% =3.491
d x=In 1—01 _0.796
4cos(j+1
2
10
X, =1In =0.758
4cos(0'796j+1
2
10
X; =In =0.752
4003(0'758j+1
2
10
X, =In =0.751
4003(0'7252j+1

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 2

SolutionBank

Numerical methods, Mixed exercise 10

1 a

f(x)=x"—6x-2
f(x)=0=x" =6x+2

2
¥ =6+=
x

J_r,/6+g
X

6,b=2

X

a

/ 2
Xor1 = 6+—
xn

X, =2 x = 6+% =7 =2.64575...

Xy = |64 ——2 =25991...
2.64575...
2
¥, = 6+ ———— = 2.60181...
2.59921...
2
X, =6+ ———— =2.60167...
2.60181...

To 4 d.p., the values are x1 = 2.6458,
x2=2.5992, x3 =2.6018, x4=2.6017.

£(2.6015)=2.6015"—6x2.6015-2

=-0.0025...
£(2.6025) = 2.6025° — 6% 2.6025 — 2

=0.0117...
There is a change of sign in this interval
so a = 2.602 correct to 3 d.p.

1
f(x)=——+3
() 4—x

1
f(3.9)=—+3=13
(39 0.1

f(4.1):—ﬁ+3:—7

There is an asymptote at x =4 which
causes the change of sign, not a root.

a

f(x)=0= ! +3=0
-X
1 3
x—4
1=3x-12 = x=—
So a:E.
3
y=e

\ %

There is one positive and one negative

root of the equation p(x) = q(x) at the
points of intersection.

PO =q(x) = 4—x*=¢"
ie. x’+ e —4=0

x’=4-¢"
1
x== 4—e)‘)2
1
— x’l 2
X, —i(4—e )

1

Xy =-2=x =—(4-¢7) =-1.96587..
x,=—(4- e-l-96587~-); = -1.96467...
X, =—(4- e‘l'%‘m"'); =—1.96463...

!
x, =—(4-e""" )2 = ~1.96463...

To 4 d.p., the values are x1 =—1.9659,
x2=-1.9647, x3 = —1.9646, x4 = —1.9646.

x,=14=4-¢€"<0
There can be no square root of a negative
number.
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4 a g(x)=x"-5x—6 d us yo 225
g()=1-5-6=-10 [
g(2)=32-10-6=16

y=x

There is a change of sign in the interval, 1

so there must be a root in the interval,

since f'is continuous over the interval. >
b g(x)=0=x"=5x+6 or 7 %

1
x=(5x+6)s g(x)=0=x>-3x-5=0
P=3549=6,r=>5 3x=x"-5
x =5
l X =
¢ x,.,=(5x,+6)s 3
1
X, =1=x=(5+6)5 =1.61539... 6 a f(x)=5x—4sinx—2
1 — — 1 —
¥, = (5%1.61539...+ 6)% =1.69707... fd-1)=501.h=4sin (1.1 -2
1 =-0.0648...
X, = (5X1.69707...+6)5 =1.70681... £(1.15)=5(1.15)— 4 sin (1.15) =2
=-0.0989...
To 4 d.p., the values are x1 = 1.6154,
x2=1.6971, x3 = 1.7068. f(1.1) <0 and f(1.15) > 0 so there is a
X change of sign, which implies there is a
d g(1.7075)=1.7075" -5x1.7075-6 root between x = 1.1 and x = 1.15.
=-0.0229... _
g(1.7085) =1.7085° —5x1.7085— 6 b Sx-4sinx-2=0
) =0'0146'“_ , _ 5x—2=4sinx Add 4 sin x to each side.
The sign change implies there is a root in
this interval so a = 1.708 correct to 3 d.p. 5v=4sinx+2 Add 2 to each side.
—_— 2 —_ — 1

Sa g=x 3); > 5x 4s1nx+g Divide each term by 5.
gx)=0=x"-3x-5=0 5 5
x> =3x+5 4 )
x=+/3x+5 X= gsinx +§ Simplify.

b, C Ua

4 2
Sop=—andg= =.
P 5 K 5

¢ x,=l1=
x,=0.8sin(1.1)+0.4=1.1129...
x, =0.8sin (1.1129...)+0.4=1.1176...
x;=0.8sin (1.1176...)+0.4=1.1192...
x, =0.8sin(1.1192...)+ 0.4 =1.1198...

To 3 d.p., the values are x1 = 1.113,
x2=1.118,x3=1.119, x4=1.120.
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= e Using x = with
y=x+3 g 24

a=1,b=3,c=-1

M CES (3)’ -4()(-D)

2(1)
34944 3413
2 2
So x:#:OBOﬂ...

_ _ The positive root is 0.303 to 3 d.p.
b The line meets the curve at two points,

so there are two values of x that satisfy 8 a g(x)=x'—7x’+2x+4
the equation l=x+3. g'(x)=3x>-14x+2
X
So 1 = x+3 has two roots. b Using xo = 6.6,
X
v g(x,)
1 1 =X T <
¢ —=x+3=>0=x+3—— g'(x,)
X X 66)
1 =6.6 _ &y
= 3—— : '
Let f(X) X+ . g (66)
3 2
(0.30) = (0.30)+3 L —0.0333... =6.6— 6.6 - 7(26'6 )+2(6:6)+4
0.30 3(6.6°)—14(6.6)+2
f031) = (03043~ 131 =0.0841... =6.606 correct to 3 d.p.
¢ g()=0= x—1is a factor of g(x)
(0.30) <0 and f(0.31) > 0 so there is a g(x) = (x—1)(x* — 6x —4)
change of sign, which implies there is a 5
root between x = 0.30 and x = 0.31. (xr=D(x"—6x-4)=0

Other two roots of g(x) are given by

6++/36+16 =6J_r\/5_2 343

1
x
1 2 2
x

1= % +3x d Percentage error:
So x*+3x—1=0 6.606—(3+/13)

x100=0.007%

3+413
9 a f(x)=2secx+2x-3

£(0.4) = 2sec0.4+0.8—3 =—0.0285...
£(0.5) =2sec0.5+1—3 =0.2789...

The sign change implies there is a root in
this interval.
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9 b f'(x)=2secxtanx+2

: 10a " - =0
Using xo = 0.4, 3-2x
¢ o, flw) 1 1
£'(x,) e = 15 Add 15 to
-2x -2x
=04 —% each side.
—0.0285... 0.8¢ 1
=04- 3-2x)e" =—x(3-2x
2sec0.4tan0.4+2 ( ) 3-2x ( )
=0.4097... ) .
Multiply each side
a=0.410 correct to 3 d.p. by (3 — 2x).
¢ f(~1.1895)= (3-2x)e"" =1 Simplify.
2sec(—1.1895)+2x(—1.1895) -3 .
=-0.0044... 3= 20)26 = Olgx Divide each side
e e
f(-1.1905) = by .
2sec(—1.1905) + 2 x (—1.1905) -3 3Dy 08 Simplify
=0.0069...

1
(remember —=¢").
There is a change of sign in this ©

interval, so there is a root f = 1.191 308 Loy Add 2x to each side.
correct to 3 d.p.

2x=3-—¢ "% Subtract e ** from
each side.

—0.8x
2x = 3¢ 5 Divide each term by 2.

x=15-0.5¢"* Simplify.

b x,=13

x, =1.5-0.5¢"" =1.32327...
x, =1.5-0.5¢"%7) =1.32653...
x, =1.5-0.5¢ %% =1.32698...

Sox; =1.327 correct to 3 d.p.
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e0.8x — 1 Add 1
3-2x 3-2x

to each side.

1
0.8x=1n ( j Take logs.
3-2x
0.8x=—-In(3—-2x) Simplify using

ln(lj =-Inc.
c

08x __In(3-2%) Divide each

0.8 0.8

side by 0.8.

x=-1.251n (3—2x) Simplify

(L= 1.25).
0.8

x, =—1.251n[3-2(-2.6)]

=-2.63016...

x, =-1.251n[3-2(-2.63016...)]
=-2.63933...

x,=-1.251n[3-2(-2.63933...)]
= -2.64210...

So x, =—2.64 (2d.p)

11la y=x"=>hy=xlnx
ld—y:x><l+lnx:1+lnx
y dx X

%=y(l+lnx)=x"(l+lnx)

b f(x)=x"-2
f(1.4)=1.4"*-2=-0.3983...
£f(1.6)=1.6"°-2=0.1212...

The sign change implies there is a root in

this interval.

c f'(x)zxx(1+lnx)

£(1.5)=1.5""-2=-0.16288...
£'(1.5)=1.5"(1+1n1.5) = 2.58200...
X, =X, — _f'(xo)
£'(x,)
B f(1.5)
f'(1.5)
0.16288...
5+

2.58200...
=1.56308...

To a second approximation, & =1.5631,
to 4 d.p.

£(1.55955) =1.55955" —2

=-0.00017...
£(1.55965) =1.55965'°"% -2

=0.00011...
There is a change of sign in this interval
so a=1.5596 to 4 d.p.

f(x)= cos(4x)—%x

f(1.3)=c0s5.2-0.65=-0.181...
f(1.4)=co0s5.6-0.7=0.0755...

The sign change implies there is a root in
this interval.

f'(x)=—4 sin(4x)—%
At B, f'(x)=0
sin4dx = 1 =

8

4x =-0.1253..., 3.2669..., 6.1579...,etc
From the graph 0 < x <1 so 4x=3.2669
So x=0.81673...

f(0.81673...) = c0s(3.2669...) - 0.40803...

=-1.4005...
B has coordinates (0.817, —1.401).
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12¢ x,,, = iarccos(%xnj
X, =04=x = larccos(O.Z) =0.34235...
4
X, = lar<:cos(0.171 17...)=0.34969...
4
X, = larccos(0.17484...) =0.34876...
4

x, = larccos(0.17438...) =0.34887...
4

To 4 d.p., the values are x1 = 0.3424,
x2=10.3497, x3 = 3488, x4 = 0.3489.

d f(1.7)=cos 6.8—0.85=0.01939...
£'(1.7) = —4sin 6.8 —% = —2.4765...

NS (€7

1 0 f’(xo)
(.7

')

,, 0-01939..

2.4765...
=1.7078...

To 3 d.p., the second approximation is
1.708.

12e f(1.7075) =cos6.83—-0.85375

=0.000435...
£(1.7085) = cos6.834 - 0.85425

=-0.00215...
There is a change of sign so there is a root
of 1.708 correct to 3 decimal places in this
interval.

Challenge

a f(x)=x"+x-7x"-x+3
f'(x) = 6x° +3x" —14x -1
f"(x)=30x" +6x—14

i f'(x)=0=6x=14-30x"
3x=7-15x"

_7-15x"

I

X

ii f'(x)=0=6x=14-30x"
15x* +3x=7
x(15x° +3)=7
7
X=——
15x° +3

iii f"(x)=0=6x=14-30x"
15x* =7-3x
o 7—-3x
15

As B is a point of inflection f"(x)=0.
Using x, =1 in part iii

X = 4\/% =0.7186...

x2=</7—3><0.7186... 07538
15

N :4\/7—3x0.7538...  0.7496...
15

x4:</7—3x0.7496... 07501
15

X, =</7_3X%7501“' ~0.7501...

Correct to 3 d.p., an approximation for the
x-coordinate of B is 0.750.

A has a negative x-coordinate. Formula iii
gives the positive fourth root, so cannot be
used to find a negative root.
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d As A4 is a point of inflection, f"(x)=0.
f"(0)=-14
(1) =30(-1*)+ 6(-=1)-14=10
There is a change of sign, so the

x-coordinate of the root A4 lies in the
interval [—1, 0].

f"(x)=120x" +6

Using the Newton—Raphson formula:

X=X~ fm(XO)

£"(x,)

Using x, =-0.9
0o f1=09)
LT m(-0.9)

09 30(=0.9)* +6(—0.9) - 14
‘ 120(=0.9)° + 6
o 19-683-54-14

—87.48+6
0.283

=-09-—-=-0.89652...
81.48

x, =—0.89652...—

£7(~0.89652...)
£"(~0.89652...)
= —0.89650...

The x-coordinate of 4 is —0.897 correct
to 3 d.p.
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Integration 11A

2 1 1 1
1l a 3sec’ x+ +— dx —+=+— |dx
I( j g J(x X x3j
:I(Bsec2 x+§+2x‘2jdx :j(1+x‘2 +x‘3}1x
X X
-1 -2
:3tanx+51n|x|—3+c :1n|x|+x_+x_+c
X 1
b X _4sinx+2x%)d =1n|X|———i+C
(5e sin X+ 2x7)dx X 22
4
:5ex+4C°SX+T+C h I(ex+sinx+cosx)dx
x* =e* —CcosXx+sinx+c

=5e*+4cosx+—+cC
2

[ I (2 cosec x cot x —sec? x)dx

c IZ(sinx—cosx+x)dx =—2C0SecX —tan x+¢
:I(Zsinx—2c03x+2x)dx
=-2C0SX—2sin X+ X" +C J -[[ +——cosec xjdx
5 =e"+1n|x|+cotx+c
d J(Bsecxtanx——}dx
X 11
=3secx—21n|x|+c 2 a I 0 x ¥ dx
_ 2 -2
e _[(Sex+4cosx—£2jdx _I(sec KX
X
) s =tanx—1+c
:J'(Se +4c0sx—2x)dx X
. . 2
=5e +4smx+;+c b .[( sin X 2exjdx
cos” X
¢ J'(i+2cosecz xjdx :J'(tan X Sec X + 2e*)dx
2X =secX+2e* +¢
11 2
2 X c I( T jdx
sin“x X

1
==1In|x|-2cotx+cC ) P
2 :I(cosec X+ COt XCOSeCX+ X~ + X )dx

1
=—Cot x—cosecX——+1n|Xx|+C
X

2 d I( ! jdx
sin®x X
2 1
:j(cosec x+;de

=—cotXx+1In|x|+c
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2 e J.sin X(1+sec” x)dx
= I(sin X +sin xsec? x)dx
= [ (sin x+tan xsec x)dx

=—COSX+SeCXx+cC

f _[cos X(L+ cosec’ x)dx
= [ (cos x+cos x cosec” x)dx
= j (cos x + cot x cosec x)dx
=Sin X —Ccosecx+cC

g I cosec® X(1+ tan® x)dx
= [ (cosec? x+cosec” xtan® x)dx
= j (cosec” x +sec” x)dx
=—cotx+tanx+c

h _[secz x(1—cot® x)dx
= [ (sec” x—sec? xcot” x)dx
= _[ (sec? x —cosec” x)dx
=tan X +Cot X+ ¢
Isec2 X(L+e* cos® x)dx
- J' (sec? x +e* cos? xsec? x)dx
= [ (sec? x+e*)dx

=tanx+e*+c

1+sinx )
J' >— +C0S” XSecX dx
COoS” X

= .[ (sec® x + tan xsec X + cos x)dx

=tan x+secxX+sinX+c

3 a JZ 2e*dx = [ZeX]: =2¢e’ - 2¢°

61+ X 6( 1 1
b L X3 dX:J.1 (?'ngdx

_[_L_E}G_(_L_EJ_(_Ll
2x* x|, 72 6 2

13,108 95
72 72 72
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C j,;: —5sin xdx = [5cos x|

2
T
=5c037z—50035 =-5-0=-5
0
d .[_z sec x(sec x + tan x)dx
4
- .[_OE (sec? x+sec x tan x)dx
4

=[tan x+secx]’ = = (0+1) —(_1+ ‘E)

—2-2

4 _[:a X1 i =Lza3—%dx =[3x— In |x|lja

X
=(6a—In2a)—(3a—Ina) (ais positive)
=3a—In2a+Ina
=3a—(In2+Ina)+Ina

=3a-In2
=3a+|n(1j=6+ln(ij

2 2
soa=2.

" eX e dx =[eX —e‘x]ma
In1

(Ina e Ina) (elnl —Inl)

e

In1

So a 1. 48
a
78’ -48a-7=0

(7a+)(a—-7)=0
a=7 since a>0.

Lb (3" +6e)dx = 3¢" —3e‘2X]Z

=3((e"-e™)-(e"-e™) =0
(eb _e72b) _(e2 _e4) — O
sob=2.

1.3 4

7 a f(x)==x2——=0
8 X

K3,

%x2—4=0 since Xx=0

5
X2 =

=32=>Xx=4
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4
; X2
c L f(x)dx = %—4In|x|
1
=(g—4ln4j—(i—4ln1)
20 20

=2—4In4
20
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Integration 11B

1 a Isin(2x +1)dx = —%cos(2x +1)+c 2 a _[(e“ - %sin(2x —1))dx

3 _Le +lcos(2x ~D+c
b j3e2"dx:§e2"+c 2 4

b I(ex+1)2dx
c J.4e”5dx=4e”5+c
= j (¥ +2¢" +1)dx
d jcos(1—2x)dx=—%sin(l—2x)+c =lez’“+2e"+x+c
2
OR Let y =sin(1-2x) c Isecz 2x(1+sin 2x)dx
_ 2 2 .
then % = cos(1-2x)x(-2) (by chain rule) B .[ (sec”2x+sec” 2xsin 2x)dx
= j-(sec2 2x+sec2xtan 2x)dx
1
1-2x)dx = ——sin(1-2x) +
ICOS( *) 2s1n( e =%tan2x+%sec2x+c
e Icosecz 3xdx=—%cot3x+c 3_2(:03(%)6)
d :
1 -[ sin® (4 x)
f 4xtan4x dx = —sec4dx +
jsec sy gooemTe :J 3cosec 1 x—2cosec —xcot - |dx
2 2 2
(1 3 1 1 1
g J‘3sm —x+1|dx=—6cos| —x+1 |+c =—6cot| —x |+4cosec| —x |+c
2 2 2 2
h jsecz(Z—x)dx=—tan(2—x)+c 2 e I(e”+sin(3—x)+cos(3—x))dx

_ _adx _ S _
OR Let y = tan(2—x) =—¢ " +cos(3-x)—sin(3-x)+c

Note: extra minus signs from —x terms and

then % =sec’(2—x)x(-1) (by chain rule) chain rule.
1 1
- [sec’ (2= x)dx = —tan(2 - x) + ¢ 3 a sz+1dx=§1n|2x+1|+c
. 1 1
i Jcoseczxcothdx:——cosec2x+c b I—zdx
2 (2x+1)
_ -2
j I(cos3x—sin3x)dx —J.(2x+1) dx
Qx+1)7" 1
:lsin3x+lcos3x+c T XJ+ce
3 3
:§(Sln3x+cos3x)+c 2(2x+1)
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¢ j(2x+1)2dx

3
_ Qe 1
3 2

da | > de=2Infdx—1[+c
4x-1 4

3
J.1—4xdx

3
:_I4x—1dx

=—§1n|4x—1|+c
4

OR Let y = In|l—4x]

then Y L x (—4) (by chain rule)
1-4x

dx

o S dr=—2nfl-4x+e
1-4x 4

Note: 1n|1—4x| = 1n|4x—1| because of

||sign.
3
[
(1-4x)
= j 3(1—4x)dx
-1
_ 3, -4
4~
3
=——+c
4(1-4x)
3x+2)°
342y de= B2
g [Bx+2) e

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

SolutionBank

(1-2xy° -2 -2
3
=———+c
4(1-2x)

A2
N RO

OR Let y=(1-2x)"

dy -3
then —=-2(1-2 x (=2
1 ( x) (-2)

(by chain rule)

j 3 dx:%(1—2x)‘2 +c

(1-2x)°
2x+1

= —%cos(2x+l)+gln 2x+1]+c

j (3 sin(2x+1) +

= —%cos(2x+1)+2 In|2x+1[+c

I(esx+(1—x)5)dx=IeS"dx+I(l—x)5dx

1 S5x 1 6
=—e" ——(-x)+c
s S

OR Let y=(1—x)°

then % =6(1-x)’x(=1) (by chain rule)

.'._"(l—yc)sd)c:—%(l—)c)6 +c

1 1 1
j ———+ + > |dx
sin"2x  1+2x (1+2x)

= J.(cosec2 2x+1 !

