Statistics and Mechanics Year 2 SolutionBank

Conditional probability 2C

1 a The probability 4 U B includes all cases where either event 4 or event B occurs. So sum the
probabilities for these three regions AN B', AN B and BN A'.

This gives P(4AU B)=0.3+0.12+0.28 =0.7

b The probability that 4 occurs given that B occurs means that we are only selecting from those
situations where B occurs. So the sample space is restricted to just circle B. The denominator of
the fraction is 0.12 + 0.28 = 0.4. The numerator is when 4 also occurs i.e. when both 4 and B
occur, which is the region AN B.

0.12
Therefore P(A|B)= 04 =0.3

¢ The sample space is restricted to those instances where A4 has not occurred i.e. the regions B A4’
or B A'. This means the denominator will be 0.28 + 0.3 = 0.58. The numerator will consist of
the cases where B has occurred i.e. BN 4'.

0.28
Therefore P(BA) = "= 0483 (3 5.1)

d The sample space is restricted to those instances where A or B has occurred i.e. the region AU B.
From part a this has probability 0.7. The numerator will consist of the cases where B has occurred
i.e. either BN A" or BN A.

028+0.12 0.4
Therefore P(BAV B) = === =_=0571 (351)

2 a Fillin P(Cn D)=0.25 on the Venn diagram, and then calculate P(C D")=0.8-0.25=0.55,
P(DN(C")=0.4-0.25=0.15and P(CU D) =1-0.25-0.55-0.15=0.05

C D|¢

0.05

bi P(CUD)=055+025+0.15=095

P(CAD) 025

i P(CID)= = 0.625
P(D) 04

iii p(D|C)= PO _025 4105
PC) 08

w p(DiCyBLNC) 005

P(C")  0.15+0.05

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Statistics and Mechanics Year 2 SolutionBank

3 a Since Sand T are independent, P(SNT)=P(S)x P(T)=0.5x0.7 =0.35, and use this result to fill
in the Venn diagram.

S T |€

0.15

b i This is calculated to complete the Venn diagram in part a, P(SN7T)=0.35

i pesimy=PE0T) _035_
P(T) 07
i prisy= PO _035

PSSy 05

P(SA(S'UT))  P(SAT) 0.5

iv P(S[(S'UT") = _ -
P(S'UT’)  0.15+0.35+0.15 0.65

=0.231 (3 s.£)

4 a First produce a Venn diagram with the numbers of people in each region.

P g

The Venn diagram can now be used to find the required probabilities. From the diagram,
4
P(ANnB)= il = 3 =0.375
120 8
20
P(AnB) 120 :§_2_04

b P(AB)= - _Z_o0.
(4B) PB) 50 50 5
120
¢ pBln=TB0A) 306\ susasn
P(4) 55 11

PAN(AUB) __PA) _65_13_cerasr)

@ PAAOB) =" 08 PA0B) 95 19
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S5 a Note that 12 cats like neither brand of food. So 80 — 12 = 68 cats like Feskers or Whilix or both.
Use this and the other information in the question to calculate P(F' W) as follows:

P(FUW)=P(F)+P(W)-P(F N\ W)
= P(F W) =P(F)+P(W)-P(FUW)
So P(FAW)=2,32_8_9

80 80 80 80

This is a Venn diagram showing the result:

S

12/80 = 3/20
9
b PEW) =TI 80 _ 9 _ 081 3s1)
PWw) 32 32
80
9
¢ PoviF) =) 80 9 1 5,
P(F) 45 45 5
80
12
wpry _ PAE'OW) g0 12
4 POV == = =53y =35~ 0 G5
80
6 a s "UANB)_ 0.2+0.1 034
P(B)  02+0.1+0.08+0.12 0.5
b p(Cu - PEOA) 0.1+0.08 018

P(4)  0.140.08+0.12+0.15 045

¢ D(rByC=TANBOC) 0.2 02

P(C))  02+02+0.12+0.15 0.67

P(CA(AUB)) 0.05+0.08+0.1

=0.299 (3s.f)

d P(C(A'UB))=

P(4'UB)  02+0.05+0.08+0.12+0.1+0.15 0.7

=0329 (3 s.)
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7 a The fact that the student must watch at least one of the TV programmes means that the student is
selected from a region contained in AU BU C. Therefore this question should be interpreted as:

9
P(C(AUBULC)) = HENUVBOC)  P(C) (29 =%= 0.391 3 s.f)

P(AUBUC) (23) (23)
29 29

The other way to do this is to note that only 23 students watch at least one of the TV programmes,
and of these 9 watch programme C.

b The standard method is as follows:
P(ANB)+P(ANC)+P(BNC)-3P(ANBNC)
P(AUuBUC)

2 0 1 0
29 9% 29) 3
= =—=0.130 (3 s.f.
B
29
An alternative method is to note that 2 + 1 = 3 students watch exactly two of the programmes (they

watch 4 and B, and B and C, respectively) and so 3 out of the 23 students that watch at least one of
the TV programmes watch exactly two of the programmes.

P(exactly two programmes|4\w BU C) =

e pB)=2 10 3535y
29 29
1
pBIC) =B 20 _1_111358)
PC) 9 9
29

So P(B)+# P(B|C) and the events are not independent.
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8 a P(4n B)=0 since 4 and B are mutually exclusive.
P(BNC)=P(B)xP(C)=0.6x0.5=0.3 since B and C are independent.
P(BNC")=P(B)-P(BN(C)=0.6-03=0.3
As P(AnB)=0, P(4uC)=1-P(BNC")-P(A'UB'U(C")=1-03-0.1=0.6
P(AUC)=P(A)+P(C)-P(ANC)
=>P(ANnC)=P(4)+P(C)-P(4uC)=02+0.5-0.6=0.1

Now it is straightforward to work out remaining regions for the Venn diagram
P(ANC")=02-P(ANnC)=0.2-0.1=0.1
P(CNnANB)=05-P(AnC)-P(BN(C)=0.5-0.1-0.3=0.1

A C B
.1
PANC) _01_

PC) 05

[

bi P(4C)=

i pacy=PENC) 0.3 03 _ ¢
ll = = = = .
P(C")  0.1+03+0.1 05

P(CA(AUB) 01403 04

=—=0.5
P(4U B) 0.1+0.1+0.3+0.3 0.8

i P(C|(AU B))=

9 a All of the people who have the disease test positive, which means that there are no people in 4
who are not in 4 N B. There are also 10 people who test positive but do not have the disease.
These people lie in B but do not lie in 4, i.e. they lie in B A4'. There are 100 — 10 — 5 = 85 people
who do not have the disease and do not test positive, so they lie in 4’ N B'. Therefore the Venn
diagram should show:

A H |
85

P(ANB) 005

P(B) 0.15

=0.333 (3s.f))

b P(AB)= %

¢ The test would allow the doctor to find all of the people who have the disease, but only one third
of those who tested positive would actually have the disease. This means that two thirds of the

people who were told they had the disease would actually not have it.
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10a Since P(A'n B")=0.12, this means that P(4U B)=1-0.12=0.88
Now find P(AN B)
P(AU B)=P(A4)+P(B)-P(AN B)
= P(ANB)=P(A4)+P(B)-P(4uUB)=0.6+0.7-0.88=0.42
This allows a Venn diagram of the probabilties of the two events to be produced, which can be
used to answer each part of the question.

g

0.12

P(BAA) 028 028
P(4)  028+0.12 0.4

P(BA") = 0.7

P(BNA) 042

=207
P(4) 06

b P(Bl4)=

¢ Since P(B|4)=P(B|4")=P(B), the events 4 and B are independent.

11 P(4|B)=P(B')
P(ANB
N (P(B) )
— P(4N B)=03P(B)
=x=03(x+y)
The probabilities must sumto 1, s0 0.2+ x+y+0.1=1=x+y=0.7

= P(B)=02+0.1=0.3

Substituting for x + y gives
x=0.3(0.7)=0.21
y=07-x=0.7-0.21=0.49
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12 P(4B) = P(4')

PUNE) _p 4
P(B)
C

=——=d+02 (1)

The probabilities must sum to 1, so
03+c+d+02=1=c+d=0.5 (2)
Substituting for ¢ +d in the equation (1) gives

c

=d+02=c=0.5d +0.1 3)
c+d

Substituting this equation for ¢ in equation (2) gives
0.5d+0.1+d =05=>1.5d =04 =d =%
Finally, using equation (3) gives
4 1 4 3 7
+

c=0.5><i+0.1=—+—:— = -
15 30 10 30 30 30
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