+2x

+(1+ 2x)‘2jdx

—Leotax+iin |1+ 2x]
2 2

-1
+(l+21x) n

+c

z—lcot2x+lln|l+2x|——+c
2 2 2(1+2x)



Pure Mathematics Year 2 SolutionBank

2 1 305 5 }
d J((3x+2) +(3x+2)2de d L7_2xdx:[—gln|7—2x|l
= [(Bx+2)’ +(3x+2)7)dx . .
_Gx+2)' Ga+2)" =(—51n1j—(—51n3j
9 3 5
_Gx+2)’ 1 =53

+cC
9 33x+2)

3z

6 Lb (2x—6)dx = Lb (4x* — 24x +36)dx

3 b
{4%—12;8 +36x} ~36

3z

5 a j,? cos(z —2x)dx = [—%sin(it - 2x)} 4

] z 3
(1. T 1 .« 43
B Y ) (T—lzbz+36bj—(36—108+108)=36
—l_,.l—l 4b3
2 2 7—12b2+36b—72:0
12 b —9b* +27h—-54=0
b f;—dx(3_2x)4 (b—6)(b* —3b+9) =0
) 1 b=6since b*-3b+9>0.
Consider y = 5
(3-2x) 8
d__ 6 7 ig:[llnx:l _1
dx (3-2x)* < kx |k 2 4
1 8 2 1
L2 2 8. 2_1
? 2 k=32-8=24
1.7 .
4 4 z . 7 5
. 1 s 8 Ifr"(l—ﬁsmloc)dx=[x+;cosloc}
c Ll,fsecz(fr—3x)dx:[—Etan(fr—h)J o W
9

i EER TS

(2 i 5

{‘%tan%j—(—%tan@ Cz(1 1Y (1. 1) z(71 2
{2 (o8 (k15D
=—£ lzi %[%—%}m—éﬁ)
9 3 9 %(7_162\/5}7:(7—6\/5)
s
12
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Challenge

11

— dx={lln|ax+b|+llnk}
a

S ax+b a s

where %mk is a constant

=%[lnk|ax+b|]?

=%(lnk|1 la-+b|~Ink|sa-+b)

=%(lnk|lla+b|—kln|5a+b|)

So Ink|lla+b|-Ink|5a+b| =1n(ﬂ)
lla+b

17
)
=In| —
Sa+b 17

11a+b_+ﬂ
S5a+b 17

In

Case 1:

lla+b 41
Sa+b 17
187a+17b=205a+41b
18a =-24b
3a=-4b
So a must be a multiple of 4 between 0 and
10.
a=4=>b=-13

a=8=b=-6

Case 2:

Na+b 41
Sa+b 17
187a+17b =—205a - 41b
3924 =-58b

b=———a

29
But this cannot be an integer, since a < 29, so
case 2 gives no possible solutions.

Therefore the only two possible solutions are
a=4,b=-3anda=8,b=-06.
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SolutionBank

Integration 11C

1 a jcotzxdx=j(coseczx—1)dx

=—cotx—x+c
1
b Pxdx=|=(+ 2x)dx
Icos X IZ( cos2x)

1 1 .
=—x+—sin2x+c
2 4

C jsin 2xcos2x dx = j%sin4x dx

1
=——cos4x+c
8

d [(1+sinx)’dx = [ (1+2sinx+sin’ x)dx

But cos2x=1-2sin’*x

sosin?x = l—lcos 2x
2 2

.'.j(l+sinx)2dx=.|. 3+2sinx—lcos2x dx
2 2

=3x—2005x—lsin2x+c
2 4

e jtanz 3xdx= I(secz 3x—1)dx
=ltan3x—x+c
3

f J.(cot x—cosecx)’ dx

= J.(cot2 x—2cotxcosec x+cosec” x)dx

= j(2 cosec” x —1—2cot x cosecx) dx

=-2cotx—x+2cosecx+c

g I(sinx+cosx)2dx
= I(sinz X+ 2sin x cos x +cos’ x)dx

= j (1+sin 2x)dx

1
=x——Co0s2x+c
2

2
h Isiancoszxdx=I(lsin2xj dx
2

=jlsin22xdx

4

=Il l—lcos4x dx
412 2

=I(l—lcos4dex
8 8

1 1 .
=—x——sin4x+c
32

. 1 1
i -

— — = —=4cosec’ 2x
sin” xcos” x (%sin2x)

1

.'.Iﬁdx:j4cosecz 2x dx
SIn” XCOS™ X

=—-2cot2x+c

J j(cos 2x—1)*dx
= J.(cosz 2x—2cos2x+1)dx

=I lcos4x+l—20052x+1 dx
2 2

1 3
=I —cosdx+——2cos2x |dx

2 2

=lsin4x+§x—sin2x+c
8 2

2 a j(l_smx)dx=I(seczx—tanxsecx)dx

cos’ x

=tanx—secx+c

b I(l + Cosxjdx = J'(cosecz X + cot xcosecx)dx

sin’ x
=—Ccotx—cosecx+c¢

2 —_
dx:J~200s X 1dx

cos’ x cos® x
= I(2 —sec® x)dx

. J'COS2x

=2x—tanx+c
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SolutionBank

ICOS Y dx = _[cot x dx 3

sin” x
= I (cosec” x —1)dx

=—cotx—x+c

2
d)C=J-1+2cosx+cos xdx

sin’ x

J- (1+cosx)’
sin’ x

= J.(cosecz x +2cot xcosecx + cot” x)dx

But cosec’ x =1+cot’ x
= cot® x=cosec’ x—1
s = I(2 cosec’ x —1+ 2 cot x cosecx)dx

=-2cotx—x—2cosecx+c

f I(cotx—tanx)zdx

= I(cotz x—2cot x tan x + tan” x)dx

=I(cosec2x—1—2+sec2x—l)dx b

= f(cosecz x—4+sec” x)dx

=—cotx—4x+tanx+c

g I(cosx—sin x)*dx
= I(cosz x —2cos xsin x +sin’ x)dx

= j (1—sin 2x)dx

1
=x+§cos2x+c

h J.(cosx —secx)’dx

= '[(cosz x—2cosxsecx+sec’ x)dx
1 1 ,
=I —cos2x+——2+sec” x |dx
2 2
=I(10052x—§+sec2xjdx
2 2

1 . 3
=—sin2x——x+tanx+c
4 2

i J- cos2x _[ cos 2x
1—cos? 2x sin? 2x
= J- cot 2xcosec 2x dx

1
=——cosec 2x+c
2

IZ sin” xdx = %jﬂz (1—cos 2x)dx
7

_2+7r

8
[P ——dv= [
5 sin” xcos” x 5 sin” 2x

= 'E 4cosec” 2xdx =[ -2 cot 2x]
6

M3

NEEIE

2 2

:$+$:

V1
= ,
jé‘ (sin x —cosec x)~dx
6
T
4 (32 2
= Ié‘ (sin” x —2+cosec” x)dx
6

2
= If (5(1—008 2x) -2+ cosec’ xjdx
6

= i—lsin2x—2x—cotx
2 4

¢
(z 1z |\ [z B 7z 5
8 4 2 2 8 3
_27\3-30-3x
24
_93-10-7
8

IZ (1+sin x)*
0 cos’x

_[ (1+2smx+sm x)
cos’ x

=I§(2se02x+2secxtanx—l)dx

:[Ztanx+2secx—x]0%

=(2+2f—%j—2=2f——

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2
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1 2
7 a cos'x= cos2x25[— cost+1)
(cos™x)" =| (¢ )

d I% sin 2x

3?”l—sinZZ)c 1 5
L. E—(cos 2x+2cos2x+1)

_[z 51n22x & ‘1‘ 1
5 cos” 2x EZ E(cos4x+1)+2cos2x+1j

= ésec2xtan2xdx 1 1 3
s =—cosd4x+—cos2x+—

. 8 2 8

1 2

=|:—SGCZX} 1 1 3
2 3?” b Jcos“xdxzj(§c0s4x+§cos2x+§jd;
1 2 2-1 1 . 1 . 3x

S S =—sin4x+—sin2x+—+c¢
2 2 2 32 4 8

5 a sin(3x+2x)=sin3xcos2x+cos3xsin2x
sin(3x —2x) =sin3xcos2x —cos3xsin2x

Adding the above,
sinSx+sinx =2sin3xcos2x

b Jsin3x0052xdx=%I(sin5x+sinx)dx
1( 1 j
=—| ——cos5x—cosx |+c¢
20 5

1 1
=——cosS5x——cosx+c
10

6 a f(x)=5sin’ x+7cos’ x
=5sin’ x+7—7sin’ x
=7—2sin’ x

= 7—2(%(l—cos2x)]

=7-1+2cos2x
=cos2x+6

6 b jf £(x)dx =j0? (cos 2x + 6)dx

INE

= {l sin2x + 6x}
2 0

=%(1+37r)
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SolutionBank

Integration 11D

1a y=In|x+4
dy 1

x 2X chain rule
dx x*+4 ( )
J' 2X dx=£1n ‘x2+4‘+c
X +4 2
b y=1n‘e2X+ﬂ
:ﬂ: ——xe x2 (chain rule)
dx e”*+1

.'.J'(afx;_ildx:%ln ‘e2x+1‘+c

c y=(x*+4)"

= % =-2(x* +4)° x2x (chain rule)
X

X 1
s dx === (X*+4) P +c
-[(x2+4)3 4( )
1
of —————+¢C
4(x°+4)
d y=("+17
dy 2X | 1\-3 o 42X ;
:>d—=—2(e +1)~ xe™x2 (chain rule)
X
2x

e 1
S —————dx=—=(e*+1) % +cC
I(ez"+1)3 4( )

or _—le ~+C
4 +1)

e y=1In[3+sin2x

:>d—y=+x0052x><2 (chain rule)
dx 3+sin2x
COoS 2X 1 .
.'..|‘+dx=—1n|3+sm2x|+c
3+sin2x 2

f y=(3+cos2x)?

= % = —2(3+¢052X) > x (—sin 2x) x 2
X
(chain rule)

I sin 2x

————dx= £(3+c052x)‘2 +C
(3+cos2x) 4

4(3+cos 2x)

XZ

g y=¢

:>d—y=exz><2x
dx

(chain rule)
Ixexzdx = lexz +C
2
h y=(1+sin2x)’
= % =5(L+sin 2x)* x cos 2X x 2
X

(chain rule)

jcos 2x(L+sin2x)*dx = %(1+sin 2X)° +¢

i y=tan’x
= % =3tan® xxsec® x (chain rule)
X

jsec2 xtan® x dx = %tan3 X+C

j sec® x(1+tan®x) =sec® x +sec’ xtan® x
_[secz x(1+tan® x) dx

= jsec2 X +sec? x tan® x dx

:tanx+%tan3x+c
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SolutionBank

2 a y=(xX*+2x+3)°
:>3—§=5(x2+2x+3)4x(2x+2)

=5(x" +2x+3)* x 2(x +1)
.'.j(x+1)(x2 +2x+3)"dx

=%(x2+2x+3)5+c

b y=cot’2x
= g_y = 2C0t 2X x (—C0Sec” 2X) x 2
X
= —4cosec’ 2x cot 2x

jcosec2 2xcot 2x dx = —%cot2 2X+C

c y=sin®3x
:ﬂ =65in° 3xx c0s3xx3
dx

_[sin5 3xC0s 3X dx = %sin6 3X+C

d y — esinx

d .
:>—y=es'”x><cosx

dx
Icos xe'" dx = e +¢

e y=In ‘ezx +3‘

Sy
dx e*+3

x@Xx 2

.'.I(azi—i:)’dx:%1n ‘ezx +3‘+c

5
foy=(C+1)?
3

3 3
-y :E(x2 +1)2 x 2x = 5x(x* +1)2
dx 2

3 5
Jx(xz +1)2dx =%(x2 +1)2+c

3
g y=(¢+x+5)?
1
:>d—y:§(x2+x+5)5x(2x+1)
dx 2

3
.'._|.(2x+1)\/x2 +x+5dx:§(x2 +X+5)2+cC

h

a

1
y = (X* +X+5)2

1
:ﬂzl(x2+x+5) 2% (2x+1)
dx 2

_ 1 (2x+D
2 x? +x+5

1
I 2x+1 dx =2(x*+x+5)2 +¢

X2 +X+5

1

y = (C0s2x +3)2

1

= dy _ 1(cos 2X+3) 2 x(=sin2x)x 2
dx 2

sin 2x

«/cos 2X+3

2sin Xcos X

\/cos 2X+3

) J~ sin x cos X

\/cos 2X+3

y =1n|cos2x+3

1

dx:—%(cos,2x+3)2 +C

Dd—y:—l x (—sin2x) x 2
dx cos2x+3

2sin 2x

 c0s2x+3

45sin X COS X
 C0s2x+3
~rSinxcosx
"Ic052x+3

dx:—%ln cos2x+3|+c

Letl = I: (3x2 +10x)v/x° +5x% +9 dx
3

Consider y = (x* +5x* +9)2
dy 3

1
i E(sz +10x)(x* +5%* +9)2

2 e ol
Sol =|=(x"+5x"+9)2
3 0

=486—-18 =468
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2z H 0
3 b Letl=|2 _bsin3x. dx 5 Letl :'fo 4sin 2xcos® 2x dx
5 1-cos3x ) ]
) Consider y =cos’ 2x
Consider y =In[1—cos3x| dy

dy  3sin3x &z—losin 2xcos* 2x
dx (1—cos3x)

2 0
2z Sol :{——cos5 ZX}
Sol =[2In[l—cos3x[] 5 0
9
3 1 :(—gcosg’26?j+g:ﬂ
:Z(In——ln—j:ZInS S) 5 5
2 2 cos®° 20 =—1=c0s20 =-1
T
20=nr=>0=—
c Letlzj7 ZX dx 2
4x° -1
Consider y=In|x*—
Y ‘ 1‘ 6 a J.cotxdx=J'—C?SX dx
dy 2x sin x
dx x-1 Consider y =In[sin x|
! dy cosx
SoI:FIn|x2—]ﬂ —y=.—
2 . dx sinx

1 Soj.cotx dx = In|sinx|+c
=E(In48—ln15)

= In—==ZIn=2 b J‘tanxdejﬂd
2 15 2 5 COS X
Consider y =In|cosX|
d Letl :J'Zsec2 xe*™ dx dy __sinx
0 dx  cosx

Consider y = e*®"
y Sojtanxdx=—|n|cosx|+c

W _ gsec? xetor
dx =In——|+c
h COS X

l 4tanx 4

Sol=|=e =In|secx|+c
4 0

_lg Lo 1 (e* -1

4 4

4 Letl :jkkxzexs dx
0
Consider y=¢*

W _ ger
dx

k
Sol {Kef}
3 0

€ 1) =§<e8 ~1)
2

K
3
k =
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Integration 11E
1 a Ix\/1+xdx c Isin3xdx

Letu=1+x Letu =cosx

du u .

— =1 — =—sinx

dx dx

So dx can be replaced by du. So sin xdx can be replaced by —du.

Now sin’ x = sin x(1-cos” x),

1
Sol=|(u-1u? du
'[( ) so[=’fsinx(1—cos2 x) dx

31
= @ ~u?) du =[ @’ ~1) du
3 3 3
_2u2 _2u2 :u——u+c
5 3
; s _cos'x N
2(1+x)2 2(1+x)? Ty oosaTe
= - +c
5 3
2
. d | — dx
b jl+51nx dx j\/;(x_4)
cosx' Letuzx/;
Letu =sinx du 1
du —
<, = oosx dr  24x
dx
So dx can be replaced by du ' So 7 can be replaced by 2du.
cos x A
1+u _
So [ = d So I = du
° -fcoszx ! J‘(“2—4)
_J 1+u du ZJ 4 du
1—sin® x (u—-2)u+2)
1+u 1 1
= du = - du
1—u’ I(M—Z u+2j
_ IL du —Infu—2|~In|u+2|+c
—u
:—ln|1—u|+c =In Jx -2 +c

:—1n|1—sinx|+c
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1 e jseczxtanxx/1+tanxdx

Letu® =1+tanx

2ud—u =sec’ x
dx

So sec” xdx can be replaced by 2udu.

So7 :J’2u(u2 —Du du
=I(2u4—2u2) du

5 3
3 3
2 2
:2(l+tanx) _ 2(1+tanx) ie
5 3
f jsec“xdx

Letu =tanx

du )

—=sec” x

dx

So sec” xdx can be replaced by du.

Nowsec’ x =1+ tan’ x
So/ =J‘(l+tan2 x)sec” x dx

= [(+u?) du
u3
=u+—+c
3

tan
=tan x +

+c

2 a j:x\/x+4 dx

Letu=x+4

du_,

dx

So dx can be replaced by du.
X u
5 9
0 4

501=jj(u—4)ﬁ du
3 1

= [ @ —4u?) du

3]
5003,

(486 216 64 64
(FHES)
_506

15

b sz(2+x)3 dx

Letu=2+x

du_,

dx

So dx can be replaced by du.
X u
2 4
0 2

4
So =j2 (u—2)’ du
u5 u4 !
55
(1024 256 (32 16
_(T_Tj_(?_?j
_768 16 784 392
10 10 10 5
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2 ¢ Ifsinx\/3003x+ldx

Letu =cosx
du )
— =-—sinx
dx

So sin xdx can be replaced by —du.

X u
z 0
2

0 1

0 1
Sol = L ~Gu+1)? du
3
Consider y = (3u +1)?
d_9

1
™ 2(3u+1)5
0
1:[_3(3%1)2}
9 1
2 16 14
=4 -
9 9 9

d J.Ogsecxtanx\/secx+2 dx

Letu =secx

du
—=secxtanx
dx

So secxtan xdx can be replaced by du.

X u
z 2
3

0 1

5 1
su:jl (u+2)? du

= {%(u +2);}

1
=?—2\/§

a

s dx
2 -
¢ ] Jx(4x-1)

Letu:\/;

du 1
dx  2x

So dx can be replaced by 2du.

Jx

X u
4| 2
|1
So 1= ['—2— du
' (4u” -1)

:Iz( ! — ! jdu
1\ 2u-1 2u+l

= [lln|2u —1|—11n|2u +1|}
2 2

2
1

=lln3—lln5—lln1+lln3
2 2 2 2
:ln3—lln5
2
:lln9—lln5
2 2
:lln2
2 5
jx(3+2x)5dx
Letu =3+2x
du _,
dx
So 2dx can be replaced by du.
4
6 5
_[u 3u du
4
u 3ub
=——-——+c
28 24
7 6
:(3+2x) _(B3+2x) te
28 8
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X

V1+x

Letu=1+x

du_,

dx

So dx can be replaced by du.

1 1
I=J.(u2 —u zj du
3
2

dx

1
=—u’-2u’+c
3

3
=§(l+x)2 —2Jl+x+c

Im

dx
X
Letu =+/x" +4
du ) < ox
—=x(x"+4) 2 =—
T ( )

Izj%x%du

2 2
= IZ—zdu =Iu2u_4 du

:I(lJr L1 Jdu
u—2 u+2

=u+(ln|u—2|—ln|u+2|)+c

=vx’+4+In

X' +4-2

VX +4 42

+c

SolutionBank

4 a jz7x\/2+x dx

Letu=2+x
du_,
dx
So dx can be replaced by du.
X u
7 9
2 4

(486 108) (64 32
(T HES)
886
15

5 1

— dx
‘[2 I++x-1
Letu=+x-1
du 1 1

dr 2dx-1 2u

So dx can be replaced by 2udu.

X u
5 | 2
2 1
So 7= [ au
14+u

=[2u—21n|1+u|:|12
=(4-2In3)—(2-2In2)
=2+4+2In2-2In3

=2+21ng
3
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2 do
0 1+cosé

Letu=1+cos@

4 J‘f sin 26

d—uz—siné’
do

So dé can be replaced by du

sin &

12sinfcos@ du
So I=—L u sin &

_ L] 2(1u—u) "

:[2ln|u|—2u]12
=-2-(2In2-4)
=2-2In2

5 j:° LASINN

Vax+1

Letu® =4x+1
2ud—u=4
dx

So dx can be replaced by %du.

X u
20 9
6 5

2_
So [ = J':M " du
u

-
()29

SolutionBank

So dx can be replaced by

2u du.
2

u’ +

X u

In 4 \/5

In3 1

\/— 2 3
I:J' 22(u” +2) du
1 u
ND)
I=| [ 25 120 + 240+ 20| du
1 u
1 NG}
=[§u6+3u4+12u2+16ln|u|}
1

:B+81n2
3

a=70,b=3,c=8,d =2

7—j LN

1-x°
Letx=cos@
ﬂ=—si110
do

So dx can be replaced by —sin @ dé.
\/l—x2 =\/1—cos20=sin0
1=—j ! (—sin ) d9=j1d9

sin @

=0+c
=arccosx+c
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Pure Mathematics Year 2

SolutionBank

V2
8 ‘[03 sin® xcos” x dx

Letu =cosx
du .
— =—sinx
dx
du
So dx can be replaced by —
sinx’
X u
z |1
3 2
0 1

I=J?—(l—uz)u2 du

1) (11
(o3 1573
47
480

ﬁ
9 I=[7x*VI-¥ dr
2

Let x=sin¢9:>£=cos«9
do

X 0

3 z
2 | 3
iz
2 6

I= EsinZ 6 cos’6 d6
J.j sin’ 26 d@

6
7
3

z

Is
|40~ ysins0] L
égz}?(zfﬁ

27433

96

1 cos 40 do

W[y
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Challenge

1
'[xz\/9—x2 &

Letx=3sinu

— =3cosu
du

So dx can be replaced by 3cosu du.

J~ 3cosu

9sin® u\9 —9sin® i
3cosu

—I du

du

9sin’ u3cosu

Icos ec’u du

1
=——cotu+c
9

CcoSu
I=-

9sinu

2 2
cosu =+/1—sin’u =\/l—% = \/93 X

9—x’

__ 3
= 97x +c
3

9—x?

9x
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Integration 11F

1l a u:x:d—uzl 2 a u= Inx:>0|—u:E
dx dx X
dv .
— =SinX=V=-C0SX dv
dx d—:3:>v=3x
X

.'.Ixsinxdx=—xcosx—j—cosx><1dx 1
_[3 In xdx =3x1In x—IBXX—dx
X

=—xcosx+jcosxdx
= —XCOSX+SinX+C =3xInx—[3dx
du =3xInx-3x+c
b u:x:d—:l
X b I:lenxdx
d—V—eX:v—ex du 1
dx Letu=Inx=-—==
'Ixexdx—xeX—Iexxldx XX
L —=X=>V=—
=xe*—-e"+¢c dx 2
du 2 2
C U=x=-—=1 =% nx- X—><1 dx
dx 2 J 2 7 x
W o sec?x= v =tanx X2| X d
dx = nx—j— X
.'.jxsec2 X dx = x tan x—jtan xx1dx X2 X2
=—Inx——+c
= xtan x—In [sec x| +c 2 4
du 1
du c u=lhx=>—==
dv " X
N _ cec xtan x = v =secx =X 3V=__2
dx
1nx
.'.Ixsecxtanxdx=xsecx—jsecxxldx J :——1nx ——>< dx
X
= xsecX — In[sec x+tan x| +c 1nx.[ -
= = x°dx
du _
e u=x=>—=1 _Inx X7
dx =St TC
| 2x2  2x(=2)
Y
d—:coseczx:w:—cotx Inx 1 e
X A=
2x%  4Ax?

o I dx = I X cosec? x dx
sin’ x

:—xcotx—j—cotXdex

=—xcotx+jcotxdx

=—xcotx+ In|sin x|+c
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2 d u=(nx?= _opnxxt
dx X
d—\/:1:>v:x
dx

w1 =[(Inx)°dx = x(In x)?
—Ix><2 In XxldX
X

=x(In %) - [2In x dx

Let J :_[Zln x dx

du 1
u=Inx=—==

dx X
ﬂ=2:>v:2x
dx

AN :2x|nx—.f2x><ldx=2xlnx—2x+c
X

S =x(nx)* =2xInx+2x+¢

du 1
u=Inx=—==
dx X

av x?
—=X"+l=>Vv=—+X
dx 3

3
I(x2 +DInx dx=In x[%+ xj

3
x® x?

= —+Xx|[InX——-X+C
3 9

SolutionBank

3 a u=x2:>d—u=2x

dx

v _ _
—=e"=v=—e"
dx

sl = j x’e *dx = —x%e* —I—e’x x 2% dx

=—x%*+ J'er‘X dx

Let J :J‘er‘X dx

u:2x:>d—u=2
dx

v, X

— =" >Vv=-—t

dx

) =—e72x— I (—e™) x 2dx
=2xe™" +J'2e‘X dx

=-2xe " —-2e " +cC
sl=—xPe*-2xe* -2 +cC

dv ]
— =C0SX=>V=SinX
dx

oo =Ixzcosxdx=xzsinx—I2xsinxdx
Let J =j2xsin X dx

u=2x:>d—u:2
dx

dv .
— =SinX=V=-C0SX
dx

ood =—2xcosx—j(—cosx)><2dx
=—2xcosx+chosxdx

=—-2XCOSX+2SinX+C
Sl =x%sin x+2Xxc0s x—2sin X+ ¢
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2 2
3 c u:12x2:>d_”:24x e _[Zx sec® x tan x dx
X du
Letu =2x* = — =4x
ﬂ=(3+2x)5jvzw = i
dx 12

dv ’ 1,
d—=sec xtan X = v = =sec” x

6
.‘.I:‘[12x2(3+2x)5dx:12xZM X . ,
12 | =x°sec x—2jxsec X dx
6
_J‘24dex d
12 Nowletu=x:>—u=1
=x*(3+2x)° —I2x(3+ 2x)° dx dx
dv
Let J :J'Zx(3+2x)6 dx &=sec2 X=V=tanx
uzngj_uzg | = x*sec® x—2(xtan x—ftanx dx)
X
= x?sec® x—2xtan x+2In|sec x| + ¢
V= (3+2X)7 :g=(3+zx)6 | |
14 dx
1, B+2x)" f(B+2x) du
S ) =2x 1 —I " x 2dx 4 a u:x:azl
7 7
=X(3+2x) _J~(3+2x) dx v, )
7 7 —=e v==e
(3+2x)" (3+2x)° dx
=X T ¢ In2 1 "2 n21l
. 5 xezxdx:{—e“xx} —I ~e® dx
: I=x2(3+2x)6—x(3+2X) L8207 ’ 2 0o 02
- 112 1 1 n2
:(EeZInZInzj_(o)_{ZeZle
d u:2x2:>d—u=4x °
dx :ﬂlnz_[(lezlnzj_(leo)j
yzsin2x:>v:—lc052x 2 4 4
dx 2 4 1
” —2In2-24+=
.'.I:IZXZSinZde=——c032x 4 4
2 3
1 =2|n2—z
_I[_ECOSZXJX4XdX
:—x2c032x+J'2x0032xdx

Let J :.[Zxcostdx

u:X:>d—u:1
dx

ﬂ:20032x:>v=sin2x
dx

S J =Xsin 2x—J'sin 2xdx

. 1
= XSIN2X+—=C0S2X+C

] 1
o 1 ==x?cos2x+ xsin 2x+50052x+c
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4 b u:de—u:l e u:x:>d—u=1
dx dx
dv . dv 3 4
— =SINX=V=-C0SX —=4(1+x)"=>v=(>1+Xx)
dx dx

z . z jl4x(1+ x)%dx =[x(@1+ X)L —Il(1+ x)*dx
IOZ xsin xdx =[-xcos x]2 0 ¢ Jdo

1
- _ 1x 2y (0)—| &+X%)°
—IOZ(—cosx)dx =(1x27)-(0) { 5 l
T z 2° 1
=| ——=c0S— |—(0)+ | 2 (—cos x)dx =16—|| — |-| =
[~50057 )00+ [ (-cosx 16 [(J @J
— 0+ [sin ]2 :16_%%
=(““%J—@m°) =16-6.2
=90.8
=1
du f rxcosixdx
c u:x:>d—:1 0 4
X
dv Letu=x:>d—u=1
_ — Qi dx
g - COSX= v =sinx i . .
x ,, d—=cos—x:>v=4sinzx
J.OE x cos x dx = [xsin x]2 X
—Fsinxdx | =| axsinx —4j”sin1x dx
0 47| T
T .7 z p
:(ESInEj_(O)_[_COSX]g =4—ﬂ—4{—4coslx}
N !
=§+(cos§j—(cow) =4—ﬂ—4(—4cos£+4j
2 4
:%_4 =227 +8\2-16
d u:lnx:>0|—u=1
dx X
Q:x’Z:v:—xl
dx
2
I [Ty
1 X X | X
In2 Inl 21
L

=—%M2+Lx4ﬁ

S
2 2 1
:%a—ma
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du 1
4 g u:ln|secx|:>&=tanx 6 a J',/g_x dx=j(8—x)2dx
dv 3
— =SiNX =V =—CO0S X =——(8-x)%2+cC
dx 3
.'.J'03sinxIn|secx|dx:[—cosxIn|secx|]05 b 1 = [ (x~2)VB—x d
+Igcosxtanxdx Letu=x—2= 341
0 dx
3
=| —cosZIn secz‘ —(—cos0 In|secO]) dv_ 8—x:>v=—2(8—x)2
3 3 dx 3
z 2 ) 3
+ [[ssinxax |:-§(><—2)(8—x)2+§j(8—x)2 dx
1 i 2 o4 >
=—= —cos|3 =——(X-2)(8—x)2——(8—-x)%+cC
2In2+0+[ cos]: 3( )(8-X) 15( )
1 1 1 1 2 34 3
=—ZIn2+| = |-(-D=-=In2+= =——(x-2)(8-%)? ——(B-x)?(8-x)+c
2 ( 2) (F=—3In2+3 3 15

2 3 4 3
=£(2-X)(B8-%)? +—(B-x%)2(x-8
5 a I:Ixcos4xdx 3( X)8-x) +15( X)*(x-8)+c
3
du :E(S—X)Z(5(2—x)+2(x—8))+c
Letu=x=>—=1 15
* 2 (837 (~3¢—6)
=—(8-x)2(-3x—6)+C
ﬂ=c054x:>v=£sinx 15
dx 4

:—E(S—X)g(x+2)+c

I=§sin4x—j&sin4x dx

C I:(X—Z)\IS—X dx
={—§(8—x)g(x+2)}

| =§sin4x+icos4x+c
4 16 7

| = i(4xsin 4X+c0s4x)+C
16 4

=—E><9+Ex48
b Izszsin4xdx 5 5
78
Letu = x? = U _ oy _?_15'6
dx
ﬂ=sin4x:>v=—lcos4x 7 a ISGCZ3XdX
dx 4
2 1
I:—X—cos4x+j£cos4x dx =§tan3x+c
4 2

2
= —X—cos4x+i(4xsin 4x+cos4x)+c
4 32

1

= —((1-8x*) cos 4x +4xsin4x) +c
32
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7 b 1 =.[xsec23x dx

Letu:x:>d—u:1
dx

ﬂ=sec2 3x:>v=1tan3x
dx 3

| =§tan3x—1'[tan3x dx
3 3

I =§tan3x—lln|se03x|+c
3 9

T
c '[fj xsec’ x dx
o

_ i

= Xtan 3x—1 In |sec3x|}9
3 9 .

18

(5000} (53]
(VB 1, Nﬁ_z j

27 9 162 9 3

&—Eln2+iln2—iln\/§
162 9 9 9
=&_i|n3

162 18

58 1

162’ 18
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Integration 11G

x+5 _ A B
(X+D)(x+2) x+1 x+2

= 3x+5=A(x+2)+B(x+1)

X=-1=2=A

X=-2=-1=-B=B=1

B | P
(x+D(x+2) X+1 X+2

=2In|x+1+In|x+2|+c
:In(|x+]f)+ln|x+2|+c
=In|(x+1)*(x+2)|+c

-1 _ A B
(2x+1)(x—2) 2x+1 x-2

= 3x—1= A(x—2)+B(2x+1)

Xx=2=>5=5B=B=1

x=—£:>—§:—§A:>A:1
2 2 2

'I—3X_1 dx:J.( 1 +ijdx
T @x+D)(x-2) 2x+1 x-2

=%In|2x+]4+ln|x—2|+c
=In ‘(X—Z)\/ZX +1‘+c

2X—6 _ A N B
(x+3)(x-1) x+3 x-1
= 2x-6=A(Xx-1)+B(x+3)
Xx=1=>-4=4B=>B=-1
X=-3=>-12=-4A= A=3

a2 Lo
(x+3)(x-1) x+3 x-1
=3In|x+3/—In|x-1+c

3
x—1

SolutionBank

3 __ A B
Q2+x)1-x) (2+x) 1-x

=3=A(l-x)+B(2+x)
x=1=3=3B=B=1
x=-2=3=3A=A=1

.'.j#dx:j( ! +Ljdx
(2+x)1-x) (2+x) 1-x

a

=In|2+x|-In[l-x|+c
2+X

1-x

=In +C

2(x* +3x-1) A B
=1+ +
(x+1)(2x-1) Xx+1 2x-1
= 2x* +6x—2=(x+1)(2x-1)
+A(2x-1)+B(x+1)
X=-1=-6=-3A= A=2
1 3 3

x=-=°-=2B=B=1
272 2

J‘Z(X +3X— 1) —J{ }dX
(x+1)(2x-1) x+1 2x-1
:x+2ln|x+]4+zln|2x—]4+c

=X+ In‘(x+1)2»\/2x—1‘+c
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Pure Mathematics Year 2

SolutionBank

2

b

X% +2x% +2
X(x+1)
x+1
x2+xm
X +x
X2 +2
X2+ X
2—X

2—X

x3+2x2+2= .
B X(X+1)

X(X+1)

A B
=X+1+—+—
X Xx+1
=X +2x7+2=(X+1D)x(x+1)
+ A(x+1) + Bx
Xx=0=2=A=A=2

X=-1=3=-B=B=-3

3 2
dexzj. X+1+z_i dx
X(x+1) X Xx+1
2

:X?+x+2ln|x|—3ln|x+]1+c

2

X
=—+x+1In
2

2

(x+1)°

+C

X2 A B
> =1+ +

X —4 X—2 X+2

= x> = (X=2)(x+2)+ A(x+2) + B(x-2)

X=2=4=4A= A=1
Xx=—2=>4=-4B=B=-1

2
I 2X dx = 1+L—L dx
X -4 X—2 X+2

=x+In|x=2|-In|x+2|+¢c

-2
—l+c

X
=X+In
X+ 2

a

X +x+2 _ X +x+2
3-2x—x*  (3+x)(1-X)

= X* +x+2=-13+x)1-X)
+ A(l-x)+B(3+x)

Xx=1=4=4B=B=1

X=-3=8=4A=> A=2

J'de = J(—1+i+ijdx

3-2x—x? 3+x 1-X
=—X+2In[3+x/-Infl—x+c
2
=—X+In (3+%) +C
1-x
f) e
(2x+1)(1—-2x)
4 A B

= +
(2x+)(@-2x) 2x+1 1-2x
4=A(1-2x)+B(2x+1)

Let X=%:4=ZB:>B=2

Let x:—%:4:2A:> A=2

2 2
jf(x) dx=f((2x+1) + (1_2)()} dx

=In|2x+1]-In[l—-2x|+c
2x+1
1-2x

=In

+C

[0 dx{m 2x+1
L 1-2x

=In§—ln3=InE
9

I

k =

(.Ol(.nw
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17 -5x 2
4 a f(x)= b [ jdx
(3+2x)(2—x)? I—— 3X—2 3x+2
17 -5x A B C 1
2 = + 2 T 2 2 3
(B+20(2—x 3+2x (2-x)  2-X ={x+§ln|3x—2|—gln|3x+2|}
1
17 -5x = A(2—x)* + B(3+2x) + C(3+2x)(2—X) 12, 5 12, .
= =-= —=+Z1In
(-5m3)-{(-3+5ma)
Let x=2:7=7B=B=1 2 4
=2 _Zn3
LetX——E 17+ 15:4—9A A=2 3 3
2 2 4 2 4
Let x=0:17=4A+3B+6C a=§,b=—§,c:3
=17=8+3+6C=C=1
2 2
Fo0 = 1 1 6 a f()():6+33x2>2< :64g3x 2x
3+2x 2% 2-x X" +2X X (X+2)

————=—+—+
b 1 dx X“(x+2) x° X Xx+2
3+2x  2-x (2 X)? 6+3x— x> = A(X+2) + Bx(x +2) + Cx*
1 Let x=0:6=2A= A=3
[ 3+2x|—In|2— x|+ } Let x=—2:-4=4C=C=-1
(2=x) 1, Let x=1:8=3A+3B+C=B=0
1
=(In5-In1+1)- (InS—In2+Ej L
f(x)————
1 X+2
==+ In—
2 3 ,
b J-46J;3x—x dx
9x* +4 2 X% 42X
5a f(X)=—5—
Dividing gives: 2\ x2 x+2
4
f(X) 1+9 2 :‘: § |n|X+2|:|
8 X 2
=1+ 3 3
(3x+2)(3x~2) =(___|naj_(___|n4j
4 2
8 __B . ¢C _3.n?
(3x+2)(3x—2) 3x—2 3x+2 4 3
8=B(3x+2)+C(3x—2) a=3p_2
4 3

Let x:—§:8:—4C:>C:—2

Let x=§:8=4B:>B=2
A=1B=2C=-2
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7 a Let f(x) :M
(4x+1(4x-1)
Dividing:

2% +4 94 6
(4x+1)(4x-1) (4x+1)(4x-1)
= A=2

6 B C

= +
(4x+1)(4x-1) 4x+1 4x-1
6=B(4x-1)+C(4x+1)

Let x:%:6:2C:>C:3

Let x:—%:6=—ZB:>B=—3

f)=2-—> 43
4x+1 4x-1
2 2 3 3
b f(xX)dx=| | 2— + dx
Il 9 L( 4x+1 4x—1)

2
= {ZX—EIn |4x +ﬂ +§In |4x—1|}
4 4

1

:(4—§In9+§In7)—(2—§In5+gln3)
4 4 4 4

=2+%(—In9+ln7+ln5—ln3)

3,35 3 35
=2+—-In—,s0 k=—m=—
4 27 4 27
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Integration 11H

2
1 a Area _I —dx [2ln|l+x|:| e Area =I0 x4 —x* dx
=(2 ln 2) —(2In1) X
.. Area = 2In2 Let y=(4—-x")?
3 dy 3 1 1
b Area = | 3secxdx Y P A 2V (220 = —3x(4— X2
J =T (=) (20 = Bald-a)

= [ln |sec X+ tan xug

*. Area _{——(4 X )z}

0

.8
=(0)- (——xz j_3

4x—1
(x+2)(2x+1)

4x -1 _ A N B
(x+2)(2x+1) x+2 2x+1
4x—1=A(2x+1)+B(x+2)
x=—2=>-9=-34=A4=3

1 3

2 a f(x)=

=[In(2+~/3)]~[In(1)] x=——=-3="B=B=-
. Area=1In(2+ \/5) 3 b
f(x)= -
5 x+2 2x+1
c Area=_[ Inxdx
| (550
du I - dx
=lhx=>—=— o\ x+2 2x+1
dx x )
dv =[31n(x+2)—ln(2x+1):|0

—=l=v=x
dx =3In4-1In5-3In2+1nl

=ln64—-In5-In8

8

. Area= [xlnx]l2 —.[lzxxldx
X
=ln_

=(2In2)—(0)~[«];
=2In2-1
d Area = jozsecxtanxdx

~[secx]s
=(2)-()
. Area= \/5 -1
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x A N B
(x+1D?  (x+1)*  x+1

=>x=A4A+B(x+1)

Compare coefficient of x: 1=B= B=1

Compare constants: 0=A4+B = A=-1

. arca —I (x-|—1)

g ( e
x+1 (x+1)
{ln|x+1|+L:|
x+1
:(ln3+%j—(lnl+l)

:ln3—2
3

T
¢ Area = ,[02 xsinxdx

du
u=x—=>—=1

— =SINX=>V=—COSX
dx

T T

-, area =[—xcosx]05 —If(—cos x)dx

= (—%cos%j—(0)+j02cosxdx

=0+ [sin x]O%

= (sinz - 0)
2

=1

SolutionBank

d Area = Ifcosx\/Zsinx+1dx

3
Let y=(2sinx+1)2

1
SN

Z(2sinx+1)?x2cosx
dx 2

1
=3cosx(2sinx+1)2

2T
area—{ (2sinx+1)? }

0

33
242 -1
3
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1n2 .
2 e Area = . xe “dx b I=Ixs1nxdx
du Let u=x:>d—u=1
u=x=>—-=1 dx
dx d
v .
dv —=sinx=>v=—cosx
—=¢ >v=e" dx
I:—xcosx+jcosxdx
_,in2 pln2 . ‘
.. area :[—xe ]O —IO (-e™)dx =—XCcoSx+sinx+c
“In2 m2
=(-In2xe )—(0)+I0 e dx Area between 4 and B:

_ —1n2xl+[—e’x]m [-xcosx+sinx| =7
2 0

1 o o Area between B and C:
= —51n2+(—e ")—(-e)

[—xcosx+sin x]i” =2r—-r=-37
1 1
:—51n2—5+1 Total area= 7 +37 =4r
1
=5 (=n2) 6 a I=[xInxdx
du
Lletu=lnx=>—=—
3 A :jz 4x+3 dx dx X
F(x+2)2x-1) dv E
— =X =Dv="—
4dx+3 _ A N B I 3
(x+2)2x-1) x+2 2x-1
4x+3= AQ2x—1)+B(x+2) 2 S
Let x=—2:-5=-54=A=1 I=?lnx—j?x;dx
Letx:l:SZEB:B:2 X 3
2 2 =—Ihnhx——+c
3 9
Area=J.2( ! + 2 )dx b x*lnx=0=x=0orl
ix+2 2x-1
:[ln|x+2|+ln|2x—1|]2 Area between x=0andx=1:
1
=(In4+1n3)—(In3+In1) r o7 |
=In4 —Inx——| =——
3 9], 9
4 A _ 4 0.5x 1 dx
rea—L © +; Area between x=1landx=2:
_ 0.5x 4
—[Ze +ln|x|]2 x_31nx_x_3 2_ §1n2_§ _'_l
:(2e2+ln4)—(2e+ln2) 3 9| 3 9) 9
=262—2e+11’1§ :§1n2_1
=2e*-2e+1In2
8 7 1 8 2
Total =—In2-——+—=—n2-—
5 a g(x)=0= A(0,0), B(x,0),C(2r,0) N R
2
=2 (42-1
3( )
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SolutionBank

7 a y=3cosxysinx+1

Curve crosses the x axis when y = 0.

cosx=0or sinx=-1

Al -Z0).8(Z.0l.c[3%.0
2 2 2

Curve crosses the y axis when x = 0.

So D(0,3).

b I=I3cosx\/sinx+1 dx

. d
Let u:s1nx+1:>—u=cosx
dx

3
I:J.3\/; du =2u?+c
3
=2(sinx+1)? +¢

c R =_|._5£3cosx\/sinx+1 dx
2

{2(sin X+ 1)% }

SR}

—42=432

3z
R, =j£2 3cosx+/sinx+1 dx
2

[2(sinx + 1)% T =42 =-32

T

R =R,=32,s0a=32.

a

f(x) =x?

—_—
|w
o
=

g(x)=3x—x2

(0, 0) a3, 0)'\ x

f(x)=g(x)= x> =3x—x"
2x*=3x=0
x(2x-3)=0

Points of intersection are

(0,0) and (%,%)

b Area under f(x) between 0 and %:

3
J';x2 dx={x—3}2 =£=2
0 3,

Area under g(x) between 0 and %:

3
3 S
I23x—x2dx= > _x
0 2 3,
2 279
8 24 4

Area between the two curves
-9 9 9

4 8 8
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SolutionBank

Points of intersection are when:
2cosx+2=-2cosx+4
4cosx=2

J‘i(Zcosx+2) dx
3

= [2 sin x + 2x]%£
3

(52 (550
=2\/§+4—7r
E(—zcosx+4) dx

=[-2sinx+ 4x]_%,,
3

{55
:—2\/§+8—7z
3

R =23+ ——(—2\/§+8?”j
=4\/5__

a=4,b=-4,c=3 (or a=4,b=4,c=-3)

C

10

Sz

I,?(Zcosx+2) dx

3

S

=[2sinx+2x]}
3
(S
3 3
:—2\/§+8?”

sz
j; (—2cosx +4) dx

3

wn

T

[ 251nx+4x

Ry

4\/5
= (3\/5 + 27[) : (3\/_ —7[)

RR4\/§

y=sinf
Area under curve = 2I0ﬂ sin@ d@ because

of the symmetry of the curve.
=2[-cosO] =2+2=4

y =sin26

Area under curve = 4J.0E sin 26 d@ because

of the symmetry of the curve.

:4[—lc0520}2 =2+2=4
2 0

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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11a AtA,cosx=sinx

V2 1
tanx:1:>x:Z:>y:—

V2 3

5 3 10
) -3
A(ﬁulj 5 5
442 3 124
25(23)(23}—%
b i R = Areaundery=cosx
— Area under y = sin x between =k :ﬁ
5

x=0andx=£
4

z z 13 Area = J.yg = Psin 2t(cost)dt
R1=J.O4cosxdx - jo“smxdx de 7o

Using sin 2t =coszsint :

=[sinx+cos x]# T )
) 0 AreazJ‘O2 sin(cos” t)dt
- _1=2-1
V2 Letu:cost:i—j=—sint
ii R, = 2xAreaundery=sinx =dr= du
. —sint
between x =0 andx=z . - z
1 Area = —2J‘05u2du = {—%}
R, :2I04—cosx dx 0
1 2cos’t  |?
=2l 1-—|=2-2 =|- +c
%) 5
. : -(3)-0)
iii R3=J.,,smxdx - j,fcosxdx 3
4 4 2
=[-cosx]z —[sinx]% 3
L
1 1 i 14a Pisatpoint t =2
=l4———| 1= | =42 _ 2 _
NG ( \/fj x=(2+1) =9

y=%@ﬂ+3=7

1)
=~

:RZ:(\/E—I):(2—\/§) 9.7)

9,7
:(\/5_1)(24_\/5):(2_\/5)(24_\/5) Equation of normal at P:
=J2:2 dy

Y_a
dx dx

dr
d—yzitz, & o2
de 2 dt

3 2 3 2
~t =(2
d_2 :2( ) _
dx 2t+2 4+2
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14 a Gradient of normal is negative reciprocal
of derivative at P .. m =—1

Yy=n :m(x_xl)
y—7:—1(x—9)
y+x=16

b

Area=[’ (;t +3j(2t+2 )de+ [ (16~ x)dx

= J'Oz(t“ +7 +6t+6)dt+'[916(16—x)dx

s 4 2 2716
il 3 6| 4160
5 4 o 2 |
—34.44245
=58.9

Challenge

Curves intersect at sin 2x = cos x
2SN X COS X = COS X

. 1
smx=5,cosx¢0

Vid
xX=—

6
Shaded area

=If(cosx—sin2x) dx+E(sin2x—cosx) dx
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Integration 111

1 a
X 0 -z 7 7 7
12 6 4 3
y 1 1.1260 | 1.2559 | 1.4142 | 1.6529
. 1
b i Areath(yo+2(yl+...)+yn)

=%x%(1+1.6529+2x1.2559) =1.352

ii Areax %x%(l+1.6529+2(1.1260+1.2559+1.4142)) =1.341

2 a
o | 2 _E ], z z
5 10 10 5
y 0 0.7071 1 0.7071 0

b R =%x%(0+0+2(0.7071+1+0.7071)) =0.758

¢ The shape of the graph is concave, so the trapezium lines will underestimate the area.

(=7

F,, cosﬁ do= {gsinﬁ}s :i: 0.8
) 2 2 oz 5

5

e Percentage error= Wx 100% = 5.25%

v 0.707 | 0.614 | 0.519 | 0.427 | 0.345

b Area using the trapezium rule:

~ %h(yo +2(0, +..)+,) =%(0.707+0.345 +2(0.614+0.519+0.427))

= 1.04 to 2 decimal places
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v 1 0.7973 1 1.4581 | 2.0986

b i Areaz%xl(l+2.0986+2)=2.549

il Areax %x%(l +2.0986+2(0.7973+1+ 1.4581)) =2.402

¢ Increasing the number of values decreases the interval. This leads to an approximation more
closely following the curve.

d [((c-2hx+l)de=[ (x-2)Inx de+ [ dv

Let u=1nx:>d—u=l

) 3
:—ln3—{%—2x+2lnx} +2

1

:lln3+2— 2—6+2ln3 + l—2 :—iln3+4
2 4 4 2

X 0 0.5 1 1.5 2

v 0 0.6124 1 1.0607 0

b Area~ %x0.5(0+0+2(0.6124+1+1.0607)) =1.337
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SolutionBank

Pure Mathematics Year 2

5¢ Iz'[ozx\/Z—x dx

Let u:2—x:>d—u:—l
dx

2

1 3 1 5 37°
_(° Y du—(Cu? =2 du—| 222
I-L—(Z—u)u du—Lu —2u? du = gu —Eu

2 4 8 8 16 2%
“0-( 35548 =5 VE - e d =

d %\5:1.509

Percentage error= % x100% =11.4%

B 4x -5
T =3 2x 4]

y:0:>4x—5=O:>x=%

(39

X 0

0.25

0.5

0.75

1

1.25

0.9697

0.6

0.3556

0.1667

y | 1.6667

Areax l>< 0.25(1 6667 +0+2(0.9697+0.6+0.3556 +0. 1667)) =0.7313

4x-5 _ 4 N B
(x-3)(2x+1) x-3 2x+1
4x-5=AR2x+1)+B(x-3)
Let x=3:7=74A= A=1

Let x:—l:—7:—lB:>B:2
2 2

1 2

= +
Y3 aar

301 2 3
I:I“ — dx=[In|x=3|+In[2x+1[]*

0{x-3 2x+1 0
=lnz+lnz—ln3—lnl=1n7+ln7—(ln4+ln2+ln3)=lng
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6 e ln£:0.7137
24
Percentage error= 0.7137-0.7313 x100% = 2.5%
0.7137
7 a
X 0 0.5 1 1.5 2 2.5 3

y 27183 | 4.1133 | 5.6522 | 7.3891 | 9.3565 | 11.5824 | 14.0940

b Areax %x 0.5 (2.7183 +14.0940+2(4.1133+5.6522+7.3891+9.3565+11 .5824)) =23.25

3
C I:J‘Oemdx

Let=2x = o e
t

-
I:I "o dt

1
a=1,b=7,k=1

NG
d I=L7te’ dr

Letu=r— 3 _y
dr

dv , ,

—=¢ > V=¢

dr

I=[te’lﬁ—_|.lﬁe’ dt=\/7eﬁ—e—eﬁ+e=<\/7—l)eﬁ =23.20
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Integration 11J

1 a %=(l+y)(l—2x)

:jﬁdy:-[(l—bc)dx

:>1n|l+y|:x—x2+c

(x—x2 +c)

=>l+y=e

Sl+y=Ade™, (d=¢)

=>y=4 ex_xz—l

dy
b —=ytanx
dr y
1
= | —dy=|tanx dx
o]

:>ln|y|=ln|secx|+c

:>1n|y| :ln|ksecx

b

= y=ksecx

d .
¢ cos’x L =y sin’ x
dx

- 2
J o

= I%dy = Itanz xdx = I(secz x—1)dx

1
> ——=tanx—x+c¢
Yy

-1
>y=—"
tanx—x+c

d Y =2e"" =2¢e"e”
dx
= | e%dy = [2¢7dx
iLe. = jeydy = jZe"dx

=e’ =2e" +c¢

:>y=ln‘26" +c‘

SolutionBank

d )
Y sinxcos®x
dx

zjdyzjsinxcoszxdx

cos’ x

d
Y sec? xsec? y
dx

:jsejzydy=jsec2xdx

:jcoszydy=.[seczxdx
1 1
= || =+=cos2y |dy = |sec’ xdx
J[5+eos2s =]
:>l +lsin2 =tanx+c
2y 4 y
orsin2y+2y=4tanx+k

y=0,x:%:>0:4+k:>k:—4

s.sin2y+2y=4tanx—4

Y_ 2cos’ ycos” x
dx

1
= dy = | 2cos® xdx
J-coszy 4 -[
= J.seczydy =I(1+cos2x)dx
1 .
:tany:x+5s1n2x+c

x=0, y:%2>1=0+c

tany=x+%sin2x+1
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SolutionBank

2 .d

dy _cosy
COS X

sin y cos x

tanyd—y =sec’ x
dx

Itany dy:Jseczxdx

—ln|cosy| =tanx+c

x=0,y=0=>0=0+c=>c=0

—In |cos y| =tanx
tanx

cosy=e

¥ = arccos (e_‘a‘” )

zdy
—=y+
LYY
dy
= y(1+
] y(I1+x)

ld_y I+x 1 1

—+—

ydr x° X x
ol

Iny= —l+lnx+lnA
X

—l+lnx+lnA .

y=ex =exxelnxx

1

y= Axe

y=e'x=-1=¢"=-4e

dy
2y+2yx)—==1-
(2y+ yX)dx y
2y(1+x)d—y=1—y
I 2y d —I 1 d
1-y? I1+x
Ink—Inf1-*|=1n|l+x|

In —y2 =ln|l+x|
k2=1+x
-y
x=0,y=0=k=
! —=1+x
-y
1
-y =——
Y x+1
2o b _ x
x+1 x+1
| x
x+1

e % =2x+xe’

e'e” % =x(2+¢’)

y
© d—y=xe"‘
2+e” dx
d xe "
J.2+e Y= I

ln|2+e |:J.xe_x dx
Let u=x:>d—u=1
dx

dv _
—=¢ 'Dv=—¢"
dx

So 1n|2+ey| =—xe " +J.e”‘ dx

ln|2+ey|=—xe"‘—e"‘+c
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dy dy .
6 (1-x)==xy+ 8§ —=uxe”’
(I=xT) =w+y &
A=) 2 yx+1) [or dy =[x dx
dx 2
ldy  x+1 = x+l 1 ey=7+c
= —= -
yde (1=x7) (I-x)(1+x) I-x x=4y=In2=2=8+c=c=—-6
jldyszdx )
y l1-x &=
2
1ny=lnk—ln|1—x|=ln— x*—12
l-x y=In 5
_k
4 I-x d
y=6x=05=6=2k=k=3 9 ay=coszy+cos2xcoszy
3
y_l—x d—y:coszy(l+cos2x)
dy
7 (1+x2)a=x_’0’2 Iseczydy=j(l+0032x)dx
dy 1 .
1+ x))—==x(1-)" tan y = x+—sin2x+c
(+) L =x1-y7) y=x+s
j ! 5 dy:_[ x2 dx xzz,y:£:>1:£+lsin£+c
I-y 1+x 4 4 4 2 2
e 1 1 x |l n_2-7
| —+— | dy= dr c=o- =T
2I(I+y l—yj b=l 2 4 4
Linlt i e 2 tany:x+lsin2x+2_”
5(n| +y|~In| —y|)—5 n| +X |+c 5
1
TR ¢ 2n 10%:xysinx

Inll+ y|=In[1—y|)=In|3(1+x?)
( | | | |) | | Ildy=Ixsinxdx
—=3+3x’ y
Y= ln|y|=—xcosx+jcosxdx

2 2
= —_ —3 1
I+y=3y+3x"y-3-3x 1n|y|:—xcosx+smx+c

143+3x° =3y+3x"y—y

T
3(x2+1)+1=y3(x* +1)-1) x=?y=1=>c=—1
y:3(l+x2)+l In|y|=—xcosx+sinx—1

3(1+x%)-1
a 1:j3x+4 dx
X

1=j3+i dx=3x+4Inx+c
X
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11b Q:M:ﬁﬂ b
dx X X

J.% dy=3x+4Inx+c (from a)
y

2\/;=3x+41nx+c
x=1,y=16=8=3+c=>c=5

\/;=ix+2lnx+§
2 2

2
y=(2x+21nx+§j

2 2 0\/ 5 0 x
8x—18 A B

= +
Bx-8)(x-2) 3x-8 x-2
8x—18=A(x—2)+B(3x-38)
x=2:-2=-2B=B=1

12a

y=x"—dx, y=x"-4dx+1, y=x"—dx+2

8 64 2 Any graphs of the form y=x"—4x+c,
x:E:?—IS:EA:A:S where ¢ is any real number.
8x—18 5 | ; 1
(Gr-8)(x—2) 3x-8 x-2 14a L
dx (x+2)
1
d —_
b (x—2)(3x—8)ay=(8x—18)y Y -[(x+2)2
jldy:J'—gx_lg dx y= +c
(3x—8)(x—2) x+2
5 1
In|y|= + dx b
n|y| J.(:SX—S x—2j y

1n|y|:§1n|3x_8|+1n|x_z|+c

¢ x=3,y=8=c¢=1In8

In|y| = In[3x —8f + In[8x—2|

1n|y| =In

(3x— 8)§ (8x— 2)‘

y= (3x—8)§ Bx-2)

y= 8(36—2)(3x—8)g

13a d—y:2x—4
dx

y=x"—dx+c

Any graphs of the form y = +c,

x+2
where ¢ is any real number.
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15b
)

X +y7 =10, x*+y*=20, x*+y* =40

Circles with centre (0, 0) and radius \/E
where c is any positive real number.

¢ X'+y =49
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Integration 11K

dp 1n2
1 a —=kP b t=1n2:>|\/|=e_12=i:3
dt 1+e"? 142 3
.[l dP =kt+cC
P
t=0,P=200=¢c=1In200 e'+l 1
InP—1In200 =kt
p dx 1 dx Kk
In(—j=kt 3a —x—m=>—=—
dt  x dt x
200 ,
L:ekt J-X dx =kt
P = 200e -

1
b k=3: 4000=200¢" t=0x=1=c=3

e* =20 x® =3kt +1
1
t=-In20~1year t=20,x=2=>8=60k+1=k =
3 60
. . . s [{
¢ The population could not increase in size X =2—0t+1
in this way forever due to limitations such
as available food or space. X = 3flt +1
20
2 M _p_m? 7
dt b x=3=27=_t+1
jj;dm = [1dt 520
but Lt = A+i So time taken to go from 2 cm to 3 cm is
MI-M) M 1-M 74.3 — 20 = 54.3 days.
~1=A1-M)+BM
M =0:1=1A A=1 4 a ‘:'j—Toc—(r—zs)
M =1:1=18B,B =1 d;
— =—k(T —-25)
:J.(i+ ! de :Ildt dt
M 1-M The difference in temperature is T —25.
=1In|M|-1In[l-M|=t+c The tea is cooling, so there should be a
negative sign. k has to be positive or the
=1n =t+c tea would be warming.
1-
= M Ae'
1-M
a t=0,M :0.5:%=A°:>A=1
0.5
et
M= -eM=>M=—"—
1+e
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4 b

b Ast >w, A (

‘Z—T = k(T - 25)

E ST S
T-25
InT —25/=
t=0T =85=c¢
T-25_ .
60
30

t=10,T =55=>— =¢ %
60

—kt+c
=In60

In% _ 10k = k = 0.0693

t =15 = T-25 _ 006935
60

T =60xe %% 1 25=46.2°C to 1 d.p.

3
A
dt 10t

jAZdA I102

2 _ 1 19 1+l
JA 10t 10 10t
JA

20t
1+19t

2
Ao 20t
1+19t

20) 400
19

=—— from below.
361

dv

6 a VolumeV =6000h= o = 6000

7 a

%—\t/ =12000-500h as the tub is filling at

the rate of 12000 cm®/min and losing
water at the rate of 500h cm®/min .

d_dh dv_ 1
dt dv dt 6000

dh_ 1 (120-5h)
dt 60

60% =120-5h

12000-500h)

60% =120-5h

[ =2 dh=tc

120—5h
—12In(120—5h) =t+c
t=0,h=6=>c=-12In90
~12In(120-5h) =t —12In90

h=10:
t=12In90-12In70
t:12Ing
7
1 —é+ B
P(lOOOO—P) P 10000-P
1= A(lOOOO— P)+ BP
P=0= A:L
10000
P=10000:>B=L
10000
1 1
1 10000 10000

= -
P(lOOOO—P) P 10000-P
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7 b

9 _ 1 p(10000-p)
dt 200

1 1 1 1
——— || =+———— |dP=—-t+cC
10000 (P 10000 - Pj 200

L_(In|P|- 110000 Pf) = =t +c
10000 200
InP—In{10000 - P| =50t +d
t=0,P=2500=d zln(@jzln1

7500 3

In P—In|1000O—P|—In%=50t

3P

10000 P
3P — eSOt
10000 P
3P =(10000—P)e*"
3Pe** +P =10000
P(3e*" +1)=10000
_ 10000

143
a=10000,b=1,¢c=3

In‘ ‘:SOt

Maximum number of deer is when

(Z—T=0:>P=0 or 10000

So maximum population is 10 000.

N _ -ty

dt 4

4% _y 160
dt

a

SolutionBank

dv =t+c

4
I_v 160
—4In|V -160| =t +c
t=0,V =5000=>c =-4In4840
4In4840—4InV —160| =t

4840 ‘_l

V-60| 4
4840  :
—=e
V - 60
V-160 -
4840

t
V =160+4840e *
a=160,b =4840

t

t>00=V —>160,as e * >0
0 _
dt
In|R|=—kt+c

t=0,R=R,=c=InR,
INR—-InR, =—kt

—kR

R=Re™

t=5730,R= "o o Ro g g
2 2

e5730k — 2

5730k =In2

k = iIn 2
5730

Rz&:&z Re™
10 10 °

e =10

t=lln10= 5730In10
k In2

=19035
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Integration 11L

1 a I|m2x OX = Ix

6><—>0

This i |s the limit as the width of the strip
tends towards 0.

" 3 12
.[ xzdx:{x—}
3 3|,

=576-9
=567

25 25
b I =
tm 5 - [

This is the limit as the width of the strip

tends towards 0.
25 25 1
_[g &dx:_[g X2 dx
3 25
| 2x2
3
9
_250_54
3 3
196
K

c I|mZ(x\/_)§x j(xJ_)dx

ox—0

This is the limit as the width of the strip
tends towards 0.

Let | :j:)(x\/ﬁ)dx
Letu=x-1
du

dx

So replace dx with du

and replace vx—1 with u
and replace x withu + 1

Change the limits:

X u
10 9
5 4

SolutionBank

c | =Jf[(u +1)u%jdu

9 3 1
=L (uz +u2]du

5 370
2u2 2u?
|
5 3
4
5 3 5 3
_ 2x92 +2><92 _2><42 _2><42
5 3 5 3
_486 54 64 16
5 3 5 3
1456
15

lim ZInx OX = j In xdx

5x—>0

This i |s the limit as the width of the strip
tends towards 0.

Let | =_[23In xdx

Letu=Inx :d_u:l
dx

ﬂ:1 =V=X

dx

I=[x|nx]z—_|'23x><£dx
X
3
=3In3—2ln2—_|'21dx
=In3*-In2° _[XE

In(ﬂj 3+2

4

—1+In(27J
4
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5 5
3 i 3 _[3
i S5 o= [[ 45 o
This is the limit as the width of the strip
tends towards 0.

.[253/; dx=EX% dx

4P

| 3x3

4
2

= 6.41240...~1.88988...
= 4523 (4 s.f)
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Integration, Mixed exercise 11

1a I=[(2x-3)" dx =] 1
Consider y =(2x-3)’ S
onsider y=(ZX—

d :—%In|3—4x|+c

dy 7
—=16(2x-3
o~ L8(2x-3)

(2x-3)
16

|- ) 2 a I=J._03x(x2+3)5 dx

+C
Consider y =(x* +3)6

b 1 =IX«/4X—1 dx ﬂ:le(x2+3)S

X
Let u=4x—1:>d—u=4 1 6
dx |:[E( 2+3)}
| = U—Jgslﬁ du L -3
N — = (729-2985984)
2 2 12
_u v 995085
80 48 R
5 3
4x-1)2 (4x-1)2
(@x-1p (4 )
40 24 b I:I04xsec2xdx
., du
c I:Jsm XC0S X dx Let u=x:>d—=1
X
Consider y=sin3x:>d—y=33in2xcosx W e x— v = tan
dx dx
l -3 s E
! =S x+cC | =[xtan x]OX—IO“tanx dx
T T 1
d | =Ix|nxdx :Z+[|”|C°SX|]§ :Z“Llnﬁ
Let u:lnx:>0|—u=1 :E—llnz
dx X 4 2
dv x?
dx 2 c :j (16x2——J dx
1 X
NG X2 1 4
l=—Inx—|=—x=dx 5
2 -[2 X ={3—52x2—2ln|x|}
—X—Zlnx——2+c .
2 4 =%—2In4—3—52
i 992
e 1= [2NXC0SX g ~ =2 _2In4
4 -8sin® x 5
|=_[ 23|n_2x dx
4(1—23|n2x)
I :J- 2sin 2X dx
4.c0s2X

_ 1 In|cos 2x|+c
4
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z m2 1
2.d 1= jj(cosx+smx)(cosx—sinx) dx fl=] o dx
12
3 Letu=1+eX:>d—u=eX=u—1
J‘E(cos x—sin’x) dx dx
12
z |=I3 ! du
= [ 3 cos 2x dx 2 (u-Du
N r = ’ 1 —E du
[1. }3 2{(u-1 u
=| —sin2x .
2 : =[Inju-1-Inu[]
=In2—-In3—Inl1+In
N IN2—-In3-In1+In2
e 4
_N3-1 3
4 e
3al=| izlnxdx
1x
e I=J‘4; dx du 1
116x*+8x-3 U=Inx—=> —==
4 ~ 4 dx x
16x° +8x—3  (4x+3)(4x-1) ﬂ:%:\,:_l
4 A X B dx x e X
(4x+3)(4x—1) 4x+3 4x-1 :{_Elnx} _Ie(_izjdx
1
4= A(4x—1) + B(4x+3) Xk X
1 1 17T
Xx==—=4=4B=B=1 = —=|-(0)+|-=
4 e X |,
__ 3 4 _ 1 (1
K=—y=4=—4A= A=-1 :_E{_Ej_(_l)
4 1 1
1 4x-1 4x+3 =1_E

1 4
= Z[In [4x—1—1In |4x+3|]1

=%(In15—|n19—|n3+|n 7)

1,105
4 57
1,
4 19

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2
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1 _A B
(x+1)(2x-1) x+1 2x-1
=1=A(2x-1)+B(x+1)

x—£:>1=§B:>B:g
2 2 3

3 Db

X=-1=1=-3A= A=-

Wk

[N

'[1 (x+1)(2x 1 _J. [2x 1 x+1

p

11 n[2x— ——1n|x+1|}

[l
3

_1yp[ 2Rt —(llnlj
3 p+l) (372
1..[4p

3

_ 1n[4 —2j
p+1

1

2x-1
X+1

—i2+1+4—2=g
b b

b-1 1

b*> 4
b*>—4b+4=0
(b-2)°

b=2

5 1 =Igcosxsin3x dx=i
0 64

sin‘ x g_i
4 | o4

sin“6?=3

6 a t’=x+1=2tdt=dx

L X
..I_Imdx

2_
:jt t 1><2tdt

= [(2t* - 2)dt

2 3
_1 —Z3_2
3jdx 31’ t+c

3
=§(x+1)2 —2Jx+1+c
:2\/x+1(x—2)+c

3 X 2 ’
b jomdx—[g(x—Z)x/x+ll

(o3

7 a | =Ixsin8x dx

Let u= x:>d—u:1

dx
ﬂ =sin8x=v= —ECOSSX
dx 8

| = —lxc058x+1.|‘0038x dx
8 8

=—1x0058x+isin8x+c
8 64

b I=jx20038x dx
Let u:x2:>d—u:2x
dx
Q=COSSX:>V=lSin8X
dx 8
|=EX2$in8X—EJ‘XSin8X dx
8 8

:lxzsin8x—z —lxcos8x+isin8x +cC
8 8\ 8 64

=lxzsin8x+ixcos,8x—isin8x+c
8 32 256
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5x*-8x+1 A B C
==ttt
x x-1 (x-1)
= 5x* —8x+1=2A(x-1)*

+ 2Bx(x—1) + 2Cx
x:O:>1=2A:>A=%
x=1=-2=2C=C=-1

Coefficients of X% 5=2A+2B=B=2

z, 2 1
jf(x)dx:j(;+x_l (X_l)zjdx

=£In|x|+2|n|x—]1+i+c
2 x—-1

9

ij(x)dx ={%In|x|+2ln|x—]4+xi_1}
= {1n‘«/x(x—1)2 +xi—1}
- [1n(3x64)+ﬂ{1n(2x9)+ﬂ

=1n(3x64)+1_1

4

2x9 8 3
_n32_5
3 24
3 1
y:x2+48x‘1:>ﬂ=§x2—48x‘2
dx 2
1
d—y=0:>§x5:4—§
dx 2 X

52
= X2 :§x48:32

=x=4,y=2+12=20
=>x=4,y=20

2 1
3_32/:%x 2 4+96x2 >forallx >0
X

.. 20 is a minimum value of y

SolutionBank

3
c Area :f[x? +@jdx
X

2 '
{— X2 +48 In|x|}
5

1

=(gx32+48ln4j—(g+0j
5 5

_ %2 4gina
5

10a | =J.x2 In2x dx

Letu=|n2x:>0|—u=1
dx x

v, X3

—=X"D>V=—

dx 3

2
I :lxaanX—IX— dx
3 3

=lx3 In2x—1x3+c
3 9

3

1

b jfxz In2x dX:|:lX3|n2X—1X3:|
3 3 9

=9|n6—3—0+i
72

=9In6—g
9

11a y=(1+sin 2x)2
=1+ 2sin2x+sin® 2x

=1+23in2x+1—£cos4x
2 2

= %(3+4sin 2X—C0OS 4X)
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3z

11b Areaof R = .|.07(1+sin 2x)2 dx

3z
= %IO“(3+4sin 2x—cos4x) dx
3

= E[3x—2c032x—15in 4x} )
2 4

:(9{—0—0)—(0—1—0) |

97

=—+1
8
C d—y=4c032x+25in 4x
dx
dy .
d—=0:>4c052x+23|n4x=0
X

4c0s2x+4sin2xcos2x =0
4c0s2x(1+sin2x)=0

2x=Z forx<3—7[
2 4

2
x=£,y=(1+sin£j =4
4 2

Coordinates of A (%4)

12 a I:Jxe‘xdx

u:x:>—u=1
dx
v, x
— = =>v=—e
dx
S =—xe™ —I(—e‘x)dx
ie.l=—xe*—e*+c¢
b exd—y: _X
dx sin2y

= [sin 2y dy = [ xedx
1 -X -X
:>—§cosZy=—xe —-e " +¢C
T
x:O,y:Z:>O=O—1+c:>c=1

%cosZy =xe " +e -1

or cos2y =2(xe " +e*-1)

SolutionBank

13a I=jxsin2x dx

14 a

c

u= X:>d—u:1
dx
ﬂ=sin 2x:>v=_—1c032x
X 2
o =—1xc052x—'[_—1c032x dx
2 2

:—Ex0052x+£sin 2X+C
2 4

dy
X
:J.sec2 ydy:jxsin 2xdx

= Xsin2xcos’ y

= tan y=—%xc032x+%sin 2X+C

y =0, x:£:>0:0+1+c:>c:—l
4 4 4

~.tan y:—lxc052x+lsin 2x—1
2 4 4

2

dy _
dx

:I%dy:J‘xdx

2

Xy

=>-"="4c
y 2
ory= k=2c
y x? +k ( )
-2
y=1lx=1=1=—=k=-3
1+k
. y_ 2
T 3-x?

for x2 =3 and y>0, i.e. —3<x<+3

When x=1y=1, dy isl
dx
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14d

15 a

Equation of tangent is:

y—-1=1(x-1)
y=X

This meets the curve again when:

2
3-x°
x-x*=2
x*=3x+2=0
(x-)(x-1)(x+2)=0

X=

Other point iswhen x=-2,y=-2

ie. (-2, -2)

_J-(1+2x)
u=1+2x
:%u:dx and 4x=2(u-1)

y_(2(u=1) du
..I—‘[ u2 X7

:j(%—u‘zjdu

=1n|u|+1+c
u

=1n[1+2x|+ +c

1+2x

b

16 a

SolutionBank

dy X
1+2x)* > =
(+ )dx sin’y

:>Ism ydy = j(l 2)

:>I4sm ydy = I

dx
a+2@
= [(2-2cos2y)dy =1

= 2y -sin2y =In[l+2x|+ LR,
1+2x
x=0,y=£:>z—1zln1+1+c
4 2
:>c:£—2
2
.2y —sin2y =Infl+2x|+ + 2
+2X 2
jxezxdx
u:x:d—uzl
dx
ﬁ:e2x:>v__e2x
dx
jxezxdx == xe**
—j edx = = xe* —=e®* +¢
2
0
_ l 2X & A2X
A= [er e L
2
- _ (0_1 _[_Ee‘l_le‘l
il 4 4
1
==(1-2e™
4( )
P P
=| =xe”*-Ze
& [2 4 :|o
(Le_Lle) f(o-1
4 4 4
_1
4
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SolutionBank

16b %(1_—29_1):1—2(9-1: e-2

2 4
JATA=(-2)e
17a |—jx2 g™
Let u:x’-’:>d—u:2x
dx
dv.

| =—x%*+2 J‘ xe ™ dx

Again, let u = x:>d—u =1
dx

dv  _ _

— =g =>v=—e"

dx

| =—x%*—2xe *+2 J. e dx
=—xeX—2xe ¥ —2e X +cC
:—e‘x(x2+2x+2)+c

b dy — X2e3y X
dx
ﬂ — X2e3ye—x
dx
je‘Sy dx = I x%e™* dx
1

3

x=0,y=0:>—%=—2+c:>c=5

3y =3e*X(x2+2x+2)—5

3y=—|n(3e’x(x2 +2x+2)—5)

yz—%ln(?,e‘x(x2 +2x+2)—5)

18a y=e"+1
y=8=¢"=7
3h=In7

h=1mn7
3

—Ze ¥ =—g (x2 +2X+ 2)+c

b Areaof R is given by

1In7

Em(eax +1) dx = E e + XT

0
:(le'” +1In7j—(1+oj
3 3 3

=2+1m7
3

19 a

= x* = A(X-1)(x+1) +B(x+1) +C(x-1)

x:1:>1:28:>8:%

X=-1=21=-2C=C=——

Coefficients of xX*: 1= A= A=1

dx . (x*-1)
— =2
dt X
2
:>j — dx:jzdt

:j( = X+)de 2t

=2t+cC

1, |x-1
= X+=1In|——
X+1

x=2,t=1:>2+11n1=2+c:>c=%1n%

1

—1nX -1
2

X+1

2t+£1nl
2 3

20a y=e"-e

x| 0] 025 0.5 0.75 1

y 0 | 0.86992 | 2.11175 | 4.00932 | 7.02118

b Areaz%h(y0+2(y1+---)+yn)

_ %(7.02118+ 26.99099)

=2.6254

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7
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20c The curve is convex, so it is an 1 1 T
overestimate. ¢ t=T.V :EA:EA:Ae
= -1n2=—KT
1
d Il(ezx—e’x) dx=| Te? ye = KT =In2
0 2 0
=lez+e _1_1 22 a d—y X
2 2 dx k-y
EPCIE I( )dy dex
2 e 2
e —3e+2 _(k=y) )
N 2 T2
P=-3 Q=2 X*+(y-k) =
3 b Concentric circles with centre (0, 2).
e T2 55604 0.2
2e
23a
Percentage error X 1 | 15| 2 | 25
_ 2.5624 —2.6254 «100% ~ 2.5% y 1 | 06825 | 05545 | 0.6454
2.5624
21 a @=—kv X 3 3.5 4
dt
1 y 0.9775 | 1.5693 | 2.4361
= [=dv = [—kdt
\Y,
InV|=-kt+C
=nV|=—Kt+ b Area = (3.4361+ 2x4.4262)
=V =Ae" 4

=3.074
t=0V=A=V=~A" (A=A

¢ If smaller intervals are used and

b consequently more values, the lines would
- follow the curve more closely.
A
V=Ae*
0 t
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SolutionBank

23d Area:f%x2 INX—x+2

Now let I:szlnxdx

Letu—lnx:>0|—u:1
dx x
av x?
—=X"=D>V=—
dx 3

2
I :lxe’ Inx—_[x— dx
3 3
1 1
Inx—=x3+c
3 9

2 4
Area= ix3 In x—ix3 X Lox
15 45

2 1
_8404-% g [0-Lt 1.,
15 15 45 2
10 15
29 64

e —+—In4=3.015
10 15

Percentage error

~3.015-3.074
3.015

x100% =~ 2.0%

24 a u:1+2x2:>du:4xdx:>xdx:dTu

6

u
X(1+2x?)°dx = du_
Sof ( ) I 4
l=(1+2x) N
24
dy 2\5 ~me
b — =x(1+2x")’cos" 2y
dx
= J‘sec2 2y dy =J'x(1+ 2x%)°dx
6
1tan2y_w 2
2 24
Vs 1 1 11
y=—Xx=0=>-=—+4¢C,=>C,=—
8 2 24 24
2\6
.'.tan2y=w+E
12 12

1

2> :I1+x

Let x=tanu:>d—X=sec2u
du

=Ilt—zseczu du
+tan’u

But 1+tan®*u =sec®u
So | =Idu =u+cC
=arctan x+¢

26 x(x+2)d—y=y

:I_ Jx(x+2)
1 _A, B
X(X+2) X X+2

= 1= A(x+2)+Bx

x=0:>1=2A:>A=%

x=—2:>1=—28:>B:—%

Solny= j( ) X(-%-)ZJdX

:lln|x|—iln|x+2|+c
2 2

kx
Ly=,—— c_—Ink
Y X+2 ( j

X=2,y=2=2= :>4><2 k
2

8x

y: R e

X+2 x+2

27 a AZ?Z'FZD(;—AZZH'F
r

dr _dr dA 1 ) ( t j
=——xksin| —
dt dA dt 2rr

dar k. ( t j
— =——sin| —
dt  2zxr 3
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Challenge
a

27b -[27”' dr:jksin(%) dt

T

zr? =37k cos (Lj +c
3T

r2=-3k cos(ij +c

3T

r=1t=0=1=-3k+c=>c=3k+1

r:2,t=7z2:>4=—%+3k+1

=Y

So r? =—600$(3L)+6+1 = 0 5
JT

¢ [ [F00] ax= [ £(0) dx+2x|[” Fx) dx‘
r’ = —6cos (—J +7 -8 -3 -1

3 s 3
[ foax=| >-Z—2x| =6
3 3 2 |,

3 2

2
[F1o0 de=| XX oy | =2
1 3 2 |, 2

3 d 9
_[_3|f(X)| X=6+2XE:15

C r=15=225= —GCOS(LJ+7
3

6cos (Lj =4.75
3

cos(Lj ~0.7917

3z
t b
- = 06527 Vi
3z
t =6.19 days 101

NG
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Vectors 12A

1 OP =2 +8 +(-4) 4 AB=\(7-k)’ +(-1-0)° +(2—-4)’ =3
—4564+16 =84 J(49-14k +K?) +1+4 =3
=2\21~9.17 3sf) 49-14k +K? +1+4=9

2 OP=\T"+7°+7 - Lak 4450
= J49+ 49+ 49 = 147 (=5)c=9) =0

k=5o0rk=9

=7J3~12.1 (3s.f)

5 AB=./(5-1)+(3-k)*+(-8-(-3))’
-3/10
J16+(9—6k +k?) +25 =310
16+9—-6k +k?+25=9x10

3 a AB=4/(3-1%+(0—(-1)*+(5-8)’

= 22 +1% +(-3)?

=14 ~3.74 (3sf)

b AB=./(8—(-3))’ +(11-1)’ + (8—6)’ k*—6k —40=0
— 11 1107 1 22 (k+4)(k~10)=0
k=-4o0rk =10
= J225 =15
Challenge

C AB=,/(3-3)?+(5-10)% +(-2—3)?
> > > a Coordinates of other points in the plane
= /0 +(-5)° +(-5) x = 1 will be (1, -3, 4) and (1, -3, -2).

=60 =52 ~7.07 (3s.f)

Coordinates of other points in the plane

d AB=(-1-4)° +(-2—(-1)* +(5-3)° )((;_73\5“_';)?6 (7,3,4), (7,3, ~2) and

= (-5 2+ (-1 22 .
b Shortest route for the ant will be from A to
=30 ~548 (3sf) half way along one of the opposite edges
and then across the next face to C.

Distance = 2x+/62 +3% =2x+/45
=2x3J5 =65
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Vectors 12B

1 4 ¢ fi+j—K/=B+2+ (-1
1 a a=|2 b=|-3
. : =J1+1+1=3
. d [5i—9j—8K| =152 +(-9)* +(-8)’
i a-b=|5 =/25+81+64 =+/170
-9
e |i+5j—7k|=«/12+52+(—7)2
~1+12) (11 =1+25+49 =75
4+15 19
5 2 7
b a-Dbis parallel since 5a p+g=|0+| 1 |=1
—2(a - b) = 6i — 10j +18k. 2 -3 1
—a + 3bis not parallel as it is not a ) ; 5
multiple of 6i — 10j +18k. B
b q-r=|1|-|4|=5
3 -3 3 -3 2 -5
2 3a+2b=3| 2 |+2|-2|=|2
-1 4 5 5 2 7 14
c p+q+r=|0|+| 1 |+|-4|=|-3
2) (-3 2 1

3i +2j + 5k :%(6i+4j+10k)

So the vectors are parallel. o
1 P d 3p-r=3/0|- } { 1 4
4

-4 r . ,

i : e p-2q+r=|0|- +
a+2b=(1+2p)i+(2+2q)j + (-4 +2n)k X )
(1+2p)i + (2 +20)j + (—4 + 2r)k = 5i + 4 &\ (4N (7
1+2p=5=p=2 =0|-| 2 |+|-4|=|-6
2+2q=4=09=1 2) (-6) | 2) (10
—4+2r=0=r=2 - -

6 AB=b-a sob=AB+a
4 a |3i+5j+k|:«/32+52+12 - , ]
=9+25+1=/35 b=| 4 |+|-7|=|-3
-1 3 2
b |4i-2k|= «/42 +02 +(=2)?
—16+4 =20=45=25 Position vector of B is 7i — 3j + 2k
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7 || =Nt 42243 =7

t?+4+9=7
t?+4+9=49
t? =36

t=6ort=-6

8 [a]=+/(51)% +(2t)* +1* =310
J25t2 + 412 +t2 =310
J30t2 =310
30t2 =9x10
t? =3

~JBort=-3

9 a i Position vector of Ais 2i + j + 4k
Position vector of B is 3i — 2j + 4k
Position vector of C is —i + 2j + 2k

i AC=0C-0A
=(—i+2j+2k)—(2i+j+4k)
— 3i+rj-2k

b i |AC|=\3"+17+2* =14
i |OC|=1?+27+2* =\8 =3

10a PQ=0Q-0OP
=—i+3j—5k—(3i+7k)
— _4i+3j-12k

b Distance between P and Q is

[PQ|=+/4? +3* +12° = /169 =13

¢ Unit vector in the direction of PQ is
4. 3. 12

%(—4i+3j—12k)=——|+—]——k

13 137 13

11a AB=OB-O0A
= —2i+3j+k —(4i—j—2k)
=—61+4j+3K

SolutionBank

b Distance between A and B is

A8 F -4+ 7 - V61

¢ Unit vector in the direction of AB is

%(—6i+4j+3k)
__5 I+ 4 j+ 3 k
J61 61" (61
12a |p|=v3+42+22 =29
5= tp
Ipl
S D S S
\/E J29° 29
b |o|=v2+42+7=J25=5
o1 1 s
=Hq——(ﬁu—4j—ﬁk)
£—ﬂj—£k
5 5 5

L T(-41-20)

c |r|:m:r:4
f:H (Il 24/2j -3k
. 22, B

_NS W2, N3y

4 4 4

13a AB=0B-OA
—8i —3j+3Kk —(8i—7j+4Kk)
—4j—k

AC =OC -OA
—12i —6j+ 3Kk —(8i — 7j+4K)
—4i+j-k

BC =OC -OB
—12i —6j+3k — (8i —3j+3K)
= 4i-3j

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 2 SolutionBank

13b ‘ﬁ‘=x/42+1=\/1_7 ii cosey:%:w’y:GZ.BO
[AC|=V#* +1+1=\18 =32 5
. iii cosf, =—==6,=355°
[BC|=\4? +3° =25 =5 J74
¢ As the sides are all different lengths, the c |2i _3k| - \/1_3

triangle is scalene. . 2
i c0sl, =——==6,=56.3°
. V13
14a AB=0B-0A
=i—2j+5k —(3i+4j+8k
( ) i cosayzizey:90°

= —2i-6j—3k J3
AC =0C -OA -3
iii cosf, =——= =6, =-146.3°
=7i-5j+7k —(3i+4j+8k) N
=4i-9j—k
) 16 LetAbe(2,0,0),Bbe(5,0,0)and C be
. 4,2,3).
BC =OC -OB (4.2,3)
= 7i—5j+ 7k —(i—2j+5k) \E\—s
= 6i—3j+2k o
‘AC‘ =22 122 432 = 7 ~ 4.123
D _ 2 2 2 _ _ .

b |AB|=2"+6"+3" =49 =7 BC|=E+ 2" +8 =14 ~3.742
[AC] =449 +1= B8 =72 cos ZABC = 214717 6 o670
[BC|=V6°+3°+2° =49 =7 2x3x+14

ZABC =74.49..°
¢ Triangle ABC is isosceles. Area of triangle
1 .
Since angle ABC =90°, angle BAC = 45° =Ex3xﬂ xsin74.49...°
=5.41
15a |-i+7j+k|=+/51
i cosd, =‘F11:>9X ~98.0° 17 |[PQ=V3 +142° =14
‘Q_R" =22 +424+37 =29
i cos6, =——=0,=114° |PR|=|PQ+QR| = V1+3° +5° =35
NG
1 Using the cosine rule:
lii cosd, =——==06,=82.0°
V51 35=29+14— 22914 cos Z/PQR
4
i+4j = c0s Z/PQR = ——=0.1985...

b [3i+4j+7K| Bﬁ Q=755

i oSO, =—— =6, =69.6° ZPQR =78.5° (1 d.p.)

N
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Challenge

The vector a=-2i+6j—3k will be in the same
vertical plane as the vector b =-2i +6j.

So the angle a makes with the xy-plane is the
angle, @, between a and b.

b| 40
cosf =—=——=0.9035...
la| /49

0=25.4°(1dp)
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Pure Mathematics Year 2

Vectors 12C
1ai [OA=\1+42+8 =\B1=9

¢ For ABCD to be a parallelogram, there are

IOB| = /4% +42+ 7% =[81=9

=|0A/=|OB|
i |AC|=|0C —OA|=[9i+4 j+ 22K]|

=9% +42 +22% = /581

IBC|=|0C —OB| =|6i—4 j+ 23k]|

=62 +4% +23° = /581

—=|AC|=|BC]|

b The quadrilateral OACB has two pairs of
equal adjacent sides, so it is a kite.

a Let O be the fixed origin.

|AB|=|OB —OA| = |2i+3j—2K]|

=22+ +22 =17
|AC|=|OC —OA/=|6j| =6

IBC|=|OC — OB| =|-2i+3j+ 2K]|

=22 +3+22 =17

So |AB|=|BC| and the triangle is
isosceles.

a

three possibilities:

i AD and BC are parallel and equal in
magnitude.

Hence OD =0A+ BC

OD =(2i + j+5k) +(~2i +3j+2k)
=4j+7k

Coordinates of D are (0, 4, 7).

i CD and AB are parallel and equal in
magnitude.

Hence OD =OC + AB

OD =(2i +7j+5kK)+(2i+3j-2k)
=4i+10j+3k

Coordinates of D are (4, 10, 3).

AD and CB are parallel and equal in
magnitude.

Hence OD = OA+CB

OD =(2i + j+5k)+(2i —3j - 2K)
—4i—2j+3k

Coordinates of D are (4, -2, 3).

Let O be the fixed origin.

b If AC is the base of the triangle, then the AB=0B-0A
height, h, will be given by: — (12§ +2j-9K) —(7i+12j k)
2

(ﬁﬁg +h? :(|E|)2 =4i-10j-8K
? —2(2i-5)—4K)

9+h?=17

Area of triangle ABC :(2:_+J+_15k;; (14' _14J+3k)
1 =—-61+15]+1

=5x0x202=612 ——3(2i-5j—4K)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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3 b BC=3i-16j+12k 5 AOAB is isosceles.
AD =i-11j+16k .
If |OA| =|OB|:
BC is not parallel to AD. So ABCD is a J10% +232 +10° = \/pz +14% 4+ 22°
q_uadrllate_ra_l with one pair of parallel 729 = p? +680
sides. So it is a trapezium.
p® =49
4 (3a+b)i+j+ack =7i—hj+4k p=+7
Comparing coefficients of j: thBl =|ABJ:
b=-1 AB = (p—10)i +37j—32k
2
Comparing coefficients of i: 7 +147 422" = \l( p-10) +37°+32°
Satb=7=3a-1=7 p?+680 = (p—10)° +1369+1024
8 ) )
a=2 p? —(p—10) = 2393680
p*—(p®-20p+100)=1713
Comparing coefficients of k:
- 20p 1813
ac:4:>§c:4 _1813
3 20
cC==
2 -
If |OA| =|AB|:

J729 = (p-10)° +372 +322
729 = (p-10)° +1369+1024
0=(p-10)"+2393-729

0= p?-20p+100+1664
0=p°-20p+1764

b*—4ac<0
So there are no solutions for p if |[OA =|AB|.

The three possible positions for B are
(7,14, -22), (-7, 14, -22)

and [% 14, —22}
20
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a |AB|=\7"+1+2% =54
IBC|=1+5% =26
IAC|=|AB + BC| = /6% +1+ 72 = /86

cos Z/ABC = 24+t26-86 _ g0,

2x\j5_4><\/%—

ZABC =94.59...°

Area of triangle
:%x 54 x /26 x 5in 94.59...°
=18.67(2d.p.)

b Triangles ABC and ADE are similar with a
side ratio of 1: 3.

So area of triangle ADE
= 9 x area of triangle ABC
=168.07 (2d.p.)

Suppose there is a point of intersection, H, of
OF and AG.

OH =rOF for some scalar r.
AH =sAG for some scalar s.

But OH =0A+ AH =OA+SAG
so rOF =OA+sAG (1)

Now OF =OB+BD+DF =a+b+c
and AG=A0+O0B+BG=-a+b+c

So (1) becomes
r(a+b+c)=a+s(-a+b+c)

Comparing coefficients of a:
r=1-s

Comparing coefficients of b:
r=s

Sor=s=1

2
. 1 R [
OH :EOF and AH :EAG

So H is the midpoint of OF and of AG, and
the diagonals bisect each other.

SolutionBank

8 FP=FB+BO+0A+AP

=—c—b+a+gm

But m:m%f
3
:—a+z(a+b+c)

13 '3
=——a+-b+-c
4 4 4

SOFP=—c_biatt —1a+§b+§cj
3\ 272"y

2
==a
3

PE = PA+ AG +GE
— 2 AM +c+b
3

=—ﬂ(ﬁ+§ﬁj+c+b
3 4

=—a-a=-a
3 3

Therefore FP and PE are parallel, so P lies
on FE.

FP:PE=3|a|:1|a|=2:1
373
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SolutionBank

Challenge )
p+2q-5r 28

1 pa+gb+rc= 3r =|-12
4p-3q+r —4

Comparing coefficients of b:
r=—4

Comparing coefficients of a:
p+29+20=28= p+29=8 (1)

Comparing coefficients of c:
4p-39-4=-4=4p-3g=0 (2)

Substituting for p in (2):
4(8-29)-3q=0=q _32

11

Substituting for q in (1):
p+—=8=p= 24
11

(Wz%a+b+c

BN=a_b+c
2

AF =—a+b+c

Suppose there is a point of intersection, X, of
OM and AF.

AX =rAF =r(-a+b+c) forscalarr .

W=5W=s£2a+b+cj for scalar s .

But &=Cﬁ\+ﬁ=a+r(—a+b+c)

e) s(%a+b+c)=a+ r(-a+b+c)

Comparing coefficients of a and b:

1s:l—r ands=r
2

Sorzs:2
3

Suppose there is a point of intersection, Y, of
BN and AF.

AY = pAF = p(-a+b+c) for scalar p.

quﬁzq(a—b+%cj for scalar q.

But BY =BA+AY =a—b+p(-a+b+c)

o) q(a—b+%cj:a—b+ p(-a+b+c)

Comparing coefficients of a and c:
g=1l-pandq=2p
2

1
Sop==,q=—
P 3q 3

m%ﬁand W:%ﬁ

So the line segments OM and BN trisect the
diagonal AF.
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Vectors 12D

1 a R=3i-2j+k+7i+4j+3k—5i-3j 1V (3)
_ 2
= (Si—j+4k)N d a= (gj +(§j +2
1 26 ms™
b |R|=v5 +1+4’ =J42N 2
3
-3 -3
e cosf =—2=——
2 |a|:\/42+22+32:\/ﬁms‘2 RTINS
2
Using s = ut+Lar’ 0, =126°
2
1
s==29x4=2y29m This question has been removed from the latest
2 ..
edition of the book.
3 a F=ma=2i-5j+3k=4a 6 a Gravitational force downwards
a=|Li—2j: 2k |ms> =1200x9.8=11760 N
2 47 4
Total force on aeroplane
2 2 2 =T+L+F-11760k
b lal=[ 2] +(3] +2 = (1900i —1300j — 460k )N
2 4 4 =(1900i -1300j - 460k )
_ )
=1.54ms F = ma = 1900i — 1300 — 460k =1200a
4 F +F,= 7i+3j+k+F, =6(2i-k a=| i -0 g
\+F, =ma=7i+3j+k+F, =6(2i-k) T
F,=(12i-7i-3j-6k -k
L =(12i-7i-3j ) - £2+Ez+ﬁ2
=(5i-3j-7Tk)N “Wi2) 12) (12
D e =1.96 ms™
5 a Particle is in equilibrium
=F+F,+F=0 b As the aeroplane is initially in level flight
(i —j- 2k) + (—i +3j+ bk) + (aj - 2k) =0 and the acceleration in the vertical
direction is —460ms ™, the acroplane
Comparing coefficients of j: must be descending.
-14+3+a=0=>a=-2
_46
Comparing coefficients of k: cosf, = ﬁ =—0.1956...
2+b-2=0=b=4 '
6, =101.3°

b R=F +F,=i+(a-1)j-4k
=(i-3j-4k)N

¢ F=ma=i-3j—4k=2a

a:(li—zj—2kjms‘2
2 2
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Vectors, Mixed exercise 12

1 Coordinates of M are (3,5,4)

Distance from Mto C
:\/(5_3)2 +(8=5) +(7-4)
=J4+9+9=+22

2 Distance from P to Q

- (a-2)-2) +(6-3) +(7-a)

—Ja?—8a+16+9+49—14a+a’

=\2a?—22a+74 =14

2a®-22a+74=14
a’-11a+30=0
(a—-5)(a-6)=0
a=5o0ra=6

3 |AB|=32 +12 +5% =Jt2 +34
48|

JP+34 =52

t* +34=50

t* =16

t=4 (sincet>0)

So AB =-3i+4j+5k

6i—8j—gtk=6i—8j—10k

= -2AB
So AB is parallel to 6i —8j—gtk

4 a Let O be the fixed origin.

PQ=0Q-0P =-3i—8j+3k
PR =0R-OP =-3i-9j+8k
QR=0OR-0Q =—j+5k

b

a

SolutionBank

‘P—Q‘ ~\J9+64+9=482
\ﬁé\ —/9+81+64 =154

NN

cos LQPR= 227154726 _ () 343

2><\/8_2>< J154

ZQPR =20.87...°

Area of triangle
_ %x 82 x /154 5in 20.87..°

=20.0 (1d.p.)
DE =OE —OD = 4i +3j+4k

EF =OF —OE =-3i—4j+4k
FD=0OD-OF =—i+j—8k

\DE}=¢16+9+16=\/H
\ﬁ\:Jm:m
\ﬁ\=m=@

Two sides are equal in length so the
triangle is isosceles.

PQ =0Q-0P =9i—4j
PR=0OR-OP =7i+j—3k
QR=0R-0Q =-2i+5j-3k

\%\:Jsum:ﬁ
\ﬁ\=m=@
|- V7575 - V38

ZQRP =90° so PQ is the hypotenuse.

sin ZPQR =@ = \/5:9= 0.7799...
EAL

/PQR =51.3°
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7 AC=AB+BC=-2j+k

‘E‘:\/1+1:\/§
‘B—C‘ = \/1+9+1 = \/1_1
‘A—C‘ ~Ja:1=5
2+11-5
cos Z/ABC =—— =0.8528...
ZX«/EX\/E
/ZABC =31.5°

8 AC=AB+BC—=BC=AC-AB
9
So BC =| 10
-6

|ﬁ|=\/36+4+121=J1671

|E| —J225164+25=/314

|ﬁ| = J81+100+ 36 = /217

161+ 217 -314

cos ZABC = =0.1712...

2xJ161x+/217
/ABC =80.14...°

Area of triangle ABC
= % x161x /217 xsin ZABC

Area of parallelogram ABCD

=161 x+/217 xsin ZABC
=161 x+/217 xsin80.14...°

~184 (3s.f)

SolutionBank

9 a \E\ ~J4+25+9=4/38

\AC}:J4+25+9=\/3_8

So ABC is an isosceles triangle.
Therefore DBC is an isosceles triangle.

So AB is parallel to CD and
AC is parallel to BD.

Let O be the fixed origin.

OD =0C +CD
-=0C +AB
~0OC+0OB-0A
4) (0) (2 2
=|-2|+|-2|-| 3 |=|-7

-5 1 -2 -2
Coordinates of D are (2, =7, —2).

ABCD is a parallelogram with four sides
of equal length. It is a rhombus.

‘ﬁ‘=\/16+36 - J52

38+38-52

ZX@X\/@

Z/BAC =71.59...°

cos Z/BAC = =0.3157...

Area of triangle ABC
:%x\/ﬁx\/@xsin /ABC

Area of parallelogram ABCD

=/38x+/38 xsin ZABC
=38 x/38xs5in71.59...°

=36.1 (3 s.f)
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SolutionBank

100P=Loc=1c
2 2
AB=Db-a
1 1
OQ:OA+EAB :a+5(b—a)
Wg:@_@:%(am_c)

OR=10A=1a
2 2

BC=c-b
= 1 1
0S =0B+-BC=b+(c-b)

R?:(ﬁ—(ﬁ:%(—amw)

or=toe=1p
2 2

AC=c-a

W:O—A+%ﬁ:a+%(c—a)

'm=m—c7l:=%(a—b+c)

Suppose there is a point of intersection, X, of

PQ,RS and TU.

ﬁ=tﬁ:%(a—b+c)
for scalarsr, s and t.

But RX = RO+OP + PX

=—1a+lc+i(a+b—c)
2 2

o) %(—a+b+c)

s(-a+b+c)=(r-1)a+rb+(1-r)c

Comparing coefficients of b and c:
s=rands=1-r

Hence r:s:1
2

—1a+£c+£(a+b—c)
2 2 2

Also TX =TO+OP +PX
:—1b+£c+£(a+b—c)
2 2 4
) l(a—b+c)=—£b+£c+£(a+b—c)
2 2 2 4
t(a—b+c):%(a—b+c)

Hence t = 1
2

So the point X is the midpoint of all three line
segments PQ, RS and TU. Therefore the line
segments do meet at a point and bisect each
other.

11 Total force on particle

=F=F+F +FK
=((b+1)i+(4-b)j+(7-b)k)N

IF|=J(b+1)° +(4-b)* +(7-b)’
— b2 +2b+1+16—8b+b? +49—14b +b?

=+/3b” —20b + 66

[Fl=mia

— \/30% — 200+ 66 = 2x3.5=7
3b? —20b +66 =49
3b?-20b+17=0
(b—1)(3b-17)=0

b=10rb=£
3

12a Air resistance acts in opposition to the

motion of the BASE jumper. The motion
downwards will be greater than the
motion in the other directions.

b Gravitational force downwards
=50x9.8=490 N

Total force on BASE jumper
=W +F —490k

=(16i +13j— 40k N
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12¢ [16i+13j—40k| = /256 +169+1600

=4/2025 =45 N
Acceleration = H_9 ms
50 10

Using s = ut+%at2 .

180 =0+ Lx 22
2710

t2 = 400

t=20

The descent took 20 seconds.
Challenge

For example, ifa=(1,0,0),b=(0, 1, 0) and
c=(1,1,0)thenp=qg=r=1gives

a+b+c=2a+2b

Sos=2#p,t=2#qgandu=0+#r, and the
result does not hold.

The statement is also untrue if any of the scalars
p, q and r is zero. For example, with a, b and ¢
asabove, ifp=0andg=r=1,thens=1+#p,
t=2#qandu=0+#r.
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Review exercise 3

1 y:%x2+4cosx

d—y:x—4sinx

dx

When x = &

y:TC_ and ﬂ: TT_ _TC—8
8 dx 2 2

So gradient of normal is —
TE —

Equation of normal is

" (_Ej
ST T T s 2

2
y@—nyu%{S—@:z(x—gj
8y(8—n)—7t2(8—n):16X—8n
8y(8—n)—16x—n2(8—n)+8n:0
8y (8—m)—16x+(n’ —8m+8)=0

2 y=e"—=In(x?)
=e¥-2Inx

ﬂ :3e3x_ 2

dx X

Whenx=2:

y=e’~In4 and % =3e°-1

Equation of tangent is
y—(e°~In4)=(3e°~1)(x-2)
y—e®+In4=(3e"~1)x—6e°+2
y—(3e°~1)x-2+In4+5¢° =0

SolutionBank

yo_ 3
(4—6x)2
=3(4-6x) "
d—y=36(4—6x)’3= 36 -
dx 4-6Xx)
When x =1:
y=§ and d_y=_§=_g

4 dx 8 2

So gradient of normal is %

Equation of normal is
y-2=2(x-1)

4 9
36y —27=8x-8

0=8x—-36y+19

a y=(2x—3)2 e

Let u :(2x—3)2 :3—i=4(2x—3)

and v = e* :%:ZezX

X
dy dv du
L =U—+V—
dx dx  dx

=2(2x—3)" e* +4(2x—3)e*
=2e™(2x-3)(2x-3+2)
=2e™(2x-3)(2x-1)

b ﬂ=0:>2x—3=0 or 2x-1=0
dx

Sox:E or 1
2 2

Whenx=—=,y=0

N W

Whenx==,y=4e

N[+

So coordinates of stationary points are

Cojoa(i)
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sin X
du
Let u=(x-1) = —=2(x-1
et u=(x ):>dx (x—1)
. dv
and v =Sin X = — = C0S X
dx
Jdu v
dy _ “dx  dx
dx v?
_ 2(x-1)sinx—(x~1)" cosx
- sin? x
_(x—l)(25inx—xcosx+cosx)
- sin? x
Whenx = = :
2

2
y:(ﬂ—lj and ﬂzz(ﬂ—lj
2 dx 2
Equation of tangent is
2
g g
2 2 2
= -2 X—E)
(x-2[x-3
2
y=(n—2)x—%(n—2)+(§—1}

2 2
=(n-2)x-Z—+n+l —n+1
( ) 2 4

=(n—2)x+(1—%2j
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1
6 a y=cCo0seCcX=——
sin x
Letu:sinx:>d—U=cosx
dx
1 dy 1

andy=—"=—=——
y u du U’

Using the chain rule:

dy dy du

dx du dx
1

= ————XCOSX

sin® X
1 1

=—— X

sinx tanx

= —C0Sec X cot X

b x=cosec6y

% =—6cosecbycotby
dy

cosec’6y =1+cot’6y

= cotby =+/x* -1
dx_ —6xy/x2 -1

dy
dy 1

dX  Bxy/x?—1
7 y=arcsinx

Sox=siny
:%zcosyand d_ 1
dy dx cosy
sin®y+cos’y =1
cosy :Jl—sinzy =J1-%
so W1
dx  1-x2
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8 a x=2cott,y=sin’t 1

1+t 1-t
ax _ —2cosec’t, dy _ 4sintcost
dt dt

Using the chain rule:

dy dy  dx %:__1 ﬂ: 1
ax _dtdt dt (1+t)% dt  (1-t)?
_ 4sintcost
~ —2cosec’t dy_dy  dx
=—2sin’tcost dx dt " dt
(1+1)?
b Whent="": a-t’
4
2 1
1 When t==:
x=2andy=2x| —=| =1
’ (Jij 2
3 2
dy 1 1 1 =_andy=2
(%) (%) 3
" 2/ e dy () __%_
Ty S
So equation of tangent is 2 4
y-1= —%(x— 2) So equation of tangent is
1 y—2:—9(x—gJ
y=—§x+2 3
y=-9x+8
X
C Xx=2cott=cott=— 1
2 b x=—=t=-"-
) ) y 2 1+t X
y=25|n2t:>sm2t=E and cosec’t ==
Substitute into y—ﬁ
cosec’ t =1+cot’t 1
2 y—
-g:1+(§j 1_(1_1j
y 2 X
4+ Xx* 1
4 1
2_=
y__14 X
2 4+x° X
__ 8 :2x—1
IR

As 0<tsg,cott20

X =2cott so the domain of the function
isx > 0.
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10 3x* —=2y* +2x-3y+5=0 12 y=x"e™*
dy 2 o—X X _ X 2
Differentiating with respect to x: o XerxeT=e (2x=x?)
dy dy 2
6x—4y&+2—3&+0:0 d_z/:e_X(z_ZX)_e_x(ZX_Xz)
dx
Substituting x=0, y=1: =e(x*~4x+2)
— d—y+2—3ﬂ:0 d2y
dx dx For C to be convex, —- > 0.
7dy o dx
dx e >0,andforall x<0, x*—4x+2>0
2
dy _2 so LY 5 oforall x<0.
dx 7 dx

. I
So gradient of normal at (0, 1) is ) Hence C is convex for all x <0.

Equation of normal is 13avtarodV e
3 d

y-1=""(x-0) r
_ b Using the chain rule:
yz?x+1 dv. dv dr , dr
—=——x—=4nr" x—
7X+2y—-2=0 dt dr dt dt

dv _ 1000 _, , dr

11 a sinx+cosy=0.5 —= > =4nr
dat  (2t+1) dt

Differentiating with respect to x: dr __ 1000
_dy dt  4n(2t+1)%r?
CoS X—sin yazo B 250
dy cosx (2t +1)2r?
dx siny

14a g(x)=x>-x"-1
b d—y=0:>cosx:0:>x:irE s )
dx 2 gl4) =1.4°-1.4-1=-0216<0

g(1.5) =15 -15 -1=0.125>0

When x=":
2 The change of sign implies that the root

1+cosy=0.5=cosy=-0.5 o is in [1415]

21 -21 DR
y=—ory=——

3 3 b g(1.4655) = —0.00025... < 0

x g(1.4665) = 0.00326... >0

When x = —3 :

The change of sign implies that the root
o satisfies 1.4655 < a < 1.4665, and so

o« =1.466 correct to 3 decimal places.

—-1+cosy=05=cosy=15
(no solutions)

So the only stationary points in the given

(n 21:) (TC —27:)
rangeareat | —,— |and | —,— |.
2 3 2 3
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15a

16a

17a

p(x) =cosx +e”

p(1.7) =cosl.7+e*" =0.054...> 0
p(1.8) = cosl.8+e™® =-0.062..<0

The change of sign implies that the root
aisin [17,1.8].

P(1.7455) = cos1.7455 + ¢ 7%
=0.00074...>0

P(1.7465) = cos1.7465 + e+
=-0.00042...<0

The change of sign implies that the root
o satisfies 1.7455 < o < 1.7465, and so

o =1.746 correct to 3 decimal places.

f(x) =e**-3x+5=0
e =3x-5
x—2=In(3x-5)

x=1In(3x—5)+2, for 3x—5>0:>x>%

Usingx, =4:
X, =In7+2=3.9459
X, = In(3x3.9459 - 5) + 2 = 3.9225

X, = In(3x3.9225 - 5) +2=309121
All correct to 4 decimal places.

1
. 2)3 + 4x?

£(0.2) = —=— +4x0.2°

(0.2-2)
= -0.011..<0

£(0.3) = ——— + 4x 0.3’

(0.3-2)

=0.156...>0

f(x) =

The change of sign implies that the root
a isin [0.2,0.3].

18 a

Using x, =1:

- /_Tl +2=13700
1

_ 3’ o 214803
X 1.

- 3,—4 1‘418932 +2=15170
X 1.

_ 3/—4 1‘511702 +2-15228
X 1.

All correct to 4 decimal places.

X
XZ
X3
X4

m +4x 152352

=0.0412...>0

1

=-0.0050...<0

f(1.5235) =

+ 4 x1.5245°

The change of sign implies that the root
o satisfies 1.5235 < o < 1.5245, and so

o =1.524 correct to 3 decimal places.
1 2 X

f(x) =—x“e"—2x-10
10

As A is a stationary point, the gradient at
Ais zero. So f(a) = 0.

The Newton—-Raphson process uses f{(x)
as a denominator. Division by zero is
undefined so X, = a cannot be used to

find an approximation for «a.
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18b f(x)=xe*(0.1x+0.2)-2

Using X, = 2.9
f(x

X =% = 5 2
)

_9g_ f(2.9)

f(2.9)

0.5155

23.825

=2.922 (3d.p.)

=29+

2

19a f(x):ixs—x§+1—4
10 X

3 2 1
i f(0.2)=—x0.2°-0.23+——4
10 0.2

=0.660...>0

3 2 1
f(0.3)=—x0.3*-0.3° +——4
10 0.3

=-1.107...<0

The change of sign implies that there is
aroot « in [0.2,0.3].

. 3 s 21
i f(26)=—x26"-2.6%+—-4
10 2.6

=-0.233..<0

3 21
f2.7)=—=x2.7°-2.73 +——4
10 2.7

=0.336...>0

The change of sign implies that there is
aroot « in [2.6,2.7].

2
b f(x):3x3—x3+1—4=0
10 X
2
3 oapxe-t
10 X

2
x? =E(4+x3 —lj
3 X

2
x=i/E[4+x3 —lj
3 X

c Using X, =2.5:

2
X, =3 10 44253 _ L =2.6275
3 2.5

2
x, = 2 41262755 ——L |~ 26406
3 2.6275

2
X, _ o941 264069 ——L |~ 26419
3 2.6406

2
X, =3 10 4+2.64193 — L =2.6420
3 2.6419

All correct to 4 decimal places.

9 2 11
d f(X)=—x-—=x3-=
9 10 3 NG
Using X, =0.3:
(%)
" f(x)
_ f0.3)
T f(0.3)
-1.10671

T Z12.02598
~0.208 (3 d.p.)

20a v(x)= O.lZcos(%) —0.35sin (%) +120

= R(COS%+0{)+1ZO

R(cos%+aj
5

( 2X . 2X . j
=R| cos—cosa —Ssin—sSin ¢
5 5

=0.12 cos(gj —0.35sin (gj
5 5
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S0 Rcosa =0.12 and Rsina =0.35
tana = 035 = a=1.2405 (4d.p.)
0.12

R?(cos? @ +sin? @) = 0.122 +0.352
R? =0.1369 so R=0.37

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7
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20b v(x)=0.37cos (% +1.2405j +120
V'(X) = —%x 0.37sin (% +1.2405j

=-0.148sin (2—5)( +1.2405j

C V(4.7)=-0.148sin (9;54 +1.2405)
=-0.0031...<0
V/(4.8) =—0.148sin (9—: +1.2405j
=0.0028...> 0

The change of sign implies that there is a
stationary point in the interval [4.7,4.8].

d Vv'(x)= —% x0.148cos (% +1.2405)

Using x, =12.6:
_ V(12.6)

=126
% v'(12.6)

0.148sin (2552 +1.2405J
=12.6-

:X 0.148005(255'2 +1.2405)

0.0003974...

0.5920...
=12.607 (3d.p.)

=126+

e V/(12.60665)
25.2133

= —0.1485in( +1.2405j

=0.0000037...>0

V/(12.60675)
25.2135

= —0.1488in( +1.2405j

=-0.0000022...<0

The change of sign implies that there is a
stationary point at x =12.6067 correct to
4 decimal places.

21 [*(12-3x) dx=78
1 s 271 3
—Z(12-3x)° | =—ZS+=(12-3

—3+é(12—3a)3 =78

l2-3ay =81
9

(12-3a)’ =729

12—-3a=9

a=1

22a cos(5x+2x)=cos5xcos 2x —sin5xsin 2x

cos(5x —2x) = cos5x€os 2x +sin 5xsin 2x
Adding:
COS 7X+COS3X = 2C0S5Xc0s2X

b I60035xc032xdx
=3j(cos7x+c033x)dx

=$sin7x+sin3x+c

X4

23 Consider y=¢* = % =4x’e
X

So Iom mx® e dx = {% e }
0
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P 3x 3 NG
24|_et|=j dx 25|_et|=j _dx
1 2x-1 0 (1_ X2 )5
) du du
dX dX
So replace dx with u du. du

So replace x dx with ——.

2
a\/2x—1 =Uuand x= u 2+1

X" =1-u
so | < [ S
0 ~dx = - Xdx
X , (1-x2) (1-x?)’
1 1 _Il—u(_d_uj
5 3 ut L2
:_% 1:udu
uZ
2
SOI:§U+1xudu 3 1(_% F
) u =—5 W -ut)du
3
:I(§u2+§jdu X u
27 2
1 3
[1 , 3 T 2 1
=[=u’+>u
2 2 | 0 1
27 9 1 3
=l —+=|-|=+= .
(2 2) (2 2) s 1
~18-2 So I:{—u +§u 1
=16 ( B o1 3\/§] ( 1)
L .
2 3 44 3
(8
8 3
_2 33
3 8
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26Let | = Le(xz +1) In xdx

Letu= 1nx:>d—u:E

X X
dv X3

and —=x’+1=>v="-+X
dx 3

Using the integration by parts formula:

3 € e 3
| = X—+x 1n x —J‘l X—+x dx
3 o 1x(3

3 e 2
= e—+e xl—(1+1jx0—j X—+1
3 3 13

3 3 €
=e—+e—0{%+x}

3 1
Feo{(5H59)
=—+e—|| —+e|-| =+1
3 9 9

2¢° 10
= — 4 —

9 9
—1(2e3+10)

9

5x+3 A B

= +
(2x-3)(x+2) 2x-3 x+2

_ Alx+2)+B(2x-3)

(2x=3)(x+2)

5x+3= A(x+2)+B(2x-3)

Let x=-2: -7=B(-7)soB=1
Letx:§: 2—1=A(Z) SO A=3
2 2 2

o 5x+3 _ 3 N 1
(2x=3)(x+2) 2x-3 x+2

J~6 5x+3 «

2 (2x— 3)(x+2)
3
X—3

dx+~[x+2

6

2

E
Bln(Zx 3)+1n(x+2)}
( In9+1n 8)—(gln1+1n 4)

:In95+ln8—0—ln4
3
=1n 92 +1n§
4
=In27+1n2
=1n54

28 Area R = J?Bsin X cos® x dx

Consider y =cos*x = % = —4sin xcos’x
X

g

So Lz8sin XCOS° X dx = [—2 cos’ x]z

-0-(2)

=2
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29 a When x=1:

y=+1+sin1=1.3570 (4 d.p.) x=2:

When x=2:
y=+1+sin2=1.3818 (4 d.p.)

| :Izdl+sin X dx
E x0.5(1+2(1.216+1.357 +

1.413) +1.382)
—0.25x10.354
=2.5885
=2.589 (4s.f.)

30 a Let | =I:xezxdx

Letu:x:>d—u=1
dx

and d—v:e2X :>v:1e2X
dx 2

Using the integration by parts formula:

T
Iz[lxezx} —jlxlezxdx
2 1772

0

1
:(lez_oj_‘:lezx}
2 4 |,

b When x = 0.4,y =0.89022
When x = 0.8, y = 3.96243

¢ AreaofR

~ 2 x0.2(0+2(0.29836+0.89022 +
1.99207 +3.96243) + 7.38906)

= 0.1x 21.67522
= 2.168 (4s.f.)

d Percentage error in answer from part ¢

1 2+1—2 168

_4 4 x100% = 3.37%
1, 1
4 4

2x-1 A B

a = +
(x-D(2x-3) x-1 2x-3

2x—-1=A(2x-3)+B(x-1)

Let x=2: 2=B(ij:>5=4
2 2

Let x=1: 1=A(D=A=-1
x-1 -1 4

0 = +
(x-D(2x-3) x-1 2x-3
(2x-3)(x-1) dy =(2x-1)y
dx

Separating the variables:

2x-1
j_ _I(Zx T

dx

Solny= j—dx+ %3

=-1In|x-1+21n[2x-3/+¢
=—1In|x-1+1n(2x-3)* +In A

(2x-3)
x-1

=InA

So the general solution is
~ A(2x-3)’
x-1

~ A(2x-3)’
x—1

When x=2, y=10 so
A(4-3)
2-1

10= = A=10

So the particular solution is
~10(2x-3)?
(x=1)
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32aV =ﬁnr3 :>O|—V=4nr2
3 dr

Using the chain rule:
v _dv dr
dt dr dt

=4nr? ><g
dt

3k
16m%r®

So B:i

167°

b Separating the variables:
I r5dr:I 3k dt
1

67
6
L. 3k2t+A
6 16n
r6:9—k2t+A’
8n
r=(9—k2t+A’)
8n

33 a Rate of change of volume is Z—\t/cms st

Increase is 20 cm® s
Decrease is kV cm® s, where k is a
constant of proportionality.

So the overall rate of change is

d—V=20—kV
dt

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

SolutionBank

Separating the variables:

1
IZO—kV dV=J'1dt

So —%1n|20—kv| =t+cC

When t=0,V =0 so

—lln 20=c
K
Combining the In terms:
—lln 20—kV _t
K 20
1n 20—kV Kt
20
20_kV :e_kt
20
kV =20-20e ™
V =§_§ -kt
k Kk
So A=§ and B=—%

12
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Substitute %—\tl =10 when t =5:

10=20e* = e = %

Taking natural logarithms:
-5k :1n% or 5k =In2

k= %1n 2=0.1386 (4 d.p.)

" 1n2 1n2

When t=10:
100 100 1
V="—-"x=
In2 1n2 4
_5
1In2

=108.2 (1 d.p.)

, 100 100@2

So the volume is 108 cm® (3 s.f.).

34 a C(i:i_(t: is the rate of change of concentration.

The concentration is decreasing so the rate

of change is negative.

So —d—CocC or d—C=—kC,

dt dt
where k is a positive constant of
proportionality.

b Separating the variables:
j Lac-- j k dt
C
S0 INC =—kt+In A,
where 1n A is a constant.

So In—=-kt

— e—kt

>0O>|0

So the general solution is C = Ae™.

c Whent=0,C=C,s0A=Cy
So C:COe‘kt

When t=4,C =iC0 SO
10

%CO =C,e ™
e =10
4k =1n10

k = 11n10
4

35 [PQ|= (8~ (-1) +(-4-4) + (k—6)’
=9 +(-8)*+(k—6)’ =76
81+64+(k—6) =245
(k—6)° =100
k—6=:+10
k=—-4ork=16

36 |AB| = V1+36+16 = /53

AC}:\/25+4+9:\/§

BC = AC — AB = 6i —8j— 7k

@‘=\/36+64+49=«/149

cos/BAC = 23138149 4 ssen

2xB3x38

/BAC =130.3° (1 d.p.)
37a Let O be the fixed origin.

PQ =0Q-0P =10i -5j—2k

b \@\ =100+ 25+ 4 =129

Unit vector in direction of PQ
10 . 5 . 2

= | — —
J129 J1291 J129

-2
c cosf,=———=-0.1761
V129

6, =101.1° (1 d.p.)
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37d AB=30i-15j+6k 39 —6i+40j+16k =3pi+(8+qr)j+2prk
There is no scalar, say m, for which
AB =mPQ, so AB and PQ are not Comparing coefficients of i:
parallel. —6=3p=p=-2
38 MN =10i —5j— 4k Comparing coefficients of k:
— 16=2pr=> pr=8=r=-—+4
[MN| =107 +57 + 47 =141
Comparing coefficients of j:
MP =(k +2)i-2j-11k 40=8+qr=0qr=32=>q=-8
[MP]|= (K +2)" +22 4117 p=-2,q=-8r=—4
=(k+ 2)2 +125 40a Particle is in equilibrium so
F+F+F=0

NP =(k-8)i+3j-7k
- 5 Comparing coefficients of i:
|NP|=\l(k—8) +3 472 a-9+3=0=a=6

=4J(k —8)2 +56 Comparing coefficients of j:
2+5+b=0=b=-7

It ‘W‘ - ‘W‘ then Comparing coefficients of k:

44c+5=0=>c=-1
JIA1 = |[(k+2)" +125 reTeEE=e

(k+2)° =16 b R=F,+F
K+2—+4 =(-9+3)i+(5-7)j+(-1+5k
k=2ork=-6 ' =(-6i-2j+4K)N

= k =2 (since k is positive) ¢ F=ma=—6i—2j+4k =2a

If ‘WHWS‘ then Acceleration a=(-3i—j+2k)ms?

Mz«}(k—8)2+56 d |a|:~\/9+1+4=\/1_4ms‘2
(k—8)" =85

So there are no integer solutions for k

f [N| =[NP

If ‘W‘ :‘W‘ then
J(k+2)° +125 = [(k—8)° +56
k?+4k +129 = k? —16k +122

20k =7
So there are no positive solutions for k
if [MP|=|NP|

So k=2
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Challenge
1 a ay+x +4xy=y?

Differentiating with respect to x:

aﬂ+2x+4(xﬂ+ yjz Zyd—y
dx dx dx

dy(a+4x—2y)=—4y—2x

dx
. —4y-2x
a+4x-2y
OI—y:0:>x:—2y
dx

Substituting for x in the original equation:
ay+4y* —-8y* =y*
ay—5y* =0
y(a-5y)=0=y=0 oryzg
Wheny=0,x=-2y=0

—2a

Wheny:%,x=—2y=?

So %:o at (0,0) and at (—%,EJ.

X 5
b dx _a+4x-2y
dy —4y-2x
%:0:a+4x—2y=0:> y=2x+E
dy 2

Substituting for y in the original equation:

2
a(2x+ej+ NG +4x(2x+gj :[2x+3j
2 2 2

a’ a’
2ax+?+x2+8x2+2ax=4x2+2ax+I

2
5x2+2w+%:0

20a? 2

‘b’ —dac’=4a* -

2
—a*<0 (as a=0)so 5x%2ax+%=0

has no solutions.

Hence % # 0 for all x.
dy
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2 y=sinx+2andy=cos2x+2

Curves intersect when
SINX+2 =C0S2X+ 2

sSin X = c0s 2X
=1-2sin®x

2sin® x+sinx—1=0

(2sinx—1)(sinx+1)=0

So sinx=% or sinx=-1

So the intersections are at

T 5n 3n

X=—,X=— andx=—
6 6 2

Shaded area up to x =% is

Ig(c032x+2—(sin x+2))dx

0

06 (cos2x—sin x)dx

Il
—

1.
= Esm 2X+C0S x}

Shaded area between X = ki and %n is

51
.[56 (sin x—cos 2x)dx
6
5n

1 . 6
= [—cos X—ESII’] 2x}

T

{EEH_[;_EJ

2 4 2 4

35

2

SolutionBank

Shaded area between X :%n and %ﬁ is

3n
Isﬁ (cos2x—sin x)dx

0
3n

1 . 2
:{Esm 2X+Cc0Ss x}

51

34
4

So the total shaded area is

33,33 33

4 2 4

=3\3-1
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Exam-style practice: Paper 1

dy ¥ 2sec’t 1
1 You_ = =cosectsec’ t

dx & 2sinfcoss sinfcos’

2 a 2(7x-5)-6x<10x-7
=14x-10—-6x<10x-7
= -3<2x

So x>—3
2
b |2x+5|-3>0
Solve |2x+5]|-3=0
x<—§: -(2x+5)-3=0
=>2x=—8=>x=-4
x>—%: (2x+5)-3=0

=2x="2=x=-1

by

N/

From the graph, we see that the inequality

holds when x <-4 or x> -1

¢ For both inequalities to hold, x must
satisfy both x>—32 and x<—-4 or x>-1

so the solution is x > —1

3 a 2x+y-3=0=y=3-2x
Substitute this equation for y in the
equation of the circle
X' +hke+(3-2x)° +4(3-2x)=4
5x* +kx—20x+17=0
If this equation has solutions, the line will
intersect the circle. As the equation is a
positive quadratic, there will be no

solutions, and the line will not intersect
the circle, if

5x° +kx=20x+17>0

b As there are no solutions to the equation
55 +(k—20)x+17=0
the discriminant must be less than zero
= (k—20)" —4(5)(17) <0
= k> — 40k +400-340 < 0
= k> -40k+60<0
Solve k* —40k+60=0

Using the quadratic formula,

2
L J(-40)’ - 4(1)(60) _ 204255
2(1)
Since f(k) = k> — 40k + 60 is a positive
quadratic in £, the set of values of k for
which f(k) is negative must be

20-2/85 <k <20+2/85

4 Letf(d)=cosd

f’(@):limf(HJrh)_f(e)

h—0 h

.. cos(@+h)—cosd

-t

i cos@cosh—sin@sinh—cos O

=0 h

= lim[(COSh_ljcose—(ﬂ]sinﬁ}
h—0 h h

=—sind
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5 a Using the binomial expansion, the

coefficient of x* in the expansion of

3+ px)° is

6(6-1)
2!

As 1215p> =19440 = p* =16

So solutions are p =4, p =—4

(3)'p* =1215p°

b The coefficient of x° is
6(6—1)(6-2)(6-3)(6-4) 3
5!

Since this negative, use p =4, so the

coefficient is
6x3x(—4)’ =-18432

6 First find the y-coordinate of R
y=(2)’ +4(2)-2=10 so R(2,10)

To find the normal line to the curve at R, find

the gradient at R

d—y:2x+4, soatx:Z,d—y=8
dx dx

At R, the normal line will therefore have a

gradient of —1

So the equation of the normal line at R is

1 x 41
~10)=——-(x-2) > y=—"t—
(y—10) 8(x )=y P

To find 7, solve

—£+ﬂ:x2+4x—2
8

= 8x> +33x-98=0

In factorising this equation, remember that

x = 2 is a solution
So (x—2)(8x+49)=0

The normal also meets the curve at x = ——

And when y = —_T%+ﬂ _705
4 64
Required coordinates are _£’7_05
8 64

p’=1215p°

SolutionBank

7 a u=a,u,=ar=96,S_ =600

96
0=20 5 -1 _600
r —-r
— 600 600r =22
r

= 600> — 6007 +96 =0
— 25> —25r+4=0 (dividing by 24)

b 25/°-25r+4=0
Factorise (57— 1)(5r—4)=0

Or use the quadratic formula

(29 %(-25) ~4(4)(25)
2(25)

25415

50
Solutions are r=1=02,r=

=0.8

[TNES

¢ The larger value of r is r = 0.8. The
corresponding value of a is

a=%=120
0.8

_ a(l-r")
-7
120(1-(03)")
1-0.8
599.9

1-(0.8)" > —=—=
=1~ )>600

d §

n

>599.9

>599.9

» 0.1
0.8) <—
:>( ) - 600

=nln0.8< lnﬂ
600

01
Ingss
In0.8

= n>38.986 (3 d.p.)
So n=39

=>n>

(as In0.8 is negative)
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8 a Reflect graph of f(x) the x-axis in regions 9 31-25cosx=19-12sin’*x
where f(x) <0, ie. -10<x<-3and x >4 = 31-25c0sx =19—12(1— cos? x)
N =12cos’ x+25cosx—24=0
~25+4/(25)° —4(12)(-24
B'(-6, 11) = COSXx = \/ ) )
D(0, 6) 2(12)

=0.7148,-2.7981 (4 d.p.)

cosx =—2.798... has no solutions,

=Y

since |cosx[<1

410,00 (3,00 |  E@4,0)
So there are two solutions in the required

b First reflect the graph in the x-axis to interval

obtain y =—f(x) then translate this graph cos'(0.7148) =0.77 (2 d.p.)
0 and 2m—cos ' (0.7148) =5.51 (2d.p.)
by the vector s

10a Let the constant of proportionality be
YA —k, where k > 0. Therefore

) V= =ce®
dr -

where C is a constant
4(0, 5)
C(-1, 5) E(4, 5) V=V, att=0 = C=V,

SoV=Ve™"

0\"6(0,71)
b 25000=V,e** (1)

15000 =V,e™* (2)

Dividing equations (1) and (2)
3 . 5 _ L3k k _ Ll 5

¢ Translate by the vector 0 to obtain 3=C = K=3 n(3)

' Substituting this value of & into (1)
vy = f(x — 3) and then stretch in the v, - 2500063™ =35143.0 (65.£)

y-direction by a scale factor of 2
So ¥, =35100 to the nearest hundred

)
e ¢ Ve =5000
s
5000
(0, 0) £(7,0) Vv
4(-7,0) 0 3 = kt=1In ( 5030)
In (34
=t=3 (5) =11.45 years (2 d.p.)
In(3)
d % should be changed to a smaller value
B(-3,22)

e.g. 0.1 (any value smaller than 0.17
acceptable)
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11a

cos(£BCD) =

Apply the cosine rule to the triangles ABC
and ACD to find ZBCA and £ACD

217 +19* -8
2(21)(19)
=0.9248 (4 d.p.)
= /BCA=0.3903rad (4 d.p.)
14° +21° -11
2(14)(21)
=0.8776 (4 d.p.)
= ZACD =0.5001 rad (4 d.p.)
So Z/BCD = /BCA+ ZACD = 0.890 rad

cos(£LBCA) =

cos(£LACD) =

Now apply the cosine rule to triangle BCD
142 +19? -|BD|’
2(14)(19)

|BD| = J14% +197 —2(14)(19) cos(LBCD)

b

12a

=196 +361-334.847 =14.9 (1 d.p.)

The shortest distance between two points
is a straight line, so any other route will be
longer.

y=-0.01x>+0.22x+1.58
=-0.01(x* —22x—158)
=—0.01((x=11)>=279)
=2.79-0.01(x—11)?

The ball reaches its highest point when its
horizontal distance from the goal is

11 metres. Its maximum height is

2.79 metres.

The ball is kicked when y =0
2.79-0.01(x—11)> =0
2.79

= (x—11 =22=279
0.01

= x-11=%16.703
x>0, s0x=27.7m (1d.p.)

Atx=0, y=2.79-0.01(-11)> =1.58

As 1.5 < 1.58 <2.44, the ball will go not
be saved by the keeper but it will go under
the crossbar, so it will enter the goal

SolutionBank

13 a Surface area of box

=2x" +2(2xh + xh) = 2x* + 6xh
Surface area of lid
=2x"+2(6x+3x)=2x" +18x
Total surface area
=4x* +6xh+18x =5356
B 5356 —18x —4x*
- 6x

V =2x"h= 3(2678x—9x2 - 2x3)
3

Soh

b V =§(2678x—9x2 -2x%)

:>d—V:£(2678—18x—6x2)
d« 3

dv : :

— =0 at a stationary point so

dx

6x> +18x—-2678=0

Since x>0

 —18+4(18)° —4(6)(-2678)
e 2(6)

=19.68 cm (2 d.p.)

v 2
c =Z(-18-12x
7 3( )

2
Since x > 0, e < 0 = maximum

d x=19.68=V =22648.7cm’ (1 d.p.)

e From part a,
surface area of lid = 2x* +18x
So percentage of cardboard in the lid is
2(19.68)" +18(19.68) "
5356
=21.1% (1 d.p.)

00
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SolutionBank

Exam-style practice: Paper 2

2
1 y:ax2+bx+c:a(x+ij +c——
2a
Maximum at (-2,8)
:>i=2 =b=4a (1)
2a
2

and c—b— =8 )
4a

Passes through (—4,4)
=16a-4b+c=4 3)

b2
3)-(2): 16a—-4b+—=-4

4a
Substitute expression for b from (1) gives
16a—-16a+4a=-4
= a=-1=>b=4a=-4
From 3)=>c=4+4b—-16a

=4+4(-4)-16(-1)=4

So a=-1, b=-4, c=4

2 a [ passes through P(6, 4) and O(0, 28)

Gradient =m, = 28-4_ —4
0-6

So (y—4)=(-4)(x—6)
= y=—4x+28

b Let 2 have gradient m2

Since /, and /, are perpendicular,

mm, =-1=m, =2

So(y—4)=§<x—6>
SN SN
YT

¢ R is positioned where /2 crosses the x-axis

lx+§:0:>x:—10
4 2

So R(-10,0)

d APOQR is aright-angled triangle.
Area = %x (base) x (height)
Using Pythagoras’ theorem,
| PO = J(6) +(24)" =612 = 24153
| RPI=[(16)* +(4) =272 =2V/68
Area =%(2\/§)(2\/&)

=2,/10404 =204
So the area of triangle POR is 204 units’

3 f(x)=e"-1, xeR

y:e3x_1
:y+1:e3x
=3x=In(y+1)

:xz%ln(y+l)

So f'(x) :%ln(x+1), x>-1

a The student did not apply the laws of
logarithms correctly in moving from the
first line to the second line:

log, x+log, y =log, xy

b log4(x+3)+log4(x+4)=%

= (x+3)(x+4)=4"=2

= x+7x+10=(x+5)(x+2)=0
Sox=-2

Note that x = -5 is not a solution since the
function log, x is defined only on the
domain x > 0, so log,(x+4) is undefined

when x = 5.
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a

"

14 \43/0/ 10
_6__

b -6<y<18

¢ Consider each section of the domain
separately. There will be a solution in
each section, because 18 > -3 > -6 and
—-6<-3<2.

First find the equation of the line when
—14 < x <=6 and solve for y =-3

618
0 =60 === (=0
= y+6=-3(x+6)
= y=-3x-24

3=-3a-24=a=-7

Now find the equation of the line when
—6 < x < 10 and solve for y =-3

(=220
(=) == oy (= (0

:y+6:%(x+6)

=>y=—x-3
4 2

—3:la—3:a:0
2

Solutions are a=-7,a=0

a f(x)=x" -k’ -10x+k
(x+2) is a factor of f(x) so f(-2)=0
= £(-2) =(-2)’ —k(-2)* -10(=2) + k
=-8-4k+20+k=0
=3k=12=k=4

SolutionBank

b x¥*-4x*-10x+4=0

a

a

First take out the known factor (x + 2)
= (x+2)(x* —6x+2)=0

So x=-2 or x’—6x+2=0
x*—6x+2=0

=((x-3°-9+2=0
=>(x-3)’=y=

x=3%7

Solutions are x = -2, x=3+\/7
andx=3-7

Area:%(x—3)(x—10)sin30°:11
:%(x—3)(x—10)x%:11

= (x-3)(x-10)=44
=x"—13x+30=44
=x"-13x-14=0

x*—13x-14=(x-14)(x+1)=0

So x =14, x =—1, but x > 3 as the lengths
of the sides of this triangle must be
positive. So solution is x = 14.

x-=5
6

+2
y=6cost—2:>cost=yT

x=6sinf+5=sint =

Since sin®¢+cos’ ¢ =1,

2 2
53
6 6
= (x=52+(y+2) =36
Soh=-5, k=2, c=36
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SolutionBank

8 b c¢=236=(radius)’ = radius = 6

t parameterises the circle and takes values

T 3n
——<t<—

So the angle that subtends the arc is
3m_(_m)_13n_ )

3 12
So C is an arc of radius 6, and its length

.0 . . .
is Py x (circumference of circle radius 6)
T

Length oszix13—Tc><2n><6=13_7T
2 12 2

4x* +7x B C
— =4+ +
(x-2)(x+4) x—2 x+4
So 4x* +7x

— A(x—=2)(x+4)+ B(x+4)+C(x-2)
Setx=2:30=6B=B=5
Setx=—4:36=—6C=C=-6
Compare coefficients of x* = 4 =4
So 4=4, B=5, C=-6

4x* +7Tx
(x=2)(x+4)
So to find the expansion as far as the term
in x*, only need to find the expansions of

(x—2)"'and (x + 4) ! as far as the term
in x?

Ao IxY
(x-2) = 2[1 2)

B PP
= 2(1+( 1)[ 2j+

=4+5(x-2)"-6(x+4)"

111,

=————X——X +
2 4

1 xY'

x+4) == 1+=

vty =4[143)

4x* +7x
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10 MN = MB + BN =

So W=lb+l(—b+a) =la

2 2 2
Therefore OA4 and MN are parallel
and MN = %@ as required

11a Atx=2,
2

(3] (s +e3)
y=|—||sin—+cos—
2 2 2

=2.46740 (5 d.p.)

b h
b Lydsz(y0+2(yl+y2+...+yn_1)+yn)
So IO ydx

h
zE(yo + 20+ Y, ot Vs)+ V)

- 1(34"; °)2(0.20149+0.87239
2

+1.81340+ 2.46740 + 2.08648)
=2.922 (3dp.)

SolutionBank

¢ Use integration by parts twice. First let
, dv .
u=x",—=sinx+cosx
dx
= v =sinx—cosx

3n
j(;' x*(sin x + cos x)
3n
= [xz (sin x — cos x)JO“
3n
- 2‘[04 x(sin x — cos x)dx

Use integration by parts again, letting
v
U=Xx,— =SINnX—COoSX
dx
= v=sinx+cosx

This gives

ET x*(sin x + cos x)
3 2
e
-2 {—[x(sin X +cos x)]?

+ IO (sinx+cos x)dx}

~f

= (9n126\/§J—2{0+[sinx—cosx]; }

:(9”2‘/5}2(\/5“)

16
=3.023 (3d.p.)
3.023-2.922

d 225272722 100=33% (1dp.
3.023 o (dp)

12a u, =a+(n-1)d

a=1000,d =150
So u,, =1000+ (18 —1)(150) =3550
In the 18th year Ruth saves £3550

b S, :%(2a+(n—1)d)

S, = %(2(1000) +(18—1)(150)) = 40950

So in 18 years, the total amount that Ruth
will have saved is £40 950
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12 ¢ The sequence is now geometric with

a=1000, r=1.1
_ 18
Sm:loooil 1(11'1) ) _ 45599.17313

So after 18 years, Ruth will have saved
£45599.17 (2 d.p.) under this new scheme

13a Rcos(x—a)=Rcosxcosa + Rsinxsina
Rcos(x—a)=0.09cosx+0.4sin x

Rcosax=0.09, Rsinax =0.4
= R*=(0.09)* +(0.4)’

(as sin’ @ +cos’ a =1)

So R =1/(0.09)" +(0.4)" =041 (R>0)
Rsina 04 40

=tanq =——=—
Rcosa 009 9

= a=tan"' (%) =1.3495 rad (4 d.p.)

So R=0.41, a =1.3495

b Use part a to write equation as

b 16.4t
0.41005(—0:)

2

e 40

t
cos| ——a
(2 j

So the minimum value of / occurs when

L—a=0:>t=2a
2

=t =2x1.3495=2.70 seconds (2 d.p.)
40
cos0

h= =40cm

SolutionBank

¢ n=— 2 100

t
cos| ——a
(2 j

t j 2
=cos| ——a |=—
(5o

This has two solutions in the interval

—1.3495 < 2—1.3496 < 1.3505

%—a=1.1593,—1.1593

t=2x(1.1593+1.3495) =5.02 seconds
t =2x(—-1.1593+1.3495) = 0.38 seconds

142 h(r)=—10e 00 _10e"80-04 4 70

h'(t) — _10(_0.3)6—0.3(1—6.4) _ 10(0‘8)60_8(1_6_4)

— h'(t) _ 3 030-64) _ g 08(1-64)

b From part a, when h'(£) =0

R _
2 o 03(-64) _ L08(-64)

8
o (% e—0.3(t—6.4)j =0.8(r-6.4)

N ey

T

~0.3(1,-6.4)
c t., %ln [36—) +6.4
8

3 03(5-64)
t,=>ln [—j +6.4=5.6990
8

~0.3(4,-6.4)

t,=2In %T +6.4="54369
~0.3(t,-6.4)

t,=3In 367 +6.4=55351
~0.3(t,-6.4)

t,=2In %T +6.4="5.4983

All answers are to 4 decimal places.
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14d h(5.5075)=0.000360 (6 d.p.)
h'(5.5085) = —0.000702 (6 d.p.)

The sign change implies slope change,
which implies a turning point at
t=5.508 (3d.p.)
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